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Recap Internet Seminar

De�nition (Form associated to a graph (b, c) over �nite set X)

Q : C(X)⇥ C(X)! R form, if

Q(f , g) = Qb,c(f , g) :=
1
2
X

x,y2X
b(x, y)(f (x)- f (y))(g(x)- g(y)) +

X

x2X
c(x)f (x)g(x).

Remark
Any symmetric form on a �nite set X has this representation.
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Basic De�nitions
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General Setting

• X locally compact separable metric space
• m positive Radon measure on X with supp(m) = X
• L2(X;m) with inner product

hu , vi =
Z

X
u(x)v(x)dm(x)

• Cc(X) =
�
f : X ! R

�� f continuous, supp f compact
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Basic De�nitions
De�nition (Symmetric Form)

Let H be H-space. E : domE⇥ domE! R symmetric form on H if densely
de�ned and
(i) E(u, v) = E(v,u), E(u,u) > 0 (u, v 2 domE)

(ii) E(u+ v,w) = E(u, v) + E(v,w), E(�u, v) = �E(u, v) (u, v 2 domE, � 2 R)

De�nition
E on H closed, if domE is H-space w.r.t.

hu , vidomE := E(u, v) + hu , vi (u, v 2 domE).
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General Dirichlet Forms

De�nition (Dirichlet Form)

Closed symmetric form E on L2(X;m) is Dirichlet form if 0_ (u^ 1) 2 domE

(u 2 domE) and

E(0_ (u^ 1),0_ (u^ 1)) 6 E(u,u) (u 2 domE).

De�nition
Symmetric form E on L2(X;m) regular, if domE \ Cc(X) is dense in domE and
Cc(X).
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One-to-one correspondence
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Approximating Form

Lemma
Let A ⇠ E. For � > 0 de�ne R� := (�- A)-1 and

E(�)(u, v) := �
⌦
u- �R�u , v

↵
(u, v 2 H).

Then

E(u, v) = lim
�!1

E(�)(u, v) (u, v 2 domE).
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Examples
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Example 1
• For (a,b) ✓ R consider

E1(u, v) =
Z

(a,b)
u(x)v(x)d�(x) +

Z

(a,b)
u 0(x)v 0(x)d�(x)

on
D1 = W1,2(a,b) and D2 = W1,2

0 (a,b).

• corresponding operator: Au = -u+ u 00

• Then:
–
�
E1,D1

�
is Dirichlet form

–
�
E1,D2

�
is regular Dirichlet form
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Example 2
• For D ✓ Rd open, consider

E2(u, v) =
dX

i=1

Z

D

@u(x)
@xi

@v(x)
@xi

d�(x)

on
D1 = W1,2(D) and D2 = W1,2

0 (D).

• corresponding operator: Au = �u
• Then:

–
�
E2,D1

�
is Dirichlet form

–
�
E2,D2

�
is regular Dirichlet form
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Examples at a glance

E1(u, v) =
Z

(a,b)
u(x)v(x)d�(x) +

1
2

Z

(a,b)
u 0(x)v 0(x)d�(x)

E2(u, v) =
1
2

dX

i=1

Z

D

@u(x)
@xi

@v(x)
@xi

d�(x)

Qb,c(f , g) =
1
2
X

x,y2X
b(x, y)(f (x)- f (y))(g(x)- g(y)) +

X

x2X
c(x)f (x)g(x)
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Theorem of Beurling–Deny
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Representation of Dirichlet forms

Theorem (Beurling–Deny)

E regular Dirichlet form on L2(X;m). Then

E(u, v) = E(c)(u, v)+
Z

X⇥X\�X

�
u(x)-u(y)

��
v(x)-v(y)

�
dJ(x, y)+

Z

X
u(x)v(x)dk(x)

for u, v 2 domE \ Cc(X).
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The local part E(c)

E(u, v) = E(c)(u, v)+
Z

X⇥X\�X

�
u(x)-u(y)

��
v(x)-v(y)

�
dJ(x, y)+

Z

X
u(x)v(x)dk(x)

• E(c) symmetric form with domE(c) = domE \ Cc(X)
• E(c)(u, v) = 0 for u, v 2 domE(c) and v ⌘ const. on nbhd of suppu
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The measures J and k

E(u, v) = E(c)(u, v)+
Z

X⇥X\�X

�
u(x)-u(y)

��
v(x)-v(y)

�
dJ(x, y)+

Z

X
u(x)v(x)dk(x)

• J unique positive symmetric Radon measure on X ⇥ X \ �X

• k unique positive Radon measure on X
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Technical Tools
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Riesz–Markov

Theorem
Let ' : Cc(X)! R be linear and positive. Then, there is unique Radon measure µ
on B(X) with

'(f ) =
Z

X
f dµ

�
f 2 Cc(X)

�
.

In particular, µ(K) < 1 for K ✓ X compact.
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Representation Lemma

Lemma
Let S be positive, symmetric operator on L2(X;m). Then, there is unique positive
Radon measure � on B(X ⇥ X) with

hu , Svi =
Z

X⇥X
u(x)v(y)d�(x, y)

�
u, v 2 L2(X;m)

�
.
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Proof of Representation Lemma

• u⌦ v : X ⇥ X ! R, (x, y) 7! u(x)v(y)
• Consider ui, vi 2 Cc(X) with f :=

Pl
i=1 ui ⌦ vi > 0 (i 2 {1, . . . , l} , l 2 N)

• Idea: Show

lX

i=1

hui , Svii > 0

• De�ne K :=
Sl
i=1 suppui
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Proof of Representation Lemma ctd
• Let " > 0 and choose � > 0 according to uniform continuity of ui

K =
[

x2K
B(x, �)

• Choose �nite subcover and make pw disjoint

K =

p[

k=1

Ek,
�
Ek 2 B(X)

�
,

and points ⇠k 2 Ek (1 6 k 6 p)
• Note: diam Ek 6 2� for all k 2 N
• For x 2 K set eui(x) :=

Pp
k=1 ui(⇠k) Ek(x) (1 6 i 6 l)

=) sup
x2K

��ui(x)- eui(x)
�� 6 "
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Proof of Representation Lemma - Strategy
• Consider

f :=
lX

i=1

ui ⌦ vi > 0

• Show that
lX

i=1

hui , Svii > 0

• Strategy: Approximate ui by eui, show
Pl

i=1
⌦
eui , Svi

↵
> 0 and

�����

lX

i=1

hui , Svii-
lX

i=1

⌦
eui , Svi

↵
�����

"!0���! 0
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Proof of Representation Lemma ctd

�����

lX

i=1

hui , Svii-
lX

i=1

⌦
eui , Svi

↵
����� 6

lX

i=1

��⌦ui - eui , Svi)
↵��

=
lX

i=1

Z

X

��ui - eui
�� · |Svi| dm

6 "
lX

i=1

Z

X
K |Svi|dm

6 "
lX

i=1

h K , |Svi|i
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Proof of Representation Lemma ctd
• S is positive and f =

Pl
i=1 ui ⌦ vi > 0:

lX

i=1

⌦
eui , Svi

↵

=
lX

i=1

pX

k=1

⌦
ui(⇠k) Ek , Svi

↵

=

pX

k=1

*

Ek ,
lX

i=1

ui(⇠k)Svi(·)
+

=

pX

k=1

 

Ek , S

" lX

i=1

ui(⇠k)vi(·)
#!

=

pX

k=1

⌦
Ek , Sf (⇠k, ·)

↵
> 0
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Proof of Representation Lemma ctd
• S is positive and f =

Pl
i=1 ui ⌦ vi > 0:

lX

i=1

⌦
eui , Svi

↵
=

lX

i=1

pX

k=1

⌦
ui(⇠k) Ek , Svi

↵

=

pX

k=1

*

Ek ,
lX

i=1

ui(⇠k)Svi(·)
+

=

pX

k=1

 

Ek , S

" lX

i=1

ui(⇠k)vi(·)
#!

=

pX

k=1

⌦
Ek , Sf (⇠k, ·)

↵
> 0
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Proof of Representation Lemma ctd
• Conclusion:

lX

i=1

hui , Svii > 0

• De�ne

eCc(X ⇥ X) := span
�
u⌦ v

��u, v 2 Cc(X)
 
✓ Cc(X ⇥ X)

and

I : eCc(X ⇥ X)! R, f 7! I(f ) :=
lX

i=1

hui , Svii

26th Internet Seminar Project K - General Dirichlet form theory
Jan Hausmann, Robert Wilke
Wuppertal, 18 July 2023

Slide 27 of 45



Proof of Representation Lemma ctd
• I positive functional on eCc(X ⇥ X)
• I(f ) independent of representation of f 2 eCc(X ⇥ X)
• Extend I by Stone–Weierstraß on Cc(X ⇥ X)
• By Riesz–Markov, there is measure � : B(X ⇥ X)! [0,1] with

I(f ) =
Z

X⇥X
f (x, y)d�(x, y)

• Plugging in f = u⌦ v
�
u, v 2 L2(X;m)

�
yields

hu , Svi = I(f ) =
Z

X⇥X
u(x)v(y)d�(x, y)
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Vague convergence

De�nition
Radon measures (µn)n2N on B(X) vaguely converges to Radon measure µ on
B(X) if

Z

X
f dµn

n!1���!
Z

X
f dµ

�
f 2 Cc(X)

�
.

Notation:
µn

v�! µ
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Vague convergence

Theorem
Let (µn)n2N Radon measures on B(X) with

sup
n2N

µn(K) < 1 (K ✓ X compact).

Then, there is subsequence (µni)i2N and Radon measure µ on B(X) s.t.

µni
v�! µ.
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Proof of the Theorem

• Construct increasing seq. (Uk)k2N consisting of rel. compact and open sets
Uk ✓ X with Uk ✓ Uk+1 and

1[

k=1

Uk = X,

• µn induces positive functional on C
�
Uk
�
for k,n 2 N
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Proof of the Theorem ctd

• (µn)n2N uniformly bounded on U1
• Banach–Alaoglu: weak*-convergent subsequence (µn,1)n2N in

�
C(U1)

� 0

• (µn,1)n2N uniformly bounded on U2
• Banach–Alaoglu: weak*-convergent subsequence (µn,2)n2N in

�
C(U2)

� 0

...
• Construct diagonal sequence (⌫n)n2N := (µn,n)n2N
• ⌫n weak*-convergent in

�
C(Uk)

� 0 for all k 2 N
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Proof of the Theorem ctd

• ⌫n weak*-convergent in
�
C(Uk)

� 0 for all k 2 N
• For f 2 Cc(X), there is k 2 N : supp f ✓ Uk and

lim
n!1

Z

X
f d⌫n = lim

n!1

Z

Uk
f d⌫n =: '(f ).

• By Riesz–Markov, there is Radon measure µ, i.e.

⌫n
v�! µ.
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Proof of Beurling–Deny’s
Theorem
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Uniqueness of J

• Recall

E(u, v) = E(c)(u, v)+
Z

X⇥X\�X

�
u(x)-u(y)

��
v(x)-v(y)

�
dJ(x, y)+

Z

X
u(x)v(x)dk(x)

and E(c)(u, v) = 0 for v ⌘ const. on nbhd of suppu.
• If suppu \ supp v = ; :

E(u, v) = -2
Z

X⇥X
u(x)v(y)dJ(x, y)

• span{u⌦ v | u, v 2 domE \ Cc(X), suppu \ supp v = ;} dense subspace of
Cc(X ⇥ X \ �X) =) J unique
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Uniqueness of k and E(c)

• Recall

E(u, v) = E(c)(u, v)+
Z

X⇥X\�X

�
u(x)-u(y)

��
v(x)-v(y)

�
dJ(x, y)+

Z

X
u(x)v(x)dk(x)

and E(c)(u, v) = 0 for v ⌘ const. on nbhd of suppu.
• Thus,

E(u, v) =
Z

X⇥X\�X

�
u(x)- u(y)

��
v(x)- v(y)

�
dJ(x, y) +

Z

X
u(x)dk(x)

for u, v 2 domE \ Cc(X) with v ⌘ 1 on nbhd of suppu

=) k unique

=) E(c) unique
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Construction of J
• Apply representation lemma to �R�:

⌦
u , �R�v

↵
=

Z

X⇥X
u(x)v(y)d��(x, y)

• u, v 2 domE \ Cc(X) with suppu \ supp v = ;:

E(u, v) �!1 ���� E(�)(u, v) = �
⌦
u- �R�u , v

↵

= �

Z

X
u(x)v(x)dm(x)- �

Z

X⇥X
u(x)v(y)d��(x, y)

= -�

Z

X⇥X
u(x)v(y)d��(x, y)
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Construction of J ctd

• For u, v 2 domE \ Cc(X) with suppu \ supp v = ;:

-�

Z

X⇥X
u(x)v(y)d��(x, y)

�!1����! E(u, v).

•
�
���

�
�>0 uniformly bdd on compact subsets of X ⇥ X \ �X

• Find subsequence converging vaguely to pos. Radon measure J:

�n
2
��n

v�! J on X ⇥ X \ �X
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Construction of k
• ⇢ the metric on X
• For �l # 0 and El " X , El relatively compact and open, de�ne

�l :=
�
(x, y) 2 El ⇥ El | ⇢(x, y) > �l

 

• If u 2 domE \ Cc(X) with suppu ✓ El:

E(�n)(u,u) = �n
⌦
u- �nR�nu , u

↵

= �n

Z

El
u(x)2

�
1- �nR�n El(x)

�
dm(x)

+
1
2
�n

Z

El⇥El

�
u(x)- u(y)

�2 d��n(x, y)
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Construction of k ctd

�n

Z

El
u(x)2

�
1- �nR�n El(x)

�
dm(x) +

1
2
�n

Z

El⇥El

�
u(x)- u(y)

�2 d��n(x, y)

=�n hu , ui- �n
D
u2 , �nR�n El

E
+
1
2
�n

Z

El⇥El

�
u(x)- u(y)

�2 d��n(x, y)

=�n hu , ui- �n
D
u2 , �nR�n El

E

+ �n

Z

X⇥X
u(x)2 El(y)d��n(x, y)- �n

Z

X⇥X
u(x)u(y)d��n(x, y)
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Construction of k ctd

=�n hu , ui- �n
D
u2 , �nR�n El

E

+ �n

Z

X⇥X
u(x)2 El(y)d��n(x, y)- �n

Z

X⇥X
u(x)u(y)d��n(x, y)

=�n hu , ui- �n
D
u2 , �nR�n El

E

+ �n
D
u2 , �nR�n El

E
- �n

Z

X⇥X
u(x)u(y)d��n(x, y)

=�n
⌦
u , u- �nR�nu

↵

=E(�n)(u,u)
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Construction of k ctd
• We have

E(�n)(u,u) = �n

Z

El
u(x)2

�
1-�nR�n El(x)

�
dm(x)+

1
2
�n

Z

El⇥El

�
u(x)-u(y)

�2 d��n(x, y)

• Thus, if �n !1 there is pos. Radon measures kl on El s.t.

�n
�
1- �nR�n El

�
m v�! kl on El

• Extend kl to X by
kl(A) := kl(A \ El)

�
A 2 B(X)

�

• (kl)l decreasing
• Hence, there is pos. Radon measure k on X s.t.

kl
v�! k on X
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Construction of k and E(c)

• Combine everything! For every l and u 2 domE \ Cc(X) s.t. suppu ✓ El :

E(u,u) = lim
n!1

�n
2

Z

X⇥X\�l

�
u(x)- u(y)

�2 d��n(x, y)

+

Z

�l

�
u(x)- u(y)

�2 dJ(x, y) +
Z

El
u(x)2 dkl(x).

• l!1 results in

E(u, v) = E(c)(u, v)+
Z

X⇥X\�X

�
u(x)-u(y)

��
v(x)-v(y)

�
dJ(x, y)+

Z

X
u(x)v(x)dk(x)

with

E(c)(u, v) := lim
l!1

lim
n!1

�n
2

Z

�l

�
u(x)- u(y)

��
v(x)- v(y)

�
d��n(x, y)
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Conclusion

E1(u, v) =
Z

[a,b]
u(x)v(x)d�(x) +

1
2

Z

[a,b]
u 0(x)v 0(x)d�(x)

E2(u, v) =
1
2

dX

i=1

Z

D

@u(x)
@xi

@v(x)
@xi

d�(x)

Qb,c(f , g) =
1
2
X

x,y2X
b(x, y)(f (x)- f (y))(g(x)- g(y)) +

X

x2X
c(x)f (x)g(x)

E(u, v) = E(c)(u, v)+
Z

X⇥X\�X

�
u(x)- u(y)

��
v(x)- v(y)

�
dJ(x, y)+

Z

X
u(x)v(x)dk(x)
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Thank you for your attention!
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