Solution Exercise 13

Johannes Dietzschold, Tobias Habacker, Pablo Lummerzheim (all Leipzig University)

Exercise 1
Let an antitree with s(r) = [77],r > 1,7 > 0 be given and m = 1. Let p be the degree path
metric. Show that s — #BF(0) grows exponentially for v = 2 and polynomially for v < 2, and

thee graph is bounded for v > 2.

Proof
First we note that Deg is spherically symmetric and Deg(r) = [(r — 1)7] + [(r+ 1) for r > 1.

It’s also easy to see that for x € S,
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especially p(o,-) is spherical symmetric.

For the case v > 2 one calculates for r > 2
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were the last expression is independent of 7 and finite since 3 > 1, so the graph is bounded.
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For the case v < 2, fix s > 0,7 € B?(0), then

s > p(o,r)
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for some constants C, D. This implies
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which grows polynomially in s.
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For the case v = 2, first fix s > 0,7 € B?(0) then
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so #B? grows at most exponentially. On the other hand fix r ¢ B?(0) and assume s > 1 then
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which implies
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so #B?(0) grows exponentially.

Exercise 2

Let an antitree be given with s(r) = |[r?| with r > 1.

Proof that A\o(L) > 0 if and only if 7 < 2.

Proof

For v > 2 we calculate:
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and by Example 11.15 \o(L) > o > 0.

For v < 2 by Exercise 1 we have m(B?(0)) < ar™ for some a > 0,n € N so
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Exercise 3

(Antitrees and trees - Recurrence)

(a) Let b be a spherically symmetric tree with branching number k. Then b is recurrent if

and only if
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(b) Let b be an antitree with sphere size s. Then, b is recurrent if and only if
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Proof

(a) From Theorem 11.17, we know that a locally finite weakly spherically symmetric graph is
recurrent if and only if

> 1

255,00~
As bis a tree, O = {0}, ky(x) = k(r) if z € S,(0) and k_(z) = 1 for each = # o. Furthermore,
we can compute the number of elements in S, (o) inductively: Clearly m(Sy(0)) = #So(0) =
#{o} =1, and #51(0) = k(0), as o connects to k(o) = k(0) elements in S;(0). Now assume,
that #5,.(0) = [TZt k(n). Then each of the elements of S,(0) connects to exactly k(r) elements:
For z € S,(0), we have ki(x) = k(r) connections to S,11(0), and any y € S,y1(0) that is
connected to x is not connected to any other element of S,(0), since k_(y) = 1. Therefore
#Sr1(0) = #5(0) - k(r) = [In= k(n).

Now, we compute b(0B,(0)). From the lecture, we have for locally finite weakly spherically

symmetric graphs

b(@B, (0)) = 2k, (r)m(S,(0)) = 2k(r) [] k() =2 [[ ki)
n=0 n=0

Now we have
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which proves the assertion.

(b) Again, we use theorem 11.17. Since b is an antitree, we have O = {0}, ky(z) = s(r + 1)
whenever = € S, (o) and m(S,(0)) = s(r). Therefore

b(0B,(0)) = 2k (r)m(S,(0)) = 2s(r + 1)s(r),



so we have the equivalences
s (455 S - S
is recurren -y ——— = — = ——— = 09,
2 = s(r+1)s(r) = b(0B-(0)) = s(r+1)s(r)

which prove the statement.

Exercise 4

(Antitrees and trees - Stochastic completeness)

(a) Let b be a spherically symmetric tree with branching number k. Then b is stochastically
complete at infinity if and only if
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(b) Let b be an anti-tree with sphere size s. Then, b is stochastically complete at infinity

if and only if
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Proof
(a) For this proof, we use theorem 11.21 which states that a locally finite weakly spherically

symmetric graph is stochatically complete at infinity if and only if

— m(B,(0)) — 0.
;, b(0B,(0))

As b is a tree, we have (again) O = {o}, k4 (z) = k(r) if z € S,.(0) and k_(x) = 1 for each = # o.

Moreover, we use the computation from exercise 3:
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(b) Again by 11.21 with the previous computations

b(0By(0)) = 2s(r + 1)s(r),

n=o n=0
we get
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