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Overview

Our presentation will focus on 4 main points which are:

1 Introduction to the setting

2 Heat Kernels

3 Trace Formula

4 Index theorem
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What is a metric graph or a network?

[0, a2][0, a1]

▶ set of vertices V

▶ set of edges I
▶ boundary map ∂: edges 7→ initial

and terminal vertex
▶ directed or not directed
▶ weight or lengths aj for j ∈ I
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What is a metric graph or a network?

[0, a2][0, a1]

Metric via minimal path
lengths

Definition: Metric Graph (G, a)
▶ set of vertices V

▶ set of edges I
▶ boundary map ∂: edges 7→ initial

vertex ∂−(j) and terminal vertex
∂+(j)

▶ directed or not directed
▶ weights or lengths aj for j ∈ I and

a = {aj}j∈I

Remark:
Here, only compact graphs
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Prerequisites

▶ Let H =
⊕

Hj where Hj = L2(Ij) on Ij = [0, aj ]. Analogously,
define functions spaces “edgewise”

▶ D = {ψ ∈ H|ψ,ψ′absolutely continuous, ψ′′square integrable}.
▶ A differential operator on the metric graph (G, a) is the

differential operator that acts on a function ψ in D.
▶ The Laplace operator denoted by −∆:

(−∆ψ)(x) = −∂
2ψ

∂x2 (x), ψ ∈ D.

▶ Becomes self-adjoint with certain boundary conditions defined
below.
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Maximal isotropic subspace

▶ A Hilbert space K ∼= C2|I|, dK = K ×K.
▶ ψ ∈ D, [ψ] = ψ

⊕
ψ′ ∈ dK with

[ψ] =

(
ψ

ψ′

)
, ψ =

(
{ψi (0)}i
{ψi (ai )}i

)
, ψ′ =

(
{ψ′

i (0)}i
{−ψ′

i (ai )}i

)

ω([ϕ], [ψ]) = ⟨−∆ϕ, ψ⟩dK − ⟨ϕ,−∆ψ⟩dK ϕ, ψ ∈ D

Definition

A linear subspace M of dK is called isotropic if the form ω
vanishes identically on M, it is furthermore maximal if it is not a
proper subspace of a larger isotropic subspace.
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Maximal Isotropic space

Theorem

M ⊂ dK is maximal isotropic if and only if there exist linear maps
A,B : K → K such that:

1 M = M(A,B) := Ker(A,B),

2 (χ1 ⊕ χ2)↣ (A,B) (χ1 ⊕ χ2) := Aχ1 + Bχ2, has maximal
rank 2|I|,

3 AB† = BA† .
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If M(A,B) is a maximal isotropic subspace then :
1 (A+ ikB) is invertible for ℑk > 0,
2 S(A,B) = −(A+ ikB)−1(A− ikB) for k > 0 is unitary.

Definition
(−∆(M, a)) is the Laplacian on (G, a) with

D(−∆(M, a)) := {ψ ∈ D | [ψ] ∈ M}

Remark : ψ ∈ D(−∆(M, a)) ⇐⇒ Aψ + Bψ′ = 0.
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What is Quantum graph?

Definition
A quantum graph Γ = (G, a,H) is a metric graph (G, a) equipped
with a differential operator H.

We consider the Laplacian −∆ which becomes self-adjoint with the
boundary conditions such as Kirchhoff boundary conditions∑

v

∂ψ

∂x
(v) = 0 and ψ continuous at v

with x the distance from v to a variable point on G .
12 / 58



Introduction to the setting
Heat Kernels

Trace Formula
Index theorem

References

Metric graph
Quantum graph
Motivation

Scattering matrix

The spectrum of the operator −∆

− ∂2

∂2x
ψ(x) = k2ψ(x) ⇒ ψ(x) = se−ikx + ŝeikx.

s and ŝ coefficients of the local scattering matrix at vertex v an
unitary dv × dv -matrix with entries Sv

eiej
(k) for ei , ej ∈ Iv .

Sv = −(Av + ikBv )
−1(Av − ikBv )

For ψ ∈ D(−∆(M, a)) ⇐⇒ Avψ + Bvψ
′ = 0:

Sv is independent of k or scale invariant if it has the form 1 − 2Pv

with Pv an orthogonal projection.
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Example of a scattering matrix on a vertex

•v ••

•

[0, a2]

[0, a3]

[0, a1]

The scattering matrix on v
with Kirchhoff boundary
conditions
Avψ + Bvψ′ = 0, for

Av =

1 −1 0
0 1 −1
0 0 0

 and

Bv =

0 0 0
0 0 0
1 1 1

 is

computing in python here
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Computation of scattering matrix in Python
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Motivation

Naphthalene

▶ energy spectrum of
free electrons

▶ nanotechnology
▶ . . .

1-d Laplace operators

− ∂2

∂x2

with couplings, e.g.

u continuity in know v∑
u′e(v) = γvu(v)

sum over all adjacent v and γv ∈ R
given ⇝ 1-d Schrödinger operator with
δ-potentials

− ∂2

∂x2 +
∑
v

γvδv
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Integral operator

Definition
The operator K on the Hilbert space H is called integral operator if

1 For all j , j ′ ∈ I there are measurable functions
Kj ,j ′(·, ·) : Ij × Ij ′ → C with the following properties:

1 Kj,j′ (xj , ·)φj′(·) ∈ L1 (Ij′) for almost all xj ∈ Ij ,
2 ψ = Kφ with

ψj (xj) =
∑
j′∈I

∫
Ij′

Kj,j′ (xj , yj′)φj′ (yj′) dyj′

2 The (|I|)× (|I|) matrix-valued function (x , y) 7→ K (x , y) with

[K (x , y)]j ,j ′ = Kj ,j ′
(
xj , yj ′

)
is called the integral kernel of the operator K .
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Integral kernel of the resolvent

Theorem

For any maximal isotropic subspace M ⊂ dK
1 The resolvent (−∆(M; a)− k2)−1 is an integral operator
2 Its integral kernel is given by :

rM(x , y ; k , a) = r (0)(x , y , k)+

i
2k

Φ(x , k)R(k ; a)−1[I −S(k;M)T (k ; a)]−1◦

◦S(k;M)R(k; a)−1Φ(y , k)T , (2.1)
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Notations
Where :

1

r (0)(x , y , k)j ,j ′ = iδj ,j ′
e ik|xj−yj |

2k
,

2

Φ(x , k) =

(
0 0

ϕ+(x , k) ϕ−(x , k)

)
2|I|×2|I|

where ϕ±(x , k) = diag{e±ikxj}j∈I

3

R(k, a) =

(
I 0
0 e−ika

)
2|I|×2|I|

where [e±ika]jk = δjke
±ikaj , and I is the 2|I|×2|I| identity

matrix.
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5

T (k, a) =

(
0 e ika

e ika 0

)
2|I|×2|I|

6

S(k ;M).
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Sketch of the proof

Let M(k) be the integral operator with kernel given by 2.1.
Let φ ∈ H. Set ψ = M(k)φ.

Goal : (−∆(M; a)− k2)−1 = M(k).

Steps :
1 (−∆(M; a)− k2)ψ = φ,

2 ψ ∈ Dom(∆(M; a)),

3 rM(x , y ; k , a) = rM(y , x ; k̄ , a)†.
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ψ ∈ Dom(∆(M; a))

On a dense subset of H we prove :

ψ ∈ Dom(∆(M; a)) ⇐⇒ Aψ + Bψ′ = 0
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(−∆(M; a)− k2)ψ = ϕ

▶ For a continious φ ∈ Hj , we have :

− i
2k

(
d2

dx2
j

+ k2

)∫
Ij

eik|xj−yj |φj (yj) dyj = φj (xj) , xj ∈
o
Ij ,

▶ on the interval Ij we have

ψj(xj) =

∫
Ij

− i
2k

eik|xj−yj |φj (yj) dyj + e ikxj
∫
Ij

rA,Bφjdyj

Applying
(

d2

dx2
j
+ k2

)
on both sides we get :

− i
2k

(
d2

dx2
j

+ k2

)
ψj (xj) = φj (xj)
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▶ Because M(k) is bounded and
(
−∆(M; a)− k2)ψ = φ for all

φ in a dense subset of H, then the claims follows .
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rM(x , y ; k , a) = rM(x , y ; k̄ , a)†

▶ r (0)(y , x , k) = r (0)(x , y ,−k)†

▶ R+(k ; a)
† = R+(−k; a),

▶ T (k ; a)† = T (−k; a) and Φ(x , k)† = Φ(x ,−k)T ,

▶

S(k ;M)[I−T (k ; a)S(k ;M)]−1 = [I−S(k ;M)T (k ; a)]−1S(k ;M),

▶ S(−k ;M)† = S(k;M).
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Walks on the graph

Definition
A non trivial walk wj ,j ′ from j = j0 to j ′ = jn+1 is an ordered
sequence of vertices and edges

{j , v0, j1, v1, ..., vn, j
′}

such that :

∀k ∈ {0, ..., n}, vk ∈ V , vk ∈ ∂(jk) ∧ vk ∈ ∂(jk+1)

.

1 v−(wj ,j ′) := v0 denotes the vertex from which wj ,j ′ leaves j .
2 v+(wj ,j ′) := vn denotes the vertex from which wj ,j ′ enters j ′.
3 |w |comb := n, |w | :=

∑n
k=1 ajk .
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4 Wj ,j ′ := {j − j ′ walks w}.
5

dist (xj , v−(w)) :=
{

xj if v−(w) = ∂−(j),
aj − xj if v−(w) = ∂+(j),

dist
(
xj ′ , v+(w)

)
:=

{
xj ′ if v+(w) = ∂−(j),
aj − xj if v+(w) = ∂+(j).
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Walks on graphs

v1

[0, a2]

e2e1

[0, a1]
v2 v3

v4

e3
[0, a4]

e4[0, a3]

w1,2 = {e1, v2, e1, v1, e2, v3, e2}, or
w ′

1,2 = {e1, v2, e3, v4, e4, v1, e2, v3, e2}

▶ v−(w1,2) = v−(w
′
1,2) = v2 and

v+(w1,2) = v+(w
′
1,2) = v3

▶ |w1,2| = a1 + a2 and
|w1,2|comb = 1 + 1

▶ |w ′
1,2| = a3 + a4 + a2 and

|w ′
1,2|comb = 1 + 1 + 1
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Walks on graphs

tadpole no tadpole
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Combinatorial expansion of the resolvent

Theorem
1 Assume that G has no tadpoles.
2 0 < Im k

[rM(x , y ; k, a)]j ,j ′ =
i

2k
δj ,j ′eik|xj−yj |

+
i

2k

∑
w∈Wj,j′

ei dist(xj ,v−(w))WM(w)eik|w|eik dist(yj′ ,v+(w)),

where WM(w) =
∏|w|comb

l=0 [S (A (vl) ,B (vl))]il+1,il
.
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▶ T (k ; a) is a uniform contraction,

▶

[I−S(k;M)T (k; a)]−1S(k;M) =
∞∑
n=0

S(k;M)(T (k; a)S(k;M))n

▶ ei dist(xj ,v−(w))

▶ WM(w)eik|w|
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Heat kernel expansion

Theorem
The heat kernel of −∆(M, a) has the absolutely convergent
expansion

[pt(x , y ;M, a)]j ,j ′ = δj ,j ′gt (xj − yj)

+
∑

w∈Wj,j′

WM(w)gt
(
dist (xj , v−(w)) + |w|+ dist

(
yj ′ , v+(w)

))

The series converges uniformly in x , y ∈ ×
j∈I

Ij .

Where
gt(xj − yj) :=

1√
4πt

exp
{
−(xj − yj)

2/4t
}
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Proof of the Trace Formula

Proof.
▶

et∆(M,a) = − 1
2πi

∫
γ
e−tλ(−∆(M, a)− λ)−1dλ

▶

1
2π

∫ +∞+iε

−∞+iε
e−k2teikudk = gt(u) :=

1√
4πt

exp
{
−u2/4t

}
,
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Proof of the Trace Formula

Motivation

▶ Trace formulas link spectral properties with geometric
properties

▶ e.g.the Selberg trace formula
applications in arithmetic geometry and number theory

▶ Applications to quantum graphs
e.g. quantum chaos, spectral statistics, inverse spectral and
scattering problems.
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Statement of the Trace Formula
Proof of the Trace Formula

Closed Walks
▶ A walk w ∈ Wj ,j is called closed. It is called properly closed if

v−(w) ̸= v+(w).
▶ For a properly closed walk w we denote by j(w) its initial edge.
▶ Properly closed walks w,w′ are called equivalent , if they can

be obtained from each other by successive application of the
transformation

{j , v0, j1, v1, . . . , vn, j} → {j1, v1, . . . , jn, vn, j , v0, j1}.

(properly closed walk) (not properly closed)

(not properly closed
walk)
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Proof of the Trace Formula

Cycles
▶ A cycle c is an equivalence class of properly closed walks.
▶ For w ∈ c, j = j(w), the metric length of c is given by

|c| = |w |+ aj .
▶ C denotes the set of all cycles.
▶ For c ∈ C, c ∋ w = {j , v0, j1, v1, . . . , vn, j}, p ∈ N we denote by

pc the unique cycle containing the following properly closed
walk

{j , v0, j1, v1, . . . , vn, j , v0, j1, v1, . . . , vn, j , v0, j1, . . . , vn, j}︸ ︷︷ ︸
repeated p times

▶ A cycle c is called primitive if it is not of the form c = pc′ for
any p ≥ 2, c ∈ C

▶ Cprim denotes the set of all primitive cycles.
▶ Every cycle c is either primitive or of the form c = pc′ for some

c′ ∈ Cprim
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Cycles

primitive cycle c
non primitive cycle 2c
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Trace Formula

Theorem
Assume that the compact Graph G has no loops. Let the maximal
isotropic subspace M define local and scale invariant vertex
conditions. Then

trH
(
et∆(M,a)

)
=

L

2
√
πt

+
1
4
trKS(M)

+
1

2
√
πt

∑
c∈Cprim

∑
p∈N

WM(c)p|c| exp
(
−p2|c|2

4t

)
, t > 0,

where L :=
∑

j∈I aj and WM(c) = WM(w) for any walk w in the
cycle c.
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Proof of the Trace Formula

▶ For any trace class operator K on H we have

trHK =
∑
j∈I

trHj
PjKPj ,

▶ Each Pje
t∆(M,a)Pj is an integral operator on L2(Ij) with a

kernel jointly continuous in xj , yj ∈ I̊j

⇒ trH
(
et∆(M,a)

)
=
∑
j∈I

trHj

(
Pje

t∆(M,a)Pj

)
=
∑
j∈I

∫
Ij

[pt(xj , xj ;M, a)]j ,jdxj
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Heat kernel expansion

⇒ trH
(
et∆(M,a)

)
=
∑
j∈I

∫
Ij

gt(0)dxj

+
∑
j∈I

∑
w∈Wj,j

WM(w)
∫
Ij

gt(dist(xj , v−(w)) + |w|+ dist(xj , v+(w)))dxj ,

(3.1)

where the sum converges absolutely.
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Terms not associated with any walk

Remember gt(u) = 1√
4πt

exp(−u2/4t). So

∑
j∈I

∫
Ij

gt(0)dxj =
∑
j∈I

aj√
4πt

=
L

2
√
πt
.
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Terms associated with properly closed walks

▶ For a properly closed walk w from j to j , v−(w) ̸= v+(w).

⇒ dist(xj , v−(w)) + dist(xj , v+(w)) = aj .

▶ Summing over all walks in the cycle c = c(w)

⇒
∑
w∈c

WM(w)
∫
Ij(w)

gt(|w|+aj(w))dxj(w) = WM(c)gt(|c|)
∑
w∈c

aj(w).

▶ If c = pc′ for some p ∈ N and some c′ ∈ Cprim, then∑
w∈c aj(w) = |c′| and WM(c) = WM(c′)p.

Thus the contribution from all properly closed walks to (3.1) is

1
2
√
πt

∑
c∈Cprim

∑
p∈N

WM(c)p|c| exp
(
−p2|c|2

4t

)
, t > 0.
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Terms associated with not properly closed walks

▶ For not properly closed walks v−(w) = v+(w), so

dist(xj , v−(w)) + dist(xj , v+(w)) =
{

2xj , v−(w) ∈ ∂−(j),
2(aj − xj), v−(w) ∈ ∂+(j).

⇒
∫
Ij

gt(dist(xj , v−(w)) + dist(xj , v+(w)) + |w|)dxj

=

∫
Ij

gt(2xj + |w |)dxj .

▶ w is called of type A if it is of the form

w = {jp, vp, jp−1, vp−1, . . . , j0, v0, j0, . . . , vp−1, jp−1, vp, jp},

otherwise, it is called type B .
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Terms associated with not properly closed walks

Lemma

∑
j∈I

∑
w∈W A

j,j

WM(w)
∫
Ij

gt(2xj + |w |)dxj =
1
4
trKS(M).

Lemma

∑
j∈I

∑
w∈W B

j,j

WM(w)
∫
Ij

gt(2xj + |w |)dxj = 0.
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Proof of the first Lemma
Let erfc(x) := 2√

π

∫∞
x e−u2

du denote the complementary error
function. Then∫ a

0
gt(2x + |w|)dx =

∫ a

0

1
2
√
πt

exp

(
−(2x + |w|)2

4t

)
=

1
2
√
π

∫
0
|w|/

√
t
(2a+|w|)/2

√
t
e−u2

du =
1
4

(
erfc

(
|w|
2
√
t

)
− erfc

(
|w|+ 2a

2
√
t

))
For v0 ∈ V , p ∈ N0 arbitrary we set

∂Gv0(p) := {walks of the form{jp, vp, jp−1, vp−1, . . . , j0, v0, j0,

. . . , vp−1, jp−1, vp, jp}}

Gv0(p) :=

p⋃
q=0

∂Gv0(q).
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Proof of the first Lemma

∑
w∈Gv0 (0)

WM(w)
∫
Ij

gt(2xj + |w|)dxj

=
∑

j∈I,v0∈∂(j)

[S(Mv0 ]j ,j
1
4

(
erfc (0)− erfc

(
0 + 2a
2
√
t

))

=
1
4
trLv0

[S(Mv0)]−
1
4

∑
w∈∂Gv0 (0)

WM(w)erfc
( |w|+ 2aj(w)

2
√
t

)
By Induction we get∑
w∈Gv0 (p)

WM(w)
∫
Ij(w)

gt(2xj(w) + |w|)dxj(w) =
1
4
trLv0

[S(Mv0)]

−1
4

∑
w∈∂Gv0 (p)

WM(w)erfc
( |w|+ 2aj(w)

2
√
t

)
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Proof of the first Lemma

erfc(x) =
2√
π

∫ ∞

x
e−u2

du ≤ Ce−x2

∑
w∈∂Gv0 (p)

∣∣∣∣WM(w)erfc
( |w|+ 2aj(w)

2
√
t

)∣∣∣∣ ≤ |I|p+1|V |perfc
(
pamin√

t

)

Letting p → ∞ and summing over all v0 ∈ V yields the claim.
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Proof of the second Lemma
Any walk of type B is of the form

{jp, vp, jp−1, . . . , j0, v0, s, v0, j0, . . . , jp−1, vp, jp}.
For p ∈ N0 we set

∂Fs,v0(p) := {walks of the form{jp, vp, jp−1, . . . , j0, v0, s, v0, j0,

. . . , jp−1, vp, jp}}

Fs,v0(p) :=

p⋃
q=0

∂Fs,v0(q).

By induction we get∑
w∈Fs,v0 (p)

WM(w)
∫
Ij(w)

gt(2xj(w) + |w|)dxj(w)

= −1
4

∑
w∈∂Fs,v0 (p)

WM(w)erfc
( |w|+ 2aj(w)

2
√
t

)
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Introduction
Two important Laplacians with scale-invariant vertex conditions are
the Laplacian ∆K with Kirchhoff conditions

ψ1(v) = . . . = ψdv (v),
dv∑
i=1

ψ′
i (v) = 0

for a ψ ∈ H2(G), and the dual version, the Laplacian ∆aK with
anti-Kirchhoff conditions

ψ′
1(v) = . . . = ψ′

dv (v),
dv∑
i=1

ψi (v) = 0.

The difference in the corresponding traces is only a constant
stemming from the different kernels of these Laplacians:

trH
(
et∆K

)
− trH

(
et∆aK

)
= dimker∆K − dim ker∆aK
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Factorization

▶ We want to better understand the Laplacians ∆K and ∆aK by
factorizing them into two first-order derivative operators
∆K = −A∗A, and ∆aK = −AA∗.

▶ Here, Aψ = ∂ψ
∂x with Kirchhoff continuity conditions on ψ (not

on ψ′).
▶ We then investigate A, especially its index, as

indA = dimkerA− dim cokerA

= dimkerA− dim kerA∗

= dimker∆K − dim ker∆aK

= trH
(
et∆K

)
− trH

(
et∆aK

)
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Index Theorem - First Variant

Theorem
Let ∆ denote a self-adjoint Laplacian on metric graph (G, a) with
scale-invariant boundary conditions. Then ∆ = −A∗A where A is
given by Aψ = ∂ψ

∂x with boundary conditions on ψ encoded in its
domain.
Further, the index of A is given by

indA = E − p

where E is the number of edges of G and p is the number of vertex
conditions of ∆ on ψ (not those on ψ′).
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Proof of First Index Theorem

▶ Let ∂
∂x :

⊕
j∈I H

1(Ij) → H be the derivative operator on the
edges without vertex conditions.

▶ Let A be the restriction of ∂
∂x onto a subspace of codimension

p given by vertex conditions on ψ (not on ψ′).

Lemma

The operators ∂
∂x and A are Fredholm operators with indices

ind ∂
∂x = E and indA = E − p.
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Proof of First Index Theorem

Proof of the lemma.

▶ ∂
∂x is surjective

▶ kernel is given by functions which are constant on each edge,
dimension is E

▶ ind ∂
∂x = E

▶ Restriction reduces index by codimension p

▶ indA = E − p
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Proof of the First Index Theorem

Proof of the first index theorem.

▶ Let A be the restriction of ∂
∂x :

⊕
e∈E H1(e) → H onto a

subspace of codimension p given by the vertex conditions of ∆
on ψ.

▶ Writing ∆ = −A∗A gives correct boundary conditions on ψ
and ψ′.

▶ Apply the lemma.

The detail not to be overlooked is implementing the boundary
conditions into the operator A.
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Example for A
Let A be given by the Kirchhoff boundary conditions on ψ, i.e.

ψ1(v) = . . . = ψdv (v),

Then A∗ is given by Aψ = −∂ψ
∂x with boundary condition

dv∑
i=1

ψi (v) = 0

This is because the boundary term in the integration by parts
formula ∑

v∈V

dv∑
i=1

fi (v)gi (v)

has to be 0 for any f , g ∈
⊕

e∈E H1(e). See also the isotropic
subspaces earlier.
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Index Theorem - Second Variant

Theorem
Let ∆K and ∆aK denote the (self-adjoint) Laplacian on a metric
graph (G, a) with Kirchhoff (resp. anti-Kirchhoff) boundary
conditions. Then ∆K = −A∗A and ∆aK = −AA∗ where A is given
by Aψ = ∂ψ

∂x with boundary conditions on ψ encoded in its domain.
Further, the index of A is given by

indA = χ(G)

where χ(G) = V − E is the Euler characteristic of G.
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Proof of the Second Index Theorem

Proof.
▶ Recall the Kirchhoff conditions:

ψ1(v) = . . . = ψdv (v)

▶ They define deg v − 1 conditions per vertex, thus∑
v (deg v − 1) = 2E − V conditions in total.

▶ Thus, indT = E − (2E − V ) = V − E = χ(G).
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Outlook on generalizations

▶ Atiyah-Singer theorem: For an n-dimensional manifold X ,

indA = (−1)n⟨ch(A)Td(X ),X ⟩.

▶ Riemann-Roch theorem: For a Riemannian surface X with
genus g and canonical divisor K ,

ℓ(D)− ℓ(K − D) = degD + g − 1.

▶ Gauss-Bonnet theorem: For a compact surface X ,

1
2π

∫
X
K = χ(X ).
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