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Let X be at most countable set and b be graph on X, we define the formal
Laplacian

L:F— C(X), Lf(x)= bey x) —f(y))
yeXx
with
F={feC(X): Y blx,y)f(y)| < oo forall x € X},
yeX
where

C(X)={f: X > K}.
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If X is finite, the non-injectivity of £ implies its non-surjectivity.
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If X is finite, the non-injectivity of £ implies its non-surjectivity.

Objective: The surjectivity of the formal Laplacian?
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The prodiscrete topology

The approach is based on the paper by Ceccherini-Silberstein, Coornaert,
and Dodziuk 2012.

The prodiscrete topology on C(X) is the product topology obtained by
taking the discrete topology on each factor K of

cx)= [k

xeX
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The prodiscrete topology

The approach is based on the paper by Ceccherini-Silberstein, Coornaert,
and Dodziuk 2012.

The prodiscrete topology on C(X) is the product topology obtained by
taking the discrete topology on each factor K of

cx)= [k

xeX

The prodiscrete topology on C(X) is metrizable.
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Consider (2,)nen a non-decreasing sequence of finite subsets of X with
X = U Q,,, then the metric d on C(X) defined by

neN
1
d(fag):Zde(fﬁg) f.g € C(X)a
neN
where
0 if f=gon(,
on(f,g) =
(. 8) {1 otherwise.

induces the prodiscrete topology on C(X).
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Surjectivity of the Laplacian

Assume that (X, b) is infinite, connected and locally finite. Then the
formal Laplacian L is surjective.
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Surjectivity of the Laplacian

Assume that (X, b) is infinite, connected and locally finite. Then the
formal Laplacian L is surjective.

Plan of the proof:

We equip C(X) with its prodiscrete topology, we need to prove
— The image of L is closed.
— The image of L is dense.

Therefore, Im £ = C(X).
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Projective sequence of sets

Projective sequence of sets (Xp, unm) consists of a sequence (Xp)nen of
sets and maps upm : Xm — X, for all n < m with

© up, is the identity map on X, for all n € N.

Q Upk = Upm © Uy Tor all n,m, k € N such that n < m < k.

Xo €2 X1 42 Xp 42 X3 2 ..
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Mittag-Leffler Condition

The projective sequence (X, unm) satisfies the Mittag-Leffler condition if,

for each n € N, the sequence (upm(Xm))m>n stabilizes, that is, there exists
mo > n such that

Unm(Xm) = uan(Xm0)7 for all m> mg.
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Projective limit

The projective limit of the projective sequence (X, u,) is defined as

ILmX,, = {(Xn)nen | Xn = Upm(xm) for all nym € N with n < m}.
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Projective limit

The projective limit of the projective sequence (X, u,) is defined as

IiﬁX,, = {(Xn)nen | Xn = Upm(xm) for all nym € N with n < m}.

A Mittag-Leffler-type lemma

If (Xn, unm) is a projective sequence of nonempty sets which satisfies the
Mittag-Leffler condition, then I|<_m Xp is not empty.
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Assume that X, # () and consider X! = Nm>ntnm(Xm)-
® The map upm induces by restriction u),,,, : X/, — X!, Ym > n.
Then (X, ul,,,) is projective sequence
and

. / .
limX, = limX,.
— —
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Assume that X, # () and consider X! = Nm>ntnm(Xm)-
® The map upm induces by restriction u,,, : X/, — X}, Vm > n.
Then (X, ul,,,) is projective sequence
and
limX/ = limX,,.
— —
® (X, upm) satisfies the Mittag-Leffler condition

= dmg > ns.t. upm(Xm) = Unmy(Xm,) forall m > mq
= X}, = Upmo(Ximy)-
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* Consider vy, .. 1 : Xj, 1 — X, for each n € N.

Plan of the proof:
. . !
limX,, # ) <— limX;, # 0

/ . . .
< Up pt1 IS Surjective

!/ ! / / / / /
= Vx, € Xy, X1 € Xpp1 St X = Up i1 (X041)-
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* Consider vy, .. 1 : Xj, 1 — X, for each n € N.

Plan of the proof:
. . !
limX,, # ) <— limX;, # 0

/ . . .
< Up pt1 IS Surjective

!/ ! / / / / /
= Vx, € Xy, X1 € Xpp1 St X = Up i1 (X041)-

: / . / ! H H
Why is u;, o9 1 Xpp1 — X, surjective?
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* Consider vy, .. 1 : Xj, 1 — X, for each n € N.

Plan of the proof:
. . !
limX,, # ) <— limX;, # 0

/ . . .
< Up pt1 IS Surjective

!/ ! / / / / /
= Vx, € Xy, X1 € Xpp1 St X = Up i1 (X041)-

: / . / ! H H
Why is u;, o9 1 Xpp1 — X, surjective?

Fix n € N and consider x, € X]. Then,

unk(Xk) = ”np(Xp)

Unt1,k(Xk) = tn+1,p(Xp), Vk=p
— X! = unp(Xp) and X1 = tpi1,p(Xp)

= Ax, € Xp s.t. X, = Unp(Xp)-

Elp2n+1,{
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. / _ !
Consider Xpi1 = Un+1,p(Xp) € Xn+1'

Then
”;,n+1(Xr/1+1) = Un,n+1(Xr/1+1)
= Unn+10 “n+1,p(Xp)
= Unp(Xp)
=x/.
Therefore,
I|<_mX,7 # 0.
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The image of L is closed
The image of the formal Laplacian L is closed in the prodiscrete topology. \

Let us fix xg € X. For each n € N, consider

B, = {x € X | dg(x0,x) < n}.

Moreover, £ induces by restriction a linear map
£ C(Byy1) = C(By),  VneN,
with

LV (x) = 3 b(x,y) (fa(x) = faly)), for all f, € C(Bny1)and x € B,
yeB,

Let g € C(X) in the closure of L(C(X)). Then

VneN,3f, € C(X)s.t. Lf,=g on B, for every ne€ N.
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For each n € N, we define the affine subspace X, C C(Bj+1) s-t.

Xp = (L)~ (g|Bn) :

Observe
e X, # () since f,|Bpi1 € Xa.

@ X, is a finite-dimensional affine subspace.

ISEM 26 July 21, 2023 17 / 56



For each n € N, we define the affine subspace X, C C(Bj+1) s-t.

Xp = (L)~ (g|Bn) :

Observe
e X, # () since f,|Bpi1 € Xa.

@ X, is a finite-dimensional affine subspace.

C(Bm+1) — C(Bn+1) induces by restriction an affine map

Unm : Xm — X, f = flg,,,, forall m>n

4

(Xn, unm) is a projective sequence.
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Then, Unm(Xm) is a non-increasing sequence of affine subspaces

4

(Xn, unm) satisfies Mittag-Leffler condition

U
lim X, # 0.
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Then, Unm(Xm) is a non-increasing sequence of affine subspaces

4

(Xn, unm) satisfies Mittag-Leffler condition

U
lim X, # 0.

Choose (hp)nen € |i<_an. We have h, € C(Bp+1). Furthermore, one has

hpy1 = hy on B,y1 for every ne N.

As X = | J Bpy1, then
neN

there exists a unique f € C(X)s.t. fig,, = h,, Vn €N
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Since h, € X, we have

(ﬁf)an e ﬁ(n)(hn) e g|Bn7

As X = | ] By, it follows that
neN

Lf=g.

ISEM 26
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The image of L is dense

Let F, = {f € C(X) | suppf C B,} and the linear map A, : F, — F,
ﬁf(x) if x € B,

] for all f € Fpand x € X.
0 otherwise,

An(F)(x) = {
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The image of L is dense

Let F, = {f € C(X) | suppf C B,} and the linear map A, : F, — F,
ﬁf(x) if x € B,

] for all f € Fpand x € X.
0 otherwise,

An(F)(x) = {

Why A, is injective?
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The image of L is dense

Let F, = {f € C(X) | suppf C B,} and the linear map A, : F, — F,
ﬁf(x) if x € B,

] for all f € Fpand x € X.
0 otherwise,

An(F)(x) = {

Why A, is injective?

feKerA,= A,(f)=0

1
= 1 = oy 2 eI, < B
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The image of L is dense

Let F, = {f € C(X) | suppf C B,} and the linear map A, : F, — F,
ﬁf(x) if x € B,

] for all f € Fpand x € X.
0 otherwise,

An(F)(x) = {

Why A, is injective?

feKerA,= A,(f)=0

1
= 1 = oy 2 eI, < B

if x € Bys.t. [f(x)] =max|f| =M = |f(y)| =M, Vye Xwithx~y
= |f| = cste on Bni1
= f=0.
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Since F, is finite-dimensional, it follows that

A, is injective
\

A, is surjective
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Since F, is finite-dimensional, it follows that

A, is injective
4

A, is surjective

I
forall g e C(X)If € Fyst. Lf=gon B,
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Since F, is finite-dimensional, it follows that

A, is injective
4
A, is surjective

I
forall g e C(X)If € Fyst. Lf=gon B,

4
Im L is dense in  C(X) in the prodiscrete topology.
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We equip the space
C(X)={f: X—>K}

with the following family of seminorms px, K C X finite

pic i C(X) = [0,00),  pr(f) =D |F(x)I.

xeK

ISEM 26 July 21, 2023 22 /56



Continuity of the Laplacian

The formal Laplacian L is continuous if, and only if, (X, b) is locally finite.
In particular F = C(X) holds.

Assume that (X, b) is locally finite, one has

Lf(x)= Z b(x,y)(f(x) — f(y)), for all f € C(X)andx € X.
yeX

Clearly, if f, — f pointwise then one can get

Lf, — Lf pointwise.
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Assume that £ continuous, i.e. for all y € X there exists {xi,...,xp} C X
and C > 0 such that

ILF(y y<c2\ka for allf € F.

ISEM 26 July 21, 2023 24 /56



Assume that £ continuous, i.e. for all y € X there exists {xi,...,xp} C X
and C > 0 such that

ICF(y y<c2\ka for all f € F.

Let us prove that(X, b) is locally finite, that is,

{ze X :b(y,z) #0} C{x1,..., Xn}.
Assume there exists zy ¢ {x1, .., x5} such that b(y, zy) > 0. We define
0, x#2z
fo(x) := {1 -
, X =2p.
Then

0 < [b(y, 20)| = |LEx(y)] < C D Ifzy(x)| = 0.
k=1
Hence (X, b) locally finite.
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Dual Operator

The dual space of C(X) can be identified with Cc(X) by the isomorphism
Cc(X) = C(X)', o Ly

with L,(f) = Zf(x)gp(x).

xeX
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Dual Operator

The dual space of C(X) can be identified with Cc(X) by the isomorphism
C(X) — C(X), o Ly
with L,(f) = Zf(x)gp(x).

xeX
For f € C(X) and ¢ € Cc(X), Green's formula implies

(LF,0) = D LE(x)p(x) = % > blx,y)(e(x) = e())(F(x) = £(¥))

xeX x,yeX
=Y f(x)L(x)
xeX
= (f,L'p).
Hence
[/ - £|CC(X)'
ISEM 26
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This approach can be found in Koberstein and Schmidt 2020.
Moreover see Kalmes 2016.
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Let A: C(X) — C(X) be a continuous operator. The following assertions
are equivalent.

(i) A is surjective.
(ii) The adjoint operator A" : C.(X) — Cc(X) is injective.

o (i) = (ii): Let ¢ € Co(X) with A'p = 0. Then
0 = (f,A'p) = (Af, )
for all f € C(X). Since A is surjective

(g,) =0 for all g € C(X).

o Given two Fréchet spaces E, F. Hahn-Banach theorem:
If A: E — F is a continuous linear map, then

A has dense image < A’ is injective.

ISEM 26 July 21, 2023 28 /56



We will show
A’ injective = A open.

For K C X finite we define
Uk :={f € C(X) : pr(f) <1}.

By scaling and linearity openness of A means: For each () # K C X finite
there exist € > 0 and () # K’ C X finite such that

A(Uk) 2 eUk:.
This implies surjectivity of A with

AC(X) = | nAUk 2 | neUir = C(X).
neN neN
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Let A: C(X) — C(X) be continuous and assume for every ) # K C X

finite there exist € > 0 and ) # K’ C X finite such that

A(UK) D) EUK/.

Then the map A is open.

ISEM 26

July 21, 2023
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Let A" be injective on C.(X). For every finite ) # K C X there exist € > 0
and ) # K' C X finite such that

A(Uk) 2 eUk:.
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Proof of the theorem

The bipolar theorem implies

A(Uk) ={f € C(X) : |(f,¢)| <1 forall ¢ € A(Uk)°}
={feCX):|(f,) <1lforall pst. |(g,Ap) <1forall g€ Ux}

By the definition of the dual pairing between C(X) and C.(X) we have

1> &) — (g, A'p)| < 1for all g € Uk

xeX

if, and only if

suppAp C K and max|Ap(x)| < 1.
xeK
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Proof of the theorem

We will show: There exists K’ C X finite and C > 0 such that for all
@ € Cc(X) with

suppA'p CK and max|Ap(x)] <1
xeK

we have supp ¢ C K’ and maxycx’ [p(x)| < C.

For such ¢ and f € eUks we have

> p(x)f(x

xeX

(F.9)l = < 3 lpIIF)] < Coro(F) < Ce.

xeK’
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Proof of the theorem

We define
V= {p e C(X) :suppAp C K}.
Since
A’ injective = V is finite-dimensional
and

Aly V= A(V)

is a vector space isomorphism. Hence we can choose a finite basis (;)ic/
of V and set

K' = Ujsupp ;.
For ¢ € V this implies supp ¢ C K.
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Proof of the theorem

Since linear operators on finite-dimensional normed spaces are always
continuous, the inverse

(Aly) 1 A(V) =V

is continuous with respect to ||.||oo. Hence there is some constant C > 0
such that

lelloe = I(ATV) (APl < €
for all ¢ € V with maxyex |A'p(x)| < 1. Alltogether:

suppAp C K and max|Ap(x)| <1
xeK

implies

suppp C K’ and )r(ne%lgo(xﬂ < C.
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If (X, b) is locally finite and all connected components are infinite, then L
is surjective.

We know

L is surjective < L|c (x) is injective.

Let ¢ € Co(X) with Lo = 0. Green's formula:

0= (Lo o)== 3 b y)(e(x) — o(y))*
2 x,yeX

Since all connected components are infinite and ¢ is finitely supported,

=0

follows. O

ISEM 26 July 21, 2023 37 /56



Finite connected components

Let (X, b) be locally finite with one finite connected component K. We
define

Sk(x) = {1 if x € K;

0 else.

= 0k € C(X) and Lk = 0. Hence L can not be surjective.
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A non locally finite graph

Let X = Np and let (bp)nen be a sequence of nonnegative numbers with
> p bn < 00. We define b : Ny x Ny — [0, 00) by

b(n,0) = b(0,n) = b,, n€N and b(n,m) =0, otherwise.
(X, b) has one infinite connected component and is not locally finite.

Claim: The Laplacian on (X, b) is not surjective.
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Example: Not locally finite

e (X, b) not locally finite we have

F ={f € C(Np) : Zb|f )| < oo}

Let f = Lg for g € F.
@ For ne N:
f(n) = Lg(n) = ba(g(n) — £(0)).
Since g € F = f € (*(Np).

For n = 0:

f(0) = Lg(0) = ) _ ba(g(0) — g(n)).

neN
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Example: Not locally finite

@ Substituting the second identity into the first:

F(0) == f(n).

neN

We conclude

LC(No) € {f € £{(No) : (0) = = > f(n)} & C(No).

neN
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We consider on

F={feC(X bey]f(y)\<ooforallx€X}
yeX

the locally convex topology generated by the family of seminorms g,
K C X finite, with

=Y > b(xy)lf(y)

xeK yeX

If the graph has no isolated points, this topology is Hausdorff and F
becomes a Fréchet space.

= L: F — C(X) is continuous with respect to this topology.
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degK X = [07 OO), degK(X) = Z b(Xa}/)‘
yeK

={p € C(X):IM >0, K C X finite s.t. |p| < Mdeg}.

Then the map
G F, o—L,
with

Lo(f) = D f(x)e(x)

xeX

is an isomorphism.

If (X, b) is locally finite, then G = C.(X).
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L, € F' for all ¢ € G: For f € F we compute

Al =1 FO)e(x)| < M Y~ |f(x)| deg(x

xeX xeX
<MY S bx,y)|f(x)] = Max(f) < oo
YEK xeX
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Setup

Surjectivity: Let L € 7" and ¢ : X — K with ¢(x) = L(1y).

Llinear = L(f) = > f(x)p(x) for f € C(X).
xeX
Since L is continuous there exists K C X finite and M > 0 such that
IL(F)] < Mak(f) =M Y~ > b(x,y)If(y)]

xeK yeX

for f € F. Hence

o) = IL(L,)] < M > b(x,y) = Mdegk(y), yeX.
xeEK
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We conclude
pegqg.

Since

o C.(X) is dense in F;

@ [ and L, are continuous;

o L=1L,on C(X), we get

L=L, onF.
O
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Application to Laplacian

We define

N(K) := {y € X |there exists x € K s.t. y ~ x}.

The following assertions are equivalent:
(i) L is surjective.
(i) (a) Llc.x)=L": C(X) = G is injective.
(b) For every finite K C X there exists a finite H C X such that for all
» € C.(X) the following holds: supp Lo C N(K) implies supp C H.
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e If (X, b) is locally finite, then N(K) is finite and the set
M :={p € Cc(X) : supp Ly C N(K)}

is finite dimensional.

o If, additionally, £|CC(X) is injective (all connected components are
infinite), the preimage of M under L is finite dimensional.

Hence, M C C(H) for some finite H C X.
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Proof of the theorem

(if) = (i): We want to show

L:F — C(X)
is surjective. Recall

p(f) = If(¥)] and aw(f) =" > blx,y)If(y)l-

yeK xeK yeX

We consider for K C X finite:
Vi = {f € C(X) : gx(f) <1}

and

Uk = {f € C(X): pr(F) < 1}.
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As above it suffices to show: For every finite K C X there exist € > 0 and

K’ C X finite such that

L(Vk) D elUk:.

With the bipolar theorem:

L(Uk) = {f € C(X) : |(f,0)] <1V € C(X) s.t. |(g, Lo)| < 1Vg € Vi)

Moreover
(g, L) < 1 forall g € Vi
if and only if
L
supp Ly C N(K) and sup [£o(x)] <1.
xeN(k) degx(x)
ISEM 26 July 21, 2023
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We define
V= {p € C(X) : supp Lo C N(K)}.

By assumption (ii)(b):

V C {p e C(X) :suppyp C H}

for some finite H C X. Hence, V is finite-dimensional. Since L|¢, (x) is

injective,
ﬁ’\/ V= ﬁ( \/)

is a continuous bijection (with respect to any norm).

ISEM 26
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We consider

[ (x|
‘= su
[¥llevy o T

for ¢ € L(V)
and ||-||cc on V. As before:
(L)t L(v) =V
is continuous with respect to these norms. Altogether: 3C > 0 such that
lellse = I(LIV) (L)oo < €
and supp ¢ C H for all p € C(X) with

supp Ly C N(K) and sup 1ol <1

xeN(K) deg(x)
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Complete graph

Suppose (X, b) infinite complete graph, i.e.,

x ~ y for all x # y.
If x # y, then

supp Lo C X = N({x, y}) for all ¢ € C.(X).

Infinite star graph

Suppose (X, b) is an infinite star graph (there exists o € X such that
N({o}) = X\ {0}). If x ~ o, then

supp Lo € X = N({o, x}) for all ¢ € C(X).
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Examples

Extended infinite star graph
Let X = (N x N)U {0} and consider a symmetric graph weight

b: X x X —[0,00)

such that
b(0,(i,1)) >0 forallieN
and
b((i,j),(k,1)) >0<«<=i=k and |j—/ =1
Thus

R; :={(i,n) : n € N}
is the i-th ray.
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