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Simple Random Walk on Z?

In every step one takes a step in a random of the 2d directions (e.g. left,
right, up, down in d = 2) with the same probability p = 2—1d.

Theorem [Recurrence for Simple Random Walks] (Polya 1921)
The following assertions hold if and only if d < 2:

@ one almost surely returns to the starting point in finite time
@ one almost surely reaches any point at some point in time

@ one almost surely reaches any point infinitely many times,

but the expected time for those events is infinity.

“A drunk man will find his way home, but a drunk bird may get lost
forever” (S. Kakutani)
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Reminder Probability Theory: Random Variables

Let (€2, F,P) be a probability space and F countable and discrete.

Definition [Random Variable]

A random variable is a measurable function

Y . Q- F.
Then the probability that X is in the state a € E is given by

P(Y =a) :=P(Y '({a})).

v

For a function f: F — R, f(Y) = foY is a real valued random variable.

The space €2 is usually not explicitly given, and may vary, as long as the
probabilities stay the same.
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Reminder Probability Theory: Expected Value

Definition [Expected Value]

Let Y be a real valued random variable and Y integrable or
non-negative, then the expected value is given by

E[Y] = / Y dP.
Q v
The throw of two dice is simulated by Q = {1, ..., 6} with P(A) = - #A.

Then Y;(x1,22) := x; for : = 1,2 and S := Y] + Y5 defines three random
variables. Then

E[S] = 7.

N
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Reminder Probability Theory: Conditional Probability

Fix a probability space (§2, F,P).

Definition [Conditional Probability]

Fix two events A, B € F with P(B) > 0.
Then the probability of A under the condition B is

P(AN B)

P(AIB) = —5 5

\

Even if P(B) = 0 we will use
P(AN B) =P(A|B)P(B).

Going back to the two dice:

_ . P(S=8Y1=3) PY;=3Y=5) 1
P(S=8|Y1=3)= PV, =3~ P3G
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Reminder Probability Theory: Independent Random

Variables

Fix two random variables Y, Z : Q — FE.

Definition [Independent Random Variables]

The random variables Y, Z are independent if for all a,b € E:

P(Y =a,Z =b) =P(Y =a)P(Z =b).

Especially if P(Z = b) > 0:

P(Y=a|Z=0b)=PY =a).

In the example with the two dice, Y7, Y> are independent, while Y7, S are
not.
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Transition Probability on Graph

Let (b,c) be a graph on (X, m). Let zo, ¢ X be the graveyard, and
X =X U{zx}

Definition [Transition Probability]

The transition probability p(x,y) denotes the probability of jumping
from x to y. It is defined by

(b(z,y)
g(z
p(.il?,y) =X de;a(j;)

x,y € X

Q.

€
C

reX, y=1oy

—

Qj:y:ajoo

(@)

T =T, YyE€X

\

for x,y € X, with deg(z) = > yex b(z,y) + c(r), and assume deg(x) > 0.

v

Pablo, Zouhair, Thomas, Joel PROJECT L 17.07.23



Random Walk on Graph

Definition [Random Walk on Graph)|

The random walk on (b, c) is a Markov chain given by a sequence of
random variables (Yy,)nen, on X, with P(Yg = z) > 0 for € X and

P(Yn—i—l = Tn+1 ‘ Y() — Ty eeey Yn — CCn) — p(xn, CCn_|_1)

for xg, ..., Tny1 € X with IP’(YO_: XQ,y ey Yy = T) > 0.
For any starting state x € X and event A define

Py(A) :=P(A | Yo = ).

The measures (P;),. 5 are unique for the graph (b, c).
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Holding Times

Definition [Holding Times]

Let (&,)nen be a sequence of independent exponentially distributed
random variables, i.e. for ¢ € [0, 00)

P, > t) = /t e *ds=e".

The holding times (S,),cn are random variables defined by

1
S, := { Deg(Y,—1)
0 Yn—l = Lo

gn Yn—l cX

with Deg(z) = deg(x)

m(x)
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Jump Process on Graph

Definition [Jump Process on Graph)]

The jumping times (J,),cn are random variables defined by

gy = Z Sk.
k=1

Then the jump process (X¢)¢>0 is the time continuous Markov process
defined by

Y, tel|J, J,
X, — { [ +1)

Too Otherwise

There are two ways the process X can enter the graveyard:
@ due to the killing term after a finite number of jumps

e after performing infinite many jumps in finite time.
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Lifetime

Definition [Lifetime]
Also define the lifetime

C:=inf{t >0 | Xy =2z} =supJ,
neN

as well as the number of jumps at time ¢ by

N(t) :=sup{n e N | J, <t}

Note that N(t) = oo if and only if X; = 2.
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Random Walk and Heat Semigroup on Graphs

Let L be the Dirichlet Laplacian of the graph (b,c) on (X, m).

For f € £2(X) it holds that

e_th(x) — Eaﬁ[l{t<C}f(Xt)] Vee X, te [07 OO)

For z,y € X and t € [0, 0):

P.(Xy =y) = Ex[l{t<6}1y(xt)] = e_tLly(fb) = m(y)e_tL ! 1. (y)
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Proot for Finite Graphs

Assume X is finite. Then for f € ?(X) it holds that

e_th(x) — Ex[l{t<C}f(Xt)] Vo € X7 NS [07 OO)

For simplicity we introduce the notation f(zs) = 0 for all f € £*(X).
Thus we want to prove that

e”" f(z) = B [f(X0)].

Define an operator semigroup on £?(X) by

T(t) f(z) = By f(X,)] Vr e X, te0,00), feX).
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Proof that 1" is a Semigroup

For 2,y € X and s,t € [0,00):

T(s+t)1y(x) = Eu[ly(Xsit)] = Po(Xspt = )

= Z Pr(Xspt =4y, Xy =2) = Z Pr(Xs = 2)Pe (Xt = y|Xs = 2)
zeX zeX

= Z Pr(Xs =2)P.(Xy =y) = Z E.| Ly (X4)]]
zeX zeX

= B [Ex, [1,(X)] = T(s)T ()L, )

Markov Property

For z,y € X, t € [0,00) and measurable A € X9 with
P.(X; = y) > O:

Px((XsH)sZO €A | X; = y) — IP)y((XS)SZO = A)-

Pablo, Zouhair, Thomas, Joel PROJECT L 17.07.23



Proof that T" is Generated by —L

For z,y € X:
T(t)1ly(z) — 1y(x) _ Ex[1y(Xy)] — 1y () _ Py (X¢ = y) — 1y()
t t t
= RN =0Y =9 - 1L,@) 3 - Degla)l,@
1 B . b(x,y)
i ;IP’:C(N(t) =LYi=y) NO  m(z)
bORN() > 2% = y) — o
From those we get:
- T()1y(2) —1y(x) _ b(z,y)
tlirglo . = —Deg(z)1,(z) + m@) —L1,(z)
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Proof of Convergence

Proof Structure

1. 1P,(S1 < t) =0 Deg(x)

2. 7Pu( 2 <, Y1 # Tog) —en0 0
3. L(BL(N(t) = 0,Yy = ) — 1y(2)) 0 —Deg(z)1y(z)
4. %]P)a:(N( )=1,Y1 =y) —t\0 ,Ez(’xy))
5. tP,(N(t) > 2,X; = y) =0 0. )
1 1 1
1 1 [Deg(z)t
= Pa<Degl@) = o[ s
0

e—Deg(x)t 1

t
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Proof of Convergence

Proof Structure

1. 1P.(S1 < t) =0 Deg(x)

2. 1Py (J2 <1, Y1 # Zoo) —n0 0

3. L(B,(N(t) = 0,Yp = 4) — Ly(x)) —eno —Deg(e)1, ()

1 %]P)a:(N( ) =1, = y) —7t\0 sz(,xy))

5. 1P (N(t) > 2,X; = y) =0 0. ]
1 1 &1 $
_]P)CC t7 Y o0 < _]P).CC t7 N\ t, Y 00
t (J2 <1, Y1 7 o) t (Deg(a:) < Deg(Y1) LY 7 )
1 1

= P& <COL& <0l = “Pa(&t <CHPu(& < CF)

P, 2
= ( (51 t< Ct)) _>t\(0 0
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Proof of Convergence

Proof Structure

1. 1P.(S1 < t) =0 Deg(x)

IPs(J2 < t,Y1 # Too) —pnp 0

§(Po(N(t) =0,Y0 = y) — 1y(x)) =0 —Deg(z)1y(z)
1Pa(N (1) = L,Y1 = y) =0 )

‘m(zx)

%]P)x(N( ) > 2,X¢ =y) =0 0.

S

%(IP’;C(N(t) =0,Yp =y) — 1,(z)) =

= —%IP’,B(N(t) > 0)1,(z) — —%Px(sl <t)1y()

—po0 —Deg(z)ly(z)
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Proof of Convergence

Proof Structure

1.

S

P2 (S1 < t) =\ 0 Deg(z)

TP (J2 < 8, Y1 # Tog) —pnp0 0

LP,(N(t) =0,Yy = y) — 1,(z)) =0 —Deg(z)1y, ()
IP,(N(t) =1,Y1 = y) =y dry)

P2 (N(t) > 2,X; = y) =100,

‘m(x)

TELN() =1,V =)

1 1
_ z]Pm(N(t) >1,Y1 =vy) — ;Px(N(t) >2,Y1 =y)

_ TEL(S1 < 1) Pe(Yi =y) — [Paly <171 =)
S0 Deg(@)b(z,y)/ deg() = blz,y)/m(z)
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Proof of Convergence

Proof Structure

1. 1P.(S1 < t) =0 Deg(x)

IPs(J2 < t,Y1 # Too) —pnp 0

([Po(N(t) = 0,Yy = y) — Ly(x)) =0 —Deg(a)1y(z)
1Pa(N (1) = L,Y1 = y) =0 )

m(z)

%Px(N( ) > 2,X¢ =y) =0 0.

S

e
| =

Px(JQ <t Y 7é CCOO) —7t\0 0
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For Infinite Graphs

For f € 1*(X), z € X, t € [0,00):

e_th(a:) = B [Ty [ (X))

Fix (K,)nen, an exhausting increasing sequence of finite subsets of X,
bn(x,y) :=b(z,y) cp(x) = cx)+ Z b(x,y) Va,y € K.
yEX\Kn
Let L, be the Dirichlet Laplacian on K, and (X}'):c[0,00) the jump
process on K,,. Define the stopping time of X; first leaving K,, by

T, = inf{t € [0,00); X ¢ K, }.

Then we get:
—tL s —tLy, T n
et f(z) = lim e™ f(z) = lim Eo[lgc,) f(X])
= lim Eo[lyer,) f(Xe)] = o[l <) f (X))
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Feynman-Kac Formula

Theorem [Feynman-Kac Formula]
Fix a graph (b,c) on (X, m).
For f € /*(X), z € X and t € [0, 00):
6= B e F 0

where X? is the jump process on (b, 0).
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Recurrence for General Markov Chains

Fix any Markov chain (Y;,)nen, on X. Define the time T?f of the k-th
arrival at y € X by

T??:(), Tyk’drl ::inf{n>T;;Yn:y}.

Those random variables are stopping times, i.e. their values are times
(values in N) and {T)¥ = n} only depends on Yy, for m < n.

For x,y € X and k£ € N:

P, (T < 00) = Py(T, < 00) Py(T; < 00)* .
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Proof Lemma

For z,y € X and k € N:

P, (Ty <o0) = Pu(Ty ' <oo)Pu(Ty < oo | T,y " < o0)
= P(I) ' <oo)P,(Gn>T, " Y, =y | T < o0)
= P (T} ' <o0)Py(3n >0:Y, =y)
= ]P’:,C(Tgf_1 < 0) IP’y(Ty1 < 00)
= ]P’g;(Ty1 < 00) IEDy(Ty1 < oo)F1

Strong Markov Property

For z,y € X, a stopping time T and A € X" measurable and
P.(T < o0, Yr =1y) > 0:

Px((Yn—FT)nENo €A ‘ T< 00, YT — y) — Py((Yn)nENo S A)
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Recurrence for general Markov Chains

Also assume the Markov chain is irreducible, i.e. for all z,y € X there
exists some n € N such that P,(Y,, = y) > 0.
In the case of graphs this is equivalent to the graph being connected.

Definition/Theorem [Recurrence]

The following assertions are equivalent:

(i) for some y € X: Py (T < o0) =1

(i) for all 2,y € X: P(T,; < o0) =1
(iii) for some/all z,y € X: ]Px(Tgf <ooVkeN)=1
(iv) for some/all x,y € X: E [#{n € N; Y, =y}| =
(v) for some/all z,y € X: 3, cnP2(Y, =y) = c0.

In this case the Markov chain is called recurrent.

(iv) and (v) are the same since for z,y € X:

Ex[#{n eN; Y, =y}| = Z Ex[1y(Yn)] = Z Pe(Yn =y).

neN neN
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Recurrence Proof 1

Theorem [Recurrence]

P.(T;} < 0o) =1 for some z € X = P,(T; < o0) =1 for all z,y € X.

For k € N: P,(TF < 00) =P, (T))F = 1.
For x € X there is some n € N such that P,(Y,, = ) > 0 and:
P.(T! <0) = P,(3m>0:Y,, =2z)
= P,(@m>n:Y,=z2|Y,=2) = L
For y € X there is some n € N such that P,(Y,, = y) > 0, so there is a
possible path from z to y. Since we revisit z infinitely many times, we

almost surely take that path at some time, thus P, (T y1 < o0)=1.
For xz,y € X:

P,(T, <oo) > P,(Gm>T, : Yy =y|T, <o)
= P,(I3m>0:Y,=y) = 1.
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Recurrence Proof II

Theorem |Recurrence]

(ii) for all z,y € X: Pu(T; < o0) =1

(iii) for all #,y € X: Po(T) < oo VkeN) =1
(iv) forall 2,y € X: Eg[#{n eN; Y, = y}] =

(ii)=(iii): For x,y € X and all k € N:
P, (T} < 00) = Py(T, < 00) Py (T} < 00) ! =1,

thus P, (T) < oo Vk € N) = 1.
(iii)=(iv): For all z,y € X

P,(TF < oo Vk € N) =P, (#{neN;Y, =y} =occ) =1

implies E.[#{n € N; Y, =y}| =
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Recurrence Proof III

Theorem [Recurrence]

(i) for some y € X: Py (T < o0) =1
(i) for all z,y € X: Pu(T; < o0) =1
) for some z,y € X: IP’:U(T;C <o VkeN)=1
(iv) for some z,y € X: E [#{n €N; Y, =y}] =0
)

(ii

(iii)=(i): Follows from

P, (T, < 00) = Py(T, < 00) Py(T, < o0) = 1.

(iv)=-(i): Follows from

E.[#{n eN; Y, = y}] = Eu[#{k e ;T < o0}]
= ZEx[l{T§<oo}] = Z Px(Tyf < 00)
keN neN
= P,(T), <o0) Y Py(T); <o) ' = oo
keN
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Recurrence on Graphs

Theorem [Random walk perspective on recurrence|

Let (b, c) be a connected graph over (X, m). Then for all z,y € X

1 (©.9)

il ) = /0 T et (x) dt = P,(Y;, = )

Deg(y) =

especially (b, ¢) is recurrent if and only if G(x,y) = oo for some/all
x,y € X.

Here, m is the expected holding time at the vertex y.

G(x,y) is the expected total time that a particle stays at the vertex y if
it starts at x, and >, P, (Y, = y) (“discrete Green’s function”) specifies
how often the particle visits the vertex y.
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Recurrence on Graphs Proof

For z,y € X:
G(x,y) = / e 1, (x) dt
0

_ / Eo[1jrecy 1y (X0)] dt

_ [/ 1,(%) dt]
[Sn1y(Yn-1
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Stochastic Completeness

Theorem [Stochastic Completeness]
For a graph (b, c) the following assertions are equivalent;

(i) (b, c) is stochastic complete, i.e. for some/all ¢t € (0, 00):
e 1 =1
(ii) the lifetime ¢ is almost surely infinite, i.e. for all z € X:

P.(¢ =o00) =1,

especially ¢ = 0.

Let K, be an exhausting increasing sequence of finite subsets of X.
For x € X and t € (0, 00):

e i(z) = Jim_ e g (2)
= lim B[l i, (Xe)] = Eo 1<) =P, (t < ()
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