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What is a fractal?

You know it, when you see it!

Figure: Mandelbrot set Figure: Sierpinksi gasket Figure: Koch snowflake
Common features:
> self-similarity
» roughness
» infinitely detailed
>

generate complex structure from very simple procedure (e.g.
from iterated function systems)
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Iterated function systems

Definition 1.1
An iterated function system (IFS) is a family
F={F :RY—R?:1<i< N} of contractions.

Theorem 1.2 (Hutchinson, 1981)
There is a unique non-empty, compact set K C RY so that

K = F(K) == | JFi(K).

Example 1.3
(a) Sierpinksi gasket: Let Vo := {q0, 91, g2}
be the verticies of a proper triangle. Then
these contractions characterize the Sierpinksi

gasket SG C R?:
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Addressing points in IFS fractals

Example 1.3 (Cont.)
(b) Unit interval (not a fractal but self-similar): Choose

Vo :={go=0,g1 = 1}. Then

Fi(x) := %(x —qi)+qi

gives us the unit interval | C R.
Iteratively, define Vi, := |J; Fi(Vin—1) and note that one can write

Vm = U Fw(VO)) where Fw = le 0---0 me

|w|=m

and w e {1,...,N}" is a word of length |w| = m.

S0, Vin C Vi1 and every point x € Vi :=J,,~¢ Vim can be
written as x = F,,q;. Every x € V,, \ V, has exactly two addresses
since Foq1 = F1qo, F1g2 = Foq1 and Faqo = Fogo. Finally:

Convince yourself, that K = V.
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Graph approximations

Example 1.4 (Graph approximations)

1. Unit interval:

o0 o ——©0 *—o—0 00
o M M
2. Sierpinksi gasket:
qo0
Mo M a1 a2
M

The red vertex is in V5 \ V4 and is addressed via
x = F0,1)90 = F0,0)q1-
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Finite ramification and graph approximations

Definition 1.5
1. If wis a word of with length |w| = m, we call F,(K) a cell of
level m.

2. If two distinct cells of level m intersect in at most finitely
many points, we say that K is finitely ramified.

In the case of K € {/,SG}, two distinct m level cells intersect in at
most one point and the set of those junction points is Vp, \ Vp.
We can thus define a relation on the set V,, through

X ~m Yy & there is a w of length |w| = m so that x,y € F,K.

Now, we can consider graphs I, := (Vin, ~m).
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Example where finite ramification fails

Figure: Sierpinksi carpet
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Graph approximations

Example 1.6 (Graph approximations)

1. Unit interval:

o ————Oo o ——o—0 *—o—9o oo
Mo M >
2. Sierpinksi gasket:
q0
M ry q1 q2
P

The red area is a level 2 cell and is given by F(o,l)K = FhFK.
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Self-similar measures

Want: A measure p on (K, X) which plays nicely with the
self-similar structure of K.
Therefore, let £ be the o-field generated by all the cells of K, set

1(FuSG) == (;)M

and extend it to ¥ by Carathéodory.
In the case of the unit interval, it is easy to see that

w(Ful) = (%)'w| extends to the Lebesgue measure.

Definition 1.7
We call the measure p self-similar since

u(A) = Zu,-,u(Fi_lA) forall Ac X

for some positive weights with ) p; = 1.
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Integration

We have canoncial measures on K € {/,SG}, so we can integrate
measurable functions f : (K, X) — (R, B).

Lemma 1.8
For f : K — R continuous, we obtain the usual integral via

/deu = lim_ > Flx)u(FuK)
|w|=m

for some x,, € F K.
This can also be written with a measure vy, : Vp,, — Ry as

1 2
/deu_m@m32 > f(qu;)u(FwK)_’J@oo/ f(x)dvm(x)

i=0 |w|=m m

Jim 2377 g Y f(x) +% 3 ()

XGVm\Vo x€Vy
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Dirichlet principle

Motivation: The Dirichlet principle states: Solving the Poisson
equation

—Au=f inU,
u=g on U

is equivalent to minimization of the energy functional

V= ;/UHVV(X)H2dx—/Uf(X)v(x)dx

on a suitable function space.

Aim: Define something like the red energy via graph approx. for
(continuous / measurable) functions f : K — R.

Use the unit interval / = [0, 1] as a model case.
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Graph energies for unit interval

Note that:
2" m m 2
/||u’(x)||2dx: lim 327w ()l "X lim Zz m( u(k2” >—2Uj(k—1)2 ))
U m%ook:l m
= lim_ om Z [u(x) — u(y)]? =: Jim o~ MEm(u) =: mIi_r)noogm(u)

X~ mYy

with appropriate choices of x, € ((k — 1)27™, k2™).
Systematic approach: One can show via harmonic extensions
that

Emi1(u) = Emy1(d) = r- Em(u)
and thus
Empr(u) = r ("D EL L (0) > 1" Ep(u) = Em(u)
allows definition of

E(u) = mlinoo Em(u).
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Harmonic extension approach to graph energies

For u: R — R, we define the m-th (graph) energies

En(u) = 3 (u(x) - u(y))*.

X~my

Question: What is the harmonic extension of u from I, to ;117
l.e. find @ with d(x) = u(x) for x € V,;, and { is a minimizer of
Emii1.

Now:

om+1

Emy1(d) = Z [ﬁ(k2_("’+1)) — (k- 1)2—(m+1))]2
k=1

-
= STla(k2~™) — d((k — 1/2)2™)P + [a((k — 1/2)2~™) — a((k — 1)2~")]
k=1

Optimization yields d((k —1/2)2=™) = u(kz—m)+u2((k,1)2—m) and
Emi1(d) = 3 - En(u). Thus, r =1/2.
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Graph Energies

» The graph energy, on a connected finite graph G, is defined as

Eg(u):= Y (u(x) — u(y))* (1)

X~y

» It is a quadratic form in u associated to the following bilinear
form

Ec(u,v) = (u(x) = u(y)) (v(x) = v(¥)) (2)

x~y
Let's denote by G := (V, E), where

V =  set of vertices
E =  set of edges.
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Markov Property (Compatibility with with normal
contraction)

» If u:V — Ry, we denote by [u] = min{1,uV 0}. Then the
energy Eg(+) satisfies the so called Markov Property, which
is

Ec([u]) < Ec(uv). 3)
» Let G’ := (V' E’) such that G C G’ is a sub-graph. For
u:V — Ry given, 3 d: V' — R such that i|y= v and that

inf E(,'/(U/) = EG/([])

u'ly=u

» (i is called the harmonic extension
» For all examples of interest to us (/ and SG included) we have

Ec/(ii) =rEg(u) forallu:V —R. (4)

for some r € (0.1). This called the renormalization
equation.
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Therefore we have 1
=~ Ec(u) 2 Eq(u). (5)

This means that energy increase with general extension, except

in the case of harmonic extension where the energy is constant.

Example 2.1
Let's consider K = SG and suppose u(+) is defined on Vg by

u(qo) = a
u(qr) = b
u(qo) = ¢
Then
Ex(i)=(a—2z)?+(b—2)?+(b—x)*+ (c — x)°+

is to be minimized.
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Figure: harmonic extension on V;

» By calculating partial derivatives on x,y and z, we obtain
u(Fogqi) = u(Fiqo) = x = %a—i—%b—i—%c
u(Foqz) = u(Faqo) =y == 32a+ib+ic (6)
_ . 2 2 1
u(Fig2) = u(Foq1) =z:= ga+ b+ :c

» In the particular symmetric case, i.e. when a =1 and
b=c=0, we obtain x =1/5and y = z = 2/5.
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» Using (6), we can show easily that
E1(d) = rEo(u), (7)
where r = 3/5, so the renormalized energy is given by:
E1(d) := r L EL (i) = Eo(u).

» (i is the harmonic extension from V; to V5.

» The same idea could be done, for u: V,, — R given, to
obtain the harmonic extension form V,, to V,;1 such that:

m+1(a) ( )
{ Emi1(8) = 1~ En(u) ®
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» If u:V, — Risgiven and v’ : V1 — R to be any arbitrary
extension, then

m+1 Z El(u © F (9)

|w|=

and

Emia(v)= D En(u'oF) (10)

i=0,1,2
» The renormalized energy
Em(u) = (3/5)"" Em(u).,

is constant under the harmonic extension. Moreover, it's a
nondecreasing sequence for any extension. i.e.

Solu) < &E(u) <. ... (11)
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Summary

TO summarize: Let u be a function on V,,, then the harmonic
extension I to V11 may be characterized in three ways:

(i) it minimizes Emy1(0) at the value Ey(u);

(ii) at each new point x € Viy11\ Vi, i(x) is the average of the
values at the four neighboring points in V,,1; i.e.

YEVmi1
~ X
ym+l

(iii) it satisfies the’ % - % rule” at the new points in Vp,p1\ V.

21/38



Energy

» Since, for any function u on V,, the sequence of energies
Em(u) is nondecreasing. It make sense to define

E(u) = mirﬂooé’m(u)
» Moreover
E(u)=0 < u= const, (12)
and
dom(E)={u: Vi >R : E(u) < 0}. (13)
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Consequences
» Let u: Vi — R such that £(u) < co. Therefore

lu(x) — u(y)| < r™2EY2(u) forallx~y eV, (14)

» From the geometry of K (either | or SG) it can be seen that if
X,y € Vi belong to the same or adjacent m-cell, with some
technical calculation, we obtain

rm/2
lu(x) —u(y)| < e EV2(y). (15)

» When K = [ is the interval, (15) ensures that v is 1/2-Holder
continuous. Precisely; since r = 1/2, if x, y are such that
|x —y| < 1/2™ then x and y belongs to the same or adjacent
m-cell. Hence (15) ensures that

|u(x) = u(y)| < M|x = y|'/2. (16)
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» When K = SG, the 1/2-Holder continuity can be obtained in
another metric, called the resistance metric, which we
denote by R(-,-). Hence if u € dom(E) then for all m > 1

|u(x) = u(y)] < M- R(x, y)"/2, (17)

for all x,y € K such that R(x,y) < r™.
» Moreover, this resistance metric R(-,-) is equivalent to the
Euclidean metric with some exponent 0 < 8 < 1, i.e.

5
ROoy)~ k= yll® for f=log>/log2.  (18)
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Hilbert space property

Theorem 3.1
dom(E)/constants forms a Hilbert space with the inner product
given by

(u,v)e :=E(u,v) == lim En(u,v) forall u,v € dom(&) (19)

m—o0
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Self-Similarity of the energy

Theorem 3.2
If u € dom(&) then uo F; € dom(&) for all i, and

Zr (uoF) (20)

This self-similarity of the energy follows from the following fact

m+1 Zr UOF

Moreover, for any partition 73, using the subdivision:
K= JF.K, (21)
weP
and replacing r~! by r~1“l, we obtain

Ew)=> re(uoFr,). (22)

weP
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Markov property/Compatibility with normal contraction

» The Markov property/Compatibility with normal contraction
holds for all u € dom(€), i.e.

E([u]) < &(u),

where [u] = min{1, u Vv 0}.
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Electric Network Interpretation
Network Nodes (vertices) V' and conductors (edges) with
conductance (edge weight) C
Resistance Reciprocal of conductance R =1/C
Energy Voltage applied to nodes results in electric energy

E(u)=>_ Cylu(x) = u(y)? (u:V—=R)
xevy

Restriction Only apply voltage to some nodes V'’ and let others
settle into value
Familiar rules:

Resistors in series | Resistors in parallel
R
R e o
e—O—@
X y z X R, Y
— T _ 1 I
Re=Ri1+ Ry foy—*l-i-@
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A-Y-Transform

Claim. Resistance equivalent networks:
z

X R y X

Proof. Combine rules for resistors in series and in parallel:

Left: Right:
1 2R R R 2R
Ry = 1 i = Ry=—+—-=—
5+ 5p 3 Y3 3 3
Remark

There exists a formula for the general case of unequal resistances.
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Renormalization Problem

Set all resistances equal to 1 and compute resistance equivalent
network!

Unit interval: Apply rule for resistors in series (trivial):

1 1
M oO——0—o0
2
ro Oo————0O
Hence renormalization factor r = %
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Renormalization Problem 1l

5
9

oo,
w>

SG:
‘ 1 E 1 b
I I
2 82
L &9 ey
3 3
3

Hence renormalization factor r = 5
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Effective Resistance |

Given a nework, we define the effective resistance between any two
points as the resistance between them when restricting to these
two points:

Definition 5.1 (Effective Resistance)
Let x,y € V.

R(x,y)™ := min{&(u) | u(x) = 0 and u(y) = 1}

Claim. Equivalent: Minimum value for R such that

lu(x) — u(y)|? < RE(u) for all v € dom (€).
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Effective Resistance |l

Proof. Let u € dom (€) such that u(x) =0 and u(y) =1 and u
minimizes £(u). Thus

1=|u(x) — u(y)]®* < RE(u) =
) — )P < REQW) =

yields R(x,y) < R.

For arbitrary u € dom (£) with u(x) # u(y) denote v := MOETER

Then v(x) =0 and v(y) =1 and

&(u)
|u(x) = u(y)[?

yields [u(x) — u(y)* < R(x,y) E(u) and therefore R < R(x, y).

R(x,y) ' <&(v) =
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Effective Resistance on Unit Interval
Same as Eucledian distance:

» Function u achieving minimum in definition of eff. resistance
is harmonic in the complement of x,y. Thus u is the linear

extension:
0 t €[0,x),
u(t) = ;_f); telx,y), (assume x < y).
1 telp]
» Hence
1 v 1 1
Eu:/ u’t2dt:/ dt =
()= ) lW@Fde= | o dt=7=
» We obtain

R(x,y) =1y —x|.
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Effective Resistance is Metric

Theorem 5.2 (Tower Property)

Suppose V" C V' C V. Given a network on V, the restriction to
V" is equal to the restriction V"' of the restrction to V'.

Claim. Effective resistance fullfills triangle inequality.

Proof. Only need to consider A-shaped networks. Combine rules
for resistors in series and in parallel:

z
1 Ry (Ryz + R R R

R(x,y) = = T~ nyi/y?z +IZR’X) 7 g
foy + R+ Rux Xy yz zx

X Ry Y

Short computation shows
2Ry R
R(x,y) + R(y,z) = R(z,x) + o~ > R(z,x).

ny + Ryz + sz o
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Effective Resistance on SG |
» Consider neighboring vertices x,y € V.

» Chose u = 9 as piecewise harmonic spline, i.e. ¥](z) = dy,
for all z € V,,. Then

Ew)=Em(u)=r"TEn(u)=1r"" Z\ 2<4rm

X~my

Hence R(x,y)™ ! < &(u) <4r ™.
» u(x) =0 and u(y) =1 implies

E(u) = Em(u) = r ™ Em(u) > r ™ |u(x) — u(y)]? = r™.
» Conclude
rm < R(x,y) Tt <A
Thus R(x,y) ~ r™.
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Effective Resistance on SG I
Expansion to other points is possible:

Theorem 5.3 (Estimates for R)
There exist C;, Co > 0 such that

(a) if x,y are in the same or adjecent m-cells
R(Xay) < Cl rm.
(b) if x,y are not in the same or adjecent m-cells

R(x,y) > Gor™.
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Effective Resistance on SG IlI

Consider SG on equilateral triangle with edge length 1 and
neighboring vertices x,y € V,:
- log|x—
> [x—y|=2""=exp(mlogl/2) = m= Tféxl/?.

» Obtain

| _
r'™ = exp(m log r) = exp <og\xy] log r) = |x—y|®

log1/2
with
5= log r _ —logl/r _ log5/3
log1/2 —log2 log 2
» Thus
R(x,y) ~ |x —y|” with f < 1.

» Effective resistance and Euclidian metric are topologically
equivalent but they are not equivalent metrics.
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