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Definition of Positivity Preserving Semigroups

Definition
A strongly continuous semigroup (e−tA)t≥0 on a Lp space is
called positivity preserving if each operator e−tA is positivity
preserving, i.e., if 0 ≤ f ∈ Lp implies 0 ≤ e−tAf for each t ≥ 0,

or equivalently, if

|e−tAf | ≤ e−tA|f | holds for each f ∈ Lp and all t ≥ 0.
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Example
The matrix exponential (e−tA)t≥0 is positivity preserving for all
t ≥ 0 if and only if A + diag(−A) ≤ 0, i.e., aij ≤ 0 for i ̸= j.
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Example
The left translation semigroup given by

e−tA : Lp(R) → Lp(R);

e−tAf(x) = f(x + t)

is positivity preserving.
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Example
Consider the Gaussian semigroup that solves the heat equation

ut = uxx (t, x) ∈ R+ × R

u(t, +∞) = u(t, −∞) = 0 t ∈ R

u(0, x) = f(x) x ∈ R.

Let p ∈ [1, ∞). The explicit formula is given by

(e−tAf)(x) = 1
2√4πt

∫
R

f(z)e
−(z−x)2

4π dz

For f ∈ Lp(R) and t > 0.

The semigroup is positivity preserving.
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Part 2: Irreducible Semigroups - 2.1: Ideals

Definition (Ideal)
A subspace I ⊆ Lp is called an ideal if for all f ∈ I and g ∈ Lp:

|g| ≤ |f | =⇒ g ∈ I.

Examples

1. {0} and Lp are the trivial ideals of Lp.

2. For each measurable V ⊆ X,

IV =
{

f ∈ Lp : f |X\V = 0 a.e.
}

is a closed ideal.
Without proof: All closed ideals are of this kind.
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I ideal :⇔ I subspace and (f ∈ I, |g| ≤ |f | =⇒ g ∈ I).

Examples

3. The ideal generated by f ∈ Lp, denoted by Lp
f .

If f ≥ 0, then

Lp
f =

⋃
k∈N

{g ∈ Lp : |g| ≤ kf} .
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Proposition

For f ≥ 0: Lp
f = Lp ⇔ f > 0 a.e.

Proof:

” =⇒ “: Contrapos.: Let W ⊆ X, µ(W ) > 0 : f |W = 0. Then
f ∈ {g ∈ Lp : g|W = 0} = IX\W ⊇ Lp

f as IX\W is closed.

It remains to show: IX\W ̸= Lp(X). By σ-finiteness of (X, µ)
choose V ⊆ W , 0 < µ(V ) < ∞. Then

1V ∈ Lp(X) \ IX\W .

7



Proposition

For f ≥ 0: Lp
f = Lp ⇔ f > 0 a.e.

Proof:

” =⇒ “: Contrapos.: Let W ⊆ X, µ(W ) > 0 : f |W = 0.

Then
f ∈ {g ∈ Lp : g|W = 0} = IX\W ⊇ Lp

f as IX\W is closed.

It remains to show: IX\W ̸= Lp(X). By σ-finiteness of (X, µ)
choose V ⊆ W , 0 < µ(V ) < ∞. Then

1V ∈ Lp(X) \ IX\W .

7



Proposition

For f ≥ 0: Lp
f = Lp ⇔ f > 0 a.e.

Proof:

” =⇒ “: Contrapos.: Let W ⊆ X, µ(W ) > 0 : f |W = 0. Then
f ∈ {g ∈ Lp : g|W = 0}

= IX\W ⊇ Lp
f as IX\W is closed.

It remains to show: IX\W ̸= Lp(X). By σ-finiteness of (X, µ)
choose V ⊆ W , 0 < µ(V ) < ∞. Then

1V ∈ Lp(X) \ IX\W .

7



Proposition

For f ≥ 0: Lp
f = Lp ⇔ f > 0 a.e.

Proof:

” =⇒ “: Contrapos.: Let W ⊆ X, µ(W ) > 0 : f |W = 0. Then
f ∈ {g ∈ Lp : g|W = 0} = IX\W

⊇ Lp
f as IX\W is closed.

It remains to show: IX\W ̸= Lp(X). By σ-finiteness of (X, µ)
choose V ⊆ W , 0 < µ(V ) < ∞. Then

1V ∈ Lp(X) \ IX\W .

7



Proposition

For f ≥ 0: Lp
f = Lp ⇔ f > 0 a.e.

Proof:

” =⇒ “: Contrapos.: Let W ⊆ X, µ(W ) > 0 : f |W = 0. Then
f ∈ {g ∈ Lp : g|W = 0} = IX\W ⊇ Lp

f

as IX\W is closed.

It remains to show: IX\W ̸= Lp(X). By σ-finiteness of (X, µ)
choose V ⊆ W , 0 < µ(V ) < ∞. Then

1V ∈ Lp(X) \ IX\W .

7



Proposition

For f ≥ 0: Lp
f = Lp ⇔ f > 0 a.e.

Proof:

” =⇒ “: Contrapos.: Let W ⊆ X, µ(W ) > 0 : f |W = 0. Then
f ∈ {g ∈ Lp : g|W = 0} = IX\W ⊇ Lp

f as IX\W is closed.

It remains to show: IX\W ̸= Lp(X). By σ-finiteness of (X, µ)
choose V ⊆ W , 0 < µ(V ) < ∞. Then

1V ∈ Lp(X) \ IX\W .

7



Proposition

For f ≥ 0: Lp
f = Lp ⇔ f > 0 a.e.

Proof:

” =⇒ “: Contrapos.: Let W ⊆ X, µ(W ) > 0 : f |W = 0. Then
f ∈ {g ∈ Lp : g|W = 0} = IX\W ⊇ Lp

f as IX\W is closed.

It remains to show: IX\W ̸= Lp(X).

By σ-finiteness of (X, µ)
choose V ⊆ W , 0 < µ(V ) < ∞. Then

1V ∈ Lp(X) \ IX\W .

7



Proposition

For f ≥ 0: Lp
f = Lp ⇔ f > 0 a.e.

Proof:

” =⇒ “: Contrapos.: Let W ⊆ X, µ(W ) > 0 : f |W = 0. Then
f ∈ {g ∈ Lp : g|W = 0} = IX\W ⊇ Lp

f as IX\W is closed.

It remains to show: IX\W ̸= Lp(X). By σ-finiteness of (X, µ)
choose V ⊆ W , 0 < µ(V ) < ∞.

Then

1V ∈ Lp(X) \ IX\W .

7



Proposition

For f ≥ 0: Lp
f = Lp ⇔ f > 0 a.e.

Proof:

” =⇒ “: Contrapos.: Let W ⊆ X, µ(W ) > 0 : f |W = 0. Then
f ∈ {g ∈ Lp : g|W = 0} = IX\W ⊇ Lp

f as IX\W is closed.

It remains to show: IX\W ̸= Lp(X). By σ-finiteness of (X, µ)
choose V ⊆ W , 0 < µ(V ) < ∞. Then

1V ∈ Lp(X) \ IX\W .

7



Proposition

For f ≥ 0: Lp
f = Lp ⇔ f > 0 a.e.

Proof:

” ⇐= “: Set

Aj =
{

x ∈ X : f(x) ∈
[1

j
,

1
j − 1

)}
(j ∈ N).

By f > 0,
⋃

j∈N Aj = X (up to a nullset).
Let at first g ∈ Lp ∩ L∞ and set N ∋ kj > j · ∥g∥∞. Then

|g · 1Aj | ≤ ∥g∥∞ · j

j
· 1Aj ≤ ∥g∥∞ · j · f · 1Aj ≤ kjf,

hence g · 1Aj ∈ Lp
f . By g =

∑
j∈N g · 1Aj , we obtain g ∈ Lp

f . As
Lp ∩ L∞ is dense in Lp, the claim follows. □
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2.2 Irreducibility

Definition

(e−tA)t≥0 is called irreducible if Lp has no non-trivial closed
ideal that is e−tA-invariant for every t ≥ 0.
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Examples

1. The left-translation semigroup

e−tA : Lp(R) → Lp(R); e−tAf(x) = f(x + t)

is not irreducible, as e.g. I(−∞,0] is (e−tA)t≥0-invariant.

2. Consider instead the left-translation with periodic boundary
conditions:

e−tB : Lp([0, 1)) → Lp([0, 1)); e−tBf(x) = f(x + t − n)

with n ∈ N such that x + t − n ∈ [0, 1). This semigroup is
positivity preserving and irreducible.
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Theorem (Laplace-transform-type equation)

Let (e−tA)t≥0 be a positivity preserving semigroup on Lp. Then

(λ + A)−1 =
∫ ∞

0
e−λse−sA ds

for all λ > s(−A). In part., (λ + A)−1 ≥ 0.

Proposition (Characterization of irreducibility)
Let (e−tA)t≥0 be a positivity preserving semigroup on Lp. The
following are equivalent:

(i) (e−tA)t≥0 is irreducible.

(ii) For some/every λ > s(−A) and for every 0 ̸= f ≥ 0,
(λ + A)−1f > 0 a.e.

(iii) For some/every λ > s(−A), (λ + A)−1 is irreducible.
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Proposition (Characterization of irreducibility)
(e−tA) positivity preserving; denote λ > s(−A), 0 ̸= f ≥ 0.

(i) (e−tA)t≥0 irred. =⇒ (ii) (λ + A)−1f > 0 a.e. ∀f

Proof:

Let g ∈ Lp
(λ+A)−1f . For any t ≥ 0, we find
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Proposition (Characterization of irreducibility)
(e−tA) positivity preserving; denote λ > s(−A), 0 ̸= f ≥ 0.

(ii) (λ + A)−1f > 0 a.e. ∀f =⇒ (iii) (λ + A)−1 is irred.

Proof: Let I be a closed, nonzero (λ + A)−1-invariant ideal. Then
there is f ∈ I, 0 ̸= f ≥ 0. By invariance,

I ⊇ Lp
(λ+A)−1f

By (ii), (λ + A)−1f > 0, hence

Lp
(λ+A)−1f = Lp.

Thus, I = Lp.
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Proposition (Characterization of irreducibility)
(e−tA) positivity preserving; denote λ > s(−A), 0 ̸= f ≥ 0.

(iii) (λ + A)−1 is irred. =⇒ (i) (e−tA) is irred.

Proof: Use
(λ + A)−1g =

∫ ∞

0
e−λse−sAg ds. (∗)

Let I be a closed (e−tA)-inv. ideal.
(∗)=⇒ I is a closed (λ + A)−1-inv. ideal.
(iii)=⇒ I is trivial. □
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Holomorphic Semigroup

Theorem
Suppose (e−tA)t≥0 is a holomorphic positive semigroup.
If (e−tA)t≥0 is irreducible then (e−tA) is positivity improving, for
all t ≥ 0.
Equivalently, given f ∈ Lp(Ω, µ), ϕ ∈ Lp′(Ω, µ) such that
0 ̸= f ≥ 0, 0 ̸= ϕ ≥ 0, then ⟨ϕ, e−tAf⟩ > 0 for all t > 0.

Aim
We will prove that for an arbitrary holomorphic positive
semigroup (e−tA)t≥0 the following holds:

Given 0 ̸= f ≥ 0, 0 ̸= ϕ ≥ 0 then either ⟨ϕ, e−tAf⟩ = 0 or
⟨ϕ, e−tAf⟩ > 0 for all t ≥ 0

15



Since (e−tA)t≥0 is irreducible, then always the second case occurs.
For 0 ̸= f ≥ 0, 0 ̸= ϕ ≥ 0, assume that ⟨ϕ, e−t0Af⟩ = 0 for some
t0 > 0.
We consider a null sequence (tn), 0 < tn < t0 such that

∥ e−tnAf − f ∥≤ 2−n

and define fn := e−tnAf , gn := f −
∞∑

k=n
(f − fk)+. Then we have

gn ≤ (f − fm)+ = inf(f, fm) ≤ fm.

For n ∈ N fixed and m ≥ n we obtain

0 ≤ ⟨ϕ, e−(t0−tm)Ag+
n ⟩ ≤ ⟨ϕ, e−(t0−tm)Afm⟩ = ⟨ϕ, e−t0Af⟩ = 0.

Thus the function t 7→ ⟨ϕ, e−tAg+
n ⟩ is identically zero by the

uniqueness theorem for analytic functions. Since f = limn→∞ g+
n

we have ⟨ϕ, e−tAh⟩ = 0 for all t ∈ R+. 16


