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Introduction and outline

The phenomenon of transience was introduced in the course
(Lecture 9, Chapter 9). This phenomenon is studied for ¢ = 0
since, otherwise, some of the conditions for transience are
always true. Furthermore, transience was characterized for
weakly spherically symmetric graphs in Lecture 13.

The goal of this talk is to recall the relevant material from the
course and then strengthen some of the equivalent
characterizations of transience to give a notion of uniform
transience. We then present a criterion for uniform transience
of weakly spherically symmetric graphs and clarify the role of ¢
for uniform transience.




Definitions

Definition (C.(X))

The set C.(X) denotes all functions f € C(X) with finite
support.
Definition (Dy)

The space Dy is defined as the set of f € D for which there
exists a sequence (p,,) in C.(X) such that ¢,, — f pointwise

and Q(f = ¢n) =30,
Definition (Cp(X)

)
The set Cp(X) = Ce(X )H o denotes the functions vanishing at
infinity.
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Definitions

Definition (Green’s function, transience)

Let b be a connected graph over (X, m). The function
(oo}
G: X xX —10,00],(x,y) r—)/ e 1, (z)dt
0

is called the Green’s function. A graph is called transient if
G(z,y) < oo for one (all) z,y € X. Otherwise, the graph is
called recurrent.

Definition (Capacity)

The capacity at © € X is defined as

cap(x) := int{Q(p) | ¢ € Co(X), p(x) =1}.
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Characterisation of transience

Theorem (Lecture 10, Theorem 9.7/Theorem 6.1 in the book)

Let b be a connected graph over X. The following statements
are equivalent:

(i) 1 & Do.
(ii) There exists a w > 0,w # 0 s.t.

Q) 2 3 w(z)eP()
zeX
holds for all p € Co(X).
(i) G(z,y) < o0 for all z,y € X.
(iv) cap(z) > 0 for some (all) x € X.
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The intuition behind transience

Figure: Finite graphs are

recurrent. Figure: Infinite graph




Uniform transience
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Characterisation of uniform transience

Theorem (Keller/Lenz/Schmidt/Wojciechowski and
Keller /Pinchover /Pogorzelski)

Let (b,c) be a connected graph over (X, m). The following
statements are equivalent:

(i) Do € Co(X).
(i) There exists C > 0 with Q(¢) > C|l¢||%, for all p € C(X).

(i) D( 5,?)) C Co(X) holds for any measure on X with full
support.

(iv) infyex cap(x) > 0.
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Uniform transience
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The previous theorem was shown in the context of graphs by
Matthias Keller, Daniel Lenz, Marcel Schmidt and Radostaw
Wojciechowski in Note on uniformly transient graphs and in the
more general context of Schrodinger operators on graphs by
Matthias Keller, Yehuda Pinchover and Felix Pogorzelski in
Criticality theory for Schrédinger operators on graphs.

A graph satisfying one of those equivalent conditions is called
uniformly transient.




Uniform transience
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Sketch of proof (i) = (ii)

(i) = (ii)
Dy C Cp(X)
= There exists C' > 0 with ||¢|lec < CQ%(QO) for all ¢ € C¢(X).

By the closed graph theorem, there exists a C1 > 0, s.t.
to show 1
Hf”oo < Ol”f“o < 0102Q2 (30)

1
Assume: [[@nllo > nQ2(pn), |lenllo=1

n—oo

= Q(en) — 0= |pn] sy pointwise
= Q1) < lim Q(|en|) =0
n—oo

=1€D,c=0=1€Dy=1¢e Cy(X).
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Uniform transience
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Sketch of proof (i) < (ii)

(i) < (i)
Dy C Co(X)
< There exists C' > 0 with ||¢|lec < CQ%((,O) for all p € C.(X).

Let f € Dg Thus, there exists a sequence (¢,) in C.(X), such
that ¢, "—3 f pointwise and Q(en—f) "Z3°0. Hence,

H@n - fHoo S CQ%(SOTL - f) nﬂo 07

pe., feCo(X) 1™ = Co(X).
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Uniform transience
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Sketch of proof (i) < (iii)

(i) < (iii)

Dy C Cy(X).

& D(QP)) € Cy(X) holds for any measure on X with full
support.

Theorem 1.19 in the book yields D(Q%D)) =Dy N (X, m).
:>) If Dy C Co(X), then

Dy C Co(X) = Do N L2 (X, m) C Co(X) N (X, m) C Co(X)
= D(QLY) € Co(X).

<) For any f € Dy one can find a measure m such that
f € £2(X,m). Then, the statement follows.
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Uniform transience
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Sketch of proof (ii)= (iv)

(i) = (iv)
There exists C' > 0 with [|¢|lec < CQ2 (i) for all ¢ € Cu(X).
= inf e x cap(z) > 0.

cap(z) := inf{Q(p) | ¢ € Ce(X), p(x) = 1}
Let x € X be arbitrary, then ||¢|lo > 1 for all ¢ € C.(X) with
p(z) =1, thus,

1 1 1
¢llso < CQ2(p), p(z) =1= Q(p) > @HwH? > o5

thus, inf,ex cap(z) > &.
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Uniform transience
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Sketch of proof (ii)<=(iv)

(il)< (iv)
There exists C' > 0 with ||¢]|eo < CQ%(@) for all p € C.(X).
< inf,ex cap(z) > 0.

cap(z) := inf{Q(p) | ¢ € Ce(X), p(x) =1}
Let C :=inf,ex inf{Q(¢) | ¢ € Ce(X), p(z) = 1} and
@ € Ce(X). Consider ¢ # 0 and x € X with ¢(z) # 0. Then,

Q(55) = ) i 2 € = Q) 2 Cplo®




Uniform transience
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A further characterisation

Theorem (Keller/Pinchover/Pogorzelski)

Let (b, c) be a connected graph over X. Then, (b,c) is uniformly
transient iff there exists a C' > 0 such that G(x,z) < C for all
zecX.

This will be needed later to show a criterion for uniform
transience in the spherically symmetric case. We note that we
assume that m = 1 here.




Uniform transience
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A further characterisation

A reminder of one of the basic properties of Green’s function:

Theorem (Lecture 10, Theorem 9.1)

Let (b, c) be a connected graph over (X, m). Then, for all
sequences (Ky,) of finite subsets of X with K, C K1 for all
neN and |, ey Kn = X we have

G(z,y) = lim (L) 1().

n—00 L




Uniform transience
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A further characterisation

Proof of characterisation.

=) Assume (b, ¢) is uniformly transient. Let 2 € X be given
and let (K,) be an increasing sequence of finite subsets of X
with |J,, K;, = X. For g,, := (Lk, ) 1, we have g, € C.(X)
and g, — G(-, z) pointwise. Green’s formula and (ii) from the
characterisation of uniform transience yield

GF (@) 1 1
gn(2) = (12, 9n) = (LGn, gn) = Qgn) > @HQTLHQ > @gn(x)Q

and therefore g, (z) < C2. Taking the limit n — oo we get
G(x,z) < C?.
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Uniform transience
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A further characterisation

The other implication relies on facts from GaDDS.

<) Assume G(z,z) < C for all z € X. Let x € X be given.
Theorem 6.30 and Lemma 6.27 from the book yield

ca 6.30 (,z) \ 627 1 1
02 (o) en 2

This implies uniform transience. L]




Comparison
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Comparison to transience

Transience Uniform transience
For one (all) z,y € X, There exists a C' > 0 with
G(z,y) < o0 G(z,x) < CforalxeX
1 ¢ Dy Dy C Co(X)
Q) = X pex w(x)p()? Q(p) = Cllell3,
for some 0 # w > 0, ¢ € Co(X) C>0,pe€CX)
cap(x) > 0 for some (all) z € X inf e x cap(x) >0
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Comparison
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Transience and uniform transience are not the same

The following graph is transient, but not uniformly transient.




Comparison
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Transience and uniform transience are not the same

This graph (tree with root z) with b(z,y) = b(r,r + 1) for

x € Sp(x0), y € Sr+1(xo), and b(r,r + 1) — 0 as r — oo not too
rapidly (e.g. b(r,7+1) =1/(r + 1)) is transient, but not
uniformly transient. Transience follows from material to be
presented. That the graph is not uniformly transient follows
from taking a look at the capacity:

cap(z) < Q(1,)
=0 3 by (L)~ L))

y,2€X

=2b(r,r+1)+b(r—1,7) =0




Comparison
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Transience and uniform transience are the same

(sometimes)

(b, c) is called quasi-vertez-transitive iff
there exists an n € N and z1,...,z, € X
such that for all y there is a bijective

hy : X = X,
hy(y) = j,
c(hy(2)) = c(2),



Comparison
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Transience and uniform transience are the same

(sometimes)

Theorem (KLSW)

A quasi-vertez-transitive graph which is
transient is also uniformly transient.

Idea of proof: Given the quasi-vertex-
transitivity, there are only finitely many
capacity types all of which are positive.
Hence, the infimum is positive as well.

As an example, keep in mind regular trees
with edge weights 1.




Spherical symmetry
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u k:ﬁ:(l‘) = ﬁ Zyesril(o) b(fE,y),
mg(z) = ;f(?)

Definition (Spherically symmetric functions)

A function f € C(X) is called spherically symmetric, if it is
constant on S, (o) for all > 0.




Spherical symmetry
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Definition (Weakly spherically symmetric graphs (WSSG))

A locally finite, connected graph (b, c) over (X, m) is called
weakly spherically symmetric, if k4 and q are spherically
symmetric functions.

Definition (Boundary of a set)

For W C X, define OW as

W = (W x (X \ W)U ((X\ W) x W).
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Spherical symmetry
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Lemma (Area of the boundary of spheres in WSSG)

b(9B,(0)) = 2k (r)m(S,(0))-

Theorem (Lecture 13, Remark 11.18)

Let b be a WSSG over (X,m). Then for x € Sy(0), we have

o0

G(z,0) = m(o) Z 1;

n=r 2

b(0B;(0))




Spherical symmetry
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Definition (Averaging operator)

For z € S;(0) and f € C(X), define

and A = ‘A|42(X,m)'

Note that a function f is spherically symmetric iff Af = f.
Theorem (Lecture 13, Lemmas 11.8 and 11.9)

The graph (b, c) is weakly spherically symmetric iff
Ae = et A on £2(X,m) for all t > 0.
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Spherical symmetry
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Characterization of transience for WSSG

Theorem (Lecture 13, Theorem 11.17)
Let b be a locally finite WSSG over X. Then, b is transient if
and only if 32, b(aB—lr(o)) < 0.

Ideally, we would expect to find a similar characterization for
the case of uniform transience. However, there is no
characterization as of now, only a criterion.
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Criterion on WSSG
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Uniform transience on WSSG

Theorem (Keller/Schmidt/Wojciechowski???7)

Let b be a weakly spherically symmetric graph over (X, m). If
for all r € Ny we have

45,003 ot <0,




Criterion on WSSG
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Preliminaries for the proof

We need the following definition and theorem from
Wojciechowski.

Definition

A graph is called Feller, if

et Co(X) — Co(X)

for all ¢ > 0.

Theorem

A weakly spherically symmetric graph is Feller if it is transient.




Criterion on WSSG
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Preliminaries for the proof

We also need the following lemma.

Lemma

Let b be a weakly spherically symmetric graph over (X, m). If
f € D satisfies Af(x) =1 for x € S,(0) and Af € Cyp(X), then

-1
1
o= <sz %b(aBk<o>>>

We will omit the proof of this since it is just a long calculation
using standard techniques. It can be found e.g. in a paper of
Huang.
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Criterion on WSSG
[ee]e] lele]e}

Proof of the criterion

Since uniform transience is independent of the measure, we can
assume m = 1.
For a > 0 and r € Ny, let

Jo = (L + 04)_11&(0)-

Since b is spherically symmetric, A commutes with the
semigroup and thus with the resolvent. Therefore,

Aga = AL+ a) g, () = (L+a) ' Alg, () = ga

which means that g, is spherically symmetric. Hence, for
x € Syr(0), we have




Criterion on WSSG
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Proof of the criterion

Since the condition from the criterion also implies transience,
the graph is Feller by the theorem above.

Therefore, e **(Co(X)) C Co(X) which is equivalent to

(L + a) 1 (Co(X)) C Co(X) by general principles and which in
turn implies g, € Cp(X). We can then apply the lemma from
above to get

oo -1
1 Ja . 1
(k‘r W) S Q (ga(r>> - ga(T)QQ(ga)'
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Criterion on WSSG
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Proof of the criterion

A calculation yields

- —1
1
ga(r)? < W) < Q(9a)

= <Lgaago¢>
<A{(L + @)ga) 9a)

= 9ay) = #5:(0)ga(r).

yESy
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Criterion on WSSG
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Proof of the criterion

For x € S,(0), we now have

(L+ ) u(2) < (L +a) g, ) (@)

which gives the conclusion by letting o« — 07 since
(L +a)~'1,(x) = G(x,z) by Theorem 9.1 in the Lecture
Notes. O
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Role of ¢
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The role of ¢

Theorem

If (b,0) is uniformly transient, then (b, c) is uniformly transient.

Proof.
Because (b,0) is uniformly transient, we have

lollss < CQYY ().

The statement then follows since Qp0 < Qp.c. O

This shows that ¢ can’t break uniform transience. In the
following theorem we will see that ¢ can help a graph become
uniformly transient.
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The role of ¢

Theorem
If inf e x c(x) > 0, then (b, c) is uniformly transient.

Proof.
Note that for ¢ € C.(X) with ¢(a) = 1, we have

Q(p) 2 > cl@)p(x)’ > c(a).
zeX
Since cap(a) = inf{Q(p) | p € Cc(X), v(a) =1}, we get
cap(a) > c(a)
and therefore

inf > inf 0.
Jaf cap(e) 2 uf cle) >
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Role of ¢
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The role of ¢

While ¢ can cause uniform transience, it is not always the case
as the following example shows.

3 h
Kitine, 4—erm

Figure: Graph with ¢ > 0 that is not uniformly transient
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The role of ¢

Let X = N with b(n,n+ 1) = (1/2)", 0 everywhere else and
¢(n) =1/n for all n € N. A calculation yields that

Q(1l,) =b(n,n—1)+bn,n+1)4+c(n) -0
and since 1,, € C.(X) with 1,(n) =1, we get
cap(n) < Q(1,) — 0.

Thus, (b, ¢) is not uniformly transient.
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