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Periodic graph

Periodic graphs are infinite graphs with a repetitive structure. They have a

finite description (the fundamental domain) given by a connected graph
with weights associated with the edges.

Examples

(4% (3% (6%)

v
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Locally finite Z%-periodic graphs G = (V, E), with the vertex set V and
edge E, are graphs satisfying the following conditions:

@ The degree of each vertex is finite;

@ There exists a basis w1, ..., wy in R? (the so-called periods of G) such
that G is invariant under translations through the vectors wy, ..., wy:

G+ws=G,Vse Ng={1,...,d}.
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Fundamental domain

Periodic graph can be constructed by repeating a smaller graph called a
fundamental domain.
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Fundamental domain

Periodic graph can be constructed by repeating a smaller graph called a
fundamental domain.
We give a definition for d = 2:

Definition
There exists a finite part @Q of G such that
* The union of all Z2-shifts of @ covers the whole G:

UJe+r=c

keZ?

A finite subset @ with this property is a fundamental domain for the
action of Z? on G.

Note that the set of vertices is V = Q x Z2.
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How to use the periodicity
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How to use the periodicity

We can choose a fundamental cell ...
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How to use the periodicity

... and by shifting via Z?2
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How to use the periodicity
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How to use the periodicity
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... and by shifting via Z?2

Periodic graphs July 20, 2023 7 / 56



How to use the periodicity

... and by shifting via Z?2

Periodic graphs

July 20, 2023 7 / 56



How to use the periodicity

... and by shifting via Z?2
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How to use the periodicity

... recover the whole plane again.
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How to use the periodicity
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How to use the periodicity

... recover the whole plane again.

|
>
|
*
|
*-

| | | | | | |
>
|
*
|
*-
|

|
-
|
-
|
-
|
-
|
-
|
-
|

|
-»
|
-»
|
-»
|
-»
|
-»
|
-»
|

|
i Sl Saiin Saiie Saie e Saniie S
|
e i Sin Siie Sl Siie Saniin S

stk ok ok sk ol ik Sk ol
| | | | | | |
ot ol ik ok ok ik Sk ol
| | | | | | | |
S ot il ik ok ol Sk ol ol o

Periodic graphs July 20, 2023 7 / 56



Archimedean tiling

Examples of periodic graphs are given by Archimedean tilings. They were
systematically investigated in 1619 by Johannes Kepler: he identified all 11
Archimedean tilings, namely with vertices of type (4%), (3%), (6%), (3.6)2,
(3.12%), (4.8%), (33.4%), (32.4.3.4), (3.4.6.4), (3*.6) and (4.6.12).

(3,4.6,4)

(3,122) (4,6, 12) (4, 8?)

(3,6,3,6) (3%,6) (3%,4,34) (33,42
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© Floquet Theory
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Floquet transform

@ Floquet theory is the main tool that allows to reduce periodic
operators to finite simpler operators.

@ Floquet theory can be thought of as a version of Fourier transform.
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Floquet transform

@ Floquet theory is the main tool that allows to reduce periodic
operators to finite simpler operators.
@ Floquet theory can be thought of as a version of Fourier transform.

Floquet transform on periodic graphs

Let G be a Z?-periodic graph.
Let T? = R%/27Z? be the 2-dimensional flat torus.
We define the Floquet transform, denoted by I/, as the partial Fourier

transform in the second component.
U: Q=72 — L2(Q X T2)
FUf =Y flo+ke

keZ?
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Periodic Laplacian

Definition

For every 6 € T2, we have the |Q|-dimensional Hilbert space ¢2(V),
defined as follow :

CWV)g:={f:V=C,flv+k)=e*f(v) for all k € Z2}.
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Periodic Laplacian

Definition

For every 6 € T2, we have the |Q|-dimensional Hilbert space ¢2(V),
defined as follow :

CWV)g:={f:V=C,flv+k)=e*f(v) for all k € Z2}.

We consider the periodic graph G = (V, E). Let A be the Laplacian on G.
The #-pseudoperiodic Laplacian Ay : Zz( Yo — £2(V)g on G is defined as
1

(Bof)(v) = flv) — o Z flw
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Periodic Laplacian

Definition
For every 6 € T2, we have the |Q|-dimensional Hilbert space ¢2(V),
defined as follow :

CWV)g:={f:V=C,flv+k)=e*f(v) for all k € Z2}.

We consider the periodic graph G = (V, E). Let A be the Laplacian on G.
The #-pseudoperiodic Laplacian Ay : Zz( Yo — £2(V)g on G is defined as
1

deg Z flw

(Agf)(v) =

Since ?(V)g is a |Q|-dimensional vector space due to quasiperiodicity, the
operator Ay can be viewed as a hermitian matrix with order |Q|. This
operator is called Floquet Matrix.
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Floquet magic

For € T? and p € V, we have

UAF)R(O) = [DeU)O)],  forall f e (V).

Theorem

The spectrum o (A) of the operator A in ¢2(V) equals the union of the
spectra o(Ay) of the operator Ay,

a(A) = | o(Ag).

0eT?
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The 6% (honeycomb) tiling

Fundamental domain of the (63)

(b+60%) (é?-i-wl)
\./
|a
.b
O/ \O
(a—w1) (@ —w2) (6%)
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The 63 (honeycomb) tiling

A fundamental domain of the honeycomb tiling consists of two points.
We have the Floquet matrix

0 1 —2(1+ € 4 ¢if2
A7 = ; ; 3
— (14 e 4 ¢7i02) 1

with eigenvalues

)\?63) L =1—21/2cos6; +2cosbs + 2cos(6r — 62) + 3,
)\?63)72 =1+ 3\/2cosb; +2cosby + 2cos(6y — ) + 3.

Floquet Theor July 20, 2023 14 / 56
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The (3.6)? tiling (the kagome lattice)

Fundamental domain of the (3.6)?

N XXX
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The (3.6)? tiling (the kagome lattice)

A fundamental domain of the kagome lattice consists of three points, with
the Floquet matrix

1 0 (1 +ei91) (ei91 +ei92)
Ag=1— 1 (1+e~n) 0 (1+ €i2)
(672’91 _’_672'92) (1 + 67202) O
and with eigenvalues
A\ . 3—\/3+2(cos(01)+cos(62)+cos(01—92))
(3.6)2,1 — 1 ,
A\ . 3+\/3+2(cos(6‘1)+cos(92)+cos(01—92))
23.6)2,2 - 1 )
A, g =3
(3.6)2,3 — 2
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Floquet Theory and Periodic Graphs

Floquet Theory and Periodic Graphs

Let G be a periodic graph with a finite foundamental domain.
Then it is possible to use Floquet Theory to study the spectrum of the

operator A.

Floquet Theory and Periodic Graphs July 20, 2023 18 / 56



Floquet Theory and Periodic Graphs

Floquet Theory and Periodic Graphs

Let G be a periodic graph with a finite foundamental domain.
Then it is possible to use Floquet Theory to study the spectrum of the
operator A.

Flat Bands

Since the eigenvalues of Ay depends continously on 6

o(A) = | a(a)

0eT?

consists of intervals. If

)\0 € ﬂ O'(Ag),

0eT?

then it is called a flat band. It can be seen that flat bands are eigenvalues
with infinite multiplicity of A.

v
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Flat Bands

< Flat band

Eigenvalues of A
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Flat bands and eigenvectors of finite support

If A has a flat band then it has a corresponding eigenvector of finite
support and we know how to find such an eigenfunction.

The proof uses two lemmas.

Flat Bands July 20, 2023 20 / 56



First Lemma

First Lemma

Let G has a finite fundamental domain @ and let )¢ be a flat band. Then
there is a 0 - dependent family of eigenfunctions (f())gcr2 of Ay with
eigenvalue \g, where the p-th entry is of the form

Fo(0) =Y ap(m)e™?,

meA,

where A, C Z? is some finite set. So, the f,(6) are trigonometric
polynomials in (6;);—1 2 with frequencies in Z2.
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Proof of First Lemma, step 1

Step 1.

Claim. For almost every § € T2, \q has the same multiplicity.
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Proof of First Lemma, step 1

Step 1.

Claim. For almost every § € T2, \q has the same multiplicity.
Let

m = main{multiplicity of Agof Ap}.
Consider the characteristic polynomial of Ay
det(Ag — MId) = (A — Xog)™g(0, N),
where the map
0 — g(0,\) is analytic.
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Proof of First Lemma, step 1

Step 1.
Claim. For almost every § € T2, \q has the same multiplicity.
Let

m = moin{multiplicity of Agof Ap}.
Consider the characteristic polynomial of Ay

det(Ag — Ald) = (A — Xo)"g(0, ),

where the map
0 — g(0,\) is analytic.

Assume that
g(0,20) =0 for HecScT?

where S is a Lebesgue-measurable set of positive measure, so by analyticity
it must be

Flat Bands g ) i July 20, 2023 22 / 56



Proof of First Lemma, step 1

So we can rewrite the function g(6, \) as following
9(97 )‘) = ()‘ - /\0)9(07 )‘)
and we obtain

det(Ag — AId) = (A — Xo)™g(0, )
= (A= X0)™ 50, N).
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Proof of First Lemma, step 1

So we can rewrite the function g(6, \) as following

9(97 >‘) = ()‘ - /\O)g(ev )‘)
and we obtain
det(Ag — Md) = (A — Xg)™g(6,\)
= (A= X0)™ 50, N).

So we get a contradiction because we supposed that m was the minimum,
so the assumption is wrong, hence g(0, \g) # 0 and m is the multiplicity
that we were looking for.
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Proof of First Lemma, step 2

Step 2.
Claim. (Ag — )\o)g(ﬁ, Ag) =0.
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Proof of First Lemma, step 2

Step 2.

Claim. (Ag — )\o)g(ﬁ, Ag) =0.
By the Cayley - Hamilton Theorem we obtain

(Ag — Xo)™g(8, Ag) = 0.
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Proof of First Lemma, step 2

Step 2.

Claim. (Ag — )\o)g(ﬁ, Ag) =0.
By the Cayley - Hamilton Theorem we obtain

(Ag — Xo)™g(0,Ag) = 0.
Let n = |Q|. Take
v0,1(0),...,v0,m(f) eigenvectors of A,

Um+1(0),...,v,—1(0) eigenvectors of the others eigenvalues.
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Proof of First Lemma, step 2

Step 2.

Claim. (Ag — )\o)g(ﬁ, Ag) =0.
By the Cayley - Hamilton Theorem we obtain

(Ag — Xo)™g(0,Ag) = 0.
Let n = |Q|. Take
v0,1(0),...,v0,m(f) eigenvectors of A,

Um+1(0),...,v,—1(0) eigenvectors of the others eigenvalues.

We want to prove
(Ag — Xo)g(0,Ag)vk(0) =0, k=m,...,n—1.
Indeed, we have

g(@, Ag)’l)k(e) = g(@, )\k(Q)vk(ﬁ) =0 = (Ag—)\o)g(e, A@)U}c(a) = 0.
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Proof of First Lemma, step 2

We also want to prove

(Ap = X0)g(8, Ag)vok(0) = 0.
By commutative property we have

9(0,Ag)(Ag — No)vr(0) =0,

and
(Ag — Ao)uk(0) = 0.

So we proved Claim 2.

Flat Bands July 20, 2023 25 / 56



Proof of First Lemma, step 3

Step 3. (Construction of a eigenfunction)
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Proof of First Lemma, step 3

Step 3. (Construction of a eigenfunction)

The matrix g(6, Ay) is not zero. Indeed, by step 1, we know that
9(0, o) # 0. Hence,

{0} # 9(0,0(Xg)) = 0(9(0, Ag)) = g(0, Ag) # 0,
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Proof of First Lemma, step 3

Step 3. (Construction of a eigenfunction)

The matrix g(6, Ay) is not zero. Indeed, by step 1, we know that
9(0, o) # 0. Hence,

{0} # 9(0,0(Xg)) = 0(9(0, Ag)) = g(0, Ag) # 0,

Finally, we define the eigenfunction f(6).
We expand g(6, Ag) in column form

9(97 AQ) = [91(07 A@)v st 7g’n(97 A@)]
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Proof of First Lemma, step 3

Then
(AG - )\0)[91 (97 A@)v v 7gn(9’ Ag)] = 07

hence
(Ao — X0)g1(0, D), - .., (Ag — Xo)gn(8, Ag)] =0,
and there exists at least one index ¢ such that

(Ag — Xo)gi(0, Ag) =0,

and
0 # gi(0, Ag).

And this g;(0, Ap) is the eigenfunction f(#) whose entries f;(0) are
trigonometric polynomials with integer-valued frequencies in 6.
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Second Lemma

If Ap has an eigenvector f(6) with entries

Fo(0) =Y ap(m)e™?,

meA,

then

¢p(k):{ap(k), if keA,

0, otherwise,

are entries of an eigenvector ¢ of A.

In particular, the constructed eigenvector has finite support.

This lemma is the first part of Lemma 2.6 in [Sabri, Youssef, 2023]
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Proof Second Lemma

Let
Splh) = [ fp()c™ as

be the preimage of f,(#) under the operator U.

Then
(UAP)(0) = Dg(UP)(0) = A(UP)(0)

so ¢ is an eigenvector of A since U is unitary.

0u(0) = [ 1007 d0 = ayom) [ 4 a5 = )i
T2 T2
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Proof Second Lemma

Let
Splh) = [ fp()c™ as

be the preimage of f,(#) under the operator U.

Then
(UAP)(0) = Dg(UP)(0) = A(UP)(0)

so ¢ is an eigenvector of A since U is unitary.

0u(0) = [ 1007 d0 = ayom) [ 4 a5 = )i
T2 T2
Then we have
if m=k=kelA,= ¢, =0k
if m#k=k¢&A, = ¢,=0

so we get the claim.
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Metric graphs

Metric graphs - a vague definition

A metric graph is made up of intervals [0, L;] that are glued together at
the boundary points.
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Metric graphs

Metric graphs - a vague definition

A metric graph is made up of intervals [0, L;] that are glued together at
the boundary points.
L
0 iy
. . /_\ 0
0 Lo Lo
0 L
3 L
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Metric Graphs

Quantum graphs Metric Graphs July 20, 2023 32 /56



Quantum graphs Metric Graphs July 20, 2023 32 /56



a @ b
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a @ b
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d C

a @ b
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d &) C

a @ b
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d &) C

Edge (@ is associated with
@| an interval [0, L;] with |@
some length L;.
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Metric Graphs

Metric Graphs - an (almost) formal definition

Let G = (V,€&, L,0) be a locally finite weighted graph with orientation, i.e.

@ V is the set of vertices, £ the set of edges;
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Metric Graphs

Metric Graphs - an (almost) formal definition
Let G = (V,€&, L,0) be a locally finite weighted graph with orientation, i.e.
@ V is the set of vertices, £ the set of edges;

@ L: & — (0,00) assigning a length L. := L(e) to all e € &,
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Metric Graphs

Metric Graphs - an (almost) formal definition

Let G = (V,€&, L,0) be a locally finite weighted graph with orientation, i.e.
@ V is the set of vertices, £ the set of edges;
@ L: & — (0,00) assigning a length L. := L(e) to all e € &,

@ 0:& — V x V assigning initial and terminal point to every e € £.
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Metric Graphs

Metric Graphs - an (almost) formal definition

Let G = (V,€&, L,0) be a locally finite weighted graph with orientation, i.e.
@ V is the set of vertices, £ the set of edges;
@ L: & — (0,00) assigning a length L. := L(e) to all e € &,
@ 0:& — V x V assigning initial and terminal point to every e € £.

The graph G is said to be a associated to a metric graph G if each edge e € £ is
identified with the finite interval [0, L] as well as the initial and terminal point of
o(e) with 0 and L, respectively.

v
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Metric Graphs

Metric Graphs - an (almost) formal definition

Let G = (V,€&, L,0) be a locally finite weighted graph with orientation, i.e.
@ V is the set of vertices, £ the set of edges;
@ L: & — (0,00) assigning a length L. := L(e) to all e € &,
@ 0:E& — V x V assigning initial and terminal point to every e € £.

The graph G is said to be a associated to a metric graph G if each edge e € £ is
identified with the finite interval [0, L.] as well as the initial and terminal point of
o(e) with 0 and L, respectively.

o

By a slight abuse of notation we also write ¢ to denote the associated interval
[0, L,].
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Metric Graphs

Metric Graphs - an (almost) formal definition

Let G = (V,€&, L,0) be a locally finite weighted graph with orientation, i.e.
@ V is the set of vertices, £ the set of edges;
@ L: & — (0,00) assigning a length L. := L(e) to all e € &,
@ 0:E& — V x V assigning initial and terminal point to every e € £.

The graph G is said to be a associated to a metric graph G if each edge e € £ is
identified with the finite interval [0, L.] as well as the initial and terminal point of
o(e) with 0 and L, respectively.

o

Every metric graph becomes canonically a measure space with the Lebesgue
measure on the intervals [0, L].
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Let G be a metric graph with edge e. We denote by ...
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Let G be a metric graph with edge e. We denote by ...

@ L?(e) the square integrable Lebesgue-measurable functions on [0, L];
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Let G be a metric graph with edge e. We denote by ...

@ L?(e) the square integrable Lebesgue-measurable functions on [0, L];

@ H?(e) all f € L?(e) with distributional derivatives f’ and f” in L%(e).
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Let G be a metric graph with edge e. We denote by . ..

@ L?(e) the square integrable Lebesgue-measurable functions on [0, L.];

@ H?(e) all f € L?(e) with distributional derivatives f’ and f” in L?(e).

L?(G) - Square-integrable functions on metric graphs

We define the L2-space for metric graphs G with edge set &:

I2(9) = P L*e),

ecf

Quantum graphs Metric Graphs July 20, 2023 34 / 56



Let G be a metric graph with edge e. We denote by ...

@ L?(e) the square integrable Lebesgue-measurable functions on [0, L.];

@ H?(e) all f € L?(e) with distributional derivatives f’ and f” in L?(e).

L?(G) - Square-integrable functions on metric graphs

We define the L2-space for metric graphs G with edge set &:

L*(G) = P L* (o),

ecf

i.e. f € L%(G) if and only if there are f, € L?(e) such that

f=(f)eee and D |IfellFaq < co.

ecé

V.
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Metric Graphs

L*(e) and H?(e)
Let G be a metric graph with edge e. We denote by ...

@ L?(e) the square integrable Lebesgue-measurable functions on [0, L.];

@ H?(e) all f € L?(e) with distributional derivatives f’ and f in L?(e).

L?(G) - Square-integrable functions on metric graphs

We define the L2-space for metric graphs G with edge set &:

1(6) = D L*(e),

ecé

in particular, the inner product on L?(G), is given by

= f = f r 2 o
<f7g>—/gfgdw—2/[ue] T-gede for all f,g € I2(G)

ec&

v
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Quantum Graphs

d &) C

Hamiltonian

2
H=-% +1¢q
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Quantum Graphs

d &) C
Hamiltonian <

2
H=-% +1¢q
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Quantum Graphs

d &) C
Hamiltonian <
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H=-% +1¢q
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Quantum Graphs

d &) C
Hamiltonian <

2
H=-% +1¢q
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Quantum Graphs

d &) C
Hamiltonian <

H=—% +tx
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Quantum Graphs

d &) C
Hamiltonian <

H=_¢&

 dx?
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Quantum Graphs

d ©) )c
Laplacian <
@ P
A==
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Quantum Graphs

d &) C
)
Selfadjointness of A = A
on g
@
a b

v

Quantum graphs Quantum Graphs July 20, 2023 35 / 56



Quantum Graphs

d &) C

Selfadjointness of A = A‘<
on g

/(—f”)gdw=/f(—g”)dw
g g
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Neumann Conditions

Neumann-(Kirchhoff) condition

~—
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Neumann Conditions

Neumann-(Kirchhoff) condition

L J
fa Ly
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Neumann Conditions

Neumann-(Kirchhoff) condition

LA Continuity: f1(0) = f2(0) = f3(0)

f2 Lo

L3
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Neumann Conditions

Neumann-(Kirchhoff) condition

L{

Continuity: f1(0) = f2(0) = f3(0)
Neumann-(Kirchhoff)-Conditions

£1(0) + f5(0) + f5(0) =0
0

f2 Lo

L3
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Neumann vertex condition

Let f € L*(G) such that f. € H?(e). We say f satisfies Neumann vertex
conditions if and only if

@ Continuity: f.,(v) = fe,(v) for all e1,e2 € € such that v € e; and
v E es.
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Neumann vertex condition

Let f € L*(G) such that f. € H?(e). We say f satisfies Neumann vertex
conditions if and only if

@ Continuity: f.,(v) = fe,(v) for all e1,e2 € € such that v € e; and
v E es.

@ Vertex condition: Z fi(v

e:veo(e)
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Quantum Graph

Theorem - a domain of self-adjointness for A

Let G be a metric graph and H = A be the operator acting as (Af). = —f” on
functions f. € H?(e) with domain

Dom(A) := {f € L*(G) | f. € H*(e) and f satisfies Neumann vertex cond.} .

Then A is a self-adjoint operator.
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Quantum Graph

Theorem - a domain of self-adjointness for A

Let G be a metric graph and H = A be the operator acting as (Af). = —f/ on
functions f. € H?(e) with domain

Dom(A) := {f € L*(G) | f. € H*(e) and f satisfies Neumann vertex cond.} .

Then A is a self-adjoint operator.

Quantum Graph
The self-adjoint Laplacian A on G is a quantum graph.
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Z2-periodic metric graphs with compact fundamental

domain

Embedded planar graphs

For simplicity, we only consider metric graphs that can be thought of as
being embeded in R? with a fixed geometric structure.

(4% (3% (6%)
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Z2-periodic metric graphs with compact fundamental

domain

A compact fundamental domain

For every two (linear independent) vectors w1, ws € R? we obtain a finite
metric graph, called Q, by only considering what lies inside the
parallelogram spanned by w; and wy at some point p € R?.
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Z2-periodic metric graphs with compact fundamental
domain

772 shifts

A metric graph G is said to be a Z?-periodic metric graph if there exists
w1, ws € R? such that G can be recovered by Z2-shifts along w; and ws.
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Z2-periodic metric graphs with compact fundamental
domain

772 shifts

A metric graph G is said to be a Z?-periodic metric graph if there exists
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Z2-periodic metric graphs with compact fundamental
domain

The square lattice - our toy example

We consider the infinite square lattice with length L as a quantum graph.
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Z2-periodic metric graphs with compact fundamental
domain

A closer look at the fundamental domain
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Z2-periodic metric graphs with compact fundamental
domain

Virtual vertices

We see that the parallelogram cut the edges in half. This introduces 4 new
virtual vertices. Thus, the fundamental domain Q consists of 5 vertices . ..

Quantum graphs

Z*-periodic Quantum Graphs

July 20, 2023 40 / 56



Z2-periodic metric graphs with compact fundamental

domain

...and 4 edges, each uniquely identified with the interval [0, L/2] with endpoints
0 and L/2.
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We sketch the scheme for Z? periodic quantum graphs:

@ With the help of Floquet theory we can reduce the infinite periodic
graph to a family of easier problems on finite quantum graphs
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@ With the help of Floquet theory we can reduce the infinite periodic
graph to a family of easier problems on finite quantum graphs

@ Those finite quantum graphs give rise to a discrete problem via the
so-called secular matrix that can be analysed with very similar
argument as in the discrete case for the Floquet matrix
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We sketch the scheme for Z? periodic quantum graphs:

@ With the help of Floquet theory we can reduce the infinite periodic
graph to a family of easier problems on finite quantum graphs

@ Those finite quantum graphs give rise to a discrete problem via the
so-called secular matrix that can be analysed with very similar
argument as in the discrete case for the Floquet matrix

© Bringing everything back to the original problem, again by Floquet
theory
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Floquet Boundary conditions - Quasi Periodicity via the

Floquet transform

The idea is to consider A as an operator only acting on the fundamental
domain Q and make use of the periodicity of the graph.
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Floquet Boundary conditions - Quasi Periodicity via the

Floquet transform

The idea is to consider A as an operator only acting on the fundamental

domain Q and make use of the periodicity of the graph. Recall the Floquet
transform

U:L*(Q x 7% — L*(Q x T?), Uf(q,0) = Z Flg+ k).
keZ?
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Floquet Boundary conditions - Quasi Periodicity via the

Floquet transform

The idea is to consider A as an operator only acting on the fundamental

domain Q and make use of the periodicity of the graph. Recall the Floquet
transform

Uu: L2(Q X ZQ) — LQ(Q X TZ), Uf(q, 9) — Z f(q+ k)efike'
kezZ?

Note, that for fixed & € T? and for (sufficiently regular) f € L?(Q x Z?),
the function Q 5 ¢ — (U [)(q,0) is 6-quasiperiodic in the sense that

U g+ k,0) = UF)(q)e™  for k € Z? such that ¢,q+ k € Q,

and analougsly for derivatives.
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Floquet Neumann vertex condition

Let € T?, f € L%(Q) such that f. € H?(e). We say f satisfies
Floquet-Neumann vertex conditions at point 6 if and only if

O (Quasi-)Continuity: f., (pe,) = fe, (Pey)e™*e2? for po, = pe, +k
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Floquet Neumann vertex condition

Let € T?, f € L*(Q) such that f. € H?(e). We say f satisfies
Floquet-Neumann vertex conditions at point 6 if and only if

O (Quasi-)Continuity: f., (pe,) = fe, (Pey)e™*e2? for po, = pe, +k

@ Floquet vertex condition: Y f!(p.)e*’ =0
ecé,

@ Let py be an endpoint of some edge in Q. We define

£ - All the edges e with endpoint p. such that there exists
Po " ) some k. € Z? so that py = p. + ke .
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Floquet Neumann vertex condition

Let € T?, f € L*(Q) such that f. € H?(e). We say f satisfies
Floquet-Neumann vertex conditions at point 6 if and only if

O (Quasi-)Continuity: f., (pe,) = fe, (Pey)e™*e2? for po, = pe, +k

@ Floquet vertex condition: Y f!(p.)e*’ =0
ecé,

@ Let py be an endpoint of some edge in Q. We define

£ - All the edges e with endpoint p. such that there exists
Po " ) some k. € Z? so that py = p. + ke .

@ Note that if e1, e5 are edges on O such that pg is both an endpoint of e;
and ey, then by the trivial action - + 0 we see that e, es € &,,.
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Floquet Neumann vertex condition

Let € T?, f € L*(Q) such that f. € H?(e). We say f satisfies
Floquet-Neumann vertex conditions at point 6 if and only if

O (Quasi-)Continuity: f., (pe,) = fe, (Pey)e™*e2? for po, = pe, +k

@ Floquet vertex condition: Y f!(p.)e*’ =0
ecé,

Let § € T? and f € Dom(A). We write

Upf = uf(ve)

Then Uy f fulfills Floquet-Neumann vertex conditions at point 6.

\
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Floquet Theory - in a Nutshell |

Theorem - Bloch operators Ay
Let € T? and

2 . .
H2 — 12 fe € H#(e) and f satisfies Floquet-Neumann-

0(<) {f €L(Q) conditions at # on Q ’
and define Ay, as the restriction of A to Hg(Q).

The operator Ay is called the Bloch operator. It is an unbounded self-adjoint
operator and its spectrum only consists of (non-negative) eigenvalues.
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Floque Theory in a Nutshell

Let A be a Z2-periodic quantum graph on G. Then for 6 € T?, we have
Uy f € Dom(Ay) for all f € Dom(A), as well as,

AUS) =U(AS) and Up(A)f = Do(Up f)

Moreover, the spectrum of A can be obtained by the spectra of the Bloch
operators, i.e

o(A) = | o(Av),

0€T?

and X € o(A) is an eigenvalue if and only if there exists a non-null set S C T?
such that A € o(Ag) for § € S.
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Floque Theory in a Nutshell

Let A be a Z2-periodic quantum graph on G. Then for 6 € T?, we have
Uy f € Dom(Ay) for all f € Dom(A), as well as,

AUS) =U(AS) and Up(A)f = Do(Up f)

Moreover, the spectrum of A can be obtained by the spectra of the Bloch
operators, i.e

o(A) = | o(Av),

0€T?

and X € o(A) is an eigenvalue if and only if there exists a non-null set S C T?
such that A € o(Ag) for § € S.

The above states that the Bloch operators are a direct integral decomposition to
a unitarly equivalent operator of A, i.e.

2

(&)
UAU?! :/ Aydf.
T
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The Secular Matrix

Let G be a Z?-periodic quantum graph with compact fundamental domain
Q. Let n € N be the number of edges in Q and denote them by eq, ..., e,.
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The Secular Matrix

Let G be a Z?-periodic quantum graph with compact fundamental domain
Q. Let n € N be the number of edges in Q and denote them by eq, ..., e,.
We are interest in the spectrum of Ay. We therefore solve on each edge
the following ODE

—u; = Bu;  §=1,2,...,n,

where E € (0, 00), and with general solutions

uj(z) = Ajcos(VEz) 4+ Bjsin(VEz).
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The Secular Matrix

Let G be a Z?-periodic quantum graph with compact fundamental domain
Q. Let n € N be the number of edges in Q and denote them by eq, ..., e,.
We are interest in the spectrum of Ay. We therefore solve on each edge
the following ODE

—u; = Bu;  j=1,2,...,m,
where E € (0, 00), and with general solutions

uj(z) = A; cos(VEz) + Bjsin(VEx).

v

The case £ =0

Note that we excluded 0 in our consideration. In that case we get affine
linear functions on each edge. One can see that for non-vanishing constant
function, we have 0 € o(Ay) for 6 = 0.
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The Floquet-Neumann boundary conditions provide 2n independent
conditions to solve for the unknowns (A1, ..., Ay, Bi,...,By,). For
0 € T2, we have seen that these conditions are of the form

)eikEQG

Uey (p61) = Uey (p62 for De; = Dey + k

and

> ue(pe)e™’ =0.

e€ép
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The Floquet-Neumann boundary conditions provide 2n independent
conditions to solve for the unknowns (A1, ..., Ay, Bi,...,By,). For
0 € T2, we have seen that these conditions are of the form

ikey 8

Uey (p61) = Uey (p(iQ)e for De; = Dey + k

and

> ue(pe)e™’ =0.

e€ép

After plugging in the solutions u; these equations indeed become linear
equations in A; and B; which still depend on E € (0,00). The
corresponding 2n x 2n matrix, denoted by Sy(E), is referred to as the
secular matrix of the Ay.
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Proposition
The ODE

—u; = Bu;  j=1,2,...,n,

with the Floquet-Neumann boundary conditions, has a non-trivial solution
u € Dom(Ay) for E € (0,00) if (and only if) the secular matrix Sy(FE) is
singular, i.e. if 0 is an eigenvalue.

If v(0) is an eigenvector of Sy(E) to the eigenvalue 0 with components
v;j(#), then the corresponding eigenfunction u € Dom(Ay) is given by

uy () = v;(0) cos(VEZ) + vj1n(0)sin(vVEz)  for z € e,.

Spectra of :Q-periodic Quantum graphs The Secular Matrix July 20, 2023 49 / 56



Table of Contents

@ Spectra of Z2-periodic Quantum graphs
@ The Secular Matrix

@ Example for square lattice

Spectra of :z-periodic Quantum graphs Example for square lattice July 20, 2023 50 / 56



Spectra of Z“-periodic Quantum Example for square lattice
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Continuity, Neumann and Floquet conditions

e Continuity: {ul(O) = uz(0) = uz(0) = u4(0)
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Continuity, Neumann and Floquet conditions

e Continuity: {ul(O) = uz(0) = uz(0) = u4(0)
Ly _ L\ oib1
e Floquet: ul(%) u3(2)649
uz(5) = ua(5)e™?
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Continuity, Neumann and Floquet conditions

o Continuity: {Ul(o) = u5(0) = u3(0) = ug(0)
Ly = yg(L)ettn
e Floquet: ul(%) u3(2)6‘9
uz(3) = ua(3z)e
w; (0) + uh(0) + u4(0) + 14 (0) = 0
e Neumann: Ull(%) + ug(%)ewl _
() + (B =0
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Continuity, Neumann and Floquet conditions

o Continuity: {ul(O) = u(0) = u3(0) = uy(0)
e Floquet: ul(%) u3(2)@‘9

uz(5) = ua(5)e™?

w} (0) + 1) (0) + u4(0) + u4(0) = 0
e Neumann: u’l(%) + ug(%)ewl —0

i §) + B =0

These are indeed 8 equation and we can plug in the general solutions

u;(z) = A; cos (@x) + B sin (\/E:L’) .
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Solving the secular matrix

We get a linear system in the unknown vector Ay,..., A4, By ...,
the secular matrix becomes

=il 1 0 0 0 0 0 0
-1 0 1 0 0 0 0 0
i 0 0 1 0 0 0 0
0 0 0 0 VE VE VE vE
— cos (L4E 0 e cos (LfE 0 —sin (LF) 0 ¢ sin (LfE 0
—VEsin (L) 0 —VEe? sin (L4E) 0 VE cos (L) 0 VEe® cos (L4E) 0
0 — cos (LE) 0 e cos (L4E) 0 —sin (L2 0 e?2sin (LfE)
0 ~VEsin (L4E) 0 —VEe? sin (L4F) 0 VEcos (L4E) 0 VEe® cos (LE)

We find a non-trivial solution v € R® if and only if the the determinant of
the above matrix vanishes.

v
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Solving the secular matrix

We get a linear system in the unknown vector Ay,..., A4, By ..., B4 and
the secular matrix becomes

-1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
il 0 0 1 0 0 0 0
0 0 0 0 vVE VE VE VE
—cos (L) 0 e cos (LE) 0 —sin (L) 0 ¢ sin (LfE 0
VEsin (L) 0 VEei® sin (L /E) 0 VE cos (L4E) 0 VEe® cos (L4E) 0
0 ~ cos (L4F i cos (LE 0 —sin (LE 0 eisin (L4E)
0 —VEsin %) 0 Ee sin (%) 0 VE cos (%) 0 VEe' cos (%)

We find a non-trivial solution v € R® if and only if the the determinant of
the above matrix vanishes.

After playing around with python package sympy, we can reduce the
determinant for E € (0,00) to

2

W(E; 01, 6,) = o F0ei(01+62) (2 cos(LVE) — cos(6) — cos(92)> sin <L\2/E> cos (L\/E) .
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Results for the spectra and eigenfunctions

Spectrum of A on the square lattice

The spectrum of A on the square lattice is
U(A) = [07 00)7
where the point spectrum is given by

op(A) = {k*m? | k € N}.
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Results for the spectra and eigenfunctions

Spectrum of A on the square lattice

The spectrum of A on the square lattice is
o(A) =[0,00),
where the point spectrum is given by

op(A) = {k*7* | k € N}.

Example of eigenfunctions

For E = 72 a corresponding eigenfunction of Ag is of the form

™

(—eivz — 1) €™ sin (T)’ ug(x) = (eivl + 1) 12 gin (7‘(’_;)’
ug(x) = (=2 — 1) sin (W—Lx» ua(z) = (€ +1) sin <%>

up ()
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Results for the spectra and eigenfunctions

Spectrum of A on the square lattice

The spectrum of A on the square lattice is
o(A) =[0,00),
where the point spectrum is given by

op(A) = {k*7* | k € N}.

Example of an eigenfunction

For E = 72 a corresponding eigenfunction of Ay is of the form
. Uxs . T
up(z) = —2sin (T)’ ug(z) = 2sin (T),
. Urs . T
uz(x) = —2sin (7)7 ug(x) = 28in (f)
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Results for metric graph

(An almost proven) Theorem

Consider a Z?-periodic quantum graph and compact fundamental domain
Q. Furthermore, denote by Ay, the Bloch-Hamilitonian, and let
Ey € (0,00). Then the following are equivalent:

© There exists a measurable set S C T?, |S| > 0 such that Ey € o(Ay)
foroeT.

Spectra of :Q-periodic Quantum graphs Example for square lattice July 20, 2023

55 / 56



Results for metric graph

(An almost proven) Theorem

Consider a Z?-periodic quantum graph and compact fundamental domain
Q. Furthermore, denote by Ay, the Bloch-Hamilitonian, and let
Ey € (0,00). Then the following are equivalent:

© There exists a measurable set S C T?, |S| > 0 such that Ey € o(Ay)
foroeT.

@ We have Ey € o(Ay) for allmost all § € T2,

Spectra of :Q-periodic Quantum graphs Example for square lattice July 20, 2023

55 / 56



Results for metric graph

(An almost proven) Theorem

Consider a Z?-periodic quantum graph and compact fundamental domain
Q. Furthermore, denote by Ay, the Bloch-Hamilitonian, and let
Ey € (0,00). Then the following are equivalent:

© There exists a measurable set S C T?, |S| > 0 such that Ey € o(Ay)
foroeT.

@ We have Ey € o(Ay) for allmost all § € T2,

© There exists a compactly supported eigenfunctions f € Dom(A) of A
for the eigenvalue Ej.

Spectra of :Q-periodic Quantum graphs Example for square lattice July 20, 2023 55 / 56



Results for metric graph

(An almost proven) Theorem

Consider a Z?-periodic quantum graph and compact fundamental domain
Q. Furthermore, denote by Ay, the Bloch-Hamilitonian, and let
Ey € (0,00). Then the following are equivalent:
© There exists a measurable set S C T?, |S| > 0 such that Ey € o(Ay)
for eT.

@ We have Ey € o(Ay) for allmost all § € T2,
© There exists a compactly supported eigenfunctions f € Dom(A) of A
for the eigenvalue Ej.

@ There exists infinitely many compactly supported eigenfunction
f € Dom(A) of A for the eigenvalue Ej.
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Thank you for your attention ! J
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