Laplacians on infinite graphs:

from continuous to discrete and back

Francisco Ezquerra Larrodé, Katharina Klioba, Salma Lahbabi, and
Mikael Tchato

Workshop Internet Seminar 26
Project | (Supervision: Noema Nicolussi)

20th July 2023

Ezquerra L., Klioba, Lahbabi, Tchato Discrete vs. Continuous Laplacians on graphs 20th July 2023 0/54



o Introduction
@ Motivation
@ Basic definitions

@ Definition of Laplacians
@ Discrete Laplacian
@ Kirchhoff Laplacian

© Connecting the settings

@ Connecting heat kernel decay
@ Statement of the theorem
@ Toolbox
@ Proof of the theorem

© Additional connections

Ezquerra L., Klioba, Lahbabi, Tchato Discrete vs. Continuous Laplacians on graphs 20th July 2023 1/54



© Introduction
@ Motivation

@ Definition of Laplacians

© Connecting the settings

@ Connecting heat kernel decay

© Additional connections

Ezquerra L., Klioba, Lahbabi, Tchato Discrete vs. Continuous Laplacians on graphs

20th July 2023



Motivation

T e
Ezquerra L., Klioba, Lahbabi, Tchato Discrete vs. Continuous Laplacians on graphs 20th July 2023




Motivation

Ezquerra L., Klioba, Lahbabi, Tchato Discrete vs. Continué)us Laplacians on graphs 20th July 2023 4/54



Ezquerra L., Klioba, Lahbabi, Tchato Discrete vs. Continuous Laplacians on graphs 20th July 2023 5/54



Ezquerra L., Klioba, Lahbabi, Tchato Discrete vs. Continuous Laplacians on graphs 20th July 2023



Ezquerra L., Klioba, Lahbabi, Tchato Discrete vs. Continuous Laplacians on graphs 20th July 2023 7/54



Quantum Graphs

Ezquerra L., Klioba, Lahbabi, Tchato Discrete vs. Continuous Laplacians on graphs 20th July 2023 8/54



Metric Laplacian

Quantum Graphs Metric Graphs
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Metric Laplacian Discrete Laplacian

1 d d 1 S b(v,u) (f(v) — f(u)

Iu(e) @l/(e) % m(v) e

le] € (0, 0)

Discrete Graphs

Metric Graphs
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Motivation

Metric Laplacian Discrete Laplacian
1
(o) > b(v,u)(f(v) = f(u)
cV
Project I
Metric Graphs Discrete Graphs
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Project | Main Source

MEMOIRS OF THE EUROPEAN MATHEMATICAL SOCIETY

Aleksey Kostenko

Noema Nicolussi
Laplacians on Infinite Graphs

MEMS Vol. 372022
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Basic graph definitions

Combinatorial Graph

We consider combinatorial graphs G4 = (V, E):
@ V is countable and called the vertex set

o £ is called the edge set
o deg(v) < oo Vv eV, ie, locally finite
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Basic graph definitions

Metric graphs

Let Gg = (V,E) be a combinatorial graph.
If we assign to each edge e € £ a length |e| € (0, +00), then
G =(G94,|-1)=(V,&,||) is called a metric graph

One can view G as a topological space by "glueing together intervals”

G g =
s

Replace each edge e € £ by Z. = [0, |e|]
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Basic graph notation and definitions

Discrete graph
Let V be a finite or countable set and m: V — (0, +00) a measure of full
support on V.
A discrete graph on (V, m) is a pair (b, c¢) consisting of a function
b:V xV — [0,+00) satisfying:

1) Symmetry

i) Vanishing diagonal : b(v,v) =0 for all v € V

iii) Local summability : > .y, b(u, v) < oo for all u €V
and c: V — [0, +00)
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Discrete Laplacian

Energy form ¢

With each graph (b, 0) one can associate the energy form
q = C(V) — [0, oc] defined by

alfl =5 3 b, w)lf(v) — ()

u,vey
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Discrete Laplacian

Energy form ¢

With each graph (b, 0) one can associate the energy form
q = C(V) — [0, oc] defined by

alfl =5 3 b, w)lf(v) — ()

u,vey

Let D(q) := set of finite energy functions.
Introduce the graph norm

1113 == a(f) + 11 qo,my
for all f € DN 2(V, m) =: dom(q).
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Discrete Laplacian

Dirichlet Forms

with dom(qp) := CC(V)Mq
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Discrete Laplacian

Dirichlet Forms

with dom(qp) := CC(V)Mq

v

Using the representation theorems for quadratic forms one can associate in
¢2(V, m) the self-adjoint operators hp, hy
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Laplacians on discrete graphs

Formal Laplacian L

(LA)(v) = —— (Z b(v, u)(F(v) - f(u))) ,

m(v) uey

where v € V., f € Fp(V)

Fp(V) = {f e C(V)

> b(v, u)|f(u)] < o0, Vv € v}
uey

h:= L | dom(h),
dom(h) := {f € Fo(V) N E2(V; m)|Lf € 2(V; m)}
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Discrete Laplacians

Lemma (Sy&Sunada 1992; Davies 1993; Keller&Lenz 2010.)

The Laplacian L = Lg p,  is bounded on ¢2(V, m) if and only if the
weighted degree function Deg: V — [0, c0) given by

Deg(v) = Zb(u v

is bounded on V. In this case, hp = hy = h. )

20th July 2023

Ezquerra L., Klioba, Lahbabi, Tchato Discrete vs. Continuous Laplacians on graphs



© Introduction

@ Definition of Laplacians

@ Kirchhoff Laplacian
© Connecting the settings

@ Connecting heat kernel decay

© Additional connections

Ezquerra L., Klioba, Lahbabi, Tchato Discrete vs. Continuous Laplacians on graphs

20th July 2023

22 /54



Laplacians on metric graphs

Let G = (V,&,| - |) be a metric graph.
Let u(e),v(e) be weight functions assigning positive weights V e € £.
Goal: Define Laplacian Hp by quadratic form approach.
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Laplacians on metric graphs

Let G = (V,&,| - |) be a metric graph.
Let u(e),v(e) be weight functions assigning positive weights V e € £.
Goal: Define Laplacian Hp by quadratic form approach.

Hilbert Space

Given the Lebesgue measure p(dx) == pu(e)dxe, e € &, we define the
Hilbert space L?(G; 1) of measurable functions f : G — C which are square
integrable w.r.t. u.
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Laplacians on metric graphs

Let G = (V,&,| - |) be a metric graph.
Let u(e),v(e) be weight functions assigning positive weights V e € £.
Goal: Define Laplacian Hp by quadratic form approach.

Hilbert Space

Given the Lebesgue measure p(dx) == pu(e)dxe, e € &, we define the
Hilbert space L?(G; 1) of measurable functions f : G — C which are square
integrable w.r.t. u.

| A\

Quadratic Form Q
Energy of a "sufficiently smooth” f: G — C

o)=Y /I 1) o) dxe
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Laplacians on metric graphs

What is smooth enough?

Sobolev space H*(G)

HY(G) = {f : G — C|f is continous, f € L?(G, ),
flz. € H'(Ze) and Q[f] < oo}

Note that Q| (g) is a closed, non-negative form.
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Laplacians on metric graphs

What is smooth enough?

Sobolev space H*(G)

HY(G) = {f : G — C|f is continous, f € L?(G, ),
flz. € H'(Ze) and Q[f] < oo}

Note that Q| (g) is a closed, non-negative form.

Sobolev space H3(G)

H3(G) := closure of H(G) N Co(G) w.rt. |- |2 = | - [I32g) + QI

Note that Q|Hg(g) is a closed, non-negative form.
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Laplacians on metric graphs

Neumann Laplacian

The Neumann Laplacian Hy : dom(Hy) C L2(G) — L%(G) is the
non-negative self-adjoint operator associated to Q on H(G)
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Laplacians on metric graphs

Neumann Laplacian

The Neumann Laplacian Hy : dom(Hy) C L2(G) — L%(G) is the
non-negative self-adjoint operator associated to Q on H(G)

| N\

Dirichlet Laplacian

The Dirichlet Laplacian Hp : dom(Hp) C L%(G) — L?(G) is the
non-negative self-adjoint operator associated to Q on HZ(G)
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Laplacians on metric graphs

How does Hp act?
Let u(e), v(e) be two weight functions assigning a positive weight.

Formal Laplacian
For f : G — C "sufficiently smooth”, define Af : G — C by

PR S I

O (2.1)

"edgewise second derivative”
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Laplacians on metric graphs

How does Hp act?
Let u(e), v(e) be two weight functions assigning a positive weight.

Formal Laplacian
For f : G — C "sufficiently smooth”, define Af : G — C by

PR S I

O (2.1)

"edgewise second derivative”

Kirchhoff boundary conditions

f is continuous at v,

S u(e)def(v) =0, “EV (2.2)

eef
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Laplacians on metric graphs

Maximal Laplacian in L%(G)
Let

dom(H) := {f € [(G)|f|z. € H*(Z.),V e € &,
Af € [3(G), and f satisfies the Kirchhoff conditions.}
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Laplacians on metric graphs

Maximal Laplacian in L%(G)
Let

dom(H) := {f € [(G)|f|z. € H*(Z.),V e € &,
Af € [3(G), and f satisfies the Kirchhoff conditions.}

We then have dom(Hp) C dom(H)
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Laplacians on metric graphs

Maximal Laplacian in L%(G)
Let

dom(H) := {f € [(G)|f|z. € H*(Z.),V e € &,
Af € [3(G), and f satisfies the Kirchhoff conditions.}

We then have dom(Hp) C dom(H)

and HD =H [dom(HD).
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© Connecting the settings
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Connecting the settings

Question: How to obtain a discrete graph from a metric graph?
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Connecting the settings

To do this, let us consider a metric graph G and two edge weights
v, € — (0, 00).
With this metric graph we associate two functions:
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Connecting the settings

To do this, let us consider a metric graph G and two edge weights
v, € — (0, 00).
With this metric graph we associate two functions:

@ The vertex weight m: V — (0, 00),

m(v) = lelu(e), (3.1)

ecé,

Ey: set of edges at v
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Connecting the settings

To do this, let us consider a metric graph G and two edge weights
v, € — (0, 00).
With this metric graph we associate two functions:

@ The vertex weight m: V — (0, 00),

m(v) = 3" lelu(e). (3.1)
ecé,

Ey: set of edges at v
@ The edge weight b: V xV — [0, 00),

vle) f
bu,v) = { e 1l TUFY (3.2)
0 ifu=v
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Connecting the settings

It is straightforward to verify that m is strictly positive and defines a
measure of full support on V and b is a graph over (V, m), that is, b
satisfies the following properties:

i) Symmetry

i) Vanishing diagonal : b(v,v) =0 for all v € V

iii) Local summability : Y~ ., b(u, v) < oo for all u € V

20th July 2023
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Equilateral graphs as special case

Equilateral Graphs

A metric graph G = (V, &, | -|) is called equilateral graph if
le| = u(e) = v(e) =1 for all e € £ and G has no loops or multiple edges.
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Equilateral graphs as special case

Equilateral Graphs

A metric graph G = (V, &, | -|) is called equilateral graph if
le| = u(e) = v(e) =1 for all e € £ and G has no loops or multiple edges.

Definition of Normalized Laplacian

Let Gy = (V,E); the normalized Laplacian hpom is the discrete Laplacian
associated to m: V — (0,00) and b: V x V — [0, 00) given by

m(v) = deg(v)
and

0 else

{1 if u and v are neighbors
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Equilateral graphs as special case

Let o(hnorm) and o(Hp) be the spectrum of hnorm and Hp, respectively. If
A>0and A ¢ {(n7)?|n € N} then

X € o(Hp) <= (1 — cos(VA)) € o(Fnorm)- (3.3)

see as reference (G. Berkolaiko and P. Kuchment, Introduction to
Quantum Graphs, Amer. Maths. Soc., Providence, RI, 2013)
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Proof of Theorem for finite graphs

= Let A € o(Hp). Then for f € dom(Hp), we have

Hpf = M < —Af = \f (3.4)
Thus any eigenfunction f must satisfy the equation —fe” = Af on every
edge e = Z. . Hence, we have by an easy computation on an edge e = Z,
with left and right endpoints v, w € V),

F(w) — cos(VA)F(v) = . (v)s“‘(\/\?)

since G is equilateral. Summing over all neighbors w of v, the Kirchhoff
conditions imply that

(3.5)

hnormf = (1 — cos(VA\))f (3.6)

for f = fy.
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Proof of Theorem for finite graphs

<= For the converse direction, simply carry out the above steps in the
reverse direction. More precisely, we show that every function f satisfying
(3.6) is equal to the restriction f = f|y of a function f € dom(Hp)
satisfying (3.4).
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Equivalence of heat kernel decay

Theorem

Let (G, u,v) be a weighted metric graph. Let Hp be Dirichlet Laplacian
on (G, p,v) and let hp the Dirichlet Laplacian on the associated discrete
graph (V, m, b). We have

dC >0, Vi >0 dC >0, Vit >0
S Ct_d/2 — S Ct_d/2

He_tHDHE(Ll,LOO) He_thDHc(el,ew)
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Equivalence of heat kernel decay

Theorem

Let (G, u,v) be a weighted metric graph. Let Hp be Dirichlet Laplacian
on (G, p,v) and let hp the Dirichlet Laplacian on the associated discrete
graph (V, m, b). We have

d>1

3C >0, Vt >0 = 3C >0, Vt >0
=

< Ct_d/2 H —thp < Ct—d/2

H ||£(L1 L) = Hz:(el o)
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Equivalence of heat kernel decay

Theorem
Let (G, u,v) be a weighted metric graph. Let Hp be Dirichlet Laplacian
on (G, p,v) and let hp the Dirichlet Laplacian on the associated discrete
graph (V, m, b). We have

d>1
3C >0, Vt>0 = 3C >0, Vt>0
—
e £pa, gy < CE 9z — €| pgn ooy < CE d/2
d>2, 7 <oo

le]

where 777 = sup ([e] u(e)) 9/ o(e)
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Equivalence of heat kernel decay

Theorem

Let (G, u,v) be a weighted metric graph. Let Hp be Dirichlet Laplacian
on (G, p,v) and let hp the Dirichlet Laplacian on the associated discrete
graph (V, m, b). We have

d>1
3C >0, Vt>0 = 3C >0, Vt>0
—
e £pa, gy < CE 9z — €| pgn ooy < CE d/2
d>2, 7 <oo

le]

where 15 = sup (le| (€)'~ .

Proof: two key ingredients:

o Key ingredient 1: special space of test functions: edge-wise affine
functions

o Key ingredient 2: Nash estimates
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Our toolbox

Decomposition of f € C(G) Relation of Q and q
affine linear part fij, € CA(G\V) Olfin] =aliv(fin)]
and rest fy for sufficiently smooth #;,

4

Decomposition of Q LP-{P-estimates

corresponding to affine linear part | comparing functions on G and V
Q[fiin] and rest Q[fy] and their p-norms
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Decomposition of f € C(G)

o f € C(G) on metric graph, f € C(V) = {g: V — C} on discrete one
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Decomposition of f € C(G)

o f € C(G) on metric graph, f € C(V) = {g: V — C} on discrete one
@ Restriction to vertices: iy: C(G) — C(V), f— (f(v)),ep
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Decomposition of f € C(G)

f € C(G) on metric graph, f € C(V) = {g: V — C} on discrete one
Restriction to vertices: iy: C(G) — C(V), f— (f(v))vey

linear interpolation map i;;*: C(V) — CA(G\V) maps to

CA(G\V) = {f: G — C| f is affine linear}

linearization 7j;, = i;l(iy(f)) € CA(G\V)

?.MQCA[.%\—D)
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Decomposition of f € C(G)

o f € C(G) on metric graph, f € C(V) = {g: V — C} on discrete one
@ Restriction to vertices: iy: C(G) — C(V), f— (f(v)),ep
@ linear interpolation map i;l: C(V) — CA(G\V) maps to
CA(G\V) = {f: G — C| f is affine linear}
o linearization f,, = i,," (iy(f)) € CA(G\V)
@ rest fy = f — f};, vanishes at vertices: fo(v) =0Vv €V
o If f is edgewise H1, then fy € H}(G\V).

'/_\0
£y €CAGID) o ey §)
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Relation of Q and g

Lemma (Relation of Q and q)

Let £ € CA(G\V) N HY(G). Then f:= iy(f) € HY(V) and

Q[f] = alfl.

Ezquerra L., Klioba, Lahbabi, Tchato Discrete vs. Continuous Laplacians on graphs 20th July 2023 41 /54



Relation of Q and g

Lemma (Relation of Q and q)

Let £ € CA(G\V) N HY(G). Then f:= iy(f) € HY(V) and

Q[f] = alfl-
Conversely, let f € HY(V). Then f := i;,}(f) € HY(G).
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Relation of Q and q & Decomposition of Q

Lemma (Relation of Q and q)

Let f € CA(G\V) N HY(G). Then § = iy(f) € H(V) and

Q[f] = alfl-
Conversely, let f € HY(V). Then f := i;,}(f) € HY(G).

Lemma (Decomposition of Q)
Let f € C(G) be such that f|. € H!(e) Ve € £ and Q(f) < oo. Then

Q[f] = Qlfiin] + Q[f0]
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Relation of Q and q & Decomposition of Q

Lemma (Relation of Q and q)

Let f € CA(G\V) N HY(G). Then § = iy(f) € H(V) and

Q[f] = alfl-
Conversely, let f € HY(V). Then f := i;,}(f) € HY(G).

Lemma (Decomposition of Q)
Let f € C(G) be such that f|. € H!(e) Ve € £ and Q(f) < oo. Then

Q[f] = Qlfiin] + Qlfo] = q[f] + <lfo]-
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Comparing LP and /P-norms

Lemma (p-Norm estimates)
Let 1 < p <ooandfe CA(G\V)NLP(G; ). Then §:= iy(f) € LP(V; m).
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Comparing LP and /P-norms

Lemma (p-Norm estimates)

Let 1 < p <ooandfe CA(G\V)NLP(G; ). Then §:= iy(f) € LP(V; m).
Conversely, for all f € ¢P(V; m), f = i;l(f) € LP(G; u) N CA(G\V) and

112 gipy < W cvimy < 471 gy
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Comparing LP and ¢P-norms

Lemma (p-Norm estimates)

Let 1 < p <ooandf e CA(G\V)NLP(G; ). Then §:= iy(f) € LP(V; m).
Conversely, for all f € ¢P(V; m), f = i;l(f) € LP(G; u) N CA(G\V) and

Proof. Let's start with second <. First consider p = 1.
Q affine f on edge [0, £]: case distinction w.r.t. sign of |f(0)f(¢)] yields

l
SUFO) =170 < [ 1Flax < 1A+ 1(OD.
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Comparing LP and ¢P-norms

Lemma (p-Norm estimates)

Let 1 < p <ooandf e CA(G\V)NLP(G; ). Then §:= iy(f) € LP(V; m).
Conversely, for all f € ¢P(V; m), f = i;l(f) € LP(G; u) N CA(G\V) and

Proof. Let's start with second <. First consider p = 1.
Q affine f on edge [0, £]: case distinction w.r.t. sign of |f(0)f(¢)] yields

/ L
. L (F0)1 +1#0) /\f )ldx < (1) + F(O)).
Flowe = 3 3 lelae)((e)l + ()
ecf
lelu(e)=r(e) 1
> S mIANO] = 5l
vey
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Comparing LP and /P-norms

Proof. Now extend to 1 < p < o0.

@ Recall e (|£(0)| + [F(£)]) < [ |F(x)] 1u(dx). Apply Hélder on rhs:

Holder
/|f Lp(dx) < ([ lleeqo.em) 1Ll Laco,6)

= fluso.emt ule)
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Comparing LP and /P-norms

Proof. Now extend to 1 < p < o0.

@ Recall e (|£(0)| + [F(0)]) < [ F(x)] u(dx). Apply Hélder on rhs:

Holder
/|f Lp(dx) < flleeo,60 1Ll Lago.6)

= || fllioo,eu)l™ Tpe(e)*/

@ Take p-th powers here

Pu(e)?
4P

P
q

(FO)] + [FONP < 1712000 1(e)
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Comparing LP and ¢P-norms

Proof. Now extend to 1 < p < o0.

@ Recall e (|£(0)| + [F(0)]) < [ F(x)] u(dx). Apply Hélder on rhs:

Hélder
/|f 1p(dx) < (Flle,em 11 Loo,60)

= || fllioo,eu)l™ Tpe(e)*/

@ Take p-th powers here and note that a” + b? < (a+ b)P and c% <c:

Pu(e)?
4P

P
q

(FO)] + [FONP < 1712000 1(e)

1 1
= (1£(0)[P + [£(£)[P) < 4P p(e)e ||f||Lp(on) < 4pr||Lp(og“
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Comparing LP and ¢P-norms

Proof. Now extend to 1 < p < o0.

@ Recall e (|£(0)| + [F(0)]) < [ F(x)] u(dx). Apply Hélder on rhs:

Hélder
/|f 1p(dx) < (Flle,em 11 Loo,60)

= || fllioo,eu)l™ Tpe(e)*/

@ Take p-th powers here and note that a” + b? < (a+ b)P and c% <c:

Pu(e)?
4p

P
q

P
(£ + IFONP < 11 7p(0.00)0 7 1(€)
1 1
= ()P +IF(O)P) < 4PCap(e) e FlITn (0,00 < 4P To(0.0:10
© Sum over all edges and proceed as for p = 1 to obtain

1§l er(v:my < 4”||fH‘L’,,(g;“).
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Comparing LP and /P-norms

Lemma (p-Norm estimates)

Let 1 < p <ooand f e CAG\V)NLP(G; 1). Then § = iy(f) € €P(V; m).
Conversely, for all § € (P(V;m), f = i), *(§) € LP(G; i) and

T AN L .

Proof. We are left with first <.
O Since r(e) = |e|u(e)

g0 = 3 [ 1FCOP (@) < 3 lelue) max )P

ecEV® ecE
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Comparing LP and /P-norms

Lemma (p-Norm estimates)

Let 1 < p <ooand f e CAG\V)NLP(G; 1). Then § = iy(f) € €P(V; m).
Conversely, for all § € (P(V;m), f = i), *(§) € LP(G; i) and

T AN L .

Proof. We are left with first <.
O Since r(e) = |e|u(e)

g = 3 [ 1FGOP (dx) < 3 lelute) max (1P

ecé ee&
<> r(e)(If(e)lP + |f(er)P)
ecé
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Comparing LP and ¢P-norms

Lemma (p-Norm estimates)

Let 1 < p <ooand f e CAG\V)NLP(G; 1). Then § = iy(f) € €P(V; m).
Conversely, for all § € (P(V;m), f = i), *(§) € LP(G; i) and

T AN L .

Proof. We are left with first <.
O Since r(e) = |e|u(e)

g = 3 [ 1FGOP (dx) < 3 lelute) max (1P

ecE e€f

< S He)(If(e)IP + [F(er)]?)
ect

<> mWI(O))IP = [1Fllee(vim)-
vey
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© Introduction

@ Definition of Laplacians

© Connecting the settings

@ Connecting heat kernel decay

@ Proof of the theorem

© Additional connections
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Proof of equivalence of Heat kernel decay

4C >0, Vi >0

”c(/ﬂ (=) = < G

Recall
We have
d>1
4C >0, Vi >0 =
<~
£(L1 L) — B —
||| < 9 e~
d>2, n%<oo
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Proof of equivalence of Heat kernel decay

Recall

We have
d>1

4C >0, Vi >0 = 4C >0, Vi >0
<~
—d —d
=0 gpa 1y < Ct & — €| £pr gooy < Ct &
d>2, n%<oo

Key ingredient 2: Nash estimates: for an operator A, with associated
Dirichlet form Qa, we have

vt > 0, < 9P, ||F 59 < cQa(f) |IF)151°

‘L(Ll,LOO) -

‘eftA

=V, ||| 20002 < CQa(f)
d>2
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From metric to discrete

— Assume d/2 decay rate for e7t0 e,

3C >0, Vf e L' HYG), |IFI5*9 < cof)|IF|e.
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From metric to discrete

— Assume d/2 decay rate for e7t0 e,
3C >0, Vf e L' HYG), |IFI5*9 < cof)|IF|e.

Then for { € /1 1 HY(V), f =i} (§) € L* N HY(G) and
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From metric to discrete

— Assume d/2 decay rate for e7t0 e,
3C >0, vf e (' N HY(G), [fIEY < cotf)|IflIe.
Then for { € /1 1 HY(V), f =i} (§) € L* N HY(G) and

2+4/d 2+4/d
4%4/6, I < e
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From metric to discrete

— Assume d/2 decay rate for e7t0 e,
3C >0, Vf e L' HYG), |IFI5*9 < cof)|IF|e.

Then for { € /1 1 HY(V), f =i} (§) € L* N HY(G) and

2+4/d 2+4+4/d 4/d
s IET < IR < carn 11
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From metric to discrete

— Assume d/2 decay rate for e7t0 e,
3C >0, Vf e L' HYG), |IFI5*9 < cof)|IF|e.

Then for { € /1 1 HY(V), f =i} (§) € L* N HY(G) and

d 2 d d d
s IET S IR < caun 11 < Cath) Il
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From metric to discrete

— Assume d/2 decay rate for e7t0 e,
3C >0, Vf e L' HYG), |IFI5*9 < cof)|IF|e.
Then for { € /1 1 HY(V), f =i} (§) € L* N HY(G) and
2+4/d 2+4/d 4/d 4/d
s IET S IR < caun 11 < Cath) Il

We deduce

Ve ANHY), v IFIE < cad) I

<~
d/2 decay rate for e

—thp
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From discrete to metric

<= Assume d > 2 and d/2 decay rate for et i.e.,

vie ), I < Ca() (4= %)
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From discrete to metric

<= Assume d > 2 and d/2 decay rate for et i.e.,
. 2d
v e HV), i3 < Calf (4= %)

Then, for f € H1(G), we have
f=fintfo with O(f) = Q(fin) + IV
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From discrete to metric

<= Assume d > 2 and d/2 decay rate for et i.e.,
. 2d
v e HV), i3 < Calf (4= %)

Then, for f € H1(G), we have
f=fintfo with O(f) = Q(fin) + IV
We have fy € H3(G) C L9(G), thus

1Flla < [Miinll o + 1l foll o
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From discrete to metric

<= Assume d > 2 and d/2 decay rate for et i.e.,
vie H(V), 72 < Ca(f) (q - i) |
Then, for f € H1(G), we have
f=fin+fo with Q(f) = Qlfin) + |VHIZ:
We have fy € H3(G) C L9(G), thus
1flla < Miinll o + lIfolla < [lfiinll o + C Vo]l 2
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From discrete to metric

<= Assume d > 2 and d/2 decay rate for et i.e.,
. 2d
vie H'(V), [l < Ca() <q = d_2> :

Then, for f € H1(G), we have

f=fintfo with Q(f) = Q(fin) + VA7
We have fy € H3(G) C L9(G), thus

1flla < Miinll o + lIfolla < [lfiinll o + C Vo]l 2
For f = iy(fiin), we have

finlla < 17l < Ca(f)/? = CQfin) 2
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From discrete to metric

<= Assume d > 2 and d/2 decay rate for et i.e.,

vie K W), Il < Ca) (4= %)

Then, for f € H1(G), we have

f=fintfo with Q(F) = Q(fin) + | VhI[Z:
We have fy € H3(G) C L9(G), thus

1flla < Miinll o + lIfolla < [lfiinll o + C Vo]l 2
For f = iy(fiin), we have

finlla < [flle < Ca(f)/? = CQ(fin)"/?

We deduce

Iflle < CO(f) <= d/2 decay rate for e~tHp
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© Additional connections
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Further connections

@ Spectral estimate

X(Hp) >0 <= Xo(hp) >0
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Further connections

@ Spectral estimate
X(Hp) >0 <= Xo(hp) >0

More precisely

min {)\o(hD), g} < Mo(Hp) < min {Xo(hp), a},

with 2 = (/1" (€))? and 1*(€) = supace [e] /2.
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Further connections

@ Spectral estimate
X(Hp) >0 <= Xo(hp) >0

More precisely

min {)\o(hD), g} < Mo(Hp) < min {Xo(hp), a},

with a = (7/1*(€))? and n*(£) = supecs €| 5%2

o Laplacians with d-coupling
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9-Coupling Laplacian

f is continous at v,

Z I/(E)aef(v) :a(v)f(v)7 Oé(V) ERU{OO}

eef
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0-Coupling Laplacian

f is continous at v,
S u(@)0ef(v) = a)f(v), V) ERU{ook
eef

a =0, Kirchhoff-Neumann

a = o0, Dirichlet

a#0&a # oo, Robin
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0-Coupling Laplacian

Qa(f) :Zy(e)/ G dx + Y a(x)IF(x)I?

ecE [0,]e]] vey
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0-Coupling Laplacian

Qa(f) :Zy(e)/ G dx + Y a(x)IF(x)I?

ecE [0,]e]] vey

(7)(v) ( (Zb v, u)(f(v) = f(u)) + a(v)f( ))

uey
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0-Coupling Laplacian

Qa(f) :Zy(e)/ G dx + Y a(x)IF(x)I?

ecE [0,]e]] vey

(rF)(v) = ﬁ (Z b(v, u)(f(v) - f(u)) + a(V)f(V)>
uey

—A 4+ > a(v)dy,

veV
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0-Coupling Laplacian

Qa(f) :Zy(e)/ G dx + Y a(x)IF(x)I?

ecf [07|e‘] vey

() = s (Z b(v, u)(F(v) — F(u)) + a(v)f(v))
uey

—A 4+ > a(v)dy,

veV

@ We can either perturb the Kirchhoff condition or maintain it and
perturb the operator.

@ The killing term can be reinterpreted as the strength of a delta
coupling potential.
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Further connections

@ Spectral estimate
Xo(hp) >0 <= Xo(Hp) >0

More precisely
. a .
min { (ko). 5 } < Ao(Hp) < min {Xo(hp). 2}

with a = (7/n*(€))%.
@ Laplacians with d-coupling

@ Recurrence/transience
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Further connections

@ Spectral estimate
Xo(hp) >0 <= Xo(Hp) >0

More precisely
. a .
min { (ko). 5 } < Ao(Hp) < min {Xo(hp). 2}

with a = (7/n*(€))%.
@ Laplacians with d-coupling
@ Recurrence/transience

@ Stochastic completeness

Ezquerra L., Klioba, Lahbabi, Tchato Discrete vs. Continuous Laplacians on graphs 20th July 2023



Further connections

@ Spectral estimate
Xo(hp) >0 <= Xo(Hp) >0

More precisely
. a .
min { (ko). 5 } < Ao(Hp) < min {Xo(hp). 2}

with a = (7/n*(€))%.
Laplacians with §-coupling
Recurrence/transience
Stochastic completeness

Intrinsic metric

(Noema's talk right after the end of this presentation)
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Thank you for your attention!
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