Solutions for Lecture 05 of ISEM 26

Team Dresden

Exercise 1 (Forms of multiplication operators). Let (X, ) be a mea-
sure space and u: X — [0,00) a measurable function. Let

DQ) = {7 e 12X | [ ulsPan< oo}

and

Q(f.9) ¢=/Xﬁgdu

for f,9 € D(Q).
(a) Show that @ is a closed form.

(b) Show that @ is bounded if u € L>®(X, u).

(¢) The associated operator to @ is the operator of multiplication by u de-
noted by M,. Moreover,

D(Q) = D(M,z).

(d) Compute Q': L*(X, u) — [0, 00] which is defined as Q'(f) := Q(f, f) for
f € D(Q) and oo otherwise.

Solution. We prove all assertions separately.

(a) First of all, we prove that @ is a form which in the first place requires
Q to be densely defined. To show this, let f in L*(X, u) be arbitrary.
For n € N, we define X,, := {x € X | u(z) < n} and consider the
characteristic functions 1x,. We then have 1x, f € D(Q) and 1x, f — f
pointwise everywhere. Furthermore, we observe |1y, f| < |f] for all
n € N. By Lebesgue’s dominated convergence, this implies lx, f — f in
L*(X, ) and shows D(Q) = L*(X, p).




Secondly, we verify that () is symmetric, linear and positive. Let o, § € C
and f,g,h € D(Q). Then

Qfag+ ) = [ f(ag +5h) du
= fgd fhd
oz/XUfg u+ﬁ/XUf It
=aQ(f,9) + BQ(f, h),
i.e. (Q is linear in the second argument;

Q(g,f)Z/XUEfduz/X@TduzfxugfdMZQ(f,g),

i.e. () is symmetric;

QUf. f) = /X al fP du > 0,

i.e. @ is positive. Here, we repeatedly used that u maps into the non-
negative real numbers.

It remains to show that @Q is closed. Let f € L*(X, ). As

I1£115 = Q) + 1117 =/Xu|f|2 du+/X|f|2 du=/X<1+u>|f|2 dp,

one concludes that (D(Q),]|-|l,) is just the Hilbert space L*(X, (1 +
w) dp).

(b) If w € L*>®(X, ) we have ||u||p~ < oo. Thus, for arbitrary f,g € D(Q)
we compute

Qf = _f d _f d
| ( 79)| ‘/XU g M‘ < /X|UH Hg’ H
< ull g~ / |fllgl dp < lull e[| £l z2[l9 ]l 22,

where we applied Holder’s inequality in the last step. Consequently, @
is bounded with constant C' := ||u|| .

(¢) We have to verify that D (v/M,) = D(Q) and

Qf.9) = (VMuf.V/Mag)
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for f,g € D(Q). To start with, we note that by definition of the func-
tional calculus and as a consequence of the spectral theorem we have
VM, = M ;. Furthermore, we recall that D (M 5) = {f € L*(X,p) |
vauf € L*(X, u)}. Hence, for an arbitrary f € L?(X, i) we obtain

feD (M) < Vuf € L*(X,p)
= /X|\/ﬂf‘2du<oo

2d
<:>/XUIf| j < 00
— fe D).

This proves D (v/M,) = D(Q). For the second claim we compute

<\/Ef, \/Eg> = (Myaf, M mg) = (f, Mzg)
= (f.ug) = [ wFodu=Qf.0).

where we used that M s is self-adjoint.

(d) Finally, we compute Q': L*(X, i) — [0, 00| which is defined as Q'(f) :=
Q(f, f) for f € D(Q) and oo otherwise. We want to apply Proposi-
tion 3.12 with A = M,. Then the unitary operator U received from
the spectral theorem is the identity operator I on L*(X,u). We apply
Proposition 3.12 with ¢ = g« idr to obtain

Qm:waw:waw&maéfmwf

for all f € L?(X, ). This equation also includes the case Q'(f) = co as
the occurring integrals are finite if and only if ¢ € LY(R, py). H

Exercise 2 (Closable forms). Let () > 0 be a form on a Hilbert space H
which allows for a closed extension Q7.

(a) Let (fn)nen in D(Q) and f € H. Show that the following statements are
equivalent:

(i) f € D(Q¥) and f,, — f with respect to | - [ g#.

(i) (fn)nen is a Cauchy sequence with respect to | - ||o and f, — f in
H.



(b) Show that

D@ = {f € D@Q") | 3fulner € DQ): 1o~ fllgw — 0}
and

Q(f,9) = Q*(f,9)

is a closed form.

(c) Show that @ is included in every closed extension of Q.

Solution. (a) (i) = (ii): Let (fu)nen € D(Q) and f € D(Q7) such that

(b)

fn — [ with respect to || - || o« By definition of || - || o4 it directly follows

1o = fllg < Nfn = fllgeg — 0

which means f,, — f in H. Since Q%|p) = Q the norms |- o and
| ||l g# are equal on D(Q). Since (f,)nen is convergent in (D(Q¥), || - [l o)
and since f, € D(Q), (fu)nen is a Cauchy sequence in (D(Q), || |,)-
(17) = (1): Let (fn)nen C D(Q) be a Cauchy sequence with respect to
||l and let f € H such that f, — f in H. Since Q% is lower semi-
continuous and since (f,,),en € D(Q) is a Cauchy sequence, we compute

o = Fllos = QF (fu— £) + 1o — flI%

m—o0
= liminf || fn — full5s
m—0o0

= liminf [| f, — full5 -
m—00

The right hand side converges to 0 as n — oo, and we have shown f,, — f
with respect to || - [| 54

By definition we have D(Q) C D(Q#) and Q = Q* on D(Q). Hence, Q
inherits the linearity, symmetry and positivity from Q7. To prove that
Q is closed, we show that (D(Q), (- >§) is a Hilbert space. Here, we

only verify that D(Q) is complete with respect to [ - [[7. So, let (fn)nen

be a Cauchy sequence in D(Q)). By definition of D(Q), for every n € N
there exists a g, € D(Q) such that

| fr = gnllge <27



By this estimate, we observe that (g, )nen is a Cauchy sequence in D(Q).
Furthermore, as H is complete, there exists a ¢ € H such that ¢, — ¢
in H. From part (a) of this exercise it now follows g, — g with respect

to || - ||g#. Hence, g € D(Q). Finally, we estimate

fn — QHQ <\ fu— gn”@"" lgn — 9”@
= Ifn = gnllo# + lgn — gllgr — 0.

v Vv
<2 n — 0

This means f, — g in D(Q) and proves (D(Q), (-,-)g) to be complete.

(¢) Let @* be an arbitrary closed extension of @, i.e. D(Q) C D(Q%),
Q*|p@) = Q and (D(Q"),]-[lo-) is complete. We have to show that
D(Q) € D(Q") as well as Q*[p@) = Q. As in part (b) of this exercise
Q% was an arbitrary closed extension of ), we apply the definition for
Q" = @Q* and obtain D(Q) C D(Q*) as well as Q*(f, g) = Q(f, g) for all

f,9€D@). O

Exercise 3 (Fractional powers of operators). Assume that 7" is a positive
self-adjoint operator and ¢: [0,00) — [0,00), t — t* for 0 < s < 1. Let
T® = ¢(T). Show that f € D(T*) for f € D(T) and

17 fI < ITFINAI

Show furthermore that

or s <, B dt
Tf__IF(l—s)l/o (" =D

for f € D(T*) where I is Euler’s Gamma Function.

Solution. Since T is a self-adjoint and positive operator, there exists, accord-
ing to the spectral theorem, Theorem 3.6, a o-finite measure space (X, p),
a measurable function u: X — [0,00) and a unitary map U: L*(X, u) — H
such that

T=UMU"

where M, is the multiplication operator M, : D(M,) — L*(X, u) which acts
on a function f € L*(X, ) by multiplication with u, where

D(M,) = {f e L*(X,p) | uf € L*(X,p)} .



Therefore, applying the functional calculus we obtain
o(T) = UMy@uU™" = UM,U™".
Due to the fact that
D(M,:) ={f € L*(X,p) | w'f € L*(X, )}

and uf € L*(X,u), we conclude f € D(M,s) for any f € D(M,), since
u® < 1Vu. Finally, f € D(T?) for every f € D(T).

Then, applying Holder’s inequality, we estimate

s ) > 2s 2d 2
171, s(/ a ] u) _
g( IS du)Q(/O I du>2 A

Furthermore, we define
o —tA
I = /0 (e7 —1) e

Integrating by parts, we get

I {(etA —1)5}:) _ /0 T 0w

S

~ 4
v~

= A [ ra-—
At - tl—s—l e T dr = — ( 8)
S Jo S

A

Therefore, A" = —g7—1. Note, that I'(1 —s) = [['(1—s)| as s € (0,1). The
conclusion follows by applying the functional calculus. O]

Exercise 4 (Cosine formula for the resolvent). Let 7' > 0 be a positive
self-adjoint operator on a Hilbert space H, and let A > 0. Then for all f € H,

AMA+T) M f = / e cos ()\_1/2$T1/2) fds.
0

Solution. Let -
I(x) := / e °cos ()\_1/2sx1/2) ds
0



for > 0. Integrating by parts, we obtain
I(x) = [— e ®cos (A_l/zs:rlﬂ)];o — )\_1/21’1/2/ e °sin ()\_1/25$1/2) ds
0

=1 — \"V21/2 ([— e ’sin (/\_1/2sx1/2)};o + \TV21/2 ](:13))
=1—a)\ ().

Therefore, I(x) = A(A + x)~!. The conclusion follows by applying the func-
tional calculus. O



