The p-Laplacian on discrete graphs
and the torsion function

Lorenzo Liverani, Gerd Simon Schmidt

Final Workshop of 1Sem 26 - Group B

supervised by
Delio Mugnolo and Patrizio Bifulco

21 July 2023



Agenda

1. Motivation

2. p-Laplacian on Graphs

3. p-Torsion

4. p-Torsional Rigidity

5. Torsional Rigidity, Ground State Energy and p-Cheeger Constant

6. Conclusions and Open Problems



Outline

1. Motivation

L. Liverani, G.S. Schmidt



Motivation - p-Laplacian

The classical Laplacian is
Au = div(Vu)

L. Liverani, G.S. Schmidt



Motivation - p-Laplacian

The classical Laplacian is
Au = div(1Vu)

L. Liverani, G.S. Schmidt



Motivation - p-Laplacian

The classical Laplacian is
Au = div(1Vu)

This means that the diffusion rate is homogeneous.

What if | want an non-homogeneous diffusion rate?

L. Liverani, G.S. Schmidt



Motivation - p-Laplacian

The classical Laplacian is
Au = div(1Vu)

This means that the diffusion rate is homogeneous.
What if | want an non-homogeneous diffusion rate?

One possibility is to define the p-Laplacian

L. Liverani, G.S. Schmidt



Motivation - p-Laplacian

The classical Laplacian is
Au = div(1Vu)

This means that the diffusion rate is homogeneous.
What if | want an non-homogeneous diffusion rate?

One possibility is to define the p-Laplacian

APy = div(|Vul|P~2Vu)

L. Liverani, G.S. Schmidt



Motivation - p-Laplacian

APy = div(|VulP~2Vu)

p>2 p<2
o If |[Vu| < 1 — slow diffusion e If |[Vu| < 1 — fast diffusion
o If [Vu| > 1 — fast diffusion o If [Vu| > 1 — slow diffusion

e If [Vu| ~ 1 — intermediate situation e If |[Vu| ~ 1 — intermediate situation
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DIeS T =
Applications

e For p ~ 1, the p-Laplacian is used for image denoising
e For p > 1, it can be used to model growing/collapsing sandpiles
e Fluid dynamics in turbulent regime

THE SANDPILE MODEL

L. Liverani, G.S. Schmidt
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Motivation - Torsional Rigidity

e Twist isotropic cylinder around axis of symmetry

Cross section is a bounded region D C R?

The resulting stress function u fulfills
Upy +Uyy +1=Au+1=0, ulgpp =0

e Suppose twist by momentum M achieves a twist angle of ¥,
then P = M with torsional rigidity P = 4 ffD udxdy

P only depends on the cross-section geometry
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Motivation - Torsional Rigidity

e Twist isotropic cylinder around axis of symmetry

Cross section is a bounded region D C R?

The resulting stress function u fulfills
Upy +Uyy +1=Au+1=0, ulgpp =0

e Suppose twist by momentum M achieves a twist angle of ¥,
then P = M with torsional rigidity P = 4 ffD udxdy

P only depends on the cross-section geometry
Which shape has the maximal P?
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Motivation - Circular Cross Section has Maximal Torsional Rigidity

e Au+1=0, ulpp =0, P = 4ffDudzdy, u stress

[ (F24£2)dzdy
2

(2ffp fzdy)

Symmetrization wrt. plane of symmetrization

> L, (f € C1(.)), equality iff f stress

e leaves volume constant: [, udzdy = [[,. u*dady
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e Au+1=0, ulgpp =0, P:4ffDudxdy, u stress

)dzd o . 4
IIDLW > &, (f € C1(.)), equality iff f stress | .
(2ffp fady)
Symmetrization wrt. plane of symmetrization
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Motivation - Circular Cross Section has Maximal Torsional Rigidity

e Au+1=0, ulpp =0, P = 4ffDudxdy, u stress

[ (F24£2)dzdy
2

(2ffp fady)

Symmetrization wrt. plane of symmetrization

> &, (f € C1(.)), equality iff f stress

e leaves volume constant: [, udzdy = [[,. u*dady
e decreases surface area, hence

//D (uz + up)dzdy > // *(u;;2 + uf)dxdy

e increases torsional rigidity

Pélya concluded: of all plane domains with a given area, the circle has the
maximum torsional rigidity

What are analogies for graphs?
L. Liverani, G.S. Schmidt 8
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2. p-Laplacian on Graphs
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Definitions (infinite case)
(X, m) discrete measure space, (b, c) graph on (X, m)

F = {ueC’ mey|u |<oo(x€X)}
yeX

Dhe = {“ €C(X): 5 Y bla,y)(ule) —uly)’ + Y cla)u’ Oo}
zyeX reX
Opc(u) == {éozxy b(z,y) (“(x)—u(y))z + e x c(z)u?(z), :lsi Dy

1
o (Db,c NE(X,m),ur— [wllez(x,m) + Qb’c(u)i) is a Banach space

e Q is compatible with normal contractions and lower semi-continuous

L. Liverani, G.S. Schmidt
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yeX
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p-Laplacian on Graphs Laplacian as Fréchet-Derivative of Q)

Laplacian as Fréchet-Derivative of 9,

Lemma

E Dy NA(X,m) = Ryu— %Qp(u) is F'-differentiable (e.g. Isem 13, Thm 4.2).J

Computing the G-derivative at u yields for v € D, N ¢?(X,m)

Ef,(u)v = lim Epluttv) — &(u)
t—0

t
= 3 0(@) 3 b y)ule) — uly)P A (u(z) - uly)) + (@) u(@)PPu()
x Yy

= v(@)0&(uym(z) = (v, 0E,(u)) e (xm)

p-Laplacian Ll(fc) is defined as the F-gradient of u — I%Qp(u) on D, N 3(X,m)

L. Liverani, G.S. Schmidt 12



Laplacian as Fréchet-Derivative of Q,
Definition
Define the p-Laplacian L,(fc) as F-gradient of u — %Qp(u) on D, N3(X,m), i.e.

L u(z) = m§> > b, y)lul@) — u(y) P (@) — u(y) + s w@)P u(w)

Using V, yu := u(x) — u(y) we get

1 J—
Ll(ﬁ))u(x) = m Zb(a?, Y)|Vaul’ QV%yu
y

from which we can recover
LPw = div(|VayulP 2V, yu)
bot = Y zyU).

L. Liverani, G.S. Schmidt 13



S ELIEELRGNEELEI Ground state energy Ao

Ground state energy A

) . o) (u)
Mo(Ly.) = infyep ne(xm) 7.5 is the ground state energy
) P ) Hqup(X)

Lemma

Suppose there is a v € D, N (*(X, m) such that

L{Pv = M (L)oo,

,C

If ¢ # 0 then the ground state energy is strictly positive.

e For inf,cx c(x) > 0 directly from

Ao(L(p)) > inf Qi (w)-+infaex c@ullfy )

> Tl > inf ¢(x)
u€DpNE2(X,m) 0P (X) zeX

)

L. Liverani, G.S. Schmidt 14
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3. p-Torsion

L. Liverani, G.S. Schmidt
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p- Torsion

Definition

Let (b, c) be a graph over the set X. We call p-torsion the function 7, . such that

LI(77pC) Tb,C = 1 ?

where 1 € /°°(X) is the function equal to 1 on X.

L. Liverani, G.S. Schmidt 16



Weak formulation for the Poisson problem

Consider the equation
LPu=1 inX

,C

Multiplying both sides by v in £2(X)
(Lifu,v) = (1,0)
By Green’s formula

l()f’c)(u,v) =Y w(@)m(z) =0 Vv e ’(X,m)
zeX

L. Liverani, G.S. Schmidt 17



Weak formulation for the Poisson problem
The functional §

We define the functional Sl()pg, acting on D, N (1(X,m) as

rzeX p zeX

Then, the Frechet derivative of 31()’2 (=:%)is

F (w)o = &) (u)v — Z v(z)m(z), v € D,NLHX,m)
rzeX
Hence
Ql(fc) (u,v) — Z v(z)m(zr) =0 <= F(u)v =0
reX
~> A weak solution is a stationary point of 3!

L. Liverani, G.S. Schmidt 18



Hunting for a solution

To find a weak solution, we can thus look for a minimum of §. This certainly exists
and it's unique if
(i) & is strictly convex, namely

SAu+ (1 —=XNv) < AF(u) + (1 = N)F(v), VYAe(0,1)
(ii) § is coercive, that is

{ueD, N (X, m):F(u) < a}is bounded in D, N LH(X,m), (a€R)

L. Liverani, G.S. Schmidt 19



Sufficient condition for existence of a solution

Lemma

Let ¢ # 0. The functional %gpc) is differentiable and strictly convex. Furthermore, if
there exists M > 0 such that

lullgs (xmy < MIQ (w)]7,  Yu € Dy 1 €1 (X,m),

then it is coercive.

L. Liverani, G.S. Schmidt 20



Proof of the Lemma: Strict Convexity

Split Fu as

Fu=FYu+§F%u

= (Z C(w)IU(:v)Ip> + % Y b y)lulz) —uly)l” = Y uz)m(z)

zeX z,yeX zeX
Then
o FW is strictly convex
o 52 is convex

and the sum of a convex function with a strictly convex function is strictly convex.

L. Liverani, G.S. Schmidt 21



Proof of the Lemma: Coercivity

Fix @ € R and let u € D, N £*(X, m) be such that F(u) < a. Then

LoP ()= 3 u(@ym(z) < a

p zeX

1
= [QP )] < (ap + pllullp xm)

=

Therefore

3=

1 1
lll g (x ) + Q2 ()7 < (14 MYQY) (w)e < (1 + M) (ap + pllullys (x )

So that [|ul[41(x ,, is bounded by a uniform constant. But then, ngpc)(u)% is too.

L. Liverani, G.S. Schmidt
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L. Liverani, G.S. Schmidt

23



Sl
Graphs with p-Torsion

Well... It's complicated.
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Graphs with p-Torsion

Indeed,

inf 0
>

Graphs with a finite number of vertices admits a p-Torsion function provided that

=2 lue
1 )3(2 (o) lu()P)

|u”él X,m)
zeX

which is the sufficient condition in the Lemmal

L. Liverani, G.S. Schmidt
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The case of infinite graphs

Definition

A graph (b, ¢) over some (possibly infinite) discrete measure space (X, m) is called
152

(uniquely) formally p-torsion admissible with respect to some domain D(L; ) if

there exists a (unique) solution 7 € C(X) to the p-Poisson equation

LISPC)T:]_

L. Liverani, G.S. Schmidt
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The case of infinite graphs

Definition

A graph (b, ¢) over some (possibly infinite) discrete measure space (X, m) is called
152

(uniquely) formally p-torsion admissible with respect to some domain D(L 76) if

there exists a (unique) solution 7 € C'(X) to the p-Poisson equation

Ll(ngz 1

The equation has to make sense ~~ 7 should at least belong to D, N £2(X, m)
~ 1 should belong to £2(X,m)
~» We ask that m(X) < oo

L. Liverani, G.S. Schmidt 24



Sl
A positivity property

Lemma

The operator Ll()pc) is order-preserving, that is

Lgpc)uZL,()pc)véuZU.

In particular, the p-Torsion function Tb([;) is strictly positive

L. Liverani, G.S. Schmidt
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4. p-Torsional Rigidity
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p-Torsional Rigidiy
p- Torsional Rigidity

Definition

Let (b, c) be a formally p-torsion admissible graph over some (finite) discrete
measure space (X, m). The p-Torsional rigidity 7},(b, c) of (b, ¢) with respect to the
potential ¢ is

Ty(b,c) == H »)||”

(X ,m)

Observe that

= @0 = @ 10 = A

o

(X ,m)

L. Liverani, G.S. Schmidt 27



R EIETNEINNTA Il  Variational characterization of p-Torsional rigidty

Variational characterization of p-Torsional rigidty

Given a graph (b, c), we define the p-Polya quotients as

P(p) o Hu‘|§1(x7m)
bvc( )= (p)

Qb7c(u)
Lemma

There holds
Tp(b,c) = max p'») u).

u€DpNE2(X,m) be
Moreover, if there exists a unique minimizer of Sl()pg (u), then

p—1
Tp<b,c>:( P mi %Ef,’z(u))

1 — p ueD,nel(X,m)

L. Liverani, G.S. Schmidt 28



R EIETNEINNTA Il  Variational characterization of p-Torsional rigidty
Proof

Since (b, ¢) is p-torsion admissible, then TIEZ) € D, N1 (X, m) minimizes the

functional Sl(,pg . Therefore

: (p) (p) (p)
uEDprrglfllI%X m) :;X Tb ¢ + Q ( )
2 H
The el(X m) 01(X,m)
_1-p
H H(X,m)
1 — 1

= T[Tp(b> )] T

L. Liverani, G.S. Schmidt
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R EIETNEINNTA Il  Variational characterization of p-Torsional rigidty

Proof (continued)

Since the p-torsion is positive, making the change of variables u — tu (¢t > 0),

: (») — i in g (p) u) — t||u
uEDpIrglflllzX,m) gb’c (U) uEDprfrﬁlﬁllr%X,m) tréll}kL < p Qb,c ( ) H Hﬁ (Xm)
But

1

p—1

min Q(p)() gl _ 1o lell: o
O =

Hence

1 B 1
min_ F(u) = 1-p P min [P®)] 7 _r-l max |PP) |7
b,c b,c b,c
ue€DpMNeL(X,m) p p

L. Liverani, G.S. Schmidt
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p-Torsional Rigidity Properties of the torsional rigidity

Properties of the torsional rigidity

Lemma (Monotonicity wrt. edges)

Let X C X' be two sets and (b, c) a subgraph of (b, ") which are both formally
p-torsion admissible. Assume that the graph V' is a tree (i.e. it does not contain a
closed path) and that ¢’ has support contained in X. Then

Ty(b,c) < T,V ).

(b,c) v, )
L. Liverani, G.S. Schmidt 31




Properties of the torsional rigidity
Sketch of Proof

(b,¢)

L. Liverani, G.S. Schmidt
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p-Torsional Rigidity

Sketch of Proof

Given the torsion function 7, on (b, ¢),
define the function:

T/(y) — {Tp(y)v yEX
p (x), ye X'\ X

Then one can show that

T,(t',¢) > P (1))
> Pl(fc) (7p) = Tp(b; )

L. Liverani, G.S. Schmidt
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p-Torsional Rigidity Properties of the torsional rigidity

Lemma (Monotonicity wrt. weights)

Let (b,c) and (V',c") be formally p-torsion admissible graphs over the same discrete
measure space (X, m). If
b<V, and c<c

pointwise, then
T, ) <T,(b,c)

In particular,

), <

The proof is an immediate consequence of the fact that
Qi) (u) < Q4f) (w)
for every u € D,

L. Liverani, G.S. Schmidt 33



Properties of the torsional rigidity
The Dirichlet case

Let c=0. Let X9 C X and consider the 0Xo
subgraph by of b induced by Xy. We call

0Xop={x € X\Xo:2 ~y for somey € Xy}

The p-Laplacian with Dirichlet boundary
conditions on 0Xj, i.e. Ll()f;, is the
nonlinear operator associated to the form

Xo
Q(D) (u) == Ql(,ﬁ)(lxou)

bo,p

L. Liverani, G.S. Schmidt
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Properties of the torsional rigidity
Dirichlet BC and Torsion

In the Dirichlet framework, we define the p-torsion function and p-torsional rigidity
as

D)\— p—1
Tb(f) = (Lgo;)) 1, (b, Xo) = HTb(é)) 0 (X,m)
It is possible to show that all the results discussed so far holds for Tlff). In particular
[l
T,(b,Xo) = max ——tXm
u€DHNE2(X,m) Ql(>p) (u)
ulox,=0

L. Liverani, G.S. Schmidt 35



Torsional Rigidity, Ground State Energy and p-Cheeger Constant
Outline

5. Torsional Rigidity, Ground State Energy and p-Cheeger Constant

L. Liverani, G.S. Schmidt
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Surgery principle for | X | € N, ¢ = 0, n-fold edge connected
Surgery principle for | X| € N, ¢ = 0, n-fold edge connected

P
”ullel (X,m)

QZ()P)(,M)
There is an ordering of X s.t. u*(z1) < ... <u*(zx)).

Assume u* € D, . N (*(X, m) maximizes u

e Assume there is z;, z; s.t. b(x;,xj) >0, j —i > 2

L. Liverani, G.S. Schmidt
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Surgery principle for | X | € N, ¢ = 0, n-fold edge connected
Surgery principle for | X| € N, ¢ = 0, n-fold edge connected

There is an ordering of X s.t. u*(z1) < ... <wu*(7x)).

o Assume there is x;,x; s.t. b(z,z;) >0, j —1>2

e Modify b to v by b,(l'i,l‘prl) =...= b/(fbjfl,l‘j) = b(mi,axj), then
j—1 1
; p
<Z V' (0, @) [u” () — U*($z+1)p>
=1
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Surgery principle for | X| € N, ¢ = 0, n-fold edge connected

There is an ordering of X s.t. u*(z1) < ... <wu*(7x)).

o Assume there is x;,x; s.t. b(z,z;) >0, j —1>2
e Modify b to v by b,(l'i,{l,‘prl) =...= b/(fbjfl,l‘j) = b(z‘i,a:j) then

1
17
b(x;, x <Z|u x) —u’ xl+1)> < b(wi, xj) PZ (x1) — u* (z141)]
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There is an ordering of X s.t. u*(z1) < ... <wu*(7x)).

o Assume there is x;,x; s.t. b(z,z;) >0, j —1>2
e Modify b to v by b,(l'i,{l,‘prl) =...= b/(fbjfl,l‘j) = b(z‘i,axj), then

1
b, (Du ) = e)P) S baa)P Y o) = o )
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Surgery principle for | X | € N, ¢ = 0, n-fold edge connected
Surgery principle for | X| € N, ¢ = 0, n-fold edge connected

There is an ordering of X s.t. u*(z1) < ... <wu*(7x)).

o Assume there is x;,x; s.t. b(z,z;) >0, j —1>2
e Modify b to v by b,(l'i,l‘prl) =...= b/(fbjfl,l‘j) = b(mi,axj), then
1

1
b(wi, 1) (Zlu ) —u* x,+1)|> < b, w5) P (u” (25) — u*(2:))

e Take p-th power and add all terms for the remaining edges, then
Qp (u*) < Qp(u*)
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Surgery principle for | X | € N, ¢ = 0, n-fold edge connected
Surgery principle for | X| € N, ¢ = 0, n-fold edge connected

There is an ordering of X s.t. u*(z1) < ... <wu*(7x)).

o Assume there is x;,x; s.t. b(z,z;) >0, j —1>2

e Modify b to V' by b/ (z;,zit1) = ... =V (zj_1,2;) = b(z;,z;), then
j—1 5 1
(Z b (i, )" (1) u*($z+1)|p> < bl ) Pl(u" () — ™ (2))]
l=i

e Take p-th power and add all terms for the remaining edges, then
Qp (u*) < Qp(u*) , repeat to pumpkin chain

I 175 T i) €T3 T4 xIs
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Surgery principle for | X | € N, ¢ = 0, n-fold edge connected
Surgery principle for | X| € N, ¢ = 0, n-fold edge connected

There is an ordering of X s.t. u*(z1) < ... <wu*(7x)).
o Assume there is x;,x; s.t. b(z,z;) >0, j —1>2
e Modify b to V' by b/ (z;,zit1) = ... =V (zj_1,2;) = b(z;,z;), then
1

j-1 : 1
(Z b (e (1) - u*(a:z+1>|p) < b)) | (ag) — ()]

l=i

e Take p-th power and add all terms for the remaining edges, then
Qp (u*) < Qp(u*) , repeat to pumpkin chain

‘ o e——————e——0
I 175 T i) €T3 T4 xIs

Surgery principle: Rewiring to a chain-graph reduces the energy value for a

maximizer of the p-Polya quotient
L. Liverani, G.S. Schmidt



Torsional Rigidity, Ground State Energy and p-Cheeger Constant |X| € N - induced path graphs upper-bound torsional rigidity

| X| € N - induced path graphs upper-bound torsional rigidity

Theorem

Let b be n-fold edge connected graph with standard weights, 0+ XoCX,
b a path graph on # Xy vertices with Dirichlet conditions at one endpoint. Then:

1 ~
Tp(b; Xo) S ETp(b’ XU)

Equality holds if and only if b is an n-regular pumpkin chain with Dirichlet
conditions at one endpoint.
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Torsional Rigidity, Ground State Energy and p-Cheeger Constant |X| € N - induced path graphs upper-bound torsional rigidity - Pf.

| X'| € N - induced path graphs upper-bound torsional rigidity - Pf.

Suppose T maximizes u >

N .

X1 Z2 Ts5
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Torsional Rigidity, Ground State Energy and p-Cheeger Constant |X| € N - induced path graphs upper-bound torsional rigidity - Pf.

| X'| € N - induced path graphs upper-bound torsional rigidity - Pf.

1ul151
9y (u) .
Repeat surgery principle until modified graph b is a pumpkin chain, then

Suppose T maximizes u

I cxmy _ 17

o)~ Q)

N R ——

I T2 5 I Z2 T3 T4 Iy

Tp(b, Xo) <

L. Liverani, G.S. Schmidt
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Torsional Rigidity, Ground State Energy and p-Cheeger Constant |X| € N - induced path graphs upper-bound torsional rigidity - Pf.

| X'| € N - induced path graphs upper-bound torsional rigidity - Pf.

r
1l oy

Qp(u)
Repeat surgery principle until modified graph b is a pumpkin chain, and

Suppose T maximizes u

remove edges to reduce Q, repeat till n-regular pumpkin chain b, then

HTH}g)I(Xm) HTH%(Xm) HTH%(Xm) -
Tp(baXO) < ) : < ) : >~ ) : < Tp(ba XO)
P - P P

Ny N

T T2 5 x1 T2 3 T4 5

L. Liverani, G.S. Schmidt 39



Torsional Rigidity, Ground State Energy and p-Cheeger Constant | X| € N - the ground state energy is bounded from below

| X| € N - the ground state energy is bounded from below

Theorem

Let b be n-fold edge connected graph with standard weights, ) # Xy C X,
by the subgraph of b induced by Xy,

bo a path graph on # X, with Dirichlet conditions at one endpoint.

The ground state energy \g (L,()OD)) is bounded from below as follows:

M) 2 mho(P) > 1 (1= cos () )

Equality holds if and only if b is an n-regular pumpkin chain with Dirichlet
conditions at one endpoint.

L. Liverani, G.S. Schmidt
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Torsional Rigidity, Ground State Energy and p-Cheeger Constant | X| € N - the ground state energy is bounded from below

| X| € N - the ground state energy is bounded from below

Theorem

Let b be n-fold edge connected graph with standard weights, ) # Xy C X,
by the subgraph of b induced by Xy,

bo a path graph on # X, with Dirichlet conditions at one endpoint.

The ground state energy \g (L,()OD)) is bounded from below as follows:

M) 2 mho(P) > 1 (1= cos () )

Equality holds if and only if b is an n-regular pumpkin chain with Dirichlet
conditions at one endpoint.

e Proof again uses surgery principle
e Variational proof of Fiedler's theorem on algebraic connectivity of graphs
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Torsional Rigidity, Ground State Energy and p-Cheeger Constant | X| € N - the ground state energy is bounded from below

A geometrical perspective

We have shown that
T, (b; Xo) < ;Tp(l;;Xo)
No(Li))) = mo(Li”)
This is remarkably similar to the classical inequalities
T(Q) < |Q2T(B) (Saint-Venant)
Ao(Q) > ‘g12|>‘0(B) (Faber-Krahn)

where Q € R is a bounded domain and B is the unit ball of RY
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Torsional Rigidity, Ground State Energy and p-Cheeger Constant

A geometrical perspective

n-regular Pumpkin Chains
Surgery principle

L. Liverani, G.S. Schmidt

| X| € N - the ground state energy is bounded from below

+— Ballsin RY

+—  Symmetrization

42



lesnaluelciioles el
Torsional rigidity of a path graph

e b is some torsion admissible path graph on Xy = {xg, z1,...

e For now, let p = 2 (linear case)

e Dirichlet condition at xg, so 7(xg) =0

L. Liverani, G.S. Schmidt
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lesnaluelciioles el
Torsional rigidity of a path graph

The equation Ly7 = 1 reads

#ﬁl‘j) [b(zj, 2:)(T(25) — 7(xj-1)) + b(zjs1, 25)(T(25) — T(2j11))] =
m(in)b(fUn,iUnq)(T(xn) —T(xp_1)) =

Zo T Tj—1 T 5 Tj41 Tp—1 Tn

L. Liverani, G.S. Schmidt
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lesnaluelciioles el
Torsional rigidity of a path graph

Isolating 7(z;) we get

(b(xj—1,2;5) +b(xj, 2j11))7 (7)) = b(@), 2j-1)7(2j-1) — (), 2j31) T (7551) = m(x)

*b(zna mn—l)T(J;7z,—1) + b(xny xn—l)T(In) = m(-rn)

This is a linear system!

Zo 1 Tj—1 € Tj41 Tn—1 Tn

L. Liverani, G.S. Schmidt



Torsional Rigidity, Ground State Energy and p-Cheeger Constant Torsional rigidity of a path graph

Torsional rigidity of a path graph

The solution to the system reads

j n
;bl‘z 1,%¢) gm
7(x0) =0

In particular, with standard weigths (b = 1) and m = 1, we obtain

o) =i (41 -157)

So

L. Liverani, G.S. Schmidt
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Torsional Rigidity, Ground State Energy and p-Cheeger Constant Torsional rigidity of a path graph
An explicit upper bound

Corollary

Let b be a finite graph with n + 1 vertices xq, . .., Xy, standard weights over X and
Dirichlet vertex condition at xy. Assume that b is n-fold edge connected.
Furthermore, let ) # Xy C X, such that the subgraph induced by Xy is connected.
Then

nn+1)(2n+1)

T(b; Xo) <
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lesnaluelciioles el
p-Torsional rigidity of a path graph
With L7 =1 and 7(z¢) = 0:

iy |0 w—1) (7 (5) — 7(z5-1))
Fh(@j41,5)(7(2;) = 7(2530))| = 1

m(zn)b(xna $n71)(7(l‘n) - T(mn—l)) =1
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lesnaluelciioles el
p-Torsional rigidity of a path graph

With Lép)T =1 and 7(x9) = 0:

e [P ) () = ()P (r(ay) = (o)

Hb(j1, 25) |7 (ws1) — () [P (7 () — T(@i41)) | =1

D@ @n )l (@n) = 7)) () = T(za1)) = 1

L. Liverani, G.S. Schmidt
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lesnaluelciioles el
p-Torsional rigidity of a path graph

With Lép)T =1 and 7(x9) = 0:

) [b(a:j, wj_1)| () = ()PP (7 (ay) — 7(w-1))
Hb(j1, 25) |7 (ws1) — () [P (7 () — T(@i41)) | =1

b @ @) |7 (@) = (w0 ) [ (7 (n) = T(w01)) = 1

Some inductive reasoning

1
J p—1
(‘730)_0 Tx] :Z< b(xi—1,x1) Zm >

n
k=l
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lesnaluelciioles el
p-Torsional rigidity of a path graph

Corollary
Suppose (X, m) is a discrete measure space with a graph b. Let

XoUdXg ={xg,...,2n} C X and let b denote the path graph with edge weights

(b(x,y))z,y and Dirichlet vertex conditions in xo € 0X.
Then forj=1,....n

j n =
p(20) =0 7p(x Z (b(xl 1,%1) Zm(mk)>
k=l

=1

L. Liverani, G.S. Schmidt
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Torsional Rigidity, Ground State Energy and p-Cheeger Constant Torsional rigidity and the Cheeger constant
The p-Cheeger constant

Let b be a graph over (X, m). We say that p: X x X — [0, 00) is a pseudometric if
® p is symmetric
e p is p-intrinsic, that is,

Z b(x,y)p(at,y)P%l <m(z) VrelX.
yeX

Now call

he(b) :== inf AOW)

wex m(W)
W finite

where A(OW) is the area of the boundary of W. Then the p-Cheeger constant
associated to the graph is defined as

hy(b) == sup h,(b)
p

)
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Torsional rigidity and the Cheeger constant

Theorem

Let b be a graph over (X, m), and O # Xo C X. Then T,(b; Xo) fulfills
Mo(LPYT, (b: X, X,)P !
o(Ly ) Tp(b; Xo) <m(Xo)"™",
and the p-Cheeger constant h,(b) of b fulfills

hp (BT (b; Xo) < Frm(Xo)P ™,
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Torsional Rigidity, Ground State Energy and p-Cheeger Constant Torsional rigidity and the Cheeger constant - Proof

Torsional rigidity and the Cheeger constant - Proof

Suppose Tb(p) denotes the torsion function, then Q ( (p) = HT(p) Ky Then
,m
( - )
T, (b, Xo) H 211k _ ”pr Hel(xm) m(Xo)P 1” (» Hep(x ) < M)~
p\™ (X ,m) Qép)(,rlgp)) Q(P)( (P)) — )\O(Ll(,p))

Cheeger inequality for p-Laplacian 2I;—;lhl[,(b)p < )\O(Ll()p)) implies final result.
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Conclusions and Open Problems
Outline

6. Conclusions and Open Problems

L. Liverani, G.S. Schmidt
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Conclusions and Open Problems

Conclusions and open problems

e We defined the p-Laplacian on discrete graphs

e Several classical properties of the p-Laplacian can be translated to discrete
graphs

e There is an interesting connection between torsional rigidity and ground state

L. Liverani, G.S. Schmidt 53



Conclusions and Open Problems

A quick round up about spaces

Recall the weak equation Lépc)

u=1.
e By definition,
Tb(i) € C(X)
e However, for the equation to make sense, we need at least that
Tb(p) € D, N (X, m)

e But then, since 1 € ¢2(X,m), it must be m(X) < oo, and so
) e 11X, m)

= The p-torsional rigidity is always a finite number! (when the p-torsion
function exists)

L. Liverani, G.S. Schmidt
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Conclusions and Open Problems

Strong solutions and open problems

If we look for strong (read: pointwise) solutions to Lépc)u =1, the picture changes:

If | find a solution Tlf’?, does it always belong to ¢1?

Answer: Not necessarily!

The general characterization of graphs with finite torsional rigidity is an open
problem even for p = 2.
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Thank you for your attention!

L. Liverani, G.S. Schmidt
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Evolution Equations where art ye?

26th Internet Seminar "Graphs and
Discrete Dirichlet Spaces”

Description of the Course

The 26th Internet Seminar on Evolution Equations is devoted to the
treatment of graphs and discrete Dirichlet spaces. A graph is a geometric
structure on a set of vertices and comes with both a Dirichlet form and a
Laplacian defined on the set of functions on its vertices. More precisely,

aivan a disrrate and calintahla cat X nf vartices and a measiira m on X of full

L. Liverani, G.S. Schmidt
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The discrete p-heat equation

Let (b,0) be a graph over X. For T' > 0 we want to make sense of the following
equation

{u(t) = —LPu(t) + f(t), te0,T]

We need to define
e Suitable boundary conditions
e Underlying functional spaces

e Precise notion of solution

L. Liverani, G.S. Schmidt
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The discrete p-heat equation

e Suitable boundary conditions \/

We can work either with Neumann or Dirichlet boundary conditions

L. Liverani, G.S. Schmidt
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The discrete p-heat equation

e Suitable boundary conditions \/

e Underlying functional spaces

In the Neumann case we look for solutions in
w'P?(X,m) := D, N (X, m)
In the Dirichlet case we look for solution in
W2 (X, m) = mﬂ'llwzp
Where C.(X) are the finitely supported functions from X to R

L. Liverani, G.S. Schmidt
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Extras

The discrete p-heat equation

e Suitable boundary conditions \/
e Underlying functional spaces

e Precise notion of solution

Let f € L?(0,T;¢*(X,m)). Then a solution to the Neumann Cauchy problem is
u € HY0,T,2(X,m)) N L0, T;wHP2(X,m)) such that

o u(t,:) € whP2(X,m) for a.e. t €10, 7]
u(t) L(p u(t) + f(t) is satisfied for a.e. t € [0, T
u(0) = ug € whP2(X,m)

L. Liverani, G.S. Schmidt
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Extras

The discrete p-heat equation

e Suitable boundary conditions \/
e Underlying functional spaces

e Precise notion of solution

Let f € L?(0,T;¢*(X,m)). Then a solution to the Dirichlet Cauchy problem is
u € HY0,T,2(X,m)) N L>®(0,T;wP2(X,m)) such that

o u(t,-) € wP2(X,m) for a.e. t €10, 7]
u(t) L(p u(t) + f(t) is satisfied for a.e. t € [0, T
u(0) = ug € WwHP2 (X, m)

L. Liverani, G.S. Schmidt
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Wellposedness result

Theorem
Letp € (1,+00), T >0 and f € (*(X,m). Then

(i) The Dirichlet-Cauchy problem admits a unique solution for all initial data
ug € WwP2(X,m)

(i) The Neumann-Cauchy problem admits a unique solution for all initial data
up € whP?(X, m)

(i) If f =0, the solution to either problem is a given Cy-semigroup of nonlinear
contractions
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