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Introduction

It is classically known that when restricting to compact subspaces
and imposing Dirichlet boundary conditions, one gets semigroup
convergence to the semigroup on the entire space.
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convergence to the semigroup on the entire space.

For manifolds, this was established by Dodziuk in 1983. For graphs
in the generality presented in the course, this was established by
Keller/Lenz in 2012.

But an equivalent question can be asked about Neumann boundary
conditions. Namely, what happens with the semigroup when
restricting to compact subspaces and imposing Neumann boundary
conditions? Does the semigroup converge?
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It is classically known that when restricting to compact subspaces
and imposing Dirichlet boundary conditions, one gets semigroup
convergence to the semigroup on the entire space.

For manifolds, this was established by Dodziuk in 1983. For graphs
in the generality presented in the course, this was established by
Keller/Lenz in 2012.

But an equivalent question can be asked about Neumann boundary
conditions. Namely, what happens with the semigroup when
restricting to compact subspaces and imposing Neumann boundary
conditions? Does the semigroup converge?

In this talk, we will review the basic setup and some known results
and then discuss what happens in the Neumann case.
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Introduction

It is classically known that when restricting to compact subspaces
and imposing Dirichlet boundary conditions, one gets semigroup
convergence to the semigroup on the entire space.

For manifolds, this was established by Dodziuk in 1983. For graphs
in the generality presented in the course, this was established by
Keller/Lenz in 2012.

But an equivalent question can be asked about Neumann boundary
conditions. Namely, what happens with the semigroup when
restricting to compact subspaces and imposing Neumann boundary
conditions? Does the semigroup converge?

In this talk, we will review the basic setup and some known results
and then discuss what happens in the Neumann case. We will see
that there are connections to both stochastic completeness and
form uniqueness.
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Introduction, continued

We will also introduce another property which is called the Feller
or Cop-conservativeness property and will discuss this for the
Neumann semigroup.
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Introduction, continued

We will also introduce another property which is called the Feller
or Cop-conservativeness property and will discuss this for the
Neumann semigroup.

This talk is based on ongoing work with Matthias Keller

(University of Potsdam) and Florentin Miinch (Max Planck
Institute for Mathematics in the Sciences Leipzig).
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Let (b, c) be a graph over (X, m) in the sense of the course.
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Let (b, c) be a graph over (X, m) in the sense of the course. That
is, X is a countable discrete set; b: X x X — [0, 00) satisfies
b(x,x) =0, b(x,z) = b(z,x) and >_ x b(x,y) < oo and gives
the edge structure; ¢: X — [0, 00) is the killing term; and

m: X — (0, 00) is the vertex measure. We will always assume
that graphs are connected.
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Let (b, c) be a graph over (X, m) in the sense of the course. That
is, X is a countable discrete set; b: X x X — [0, 00) satisfies
b(x,x) =0, b(x,z) = b(z, x) and ZyEX b(x,y) < oo and gives
the edge structure; c: X — [0, 00) is the killing term; and

m: X — (0, 00) is the vertex measure. We will always assume
that graphs are connected.

We let C(X) = {f: X — R} be the space of real-valued
functions on X, C.(X) = {f € C(X) | f has finite support} and let

(P(X, m) ={f € C(X) | D_|f(x)Pm(x) < oo}
xeX

for p € [1,00) with norm ||f[|, = >, cx |f(x)[Pm(x). When p = 2,
we will write ||f]| for ||f|2. We will write ||f||oc = sup,cx |f(x)| for
f € £°°(X), the space of bounded functions.
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Forms associated to graphs

We let

D={feC(X \bey )—f(y)) +Z x) < oo}

x,yeX xeX

and for f, g € D, we let

Q(f g)—* Y b Y)F)=F())(g )-8+ c(x)f(x)g(x)

x,yeX xeX
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Forms associated to graphs

We let

D={feC(X \bey )—f(y)) +Z x) < oo}

x,yeX xeX

and for f, g € D, we let

Q(f g)—* Y b Y)F)=F())(g )-8+ c(x)f(x)g(x)

7y€X xeX

We let Q(P) be the restriction of Q to D(Q(P)) = CC(X)”'HQ
where ||f||g = (||f]* + Q(f))1/2 with associated operator
L = L(®). We will refer to this operator as the Laplacian or the

Dirichlet Laplacian. In some sense, this is the minimal operator
associated to a graph.
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Forms associated to graphs, continued

We now go outside of the course and let Q(N) be the restriction of
Q to D(QN)) = D N (2(X, m) with associated operator L(N). We
will refer to Q(N) as the Neumann form and L) as the Neumann
Laplacian.
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Forms associated to graphs, continued

We now go outside of the course and let Q(N) be the restriction of
Q to D(QN)) = D N (2(X, m) with associated operator L(N). We
will refer to Q(N) as the Neumann form and L) as the Neumann
Laplacian.

In general, it is known that Q(®) and QV) are not equivalent. If
Q) = QN) | we say that the graph satisfies form uniqueness. We
refer to Theorem 3.2 in the book for some general characterizations
for this property. In particular, in this case all a-harmonic functions
in D(QM)) for o > 0 are trivial. We will return to this later.
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Laplacians

We now let 7 = {f € C(X) | >, cx b(x,y)|f(y)| < oo} and for
feFand xe X let

LR = —- 3 b y)(F(x) — FO) + D )

mix) = m(x)

denote the formal Laplacian associated to the graph.

Radostaw K. Wojciechowski The Neumann semigroup via exhaustion



Laplacians

We now let 7 = {f € C(X) | >, cx b(x,y)|f(y)| < oo} and for
feFand x € X let
L) = —— 3" blx)(F(x) — F1)) + - £(x)

mix) = m(x)

denote the formal Laplacian associated to the graph. As discussed
in the course, D C F and for f € D and ¢ € Cc(X) we have the
following Green's formula:

Qf ) = Y LE)p(x)m(x) = Y F(x)Lp(x)m(x).

xeX xeX
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Laplacians

We now let 7 = {f € C(X) | >, cx b(x,y)|f(y)| < oo} and for
feFand xe X let

LR = —- 3 b y)(F(x) — FO) + D )

mix) = m(x)

denote the formal Laplacian associated to the graph. As discussed
in the course, D C F and for f € D and ¢ € Cc(X) we have the
following Green's formula:

Qf ) = Y LE)p(x)m(x) = Y F(x)Lp(x)m(x).

xeX xeX

This implies, in particular, that both L(D) and L(N) are restrictions
of L.
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Recurrence and stochastic completeness

We now focus on the case when ¢ = 0, i.e., when there is no
killing term, and let L = L(P) with semigroup e~ for t > 0.
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Recurrence and stochastic completeness

We now focus on the case when ¢ = 0, i.e., when there is no
killing term, and let L = L(P) with semigroup e~ for t > 0.

We say that the graph is recurrent if

/ e ™1, (x)dt = 0o

for some (equivalently, all) x,y € X. Otherwise, the graph is called
transient.

Radostaw K. Wojciechowski The Neumann semigroup via exhaustion



Recurrence and stochastic completeness

We now focus on the case when ¢ = 0, i.e., when there is no
killing term, and let L = L(P) with semigroup e~ for t > 0.

We say that the graph is recurrent if

/ e ™1, (x)dt = 0o

for some (equivalently, all) x,y € X. Otherwise, the graph is called
transient.

We say that the graph is stochastically complete if
> et (x) =1
yeX

for some (equivalently, all) x € X and t > 0. Otherwise, the graph
is called stochastically incomplete.
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a-(sub/super) harmonic functions

The properties above can be characterized via generalized
solutions.
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a-(sub/super) harmonic functions

The properties above can be characterized via generalized
solutions. For a@ € R, we call a function v € F
a-sub(resp. a-super)harmonic if

(L+a)y <0 (resp. (L+a)v >0).

We call a function v € F a-harmonic if v is a-sub and a-super
harmonic. If « = 0, then we call v (sub/super) harmonic.
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a-(sub/super) harmonic functions

The properties above can be characterized via generalized
solutions. For a@ € R, we call a function v € F
a-sub(resp. a-super)harmonic if

(L+a)y <0 (resp. (L+a)v >0).

We call a function v € F a-harmonic if v is a-sub and a-super
harmonic. If « = 0, then we call v (sub/super) harmonic.

@ Recurrence <= Every superharmonic function in £°°(X) is
constant.
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a-(sub/super) harmonic functions

The properties above can be characterized via generalized
solutions. For a@ € R, we call a function v € F
a-sub(resp. a-super)harmonic if

(L+a)y <0 (resp. (L+a)v >0).

We call a function v € F a-harmonic if v is a-sub and a-super
harmonic. If « = 0, then we call v (sub/super) harmonic.

@ Recurrence <= Every superharmonic function in £°°(X) is
constant.

@ Stochastic completeness <= Every a-harmonic function in
£2°(X) for a > 0 is trivial.
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a-(sub/super) harmonic functions

The properties above can be characterized via generalized
solutions. For a@ € R, we call a function v € F
a-sub(resp. a-super)harmonic if

(L+a)y <0 (resp. (L+a)v >0).

We call a function v € F a-harmonic if v is a-sub and a-super
harmonic. If « = 0, then we call v (sub/super) harmonic.

@ Recurrence <= Every superharmonic function in £°°(X) is
constant.

@ Stochastic completeness <= Every a-harmonic function in
£2°(X) for a > 0 is trivial.

© Form uniqueness <= Every a-harmonic function in
D(QM) =D N ¢>(X, m) for a > 0 is trivial.
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a-(sub/super) harmonic functions

The characterizations presented above are a part of general theory
adapted to the graph setting.
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a-(sub/super) harmonic functions

The characterizations presented above are a part of general theory
adapted to the graph setting.

The characterization for recurrence is part of Theorems 6.1 in the
book (Theorem 9.7 in the lecture notes), the one for stochastic
completeness is Theorem 7.2 in the book (Theorem 10.22 in the
lecture notes) and the characterization for form uniqueness can be
found in Theorem 3.2 of the book.
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We now turn to focus on the idea of approximating the graph via
finite subgraphs.
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We now turn to focus on the idea of approximating the graph via
finite subgraphs. More specifically, we let X C X be finite sets
such that Xy C Xi41 and X = J, Xk. We will additionally assume
that restricting b to Xy x Xj gives a connected graph and call such
a sequence (Xx) an exhaustion of the graph.
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We now turn to focus on the idea of approximating the graph via
finite subgraphs. More specifically, we let X C X be finite sets
such that Xy C Xi41 and X = J, Xk. We will additionally assume
that restricting b to Xy x Xj gives a connected graph and call such
a sequence (Xx) an exhaustion of the graph.

We first recall the Dirichlet restrictions to the finite subsets Xj.
That is, if ix: C(Xk) — C(X) denotes extension by 0, then we let
Q,((D) be a form on £?(X, m) via

QP F(x) = QikF)(x).
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We now turn to focus on the idea of approximating the graph via
finite subgraphs. More specifically, we let X C X be finite sets
such that Xy C Xi41 and X = J, Xk. We will additionally assume
that restricting b to Xy x Xj gives a connected graph and call such
a sequence (Xx) an exhaustion of the graph.

We first recall the Dirichlet restrictions to the finite subsets Xj.
That is, if ix: C(Xk) — C(X) denotes extension by 0, then we let

Q,((D) be a form on £?(X, m) via
Q7 (x) = Qi )(x).

The corresponding operator is denoted by LiD) and satisfies

L2 (x) = L(iF)(x).
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Dirichlet and Neumann restrictions

In particular for any vertex x € Xj we have
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Dirichlet and Neumann restrictions

In particular for any vertex x € Xj we have

Thus, the Dirichlet restriction sees both inside of X; and how
much is going outside of Xj.
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Dirichlet and Neumann restrictions

In particular, for any vertex x € Xj we have

LPV(x Z b(x, y)(f(x) — F(¥))

yEX

fix) bey+c)

m(x)
yEXk

Thus, the Dirichlet restriction sees both inside of X; and how
much is going outside of Xj.

If we take away the connection to the outside, then we get a
Laplacian on just a finite graph. That is, we can restrict b to
Xy X Xi; and ¢ and m to X to get a finite graph and then
consider the graph Laplacian which is denoted by LS(N), i.e.,

LM f(x) Z b0, ) (F(x) — F(0)) + <% £,

) . m(x)
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Neumann restriction

The operator L(N) will be referred to as the Neumann restriction to
p k

Xg. It is just the Laplacian when considering the restriction of
(b, c) to (X, m).
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Neumann restriction

(N)

The operator L, will be referred to as the Neumann restriction to
Xg. It is just the Laplacian when considering the restriction of
(b, ¢) to (Xk, m). The corresponding form acts as:

bey —I—Z (x)F2(x)

X,y €Xk x€ X
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Neumann restriction

(N)

The operator L, will be referred to as the Neumann restriction to
Xg. It is just the Laplacian when considering the restriction of
(b, ¢) to (Xk, m). The corresponding form acts as:

bey —I—Z (x)F2(x)

X,y €Xk x€ X
If we want to view LE(N) in terms of the formal Laplacian we note

that
LMF(x) = L(infF)(x) = F(X)L(1x,)(x)

where 1x, denotes the indicator function of Xi.
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Neumann restriction

The operator LE(N) will be referred to as the Neumann restriction to
Xg. It is just the Laplacian when considering the restriction of
(b, ¢) to (Xk, m). The corresponding form acts as:

bey —I-Z (x)F2(x)

X,y €Xk x€ X
If we want to view LE(N) in terms of the formal Laplacian we note

that
LMF(x) = L(infF)(x) = F(X)L(1x,)(x)

where 1x, denotes the indicator function of Xi.

D N
—t{P) —tL (M

We will refer to the semigroups e and e acting on
?2(Xk, m) as the restricted Dirichlet and Neumann semigroups.
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A first difference: stochastic completeness

We now assume that ¢ = 0 and that X is infinite and connected. In
this case, the semigroup associated to LS(N) has no killing term and

. . . ()
is thus stochastically complete, i.e., e7tt "1 = 1; however, as LE(D)

has a killing term (given by the edges leaving Xy), the semigroup

. . . . . (D)
associated to LE(D) is stochastically incomplete, i.e., et 1 < 1.
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A first difference: stochastic completeness

We now assume that ¢ = 0 and that X is infinite and connected. In
this case, the semigroup associated to L(N) has no killing term and

. . . (
is thus stochastically complete, i.e., e7tt "1 = 1; however, as L( )

has a killing term (given by the edges leaving Xy), the semlgroup
(D)

associated to L, "’ is stochastically incomplete, i.e., e Ly 1 <1

This follows rather directly as L( )1 = 0 while L )1 # 0 so that

/\O(Lg( )) > 0 and thus the semigroup associated to LS( ) decays
exponentially, see Theorem 0.65 in the book for more details.
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A first difference: stochastic completeness

We now assume that ¢ = 0 and that X is infinite and connected. In
this case, the semigroup associated to L(N) has no killing term and

. . . (
is thus stochastically complete, i.e., e7tt "1 = 1; however, as L( )

has a killing term (given by the edges leaving Xy), the semlgroup

(D)

associated to L, "’ is stochastically incomplete, i.e., e Ly 1 <1

This follows rather directly as L( )1 = 0 while L )1 # 0 so that

/\O(Lg( )) > 0 and thus the semigroup associated to LS( ) decays
exponentially, see Theorem 0.65 in the book for more details.

In general, for f > 0, we have that

(D) (N)
et f < e th'F,
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Properties of the Dirichlet exhaustion

By using the minimum principle, it is not hard to show that
e*tL(kD)f < e_tL(ki)lf

forany f > 0 and kK € N,
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Properties of the Dirichlet exhaustion

By using the minimum principle, it is not hard to show that
e*tL(kD)f < e_tL(ki)lf
for any f > 0 and k € N. This is referred to as domain

monotonicity in the book and lecture notes and is the starting
point for a number of useful results.
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Properties of the Dirichlet exhaustion

By using the minimum principle, it is not hard to show that
e*tL(kD)f < e_tL(ki)lf

for any f > 0 and k € N. This is referred to as domain
monotonicity in the book and lecture notes and is the starting
point for a number of useful results.

Namely, if L = L(P), then

(D)
o e b’ f — etf as k — oo for every f € £2(X, m). If f >0,
then the convergence is additionally monotone pointwise
increasing.
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Properties of the Dirichlet exhaustion

By using the minimum principle, it is not hard to show that
e*tL(kD)f < e_tL(ki)lf

for any f > 0 and k € N. This is referred to as domain
monotonicity in the book and lecture notes and is the starting
point for a number of useful results.

Namely, if L = L(P), then

(D)
o e b’ f — etf as k — oo for every f € £2(X, m). If f >0,
then the convergence is additionally monotone pointwise
increasing.

o If f >0, then e t:f is the minimal positive solution to the
heat equation with initial conditions given by f.
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Properties of the Dirichlet exhaustion

By using the minimum principle, it is not hard to show that
e*tL(kD)f < e_tL(ki)lf

for any f > 0 and k € N. This is referred to as domain
monotonicity in the book and lecture notes and is the starting
point for a number of useful results.

Namely, if L = L(P), then

(D)
o e b’ f — etf as k — oo for every f € £2(X, m). If f >0,
then the convergence is additionally monotone pointwise
increasing.

o If f >0, then e t:f is the minimal positive solution to the
heat equation with initial conditions given by f.

o If f >0, then (L + a)~1f is the minimal positive solution to
the equation (£ + a)u = 0.
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Properties of the Dirichlet exhaustion

As mentioned in the introduction, the domain monotonicity in the
case of Riemannian manifolds was first utilized to establish the
existence of solutions of the heat equation on Riemannian
manifolds by Dodziuk in 1983.
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Properties of the Dirichlet exhaustion

As mentioned in the introduction, the domain monotonicity in the
case of Riemannian manifolds was first utilized to establish the
existence of solutions of the heat equation on Riemannian
manifolds by Dodziuk in 1983.

For the graph case, we refer to the work of Keller/Lenz from 2012

as well as Proposition 1.20 and Lemmas 1.21, 1.23, and 1.24 in the
book (and Lemmas 5.2, 5.3, 5.8, 5.9 in the lecture notes).

Radostaw K. Wojciechowski The Neumann semigroup via exhaustion



Properties of the Neumann exhaustion

Similar questions can be asked concerning the restricted Neumann
semigroups. Do they converge? If so, to what?
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Properties of the Neumann exhaustion

Similar questions can be asked concerning the restricted Neumann
semigroups. Do they converge? If so, to what?

A first difficulty is that domain monotonicity is no longer true as
can be seen from some easy examples.
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Properties of the Neumann exhaustion

Similar questions can be asked concerning the restricted Neumann
semigroups. Do they converge? If so, to what?

A first difficulty is that domain monotonicity is no longer true as
can be seen from some easy examples. However, what can be
shown is that both the semigroup and resolvent are monotone on
the diagonal and this turns out to sufficient to show that the
restricted Neumann semigroups always converge to the Neumann
semigroup.
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Properties of the Neumann exhaustion

Similar questions can be asked concerning the restricted Neumann
semigroups. Do they converge? If so, to what?

A first difficulty is that domain monotonicity is no longer true as
can be seen from some easy examples. However, what can be
shown is that both the semigroup and resolvent are monotone on
the diagonal and this turns out to sufficient to show that the
restricted Neumann semigroups always converge to the Neumann
semigroup.

A second question is when (and in what sense) do the restricted
Neumann semigroups converge to the Dirichlet semigroup. We will
see that this ties in with form uniqueness and stochastic
completeness.
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Convergence of Neumann semigroups in £2(X, m)

Let f € £2(X, m). Then,

_gy V) —¢tL(N)
e tl, tL f

f—e

as k — oo in £?(X, m).
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Convergence of Neumann semigroups in £2(X, m)

Let f € £2(X, m). Then,

_gy V) —¢tL(N)
e tl, tL f

f—e

as k — oo in £?(X, m).

Sketch of proof:

As for the Dirichlet case, one can pass to the resolvent and use the
characterization of the resolvent as the minimizer of the energy.
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Convergence of Neumann semigroups in £2(X, m)

Let f € £2(X, m). Then,

_gy V) —¢tL(N)
e tl, tL f

f—e

as k — oo in £?(X, m).

Sketch of proof:

As for the Dirichlet case, one can pass to the resolvent and use the
characterization of the resolvent as the minimizer of the energy.
More specifically, for o > 0, we let R(I\Q = (LE(N) + a)~! denote

a7

the resolvent and recall that u = R((II\Qf is the unique minimizer of
the functional

1
v V() +allv - ~f|1?
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Sketch of proof continued

where

V(M) =3 X b))~ v+ I clx)v(x)?

X,y €Xk XE Xy

is the Neumann form which we think of as acting on D(QM)).
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Sketch of proof continued

where

V(M) =3 X b))~ v+ I clx)v(x)?

X,y €Xk XE Xy

is the Neumann form which we think of as acting on D(Q")). We
note that if u = RC(YI’\Qf = (LE(N) + a)7tf, then LE(N)u =f—au
which leads to the following calculation:

V.
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Sketch of proof continued

where

V(M) =3 X b))~ v+ I clx)v(x)?

X,y €Xk XE Xy

is the Neumann form which we think of as acting on D(Q")). We
note that if u = RC(YI’\Qf = (LE(N) + a)7tf, then LE(N)u =f—au
which leads to the following calculation:

(N) 1o 7w 1,1
Q. (u) + afju af” —<Lk u,u>+a<u af,u f>

(0%

V.
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Sketch of proof continued

where

V(M) =3 X b))~ v+ I clx)v(x)?

X,y €Xk XE Xy

is the Neumann form which we think of as acting on D(Q")). We
note that if u = RC(YI’\Qf = (LE(N) + a)7tf, then LE(N)u =f—au
which leads to the following calculation:

(N) 1o 7w 1,1
Q. (u) + afju af” —<Lk u,u>+a<u af,u f>

a
1
:<f—au,u>—<f—au,u—f>
o

V.
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Sketch of proof continued

where

V(M) =3 X b))~ v+ I clx)v(x)?

X,y €Xk XE Xy

is the Neumann form which we think of as acting on D(Q")). We
note that if u = RC(YI’\Qf = (LE(N) + a)7tf, then LE(N)u =f—au
which leads to the following calculation:

(N) 1o 7w 1,1
Q. (u) + afju af” —<Lk u,u>+a<u af,u f>

a
1
:<f—au,u>—<f—au,u—f>
o

_ 1 _ 1 2 (N)
— <fau,af> = ~|If|[2 = (REf. ).
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Sketch of proof continued

As it is clear that Q,SN) is increasing with k, this implies that
<Rg\2f, f> is decreasing with k.
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Sketch of proof continued

As it is clear that Q,EN) is increasing with k, this implies that

<Ré’\2f, f> is decreasing with k. As resolvents of operators
associated to graphs are positivity preserving, it follows that
<Rg\Qf, f> > 0 and this gives convergence of <Rg\2f, f> and, by

o L (N)
polarization, pointwise convergence of Ra,k f.
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Sketch of proof continued

As it is clear that Q,EN) is increasing with k, this implies that
<R$Qf, f> is decreasing with k. As resolvents of operators
associated to graphs are positivity preserving, it follows that
<R(g’)?f, f> > 0 and this gives convergence of <R$Qf, f> and, by

o L (N)
polarization, pointwise convergence of Ra,k f.

A further argument using the characterization of the resolvent
R{M = (LM + o)~ given above and Fatou's lemma establishes
that RYVF(x) = limg 00 R(YVF(x) for all £ € D(QM) and all
x € X and a further argument gives convergence in £2(X, m).
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Sketch of proof continued

As it is clear that Q,EN) is increasing with k, this implies that
<Ré’\2f, f> is decreasing with k. As resolvents of operators

associated to graphs are positivity preserving, it follows that
<Rg\Qf, f> > 0 and this gives convergence of <Rg\2f, f> and, by

o L (N)
polarization, pointwise convergence of Ra,k f.

A further argument using the characterization of the resolvent
R{M = (LM + o)~ given above and Fatou's lemma establishes
that RYVF(x) = limg 00 R(YVF(x) for all £ € D(QM) and all

x € X and a further argument gives convergence in £2(X, m).

By the connection between resolvents and semigroups, this gives
the result for the semigroups. Ol

V.
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Sketch of proof continued

As it is clear that Q,EN) is increasing with k, this implies that
<Ré’\2f, f> is decreasing with k. As resolvents of operators

associated to graphs are positivity preserving, it follows that
<Rg\Qf, f> > 0 and this gives convergence of <Rg\2f, f> and, by

o L (N)
polarization, pointwise convergence of Ra,k f.

A further argument using the characterization of the resolvent
R{M = (LM + o)~ given above and Fatou's lemma establishes
that RYVF(x) = limg 00 R(YVF(x) for all £ € D(QM) and all

x € X and a further argument gives convergence in £2(X, m).

By the connection between resolvents and semigroups, this gives
the result for the semigroups. Ol

V.

We remark that the result above can also be obtain by using
Mosco convergence.
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Connection to form uniqueness

Given the above, we know that the Neumann restrictions always
converge to the Neumann semigroup and the Dirichlet restrictions
to the Dirichlet semigroup. What is the connection between the
two?
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Connection to form uniqueness

Given the above, we know that the Neumann restrictions always
converge to the Neumann semigroup and the Dirichlet restrictions
to the Dirichlet semigroup. What is the connection between the
two?

Let p € Co(X) with o >0 and ¢ #0. Let L = L(P)_ The
following statements are equivalent:

(i) QD) = Q(N),

(ii) e_tL(kN)w — ety as k — oo in £2(X, m).

(iii) e_tL(kN)cp(x) — e thp(x) as k — oo for every x € X.
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Connection to form uniqueness

Given the above, we know that the Neumann restrictions always
converge to the Neumann semigroup and the Dirichlet restrictions
to the Dirichlet semigroup. What is the connection between the
two?

Let p € Co(X) with o >0 and ¢ #0. Let L = L(P)_ The
following statements are equivalent:

(i) QP) = Q).
(ii) e_tL(kN)<p — ety as k — oo in £2(X, m).

(iii) e_tLiN)cp(x) — et

That (i) implies (ii) follows from the previous result. That (ii)

implies (iii) is obvious. That (iii) implies (i) follows from positivity
improving properties of semigroups. []

©(x) as k — oo for every x € X.

v

= =r = =
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Connection to stochastic completeness

Hence, we have seen that pointwise convergence of the Neumann
exhaustions to the Dirichlet semigroup is equivalent to form
uniqueness.
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Connection to stochastic completeness

Hence, we have seen that pointwise convergence of the Neumann
exhaustions to the Dirichlet semigroup is equivalent to form
uniqueness.

We now consider a stronger convergence and show that this is
equivalent to stochastic completeness. For this, we now restrict to
¢ = 0 and consider the semigroups on ¢}(X, m).
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Connection to stochastic completeness

Hence, we have seen that pointwise convergence of the Neumann
exhaustions to the Dirichlet semigroup is equivalent to form
uniqueness.

We now consider a stronger convergence and show that this is
equivalent to stochastic completeness. For this, we now restrict to
¢ = 0 and consider the semigroups on ¢}(X, m). By
straightforward computation, it is easy to see that stochastic
completeness is equivalent to [|e~™||1 = ]|z for all p € Cc(X).
This will be used in the proof of the following theorem.
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Connection to stochastic completeness

Hence, we have seen that pointwise convergence of the Neumann
exhaustions to the Dirichlet semigroup is equivalent to form
uniqueness.

We now consider a stronger convergence and show that this is
equivalent to stochastic completeness. For this, we now restrict to
¢ = 0 and consider the semigroups on ¢}(X, m). By
straightforward computation, it is easy to see that stochastic
completeness is equivalent to [|e~™||1 = ]|z for all p € Cc(X).
This will be used in the proof of the following theorem.

Let o € C(X) with @ >0 and ¢ #0. Let L = L(P). The
following statements are equivalent:

(i) The graph is stochastically complete.

(i) et o = ety as k — 0o in (X, m).
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Sketch of proof

To show that (i) implies (ii) we note that

—tL

_ (V) _ _ (D)
e~ — et plly < [lemhp — et ||y

—(P

_ 4 (V) )
+|le7thk o — etk |1

v

™7 = = =
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Sketch of proof

To show that (i) implies (ii) we note that

(N) (D)
e~ — et plly < [lemhp — et ||y

(D

_ )
ol

(N)
+ |le "t p—e

_ ) ) G
= lle™ ol — le™™plls + [l i — e~ o1y

v

™7 = = =
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Sketch of proof

To show that (i) implies (ii) we note that

—tL

_ (V) _ _ (D)
e~ — et plly < [lemhp — et ||y

(D)
ol

(N)
—i—He*th p—e
= e tplls — fle=t5 olly + e~ ol — [le™™ o
_ (D)
=2 (llpll: — ™™ ¢l

which can be made arbitrarily small due to stochastic completeness.

v

™7 = = =
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Sketch of proof

To show that (i) implies (ii) we note that

_ _ 4 (N) _ (D)
e~ — et plly < [lemhp — et ||y

) (0)
+le™h T — e plly
_ _a® ) )
= lle=" el = lle™™ plls + e~ gl — [le™™ " pllx

_ 4+ (D)
=2 (llel = lle ™l )

which can be made arbitrarily small due to stochastic completeness.

Conversely, if the graph is stochastically incomplete, then

||e_tL§0 - e—tL

() _ M -
ol 2 e el —lle™ ™l = lle” Tl lloll

which is bounded from below due to stochastic incompleteness. [

™7 =
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The Feller property

We now introduce another property which has not been mentioned
in the book or the course.
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The Feller property

We now introduce another property which has not been mentioned
in the book or the course. We let Co(X) denote functions which

vanish at infinity, i.e., Co(X) = WMN.

Definition

We say that a semigroup is Feller or Cy-conservative if the
semigroup maps C.(X) to Co(X).
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The Feller property

We now introduce another property which has not been mentioned
in the book or the course. We let Co(X) denote functions which

vanish at infinity, i.e., Co(X) = WMN.

Definition

We say that a semigroup is Feller or Cy-conservative if the
semigroup maps C.(X) to Co(X).

As for exhaustion, this property has been previously studied for the
Dirichlet semigroup. As it is sufficient to consider positive
functions in the above and e—tt™" > e tL for such functions, it
follows that if the Neumann semigroup is Feller, then so is the
Dirichlet semigroup. However, we can say even more.
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The Feller property and form uniqueness

The following statements are equivalent:
(i) e~ is Feller.

(ii) e~ is Feller and Q(P) = Q).
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The Feller property and form uniqueness

The following statements are equivalent:
(i) e~ is Feller.
(ii) e~ is Feller and Q(P) = Q).

Clearly (ii) implies (i).
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The Feller property and form uniqueness

The following statements are equivalent:
(i) e~ is Feller.
(ii) e~ is Feller and Q(P) = Q).

Clearly (ii) implies (i).

Conversely, if (i) holds, then clearly et is Feller where L = L(D).
Now, suppose that Q(P) £ Q(N) so that etk # e tt™ et
x € X and let u; = (e*tL(N) = e*tL> 1,.
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The Feller property and form uniqueness

The following statements are equivalent:
(i) e~ is Feller.
(ii) e~ is Feller and Q(P) = Q).

Clearly (ii) implies (i).

Conversely, if (i) holds, then clearly et is Feller where L = L(D).
Now, suppose that Q(P) £ Q(N) so that etk # e tt™ et
x € X and let uy = (e*tL(N) — e*tL> 1,. Due to connectedness

and positivity improving properties, we have u; > 0 for all t > 0.
Let T > 0 and choose £ > 0 so that ¢ < e~ 7Py (x).
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The Feller property and form uniqueness, continued

N) . s oo 00
Now, as et s Feller, there exists a finite set K containing x

such that e~ Tt 1, <eon

OW ={y € W|b(y,z) > 0 for some z & W}.

= =y - - -
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The Feller property and form uniqueness, continued

N) . s oo 00
Now, as et s Feller, there exists a finite set K containing x

such that e~ Tt 1, <eon
OW ={y € W|b(y,z) > 0 for some z & W}.

Due to the maximum principle for the heat equation, it follows
that there exists z € W and t € [0, T] such that
ut(z) > ur(x) > 0 since up = 0.

= =y - - -
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The Feller property and form uniqueness, continued

N) . s oo 00
Now, as et s Feller, there exists a finite set K containing x

such that e~ Tt 1, <eon
OW ={y € W|b(y,z) > 0 for some z & W}.

Due to the maximum principle for the heat equation, it follows
that there exists z € W and t € [0, T] such that
ut(z) > ut(x) > 0 since up = 0. It then follows

efTL(N)l (z) = eftL(N)ef(Tft)L(N) 1,(2)

X

= =y - - -
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The Feller property and form uniqueness, continued

N) . s oo 00
Now, as et s Feller, there exists a finite set K containing x

such that e~ Tt 1, <eon
OW ={y € W|b(y,z) > 0 for some z & W}.

Due to the maximum principle for the heat equation, it follows
that there exists z € W and t € [0, T] such that
ut(z) > ut(x) > 0 since up = 0. It then follows

e TLN) 1x(2) _ eftL(N) ef(Tft)L(N) 1x(2)

e—tt™ (ef(T*t)Deg(X)lx) (2)

Vv

= =y - - -
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The Feller property and form uniqueness, continued

N) . s oo 00
Now, as et s Feller, there exists a finite set K containing x

such that e~ Tt 1, <eon
OW ={y € W|b(y,z) > 0 for some z & W}.

Due to the maximum principle for the heat equation, it follows
that there exists z € W and t € [0, T] such that
ut(z) > ut(x) > 0 since up = 0. It then follows

efTL(N)l (z) = eftL(N)ef(Tft)L(N) 1,(2)
e—tt™ (ef(T*t)Deg(X)lx) (2)

> e—(T—t)Deg(x) Ut(Z)

X

= =y - - -
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The Feller property and form uniqueness, continued

N) . s oo 00
Now, as et s Feller, there exists a finite set K containing x

such that e~ Tt 1, <eon
OW ={y € W|b(y,z) > 0 for some z & W}.

Due to the maximum principle for the heat equation, it follows
that there exists z € W and t € [0, T] such that
ut(z) > ut(x) > 0 since up = 0. It then follows

efTL(N)l (z) = eftL(N)ef(Tft)L(N) 1,(2)
> gt (e’(T*t)Deg(X)lx) (2)

X

IV

efTDeg(X)

A\

ur(x) > e

which gives a contradiction.

= =y - - -
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The Feller property and form uniqueness, continued

N) . s oo 00
Now, as et s Feller, there exists a finite set K containing x

such that e~ Tt 1, <eon
OW ={y € W|b(y,z) > 0 for some z & W}.

Due to the maximum principle for the heat equation, it follows
that there exists z € W and t € [0, T] such that
ut(z) > ut(x) > 0 since up = 0. It then follows

efTL(N)l (z) = eftL(N)ef(Tft)L(N) 1,(2)
e—tt™ (ef(T*t)Deg(X)lx) (2)

X

IV

e TDeg(x)

A\

ur(x) > e

which gives a contradiction. Thus, QD) = V).

= - -
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The Feller property and a-harmonic functions

tL(N

We can also approach the Feller property for e~ " in terms of

a-harmonic functions.
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The Feller property and a-harmonic functions

tL(N

We can also approach the Feller property for e~ " in terms of

a-harmonic functions.

If all positive a-superharmonic functions in ¢P(X, m) for some
—tL(N

p € [1,00) are trivial, then e " is Feller. If the graph is locally
finite, then one can consider cc-harmonic functions.
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The Feller property and a-harmonic functions

tL(N

We can also approach the Feller property for e~ " in terms of

a-harmonic functions.

If all positive a-superharmonic functions in ¢P(X, m) for some
tL(N

p € [1,00) are trivial, then e~ " is Feller. If the graph is locally
finite, then one can consider cc-harmonic functions.

v
If e~ ™ is not Feller, then either Q(P) £ QV) or e~tL is not
Feller by the previous result.
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The Feller property and a-harmonic functions

tL(N

We can also approach the Feller property for e~ " in terms of

a-harmonic functions.

If all positive a-superharmonic functions in ¢P(X, m) for some
tL(N

p € [1,00) are trivial, then e~ " is Feller. If the graph is locally
finite, then one can consider cc-harmonic functions. )
If e~ ™ is not Feller, then either Q(P) £ QV) or e~tL is not

Feller by the previous result. If Q(P) £ Q(V) then there exists a

non-trivial a-harmonic function u in any ¢P(X, m) space by general
theory (e.g. Theorem 3.2 in the book).
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The Feller property and a-harmonic functions, continued

If et is not Feller, then there exists a vertex x € X and a
sequence x, € X going to infinity such that (L + a)711,,(x) > ¢
for all n € N.
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The Feller property and a-harmonic functions, continued

If e~tL is not Feller, then there exists a vertex x € X and a
sequence x, € X going to infinity such that (L + a)711,,(x) > ¢
for all n € N. As the resolvent extends to all £P(X, m) one can
then create a sequence of normalized a-superharmonic functions
which converge to a positive superharmonic function, see
Corollary 4.5 in the book.
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The Feller property and a-harmonic functions, continued

If e~tL is not Feller, then there exists a vertex x € X and a
sequence x, € X going to infinity such that (L + a)711,,(x) > ¢
for all n € N. As the resolvent extends to all £P(X, m) one can
then create a sequence of normalized a-superharmonic functions
which converge to a positive superharmonic function, see
Corollary 4.5 in the book. By Fatou's lemma, the function is in
(P(X, m) for p € [1,00).
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The Feller property and a-harmonic functions, continued

If e~tL is not Feller, then there exists a vertex x € X and a
sequence x, € X going to infinity such that (L + a)711,,(x) > ¢
for all n € N. As the resolvent extends to all £P(X, m) one can
then create a sequence of normalized a-superharmonic functions
which converge to a positive superharmonic function, see

Corollary 4.5 in the book. By Fatou's lemma, the function is in
(P(X, m) for p € [1,00). In case the graph is locally finite and the
sequence tends to infinity, the function is a-harmonic by

Corollary 4.5 as well. O
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The Feller property and a-harmonic functions, continued

If e~tL is not Feller, then there exists a vertex x € X and a
sequence x, € X going to infinity such that (L + a)711,,(x) > ¢
for all n € N. As the resolvent extends to all £P(X, m) one can
then create a sequence of normalized a-superharmonic functions
which converge to a positive superharmonic function, see

Corollary 4.5 in the book. By Fatou's lemma, the function is in
(P(X, m) for p € [1,00). In case the graph is locally finite and the
sequence tends to infinity, the function is a-harmonic by

Corollary 4.5 as well. O

We remark that the implication in the preceding does not reverse
in general as can be seen from examples.
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The Feller property and a-harmonic functions, continued

If e~tL is not Feller, then there exists a vertex x € X and a
sequence x, € X going to infinity such that (L + a)711,,(x) > ¢
for all n € N. As the resolvent extends to all £P(X, m) one can
then create a sequence of normalized a-superharmonic functions
which converge to a positive superharmonic function, see

Corollary 4.5 in the book. By Fatou's lemma, the function is in
(P(X, m) for p € [1,00). In case the graph is locally finite and the
sequence tends to infinity, the function is a-harmonic by

Corollary 4.5 as well. O

We remark that the implication in the preceding does not reverse
in general as can be seen from examples. However, we will now
show that it does in the case of birth-death chains, i.e., graphs
over X = N with subsequent natural numbers connected and
a-harmonic functions in £1(X, m).
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Birth-death chains

We call a graph a birth-death chain if X = N and b(x, y) > 0 if
and only if [x —y| =1 and ¢ =0.
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Birth-death chains

We call a graph a birth-death chain if X = N and b(x, y) > 0 if
and only if [x —y| =1 and ¢ =0.

On a birth-death chain, the following statements are equivalent:
(i) e~t™ s Feller.
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Birth-death chains

We call a graph a birth-death chain if X = N and b(x, y) > 0 if
and only if [x —y| =1 and ¢ =0.

On a birth-death chain, the following statements are equivalent:
(i) e~t™ s Feller.

(ii) All positive a-superharmonic functions in £*(X, m) are trivial.
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Birth-death chains

We call a graph a birth-death chain if X = N and b(x, y) > 0 if
and only if [x —y| =1 and ¢ =0.

On a birth-death chain, the following statements are equivalent:
(i) e~t™ s Feller.

(ii) All positive a-superharmonic functions in £*(X, m) are trivial.

(iii) Either m(X) = oo or

> 1 = m(BY)
Zob(r,r—i—l) _oo_gb(r,r—i—l)
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Birth-death chains

We call a graph a birth-death chain if X = N and b(x, y) > 0 if
and only if [x —y| =1 and ¢ =0.

On a birth-death chain, the following statements are equivalent:
(i) e~t™ s Feller.

(ii) All positive a-superharmonic functions in £*(X, m) are trivial.

(iii) Either m(X) = oo or

- 1 o~ _m(B)
Zob(r,r—i—l) _oo_gb(r,r—i—l)

That (ii) implies (i) follows from the previous theorem.
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Birth-death chains, continued

The equivalence between (i) and (iii) follows from known

characterizations of form uniqueness and the Feller property for
—tL
e .
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Birth-death chains, continued

The equivalence between (i) and (iii) follows from known
characterizations of form uniqueness and the Feller property for
e~tL. That (iii) implies (ii) can be shown by analyzing an
a-harmonic function in this case and using some estimates. O
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Birth-death chains, continued

The equivalence between (i) and (iii) follows from known
characterizations of form uniqueness and the Feller property for
e~tL. That (iii) implies (ii) can be shown by analyzing an
a-harmonic function in this case and using some estimates. O

It would be nice to extend the result above to weakly spherically
symmetric graphs. Given the above, it would suffice to characterize
form uniqueness since a characterization of the Feller property for
the Dirichlet semigroup is known in this case.
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A comment on maximality

We recall that if £ > 0, then e tLf is the minimal positive solution
to the heat equation with initial condition f and (L + )~ is the
minimal positive solution to the Poisson equation.
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A comment on maximality

We recall that if £ > 0, then e tLf is the minimal positive solution
to the heat equation with initial condition f and (L + )~ is the
minimal positive solution to the Poisson equation. One can ask if
the Neumann semigroup generates the maximal positive solutions.
However, this turns out not be the case as can be seen from work
of Keller/Lenz/Schmidt/Schwarz where they characterize all
Dirichlet forms associated to transient graphs via a representation
on the Royden boundary of such a graph.
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A comment on maximality

We recall that if £ > 0, then e tLf is the minimal positive solution
to the heat equation with initial condition f and (L + )~ is the
minimal positive solution to the Poisson equation. One can ask if
the Neumann semigroup generates the maximal positive solutions.
However, this turns out not be the case as can be seen from work
of Keller/Lenz/Schmidt/Schwarz where they characterize all
Dirichlet forms associated to transient graphs via a representation
on the Royden boundary of such a graph. In particular, this shows
that, in the transient case, the Neumann form does not necessarily
give the largest value and thus the Neumann semigroup and
resolvent do not necessarily generate the largest solutions.
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A comment on maximality

We recall that if £ > 0, then e tLf is the minimal positive solution
to the heat equation with initial condition f and (L + )~ is the
minimal positive solution to the Poisson equation. One can ask if
the Neumann semigroup generates the maximal positive solutions.
However, this turns out not be the case as can be seen from work
of Keller/Lenz/Schmidt/Schwarz where they characterize all
Dirichlet forms associated to transient graphs via a representation
on the Royden boundary of such a graph. In particular, this shows
that, in the transient case, the Neumann form does not necessarily
give the largest value and thus the Neumann semigroup and
resolvent do not necessarily generate the largest solutions. See also
the work of Lenz/Schmidt/Wirth which deals with domination of
semigroups.
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Thank you to the organizers for the invitation and thank you for
your attention!
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