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Exercise 1 (Positivity improvement of the inverse operator). Let X be a finite set and let L be an
injective operator on C'(X). Show that the following assertions are equivalent:

(i) The inverse operator L~! is positivity improving, i.e. for all f € C'(X) such that f > 0 and f # 0, we
have L~1f > 0.

(ii) For each function u € C'(X) satisfying the inequalities max,¢cx u(x) > 0 and Lu < 0, we have u = 0.

Proof. (i) = (ii): Let u € C(X) such that max,ex u(z) > 0 and Lu < 0. If Lu = 0 identically, then by
the injectivity it follows that w = 0. So, suppose that there exists atleast one element y € X such that
Lu(y) < 0, i.e. —Lu > 0 with —Lu # 0. By the fact that L~! is positivity improving, we obtain that
L=Y(=Lu) = —u > 0, equivalently u < 0. But this contradicts max ¢ x u(z) > 0. Thus we have Lu = 0, i.e.
u = 0 by injectivity.

(ii) = (i): Let f € C(X) with f > 0 and f # 0. We have to prove that L=!f > 0. Suppose that there exists
ax € X such that L™1f(z) <0. Put u:= —L~!f. Then Lu = —f < 0 and max,ex u(z) > —L~ 1 f(x) >0
Thus, by assumption, it follows that v = —L~'f = 0, i.e. f = 0, a contradiction. Thus L~'f > 0 and the
proof is complete. O

Exercise 2 (Cauchy problem / Heat equation). Let (X, m) be a finite measure space and let L be a
self-adjoint operator on ¢2(X,m) and for ¢t > 0 let e~*" be defined via spectral calculus.

(a) Show that for all ¢ > 0,
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In particular, show that the sum is absolutely convergent with respect to the operator norm.

(b) Show that {e~ |t > 0} equipped with the composition of operators is an operator semigroup, i.e.,
Ol = I and e = etlesl for all t,s > 0 and ¢t — e *L f is continuously differentiable at ¢t = 0 for
all f € £2(X, m). Moreover, show that (in this finite dimensional case)

ge*tL = _—Leth = —¢7 b,
dt

(c) Show that for all f € ¢2(X,m), the function ¢ — ¢; := et f is the unique solution of the equation
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for all t > 0.

Proof. (a) Recalling the functional calculus ®(L) for a (continuous) function ® € C(X), we have

Xeo(L)
So considering ®; : 0Oe~*, we obtain
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(b) By multiplicativity of the functional calculus we have for ®, := e*
eIl — @, (L) = (8,®,)(L) = ®4(L)D(L) = e'Fesl

as well as e?2 = ®q(L) = 1(L) = I. One can also see this by using the series expression from (a) as well as
the Cauchy product formular as follows:
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Furthermore, we have ¢* = 3> | L(0L)" = I. Thus (e~**);>( defines a operator semigroup. Moreover,
we have
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—tL _ o S aTyn = n _ HtILll _
e I| = Z:l —(=tL) Zl L™ = e 1—0ast\,0,

which proves the continuity of the map ¢ — e~*" and in particular the continuity of the derivatives whenever

they exist. To compute the derivative of ¢ — e~ at first in oy = 0, we observe analogously:
et — 1 1 1 =1,
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= S -1 -t L]l = % —|IL|| = 0 as £\, 0.
But according to the semigroup property, this implies that
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Thus ¢ — et is differentiable with Se~t = —Le~tf = —¢~tLL.
(c) From part (b) we can see that ¢, := e 'L f solves the initial value problem. Now let z € X. We have
d

(@) = —Lgi(a), po(z) = f(x).

This is an initial value problem for a first-order homogeneous linear differential equation with continuous L.
Therefore, by the existence and uniqueness theorem for first-order homogeneous linear differential equations,
it has a unique solution. Since this is true for all =, the solution ¢; is unique. O

Exercise 3 (Stochastic incompleteness). Let (b, ¢) be a connected graph over (X, m) and let L = Ly ¢
denote the associated Laplacian.

(a) Show that e=*£1 < 1 for all ¢ > 0 if and only if ¢ # 0.

(b) Show that if e=*£1 < 1 for some t < 0, then e~*1'1 < 1 for all ¢ > 0.

Proof. (a)/(b) ,=“: This direction is clear by Remark 1.22 because if we suppose that ¢ = 0, then this
implies that e™*#1 = 1 for every ¢ > 0, a contradiction. Hence ¢ # 0
,=“1 As (e7t);>0 is Markov by Corollary 1.21, we obtain that e~'£1 < 1 for every ¢t > 0. Again, as
c # 0 and the fact that e’ = I we obtain by Remark 1.22 that there is at least one ¢y > 0 such that
e~ tl1 < 1. We prove now that e *“1 < 1 for every t > 0. So let t > 0 be arbitrary. If t > t,, then we have
e~ (t=t0)L1 < 1 and this implies e~toLe~(t=t0)1 < ¢=%L1 as the semigroup is positive. Hence
e 1 = ¢ tolem(tmto)ly < omtoly < 1,
Thus, we have e7*F'1 < 1 for every ¢t > ty. Suppose now that 0 < t < ¢y and assume that e ~**1 = 1. Then
e "1 = (e7'F)"1 =1 for every n € N. (1)

Now choose ng € N such that nt > t;. Then by the first part, it would follow that e ™01 < 1, a
contradiction to . Therefore, it follows that e=**1 < 1 and we have also proved part (b). O



Exercise 4 (Effective resistance). Let b be a graph over a finite set X, let @ = Qp be the associated

form and let
West(z,y) := sup {Q(lh) ‘ heC(X),h(x)—h(y) = 1}

be the effective resistance for x # y and Weg(x, ) := 0.

(a) Prove the following equation
West(x,y) = max{|f(z) — f(y)|* | Q(f) < 1}.

(b) Show that

Nl

p: X xX— [Oa OO), (l‘7y) = Weff(x’y)
defines a metric on the graph.

Proof. First of all, we have:

Wa(e.9) =sup { i [ € CCO M)~ i) =1}
1

" inf{Q(h) |h € C(Xi, h(z) — h(y) = 1}
" min{Q(h) | h € C(X), h(z) — h(y) = 1
W 1 — (f(x) = f(y))?
oty Tt 1 Q)
=sup{|f(z) — f(y)* | f € C(X), Q(f) <
= max{|f(z) — f(y)* | f € C(X), Q(f) < 1}.

First of all, note that Q(f) = 0 if and only if 1, because if Q(f) = Qu»(f) = 0, then

0= 3 b))~ f@) =0,

z,yeX

ie. f(z) = f(y) whenever b(z,y) > 0. Soif zy € X is arbitrary but fixed and y € X, then as X is connected
there exists a path (zo,1,...,%y,y) such that z;Z;,, for j =0,...,n — 1 as well as z,3. Thus, it follows
that f(zo) = f(z1) =--- = f(y), in other words f = f(x)1. We now discuss the equations (1) and (2).

(1) Let h € C(X) with h(z) — h(y) = 1, hence h ¢ C1 in particular h(z) # h(y) and we have
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Conversely, let f € C(X) with f(z) # f(y) and put h := m € C(X). Then clearly h(z) — h(y) =1
f ) Q)

f@) = fly)) ~ fl@) - fly)

and

it Q(h) < Q(h) = Q(

h(z)—h(y)=1
But this implies
. . Q(f) :
inf Q(h) < in — < inf
h(z)—h(y)=1 () F@# @) (f(2) = f(¥)? ~ n@)—hy)=1
(2) Let f € C(X) with Q(f) < 1. If Q(f) =0, then f = ¢1 for some ¢ € R and therefore clearly

) @) = W)
0=|f(z) f(y)léf(w#g(y) o

Q(h), hence (1) follows.

Otherwise if Q(f) > 0, then we can also estimate

B s @) = fly)? s @)~ f)I?
(@) = W)l = Q(f) %EQ = f(x)SIJ)”(y) Qf) 7
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which implies

e )~ F@)E
Qe T =Tl = e QU
Conversely, if f € C(X) with f(z) # f(y), then in particular Q(f) > 0 and we can define h := Q(;)% . Then,
Q(h) =1 and we obtain
[f(@) - fWI? _| f@) @) 2
= T~ — T = h —h S - )
o) ohE o)} = [h(z) = h(y)| Qf}l)%lmx) f)l
and therefore, we finally have that
F() — F)? o @ = FP e
o QD o T = Il = ot Q) (2) follows.

So why is the supremum even a maximum? In fact, this follows by the unique solution of the Poisson
equation. Again, consider the set {Q(h) | h € C(X), h(z) — h(y) = 1} for z,y € X arbitrary but fixed.
Consider g := 1+ ¢(y)1,. Then g(z) =1+ h(y) = h(x). So if we consider B = {z} as well as

Ag={f€C(X)|f=g on B}.

Then clearly {Q(h) |h € C(X), h(z) —h(y) =1} ={f € C(X) | f € Ay}. Using Theorem 1.31. there exists
a unique solution of the Poisson equation Lyf =0 on X \ B and f = g on B. such that in particular
= mi = i h).

Q) = pin Q(f) = min  Q(h)
Thus, in the above equality, we have in fact a maximum instead of just a supremum.
(b) By definition we have that p(z,z) = Weg(z,2)2 = 0 as well as p(z,y) > 0 for every z,y € X. Also,
we have that p(z,y) < oo for every z,y € X. Indeed, if z,y € X (with z # y), we find a path p =
(x,x1,...,2pn,y) such that xy := xZ1, 2;&j41 for j = 1,....,n — 1, 2,5 =: zpq1. For f € C(X) with
Q(f) <1 we have

If(w)—f(y)lSZIf(wj)—f(wj+1)|§ (Zb(xmfﬂm)(f(wj) (2541)) )

=0

1

ol

<Zb (T, jt1) 1>

<Q<f>% C(7) < o,

with C(7) := (377 b(z;, 2j41)~1)? (this does not depend on f). Therefore, we conclude that Weg(z,7)? <
oo for every z,y € X. Conversely, let p(z,y) = 0, in other words Weg(x,y) = 0. Choose f = 1,, then in

particular Q(1,) > 0 and we immediately observe

[1a(2) — 1, (2)|
0 S S Weff z,y)= 0.
QL) ()
Hence, 1 — 1,(y) = 0, equivalently 2 = y follows. It is left to show the triangle inequality. Let x,y,z € X,
then:

plz,y)? = max |f(z) = f(y))* < max (|f(x) = f(2)] +|f(2) = F@)I)”

QHs1 QH<1
= ghax, (1f(@) = f +2f(2) = ff (=) = fW) + [£(2) = FW)F)
< ?}%2{1' (x) = f(2)]* +2 Juax (If( ) = (Z)IIf(Z)*f(y)I)JrQI(T}‘c)Déll (2) = f)I?

<p(z,z)p(z,y)

< p(x,2)* + 2p(x, 2)p(2,y) + p(2,y)* = (p(x, 2) + p(2, 1))

= plz,y) < p(z,2) + p(2,9),
and therefore (X, p) is indeed a metric space.
Bonus Exercise (Effective resistance II) 1. Given the assumptions of Exercise 4, show that

p: X xX —[0,00), (z,y) = Weg(x,y)

defines a metric on the graph, as well.



Proof. We only have to show the triangle inequality. We specify the effective resistance now with respect to
the given set X, i.e.

Wakte,) =sup { gt |1 €0, hw) — i) =1}
1
~ f{Q(h) [h € C(X), h(z) — h(y) = 1}
1
~ mf{Q(h) [h € C(X), h(z) =1, h(y) = 0}
1

~ min{Q(h) [ € C(X), hlw) = 1, hly) = 0}’
Let z,y,z € X and write X = {z1,...,2,}. We take two copies X' = {z},..., 2} and X" = {«f,... 2
and we identify y,y" and y”, so that if k € {1,...,n} such that z; =y, then x = z} = ). Define

oW ro_ ron " " "
X={al,. .. o, =a) =xp,..., 0,2, . T, Ty, T )

’ n?

. / / " " " 1
- {zla"'7xn7x1a"'7xk—17xk+17"~a‘rn}

In the following, we write 2’ and 2" to emphasize that we take an element of the first resp. second copy of
X. In fact, one has

Wei\{;'(l'/,zll): . _ 1
min{Q(h) | h € C(X), h(z') =1,h(z") = 0}

{%{3 (min{Q(h) |heC(X"), h(z') =1,h(y') = u}

+min{Q(h) | h € C(X"), h(y") = p, h(z") = o})} i

:[mm(ll—ul2 b P )}_1
neR \ Wk (z,y) -~ Wik(y, 2)

Wi (v, 2)
Wi (@.y) + Wei (v, 2)

and this indeed minimized by

A=

Thus, we obtain

1= AP AP
Wai(z.y) Wiy, 2

Wik = | ))] W y) + Wy, 2).

So we have to prove that We%f(x’, 2"") > Wk (z, 2) to obtain the triangle inequality. To this end, let f € C(X)
such that f(z) =1, f(2) =0 and

Q(f) = min{Q(h) | h € C(X), h(z) =1, h(z) = 0}.
In particular, one has that f(y) € [0, 1]. Indeed, if for instance f(y) > 1, i.e.

f(w) = max f(q) > 1,

qeX

then by fixing M := maxge x\{w} f(¢) (the second largest value of f and defining

oM, if g = w,
Fla) = {f(q), else.

implies that f'(z) = 1 as well as f’(z) = 0 but also Q(f’) < Q(f) which is a contradiction (the case that

f(y) < 0 cannot happen follows analogously). Now define g € C(X) through (noting that y = )

e {f(xi), if f(a7) > f(xx),

g(z}) = fg), i flag) < flae),
' floe), if fzi) < fap).

gt {fm), it f(25) = f(n).



forie {1,...,n} and j € {1,...,n}\ {k}. In particular, we have

g(a') = f(z) =1 as f(z) >
9(z") = f(z) =0 as f(z) =

Thus, g belongs to the set {Q(h) | h(z’) =1, h(z"”) = 0}. If we can prove now that Q(g) < Q(f) = TG
eff \""?

then we obtain

So it is left to show that Q(g) < Q(f). We denote

L:={ie{l,....n}| f(z:) < f(zp)},
E:={ie{l,....,n}| f(z;) = f(xp)},
G:={ie{l,...,n}| f(z:) > flxx)}

and obtain (by decomposing the sum over X into all possible combinations of the sets L, E, G)

1

_ _ 2
Qg =3 ZNb(ﬂzy)(g(w) 9(v))
x,yeX
1 1
=3 D b ah)glah) — g@))’ +5 D blal, @) (9(w) — () 22 o}, 75) (g(ah) — g(a)))?
i,jEL ,JEE i,j€G
=0 =0
1 1 1
t5 Y b)) —g@)H g Y blan el — @) +5 D bl w)(9(a) — ()
i€eLl,jeE i€E, jeL i€G, jeEL
=0 =0
1 1 1
t5 Y bahah)gl) —g@))’ + 5 Y bk e —g(@) 45 D blaha)(g(l) — g(a)))?
i€L,jeG i€E,jeEG i€G,jEE
1 1
+ 3 3 bl o) — 9@+ 5 D bt o) — g )P+ 5 D blat ) ae) - gla)?
i,jEL i,JEE i,jEG
=0 =0
1 1 1 1 1 1 1 1 " 1 1 1 1 " 1
+5 >, bale)g@El) 9@+ 5 Y bl a)) gl — @)+ 5 Y bl af) () - ()
i€L,jeE i€EE, jEL i€G,jeEL
1 7 " " 1 1 ! s /
t5 Y b)) — 9@+ Y b e gl — @) g Y b)) (g — g(@)
i€L,jeG i€E,jEG i€G,jeE
=0 =0
=3 LS bl ) o) — 9@+ S bk al) g —g@)? + S blahal)(g(al) — g(ah))
1,J€G 1€L,j€G i€E,jEG
DI CRAL Tt bl e —g@) D0 b a) g - g(a))?
i,JEL i€L,jEG i€E,jEL
Def.l
=5 D blana)(f(a DD b)) (Flan) = f@))? + Y bl ) () — f(25))°
,jE€EG i€eL,jeG i€EE,jEG
1
5 > bana) (@)~ f@)) + Y banay)(f(e) — f@)?+ Y bl w)(flax) — f(e5))?
i,j€EL i€L,jeG i€E,jeL
1
=3 D banz)(f@) —g@))’+ Y blana) ()~ f@))° + (@) — fan)’]
HIEC iehied ()~ @y (@)~ F(21))2=(F (@)~ £ (27))?
22 wi, ;) P Y b ) (@) — F@)) Y bl ) (k) — f(zs))?
i,j€EL i€E,jeG i€E,jeL
1
<5 D b)) (@) —g@))’ + Y blei ) f(z3)) 22 2o, (f(@i) = f(25))”
i,j€EG i€L,jeG i,JEL
+ > b, w)( ) b ) (fan) - f@)) = Q)
i€ER,jEG i€EE,jEL



Hence, we have shown the triangle inequality, in other words X x X 3 (z,y) — Wea(z,y) indeed defines a metric
on X. O



