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Recap Internet Seminar

Definition (Form associated to a graph (b, ¢) over finite set X)

Q: C(X) x C(X) — R form, if

O(f. &) = Up,c(f. &) = % S bx X —F)EX) —g) + 3 cfx)gk).

X yex xeX

Remark
Any symmetric form on a finite set X has this representation.
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Basic Definitions
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General Setting

X locally compact separable metric space
* m positive Radon measure on X with supp(m) = X
L?(X; m) with inner product

(u,v)= Jx u(x)v(x)dm(x)

Cc(X) = {f: X = R|f continuous, suppf compact}
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Basic Definitions

Definition (Symmetric Form)

Let H be H-space. &: dom & x dom & — R symmetric form on H if densely
defined and

(i) &(u,v)=E&(v,u), E(u,u) >0 (u,v e domé)
(i&(u+v,w)=¢&(u,v)+&v,w), EAu,v) =AE(u,v) (u,v e dom & A\ € R)

Definition
& on H closed, if dom & is H-space w.r.t.

U, VYgome =E&(U,v)+(u, v) (u,vedomé).
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General Dirichlet Forms

Definition (Dirichlet Form)
Closed symmetric form € on L?(X; m) is Dirichlet form if 0\ (u /A1) € dom &
(u € dom &) and

EOV(UNT),0V (UAT)) L EU,u) (ue domé).

Definition
Symmetric form € on L2(X; m) regular, if dom & N C.(X) is dense in dom & and
Cc(X).
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One-to-one correspondence

A
generator
exy . \
(T B-A)"
Markov <\/ju’ \/jv>
. Markov
semigroup resolvent
X \ %
&

Dirichlet form
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Approximating Form

Lemma
Let A~ €. For B > 0 define Rg := (B —A)~" and

B (u,v) =P (u—BRgu, V) (u,veH).
Then

Ew,v)= lim By v) (u,v e domé).
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Examples
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Example 1
* For (a,b) C R consider

u(x)v(x) dA(x) + L X u’ (x)v'(x) dA(x)

A
(a,b)

on
Dy =W"%(a,b) and Dy =W)?(a,b).

« corresponding operator: Au = —u + u"”
« Then:

- (&1,D4) is Dirichlet form
&1,Dy) is regular Dirichlet form
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Example 2

+ For D C RY open, consider

~—

&, (U, v) = ZJD ou(x) ov(x dA(x)

oX;  0x;
i=1 ! !

on
Dy =W'(D) and Dy = W,?(D).

+ corresponding operator: Au = Au
* Then:

- (&,,D4) is Dirichlet form
&5, D,) is regular Dirichlet form
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Examples at a glance
E(u,v) = +
82(U,V) =

1
W.clf.8) =5 D_ bl y)(f(x)—f)(gl) —gly)) +

X, yex
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eorem of Beurling-Deny
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Representation of Dirichlet forms

Theorem (Beurling-Deny)

& regular Dirichlet form on L?(X; m). Then
(u,v) :8(”(u,v)+J (ux)—u)) (v(x)—v(y)) d(x,y) J u(x)v(x) dk(x)
XXX\ Ax X

foru,v € dom & N C(X).
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The local part &¢

ew,v)ze“)(u,mjx o, (00 —uly) () ) ey L UV (x) dk(x)

+ &l9 symmetric form with dom () = dom & N C(X)
« &O(u,v)=0foru,vedomél and v = const. on nbhd of suppu
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The measures / and k

e(u,v) =9, v)+ (ux)—u)) (vx)—v(y)) diix,y) + | ulx)v(x)dk(x)
XxX\A X

+ Junique positive symmetric Radon measure on X x X \ Ay
* Kk unique positive Radon measure on X
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Technical Tools
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Riesz-Markov

Theorem

Let ¢: Cc(X) — R be linear and positive. Then, there is unique Radon measure
on B(X) with

o(f) ZLfdu (f € C.)).

In particular, W(K) < oo for K C X compact.
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Representation Lemma

Lemma

Let S be positive, symmetric operator on L?(X; m). Then, there is unique positive
Radon measure o on B(X x X) with

(u, Sv) = LXX u(x)v(y)do(x,y) (u,v e L2(X;m)).
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Proof of Representation Lemma

c URV: XXX =R, (X, y) = ux)v(y)
* Consider u;,v; € C(X) W|thf::Z,~:1u,®v;>0(ie{1,...,l},leN)
+ ldea: Show

I
> (up, Svi) >
i=1

+ DefineK = Uf:1 supp U;
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Proof of Representation Lemma ctd

+ Lete > 0and choose 4 > 0 according to uniform continuity of u;

K=]JB(x5?)

xeK

+ Choose finite subcover and make pw disjoint
p
K= E (Ex € B(X)),
k=1

and points &, € £, (1 <k < p)
* Note: diamE, < 25 forallk e N
« ForxeKsetu(x)=3_,ui(&)Lg (x) (1 <i<)

— sup |Ui(X) — Ui(x)| < ¢
XeK
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Proof of Representation Lemma - Strategy

* Consider
I
f= Z uevi=0
i=1

* Show that
/
> (up, Svi) >
i=1

. Strategy: Approximate u; by @;, show Y !_, (uj, Sv;) > 0and
/

I
D> ui, Svy =Y (Ui, Sv;) 0% 0
i—1

i=1
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Proof of Representation Lemma ctd

/ / /
Z (up, Sv;) Z(u, Sv;) \ZKU,—U, Svi))|
i=1 i=1 i=1
/
—ZJ |ui — U - ISvil dm
i=1 X
/
<£ZJ ]lK|SV,'|dm
i=1 X
/

<e ) (Ig, 1Svil)
1

=
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Proof of Representation Lemma ctd
+ Sis positive and f = 2521 uj@Vv; > 0:

/
> (G, Svi)
i=1

ject K - General Dirichlet form theory
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Proof of Representation Lemma ctd
+ Sis positive and f = 2521 uj@Vv; > 0:

/
Z <E/, SV, =
i=1

p
Z Uj E,k ]lEk SV,>

1 k=1

M-

I
Mt

/
<ﬂfk D uiE)Svi(- >
k=1 i=1
p /
_Z<]1Ek’sl uj E,k V, ])
k=1 i=1

I
Mb

(1g,. Sf(&k.))) =0

>
Il
N

TECHNISCHE 26th Internet Seminar Project K - General Dirichlet form theory
UNIVERSITAT Jan Hausmann, Robert Wilke Slide 26 of 45
DRESDEN Wuppertal, 18 July 2023



Proof of Representation Lemma ctd

* Conclusion:

/
> (ui, Sv) >
i=1

+ Define
Ce(X x X) =span{u®@v|u,ve CX)} C CX xX)
and
_ /
I: Ce(X x X) = R, frel(f)=> (u, Svj)
i=1
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Proof of Representation Lemma ctd

| positive functional on EC(X x X)

I(f) independent of representation of f € Cc(X x X)

Extend / by Stone-Weierstrald on C.(X x X)

By Riesz-Markov, there is measure o: B(X x X) — [0, co] with

I(f) =L flxy)dolxy)

Plugginginf =u®v (u,v € L?(X;m)) yields

(U, Sv) = I(f) = Lxx u(xv(y) dolx, y)
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Vague convergence

Definition
Radon measures (u,)nen On B(X) vaguely converges to Radon measure pon

B(X) if

| Fann 222 | fau (f € C.00)).

Notation:
Hn o H

TECHNISCHE 26th Internet Seminar Project K - General Dirichlet form theory
UNIVERSITAT Jan Hausmann, Robert Wilke Slide 29 of 45
DRESDEN Wuppertal, 18 July 2023



Vague convergence

Theorem
Let (un)nen Radon measures on B(X) with

sup 1n(K) < oo (K C X compact).
neN

Then, there is subsequence (un,)jen and Radon measure  on B(X) s.t.

Hn, L> 22
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Proof of the Theorem

* Constructincreasing seq. (Uy)ken consisting of rel. compact and open sets
Uk - X with Uk - Uk+1 and

Uy =X,

(@

>
I
N

* up induces positive functional on C(Uy) for k,n € N
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Proof of the Theorem ctd

* (up)nen uniformly bounded on Uy

+ Banach-Alaoglu: weak*-convergent subsequence (i, 1)pen in (C(U1 ))'
* (n1)nen uniformly bounded on U,

+ Banach-Alaoglu: weak*-convergent subsequence (i, 2)nen in (C(UZ))'

+ Construct diagonal sequence (vp)nen = (Wnn)nen
* v, weak*-convergent in (C(Uy)) forall k € N
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Proof of the Theorem ctd

* v, weak*-convergent in (C(Uy)) forall k € N
» Forf e Cc(X), thereis k € N: suppf C U, and

im dev,,: jim J fdvn = o(f).
n—oo X n—oo U7k

* By Riesz-Markov, there is Radon measure y, i.e.

v
Vnp — W
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roof of Beurling-Deny’s
Theorem
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Uniqueness of J

* Recall
&(u, v)=8“)(u,V)+L s (u)—u)) (vx)—v(y)) di(x.y) L u(x)v(x) dk(x)

and &(9(u,v) =0 for v = const. on nbhd of supp u.
* Ifsuppunsuppv =>0:

e(u,v)=-2 L ) u(xv(y) dj(x,y)

* spanfu®@Vv | u,v e domé&n C(X),suppu Nsuppv = P} dense subspace of
Cc(X x X\ Ax) = Junique
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Uniqueness of k and £

* Recall
&(u,v) :8(C)(u,v)+J (ux)—u(y)) (vx)—v(y)) d/(x,y) J u(x)v(x) dk(x)
XXX\ Ay X
and &9 (u,v) =0 for v = const. on nbhd of supp u.
* Thus,
&(u,v) :J X)—u(y)) (v(x) —v(y)) d/(x,y) J u(x) dk(x)
XXX\ Ay X

for u,v e dom & n C(X) withv = 1 on nbhd of suppu

— k unique

— &9 unique
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Construction of /

* Apply representation lemma to BRp:

(u, BReV) =J u(x)v(y) dog (x,)

XxX

« u,vedomén C(X) with suppu Nsuppv = :

B—o0

e(u,v) <= B (u,v) =B (u—BRgu, v)

e J UV(x) dmix) — BJ u(xV(y) dog (x,y)
X X

xX

_ _BJ u(x)viy) dop(x,y)
XxX
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Construction of / ctd

« Foru,v edomé&n C(X) with supp u N suppVv = :

—BJ u(x)v(y) dog (x,y) 225 e(u,v).
XxX

* (Bop) .o uniformly bdd on compact subsets of X x X\ Ay
+ Find subsequence converging vaguely to pos. Radon measure J:

%oﬁn 5] onX x X\ Ay
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Construction of k

* pthe metricon X
« For §; ] 0and E 1 X, E; relatively compact and open, define

Ne={xy) €ExElpxy) =5}
« IfuedoménC(X) with suppu C E:
Pl (u,u) = Bn (U —BnRp, U, U)
= Bn L/ u(x)*(1 = BnRp,1g (x)) dm(x)

1
+ZBHJE,><E,( _UU’) dog,(x,y)
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Construction of k ctd

5 1
B | 4002 (1  BoRp, 1g(x0) Gm(x) + 380 | (u0x) —u(y))? dop, )

1
:Bn<U.U>—Bn<U2. BnRBnﬂE,>+2f5nJ ( _U(y) dGBnXY)

E/><E/

— Bn <U, U> — [5,7 <U2, BHRBnlE/>
+ rsnj u(x)?Le () dog, (x,y) — an u(x)uly) dog, (x.)
XxX X

xX
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Construction of k ctd

=Bn (U, u)y—PBn <U2 , ﬁnRBnﬂE/>

4 BnJ u(x)?1g (y) dog, (x.y) — BnJ u(x)uly) dog, (x.y)
XxX XxX

=PBn (U, u)—PBn <U2 ' BnRﬁnﬂE,>
+Bo (47, BaRe, )~ Bo | uGuly) dog, (x.)

xX
=Bn (U, u—BnRe,u)
:E(Bn)(u,u)
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Construction of k ctd

+ We have

8”3")(u,u) — Bn L U(X)2(1—BnRBn]15/(X)) dm(x)+1§[3n L ( —u(y) ) dog,(x,y)

><E/

* Thus, if B, — oo there is pos. Radon measures k; on £; s.t.

Bn(1 — 6nR|3nﬂE/)m L> k/ on E/

+ Extend k; to X by
k/(A) = k/(A NE) (A S fB(X))

* (k) decreasing
* Hence, there is pos. Radon measure k on X s.t.

ki~ k onX
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Construction of k and &(©

+ Combine everything! For every / and u € dom & N C¢(X) s.t. suppu C E;:

&(u,u) = lim B”J (u(x —u(y) dogp,(x,y)
XXX\T)

n—oo 2

+J( *U(y)djxy J u(x)? dk;(x).
b

E
* | = coresultsin

eu) = 9w o, O=U) (00 -v) i) +| uoavt detx

with
.. Pn
e, v) = lim lim 22| (u(x)—u v(x) —v(y)) dog. (x, O
(u,v) Jim lim = r,( (x) —u(y)) (v(x) —v(y)) dog, (x,y)
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Conclusion

&q(u,v) :J[ ., u(x)v(x) dA(x) +;L . u'(x)v'(x) dA(x)
1< 9
Ealu,v) = ZL g’)((x) ag)((x) dA(x)
i—1 I I
1
W.clf.8) =5 D_ blxy)(fx)—f)(gx) —gy) + ) _c
X yex xeX
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ank you for your attention!
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