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CHAPTER 3

Toolbox – The Spectral Theorem and Closed
Forms

The basic objects of our study are graphs and the associated opera-
tors, forms, resolvents and semigroups. In the context of the general infinite
graphs that we consider in this course the operators and forms are gener-
ally unbounded. To deal with this unboundedness requires some care. The
necessary background for this careful dealing is provided by the spectral the-
orem and its consequences and the theory of closed forms. This is discussed
in this chapter.

Throughout this chapter, we let H denote a Hilbert space with inner
product ⟨·, ·⟩ and norm ∥·∥. We consider complex Hilbert spaces and assume
that the inner product is linear in the second argument. Real spaces can be
complexified. Thus, all of our results below apply to the real case as well.

We will always assume that the Hilbert space is separable (i.e. contains
a countable dense set). This is no restriction for us as the application we
have in mind is the Hilbert space ℓ2(X,m) with a countable set X and this
Hilbert space is separable. The assumption of separability will allow us to
restrict attention to measure spaces which are σ-finite (as separable Hilbert
spaces are unitarily equivalent to L2(Ω, µ) with a σ-finite µ).

3.1. Basics on Operator Theory

In this section we present basic theory of unbounded operators. A key
point to be taken care of is that such operators will not be defined on the
entire Hilbert space but rather on a subspace.

An operator on H is a linear map

A : D(A) −→ H,

where D(A) is a subspace of H which we call the domain of A. We say that
A is densely defined if D(A) is dense in H. We call an operator A closed if
its graph {(f,Af) ∈ H×H | f ∈ D(A)} is closed in H×H; put differently, if
fn → f for (fn) in D(A) along with Afn → g imply f ∈ D(A) and Af = g.
We say that an operator A is bounded if there exists a constant C ≥ 0 such
that ∥Af∥ ≤ C∥f∥ for all f ∈ D(A). In this case, ∥A∥, the norm of A, is
the smallest such constant C.

If A is densely defined and bounded, then A can be uniquely extended
to a bounded operator on the entire Hilbert space H and we denote this
extension by A as well. We note that a bounded operator defined on the
entire space is always closed. We denote the space of bounded operators
defined on the entire Hilbert space H by B(H).
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For operators A and B on H we define the sum A+ B to be the linear
map whose domain is

D(A+B) := D(A) ∩D(B)

and which acts by (A+B)f := Af +Bf.
We will also consider operators between different Hilbert spaces H1 and

H2. In this case, the above definitions hold with the obvious modifications.
In particular, an operator A from H1 to H2 is a linear map from a subspace
D(A) ofH1 intoH2. A most relevant instance is the product AB of operators
B from H1 into H2 and A from H2 into H3. This product is defined on

D(AB) := {f ∈ D(B) | Bf ∈ D(A)}
and acts by ABf := A(Bf).

Whenever A is an operator on H and z ∈ C, we write (A − z) for the
operator A− zI on D(A), where I denotes the identity operator on H. We
define the resolvent set of A to be

ϱ(A) := {z ∈ C | (A− z) is bijective and (A− z)−1 is bounded}
and the spectrum of A as

σ(A) := C \ ϱ(A).
We recall the standard fact that σ(A) is always a closed set. For z ∈ ϱ(A),
we call the operator (A − z)−1 the resolvent of A at z. For an operator A
that is not closed, we have

ϱ(A) = ∅.
Indeed, if for some z the operator (A − z) were bijective and (A − z)−1

bounded, then (A − z)−1 were bounded on the entire Hilbert space and,
therefore, closed. But then (A−z) and, hence, A would also be closed. This
shows that the notion of a resolvent set is only relevant for closed operators.

On the other hand, for a closed operator A the definition of the resolvent
set can be simplified to

ϱ(A) = {z ∈ C | (A− z) is bijective}.
This follows since if A is closed and A − z is bijective, then (A − z)−1 is
bounded by the closed graph theorem.

An operator A is called invertible if A : D(A) −→ H is bijective. If A
and B are invertible operators and D(B) ⊆ D(A), then

A−1 −B−1 = A−1(B −A)B−1,

as follows by a direct calculation. In particular, if z1, z2 ∈ ϱ(A), then

(A− z1)
−1 − (A− z2)

−1 = (z1 − z2)(A− z1)
−1(A− z2)

−1.

We refer to these formulae as resolvent identities. As a particular conse-
quence, we note that the second formula implies that resolvents commute.
Moreover, the second formula implies that the resolvent map

ϱ(A) −→ B(H), z 7→ (A− z)−1,

is continuous, i.e., for a sequence (zn) in ϱ(A) with zn → z ∈ ϱ(A) we have

lim
n→∞

∥(A− zn)
−1 − (A− z)−1∥ = 0.
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If A is densely defined, then we define the adjoint A∗ of A to be the
operator with domain

D(A∗) :=

{
f ∈ H

∣∣∣∣ there exists a g ∈ H with ⟨f,Ah⟩ = ⟨g, h⟩
for all h ∈ D(A)

}
acting as

A∗f := g,

where we note that this is well-defined. Specifically, we have

⟨Af, g⟩ = ⟨f,A∗g⟩
for all f ∈ D(A) and g ∈ D(A∗) and A∗ has the maximal domain among all
operators with this property. The operator A∗ is always closed (as can be
easily seen).

We note that D((A− z)∗) = D(A∗) and

(A− z)∗ = A∗ − z

for all z ∈ C. Furthermore, for z ∈ ϱ(A),

((A− z)−1)∗ = (A∗ − z)−1.

If A is densely defined, we say that A is symmetric if A∗ is an extension
of A, that is, D(A) ⊆ D(A∗) and Af = A∗f for all f ∈ D(A). Equivalently,
A is symmetric if and only if A is densely defined and

⟨Af, g⟩ = ⟨f,Ag⟩
for all f, g ∈ D(A). With these preparations, we now define the class of
operators of primary interest.

Definition 3.1 (Self-adjoint operators). We call a densely defined op-
erator A self-adjoint if A = A∗.

Clearly, a self-adjoint operator is symmetric. Moreover, as the adjoint
is always a closed operator, all self-adjoint operators are closed.

Before we develop the general theory further, we present a key example,
namely multiplication operators. These operators are self-adjoint if the un-
derlying function is real-valued. The main result on self-adjoint operators
(to be discussed in Section 3.2) states a converse to this observation.

Example 3.2 (Multiplication operators). Let (X,µ) be a measure space
and let u : X −→ C be measurable. The operator Mu of multiplication by u
has domain

D(Mu) := {f ∈ L2(X,µ) | uf ∈ L2(X,µ)}
and acts as

Muf := uf

for all f ∈ D(Mu). As discussed below, the operator Mu is densely defined.
Furthermore, it can readily be seen that Mu is closed. The adjoint of Mu is
given by (Mu)

∗ = Mu. In particular, Mu is self-adjoint if u is real-valued.
Finally, Mu is bounded if u is bounded.

The proofs of these statements are rather straightforward. We only
sketch how to show that the domain of Mu is dense. For n ∈ N, we define

Xn := {x ∈ X | |u(x)| ≤ n}.
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Then, the characteristic functions 1Xn for n ∈ N tend pointwise increasingly
towards the constant function with value 1. In particular, we have 1Xnf → f
for any f ∈ L2(X,µ) by Lebesgue’s dominated convergence theorem. On the
other hand, by the definition of Xn, the function 1Xnf belongs to D(Mu)
for any n ∈ N.

The essential range of a measurable function u : X −→ C over a measure
space (X,µ) is defined as

ess ranu := {λ ∈ C | µ(u−1(Bε(λ))) > 0 for all ε > 0},
where Bε(λ) is the closed ball around λ of radius ε.

Lemma 3.3 (Spectrum of multiplication operators). Let (X,µ) be a σ-
finite measure space. Let u : X −→ C be measurable and Mu be the operator
of multiplication by u. Then, σ(Mu) equals the essential range of u.

Proof. For λ not in the essential range, the operator M1/(u−λ) is obvi-
ously a bounded inverse forMu−λ =Mu−λ. Conversely, consider λ belong-
ing to the essential range of u. Using the assumption of σ-finiteness, for any
ε > 0, we can construct f ∈ L2(X,µ) with ∥f∥ = 1 and ∥(Mu − λ)f∥ < ε.
This contradicts the existence of a bounded inverse to Mu − λ. □

From the definitions it is not hard to derive the following additional
properties of multiplication operators. They will be used repeatedly in what
follows.

Proposition 3.4 (Further features of multiplication operators). Let
(X,µ) be a σ-finite measure space and let u : X −→ C be measurable. Then,
the following statements hold:

(a) The operator Mu is self-adjoint if and only if ess ranu ⊆ R, which,
in turn, holds if and only if u is real-valued almost everywhere.

(b) The operator Mu is bounded if and only if ess ranu is bounded,
which, in turn, holds if and only if u ∈ L∞(X,µ). In this case,

∥Mu∥ = ∥u∥∞ = sup{|λ| | λ is in the essential range of u}.
(c) Mu = 0 holds if and only if ess ranu = {0} if and only if u = 0

holds almost everywhere.

Remark 3.5. In all three statements the if-part does not require the
assumption of σ-finiteness of the measure space. This assumption is only
used to obtain the only-if statement and the formula for the norm of the
operator. Similarly, the assumption is used in obtaining the spectrum as the
essential range in the preceding lemma.

3.2. Spectral Theorem and Spectral Calculus

The fundamental result about self-adjoint operators is known as spectral
theorem. It states that they are (up to unitary equivalence) operators of
multiplication. This can be seen as a (tremendous) generalization of the fact
that symmetric matrices can be diagonalized. A consequence of the spectral
theorem is the possibility to form functions of a self-adjoint operator. This
is known as spectral calculus. In this section we discuss the details.

Without proof we present the spectral theorem.
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Theorem 3.6 (Spectral theorem). Let A be a self-adjoint operator on
the separable Hilbert space H. Then, there exists a measure space (X,µ),
which is σ-finite, a measurable function u : X −→ R and a unitary map
U : L2(X,µ) −→ H with

A = UMuU
−1.

In particular, σ(A) is equal to the essential range of u and, hence, contained
in R. Moreover, A is bounded if and only if u is essentially bounded.

The spectral theorem allows us to define functions of an operator.

Definition 3.7 (Functional calculus - definition). If φ : R −→ C is
measurable, A is self-adjoint and (X,µ), u and U are as in Theorem 3.6,
then we define the operator φ(A) acting on the domain

D(φ(A)) := UD(Mφ◦u)

as
φ(A) := UMφ◦uU

−1.

Remark 3.8. The spectral theorem does not state that (X,m), u and
U are unique. Indeed, they are not. So, the preceding definition leaves
open the possibility that φ(A) is not well-defined but rather the definition
depends on the choice of (X,m), u and U in the spectral theorem. This is
not the case. We do not provide a full proof of independence here but rather
sketch the idea: For z ∈ C we define φz : R −→ C, φz(t) =

1
t−z . Then, φz(A)

can (by direct computation with multipliciation operators) be seen to satisfy
φz(A)(A− z) = ID(A) and (A− z)φz(A) = I (where I denotes the identity

on H and ID(A) denote the identity on D(A)). Hence, φz(A) = (A − z)−1

is independent of the choice of (X,m), u and U and, hence, well-defined.
This then applies to all sorts of functions φ, which can be approximated (in
a suitable sense) by linear combinations of the φz, z ∈ C. Ultimately, this
then yields that φ(A) is well-defined for all measurable φ on σ(A).

Proposition 3.9 (Basic properties of φ(A)). Let A be a self-adjoint
operator on H with spectrum σ(A) and let φ,ψ : R −→ C be measurable on
σ(A). Then, the following statements hold:

(a) φ(A)∗ = φ(A).
(b) The operator φ(A) is self-adjoint if and only if the essential range

of φ|σ(A) is contained in R.
(c) The operator φ(A) is bounded if and only if φ|σ(A) is essentially

bounded, in which case

∥φ(A)∥ = ∥φ|σ(A)∥∞.
(d) D(φ(A)ψ(A)) ⊆ D((φψ)(A)) and on D(φ(A)ψ(A)) we have

(φψ)(A) = φ(A)ψ(A).

(e) D(φ(A)+ψ(A)) ⊆ D((φ+ψ)(A)) and on D(φ(A)+ψ(A)) we have

(φ+ ψ)(A) = φ(A) + ψ(A).

Proof. This follows from the definition of φ(A) and the corresponding
properties of multiplication operators. In particular, (b) and (c) follow from
Proposition 3.4. □
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The spectral theorem makes it possible to introduce certain measures on
the real line. This is done next.

Proposition 3.10 (Spectral measures). Let A be a self-adjoint operator
on H and f ∈ H be given. Then, the map

µf : Measurable subsets of R −→ [0,∞), B 7→ ⟨f, 1B(A)f⟩,
is a measure on R.

Proof. As 1B is a bounded function, the operator 1B(A) is a bounded
operator. Moreover, from 1B = 12B = 1B and Proposition 3.9 we find

1B(A) = 1B(A)1B(A) = 1B(A)
∗.

This gives

µf (B) = ⟨f, 1B(A)f⟩ = ⟨f, 1B(A)1B(A)f⟩ = ⟨1B(A)f, 1B(A)f⟩ ≥ 0.

This shows that µf maps indeed into [0,∞). It remains to show that µf
is σ-additive. Let B be a measurable subset of R and let Bn, n ∈ N, be
pairwise disjoint measurable subsets with

⋃
n∈NBn = B. Then, we have

1⋃N
n=1 Bn

(A)f → 1B(A)f, N → ∞.

Indeed, this is clear for A = Mu and then follows for general A by the
spectral theorem. From this convergence we obtain

N∑
n=1

⟨f, 1Bn(A)f⟩ = ⟨f,
N∑

n=1

1Bn(A)f⟩ = ⟨f, 1⋃N
n=1 Bn

(A)f⟩

→ ⟨f, 1B(A)f⟩ = µf (B).

This shows that µf is a measure. □

Definition 3.11 (Spectral measure). The measure µf appearing in the
preceding proposition is called the spectral measure of f .

Proposition 3.12 (Computing the spectral measures via spectral theo-
rem). Let A be a self-adjoint operator on H and let (X,µ), u and U be as in
Theorem 3.6. Let f ∈ H be given and define ψ = U−1f . Then, the formula∫

R
φdµf =

∫
X
(φ ◦ u)|ψ|2dµ

holds for all measurable φ : R −→ [0,∞), where both sides may take the
value ∞. For φ ∈ L1(R, µf ) both sides are finite.

Proof. For φ = 1B with a measurable subset B of R the formula is
immediate from a direct computation, which uses that U is unitary:∫

R
φdµf = ⟨f, 1B(A)f⟩ = ⟨f, UM1B◦uU

−1f⟩ = ⟨ψ,M1B◦uψ⟩

=

∫
X
(1B ◦ u)|ψ|2dµ.

Now, the general case follows from taking linear combinations and limits. □

Given the preceding computation of the spectral measure, we now give
some connections between the spectral calculus and the spectral measures.
The arising formulas will be most useful for our subsequent considerations.
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Proposition 3.13 (Functional calculus and spectral measures). Let A
be a self-adjoint operator on H, let f ∈ H and let φ : R −→ C be measurable.

(a) f ∈ D(φ(A)) if and only if φ ∈ L2(R, µf ) = L2(σ(A), µf ), in which
case

∥φ(A)f∥2 =
∫

|φ|2dµf .

In particular, f ∈ D(A) if and only if
∫
x2dµf (x) <∞.

(b) If f ∈ D(φ(A)), then

⟨f, φ(A)f⟩ =
∫
φdµf and |φ|2µf = µφ(A)f .

Proof. Let (X,µ), u and U be as in Theorem 3.6, i.e.,

A = UMuU
−1,

where U : L2(X,µ) −→ H is unitary. Then, by definition,

φ(A) = UMφ◦uU
−1

holds for all measurable φ : R −→ C. We set

ψ := U−1f.

(a) We first show the characterization of the domain of φ(A). By Propo-
sition 3.12, we have φ ∈ L2(R, µf ) if and only if∫

|φ ◦ u|2|ψ|2dµ <∞

which, by the definition of the domain of a multiplication operator, is equiv-
alent to

ψ ∈ D(Mφ◦u).

As ψ = U−1f , this holds if and only if f ∈ D(φ(A)) from the definition of
the domain of φ(A).

Now, if φ belongs to L2(R, µf ), then, as U is unitary, Proposition 3.12
gives

∥φ(A)f∥2 = ∥Mφ◦uψ∥2 =
∫

|φ ◦ u|2|ψ|2dµ =

∫
|φ|2dµf ,

which proves the formula given in (a). The last statement of (a) is immediate
by taking φ = id.

(b) As U is unitary and U−1φ(A) =Mφ◦uU
−1, we obtain

⟨f, φ(A)f⟩ = ⟨U−1f, U−1φ(A)f⟩ = ⟨ψ,Mφ◦uψ⟩ =
∫
(φ ◦ u)|ψ|2dµ.

Since we assume f ∈ D(φ(A)), part (a) gives φ ∈ L2(R, µf ). As µf is finite,
φ ∈ L2(R, µf ) implies φ ∈ L1(R, µf ) and Proposition 3.12 yields∫

(φ ◦ u)|ψ|2dµ =

∫
φdµf .

Putting these equations together gives the first formula claimed in (b).

We now show

|φ|2µf = µφ(A)f .
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It suffices to show ∫
χ|φ|2dµf =

∫
χdµφ(A)f

for all bounded measurable functions χ : R −→ C. As χ is bounded and µf
is finite for all f ∈ H, by part (a) the operator χ(A) is defined on the entire
Hilbert space H. Hence, from the already established first formula of (b),
the fact that U is unitary and the definitions of φ(A) and χ(A), we find∫

χdµφ(A)f = ⟨φ(A)f, χ(A)φ(A)f⟩

= ⟨U−1φ(A)f, U−1χ(A)UU−1φ(A)f⟩

= ⟨Mφ◦uψ,Mχ◦uMφ◦uψ⟩ =
∫
(χ ◦ u)|φ ◦ u|2|ψ|2dµ

=

∫
χ|φ|2dµf ,

where we used Proposition 3.12 in the last equality. This is the desired
statement. □

Corollary 3.14 (Bounded functional calculus). Let A be a self-adjoint
operator on H and φ : R −→ C be measurable and bounded on σ(A). Then,
D(φ(A)) = H and, for every f ∈ H,

∥φ(A)f∥2 =
∫

|φ|2dµf , ⟨f, φ(A)f⟩ =
∫
φdµf

and

|φ|2µf = µφ(A)f .

Proof. As φ is bounded on σ(A) and µf is a finite measure supported
on σ(A), we have D(φ(A)) = H from (a) of Proposition 3.13, which also
gives the first equality. The remaining equalities then follow from (b) of
Proposition 3.13. □

Proposition 3.15. Let A be a self-adjoint operator on H and let f, g ∈
H. Then, there exists a unique finite signed regular Borel measure µ on R
with

⟨f, (A− z)−1g⟩ =
∫

1

x− z
dµ(x)

for all z ∈ C \ R. If φ : R −→ C is measurable and f, g ∈ D(φ(A)), then

⟨f, φ(A)g⟩ =
∫
φdµ.

In particular, this holds for all f, g ∈ H when φ is bounded and measurable.

Proof. The existence of such a signed measure is given by the exis-
tence of µf and µg and polarization. The remaining statements follow by
Proposition 3.13 (b) and polarization as well. □
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3.3. Spectral Projections

Of particular relevance for applications of the functional calculus are
characteristic functions of measurable sets. They are discussed next. Recall
that B(H) denotes the space of bounded operators on H. Given a self-
adjoint operator A we define

E : measurable subsets of R −→ B(H)

via
E(B) := 1B(A).

We call the operator E(B) the spectral projection associated to B. Note
that we have already encountered E(B) in the proof of Proposition 3.10. In
particular, we have used 1B = 1B1B = 1B to conclude that E(B) satisfies

E(B) = E(B)E(B) = E(B)∗

and hence is an orthogonal projection. Similarly, we infer from 1B11B2 =
1B1∩B2 that

E(B1)E(B2) = E(B1 ∩B2) = E(B2)E(B1)

whenever B1, B2 are measurable subsets of R. Moreover, we obviously have
E(∅) = 0 as 1∅ = 0. These considerations give, in particular,

E(B1)E(B2) = E(∅) = 0

whenever B1 ∩ B2 = ∅. Moreover, as 1∪n∈NBn is the monotone pointwise

limit of
(∑N

n=1 1Bn

)
N∈N whenever the sets Bn are mutually disjoint, we

infer E(
⋃

n∈NBn) = ⊕n∈NE(Bn). Furthermore, E(R) = I is the identity
operator.

To summarize, we note that E satisfies the following properties:

• E(B) is an orthogonal projection for each measurable B ⊆ R.
• E(

⋃
n∈NBn) = ⊕n∈NE(Bn) for mutually disjoint measurable sets.

• E(∅) = 0.

In this sense, the map E resembles a measure. We refer to E as the
projection-valued measure associated to A or the spectral family .

The map E is intimately linked to the spectral measures. This is dis-
cussed in the subsequent two propositions. The first proposition is a direct
consequence of Proposition 3.10.

Proposition 3.16 (Spectral measure via projection-valued measures).
Let A be a self-adjoint operator on H with associated projection-valued mea-
sure E. Then, for any f ∈ H, we have

µf (B) = ⟨f,E(B)f⟩ = ∥E(B)f∥2

for any measurable set B ⊆ R.

Proposition 3.17. Let A be a self-adjoint operator on H with associated
projection-valued measure E. Let B ⊆ R be measurable. Then, for all
f ∈ H,

µE(B)f = 1Bµf .

In particular, for any g ∈ E(B)H, we have µg = 1Bµg,

supp(µg) ⊆ B,
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where B denotes the closure of B, and g ∈ D(φ(A)) if and only if φ ∈
L2(σ(A), µg) for any measurable φ : R −→ C.

Proof. The first statement follows from (b) of Proposition 3.13. Now,
for g ∈ E(B)H, we have g = E(B)g as E(B) is an orthogonal projection
and we find µg = 1Bµg. Clearly, 1Bµg is supported on B. Now, if φ : R −→
C is measurable, then the statement on the domain of φ(A) follows from
Proposition 3.13 (a). This finishes the proof. □

It is possible to characterize the spectrum of A via E. To do so we define
the support of E as

supp(E) := {λ ∈ R | E((λ− ε, λ+ ε)) ̸= 0 for all ε > 0}.
With this definition, we can show that the spectrum of A is equal to the
support of E.

Theorem 3.18. Let A be a self-adjoint operator and E the associated
projection-valued measure. Then,

σ(A) = supp(E).

Proof. As the spectrum is preserved by unitary equivalence, we may
assume that A =Mu, where (X,µ) is a σ-finite measure space and u : X −→
R is measurable by Theorem 3.6. In particular, the spectrum of A is given
by the essential range of u. Hence, it remains to show that supp(E) equals
the essential range of u. Now, for a measurable set B ⊆ R, we have

E(B) =M1B◦u

and, hence, E(B) is not trivial if and only if

0 ̸= 1B ◦ u = 1u−1(B)

if and only if µ(u−1(B)) > 0. This easily shows that supp(E) is equal to the
essential range of u. □

3.4. Positive Operators

We will now restrict our attention further to those operators whose spec-
trum is contained in the non-negative real numbers.

Lemma 3.19. Let A be a self-adjoint operator on H with domain D(A).
Then, the following statements are equivalent:

(i) σ(A) ⊆ [0,∞).
(ii) A is unitarily equivalent to multiplication by an almost everywhere

non-negative function.
(iii) ⟨f,Af⟩ ≥ 0 for all f ∈ D(A).
(iv) There exists a self-adjoint operator S with A = S2.

Proof. According to the spectral theorem, Theorem 3.6, we can assume
without loss of generality that A is the operator Mu of multiplication by a
measurable function u : X −→ R, where (X,µ) is a σ-finite measure space
and D(Mu) = {f ∈ L2(X,µ) | uf ∈ L2(X,µ)}. The spectrum of A is then
the essential range of u by Lemma 3.3. Now, the essential range is contained
in [0,∞) if and only if u ≥ 0 almost everywhere and this in turn holds if
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and only if
∫
u|f |2dµ = ⟨f,Muf⟩ ≥ 0 for all f ∈ D(Mu). This shows the

equivalence between (i), (ii) and (iii).
Now, if u ≥ 0 almost everywhere, then Mu = M2

v with v =
√
u and,

thus, (ii) implies (iv). Finally, (iv) implies (iii) via

⟨f,Af⟩ = ⟨f, S2f⟩ = ⟨Sf, Sf⟩ = ∥Sf∥2 ≥ 0.

This finishes the proof. □

We highlight the class of operators appearing in the previous statement
by giving a definition.

Definition 3.20 (Positive operator). We say that a self-adjoint operator
A is positive if A satisfies one of the equivalent conditions of Lemma 3.19.
We write A ≥ 0 in this case.

Remark 3.21. Note that positivity for self-adjoint operators means
spectral positivity. If the Hilbert space has an additional lattice structure,
which is the case in our typical situation of ℓ2(X,m), this notion should not
be confused with the property of being positivity preserving. An easy and

instructive example is given by A : R2 −→ R2, Af :=

(
3 −1
−1 3

)
f . Then A

is clearly self-adjoint and σ(A) = {2, 4} implies that A is positive. However,

for f =

(
1
0

)
we have that f is positive, but Af =

(
3
−1

)
is not, so A is not

positivity preserving. Here, note that R2 = ℓ2({1, 2}).

Lemma 3.22 (Square root). Let A be a positive operator on H. Then,
the following statements hold:

(a)
√
A is self-adjoint and positive.

(b) (
√
A)2 = A, i.e., f ∈ D(A) if and only if f ∈ D(

√
A) and

√
Af ∈

D(
√
A) and in this case Af = (

√
A)2f . In particular, D(A) ⊆

D(
√
A).

Proof. By Lemma 3.19 we may assume that A is unitarily equivalent
to multiplication by a function u which is positive almost everywhere on a
σ-finite measure space (X,µ). It follows by the definition of the spectral

calculus that
√
A is then unitarily equivalent to multiplication by

√
u. As√

u is real-valued almost everywhere, the self-adjointness of
√
A follows from

Proposition 3.4. Positivity of
√
A then follows by Lemma 3.19. This proves

(a). Property (b) follows by a short argument involving the definition of the
domain of a multiplication operator, see Example 3.2, and the definition of
powers of unbounded operators. □
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Sheet 4
Operators on Hilbert spaces

Exercise 1 (Resolvents are continuous) 4 points
Show that the resolvent map of an operator A on a Hilbert space H

ϱ(A) −→ B(H), z 7→ (A − z)−1,

is continuous.

Exercise 2 (Multiplication operators I) 4 points
Let (X,µ) be a measure space and let u : X −→ C be measurable. The operator Mu of
multiplication by u has domain

D(Mu) = {f ∈ L2(X,µ) | uf ∈ L2(X,µ)}

and acts as
Muf = uf

for all f ∈ D(Mu). Show the following statements:

(a) The operator Mu is densely defined.

(b) The operator Mu is closed.

(c) The adjoint of Mu is given by (Mu)∗ = Mu. In particular, Mu is self-adjoint if u is
real-valued.

(d) The operator Mu is bounded if u ∈ L∞(X,µ).

Exercise 3 (Multiplication operators II) 4 points
Let (X,µ) be a σ-finite measure space and Mu the multiplication operator for a measurable
function u : X −→ C.

(a) The operator Mu is self-adjoint if and only if the essential range of u is contained in R,
which, in turn, holds if and only if u is real-valued almost everywhere.

(b) The operator Mu is bounded if and only if the essential range of u is bounded, which, in
turn, holds if and only if u ∈ L∞(X,µ). In this case,

∥Mu∥ = ∥u∥∞ = sup{|λ| | λ is in the essential range of u}.

(c) Mu = 0 holds if and only if the essential range of u is {0} which, in turn, holds if and only
if u = 0 holds almost everywhere.
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Exercise 4 (Closure convergence) 4 points
Let (Ln) be a sequence of self-adjoint operators on a Hilbert space and let L be a self-adjoint
operator. Assume that for a family (Φα)α∈I of measurable bounded functions from R to R and
some index set I we have

lim
n→∞

Φα(Ln)f = Φα(L)f

for all f in the Hilbert space and for all α ∈ I. Let A be the closure of {Φα | α ∈ I} with respect
to the supremum norm. Show that

lim
n→∞

Φ(Ln)f = Φ(L)f

for all Φ ∈ A and f in the Hilbert space.


