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1.5. Markov Resolvents and Semigroups

In Sections and we have seen that any graph comes with a form
and an operator and we have characterized the form (via compatibility with
normal contractions) and the operator (via a maximum principle). Here, we
introduce two further objects coming with a graph. These are families of
operators. Specifically, these are the semigroup and the resolvent associated
to the Laplacian of the graph. We characterize them intrinsically by the
Markov property.

Let L be a self-adjoint operator on ¢2(X,m) for a finite set measure
space (X, m). We call (e7*F);>¢ the semigroup associated to the operator L.
We say that the semigroup is positivity preserving if f € £2(X,m), f > 0
implies

efth > 0
for all ¢ > 0. Recall that a function f satisfying f > 0 is called positive.
Therefore, the semigroup (e_tL )e>0 is positivity preserving if it maps positive
functions to positive functions.

We say that the semigroup has the Markov property if f € (2(X,m),
0 < f <1 implies

0<eth <1

for all ¢ > 0. A semigroup with the Markov property is positivity preserving.
Indeed, whenever f > 0 is given then sf with a suitable s > 0 will satisfy
0<sf<lande ff= %e_tL(sf) > 0 follows.

In passing we note that a semigroup (e~*);>¢ is Markov if and only if

et f <1 holds for all f <1 and > 0. (Indeed, if (e~**) is Markov then
efth — 67th+ . efth_ < efth_i_ <1

holds for any f < 1 and ¢t > 0. Conversely, e */'f < 1 for f < 1 directly
implies e *f f < s for f < s with some s > 0. This in turn gives e */f <0
for f < 0 as any such f satisfies f < s for all s > 0. Hence, the semigroup
is positivity preserving.)

We will characterize in terms of L and the associated form () when a
semigroup is positivity preserving and Markov. We will need an auxiliary
lemma which does not involve graphs.

LEMMA 1.17 (Lie-Trotter product formula on finite set measure spaces).
Let (X,m) be a finite set measure space. If A and B are operators on
2(X,m), then

eMB = lim (e%Ae%B)”.
n—o0

PROOF. Set S, := e%(A*'B) and T,, := e%Ae%B for n € N. We want to
show that ||S7 — T'|| — 0 as n — oc.

We first note that for any operator L on £2(X,m) we have ||eX| < el
Consequently, it follows that

Tl < [len?|[lenB]|| < enlAllenlBI = exClAI+IBI)

and
S]] < exA+BI < enUIAI+IBID,



16 1. FINITE GRAPHS - THE THEORY IN A SANDBOX

A telescoping argument gives
n—1
Sh—Ty = Sh(Sn—Ta) T .
§=0
Therefore,
1Sh = T || < Cinl| S, — Toll,

IAI+IBI) Moreover,

where O = e

1 (A+BY &1 AV 1 (B
s -2l = |5 () -2 5 (5) X7 (3)

j=0 k=0 1=0
_[SL(AxBY 5 1 (4)(BY
[ ! n K\ n n

7j=2 k+1>2

1
SC?

for some constant C'. Therefore,

lsz — ) < 4C
n

which yields the desired statement. O

We now characterize when a semigroup is positivity preserving in terms
of the matrix and the form associated to a self-adjoint operator.

THEOREM 1.18 (First Beurling-Deny criterion). Let (X, m) be a finite
set measure space. Let L be a self-adjoint operator on £?(X,m) with as-
sociated matriz | and form QQ = Q. Then, the following statements are
equivalent:

(i) The matriz 1 of L satisfies, for all x,y € X with = # vy,

(“Matriz”) l(xz,y) <0.
(ii) The form satisfies, for all f € 2(X,m),
(“Form”) QU < Q(f).

(iii) The semigroup satisfies, for all f € £2(X,m), f >0 andt >0,
( “Semigroup”) e tlf>o0.

PROOF. (i) = (iii): We first decompose L into a diagonal and an off-
diagonal part. More specifically, we write

L=L+D,
where L has matrix elements equal to those of L on the off-diagonal and
matrix elements equal to zero on the diagonal and D has matrix elements

equal to those of L on the diagonal and matrix elements equal to zero on
the off-diagonal. The Lie-Trotter formula, Lemma then gives
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Now, by assumption, ji has only non-negative entries. This is then also

true for e n L. Also, e~ »D has only non-negative entries as it is a diagonal
matrix with exponential functions on the diagonal. Putting this together,
we infer that e7*/ has only non-negative matrix entries. This gives (iii).

(iii) = (ii): From (iii) we easily obtain
e ] < e 1)

Indeed, write f = fy — f- with f = fVv0and f- = —f Vv 0. Note that
f+ >0, f->0and |f| = f+ + f-. Now, a direct computation gives
] = et ety
e AR

— e—th+ + e—th_
= e Sl

Here, we used assumption (iii) in the next to last step. From this preliminary
consideration we infer

(e f ) < Ue ™1 N1 < eI LA
Moreover, (|f|,|f]) = (f, f). This gives

(™™ =DIfLID = (e =D, f).
Dividing by ¢ > 0 we infer
1

Gl = DIFLI = (e =D,

By the discussion of semigroups in Section we know Oje ' f = —Le L f
so that O t|;—gf = —Lf. Letting t — 0T in the inequality above we then
find
=QUf) = (—LIfLIf) = (=Lf, [) = =Q(f)
This gives (ii).
(ii) = (i): This has already been shown in Lemma[L.10] (a). O

Having dealt with the positivity preserving part of the Markov property,
we are now going to characterize the full Markov property.

THEOREM 1.19 (Second Beurling—Deny criterion). Let (X,m) be a fi-
nite set measure space. Let L be a self-adjoint operator on 2(X,m) with
associated matriz | and form Q = Qr. Then, the following statements are
equivalent:

(i) The matriz elements of the operator L satisfy, for all z,y € X with

T FY,
(“Matriz”) l(xz,y) <0 and Z l(xz,2z) > 0.
zeX
(ii) The form satisfies, for all f € £2(X,m),
(“Form”) Q(Cpoay0 f) < Q)

(iii) The semigroup satisfies, for allt >0 and f € £2(X,m), 0 < f <1,
( “Semigroup”) 0<etf<i.
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PROOF. (i) <= (ii): This was already shown in Theorem [L.11]

(i) <= (iii): The equivalence of I(z,y) < 0 for = # y and the semigroup
being positivity preserving was already shown in Theorem [1.18] For the
remaining part, we start with a preliminary consideration. Set f := L1 so
that the second inequality of (i) is equivalent to f > 0. Consider now the
function v definied by u; := e tL1 for ¢t > 0. This function satisfies ug = 1
and

atut = —Le_tLl = —e_tLLl = —6_th

for all ¢ > 0. In particular,
1

lim —(uy — = Oput|i—0 = — f.

t_1>151+ t(ut up) g |¢=0 f

We now turn to proving the desired equivalence. If (i) holds, then u
satisfies ug = 1 and dyuy = —e ' f < 0, where the last inequality follows
as (e7'F);>¢ is positivity preserving and f > 0 due to (i). This shows that
t — uy is non-increasing and gives

e 1 <1 forall t>0.
Now, let f € £2(X,m), 0 < f < 1. Then the inequality above implies
0< e*th <eM1<1

for all t > 0, as (e71) is positivity preserving. This shows (iii).
Conversely, if (iii) holds, then we infer
1
—L1 =0 "1fi—g = lim =~ (e —1) <0
e o = Jip G <
from which ) 5 l(z, 2) > 0 follows. O

We now conclude this section with a characterization of the validity of
the Markov property via graphs.

THEOREM 1.20 (Characterization of the Markov property). Let (X, m)
be a finite set measure space. Let L be a self-adjoint operator on £2(X,m)
with associated form QQ = Q. Then, the following statements are equivalent:

(i) There exists a graph (b,c) over (X, m) with
(“Graph”) Q=Qy. and L=Lpcp.

—tL)

(ii) The semigroup (e t>0, satisfies the Markov property, i.e.,

( “Semigroup”) 0<ef<1 forall 0<f<1,¢t>0.

PROOF. The statement follows by combining the second Beurling—Deny
criterion in Theorem [1.19, with Lemma [1.6 (]

As discussed in Section semigroups and resolvents associated to self-
adjoint operators share many features. One of these turns out to be validity
of the Markov property. The resolvent has the Markov property if and only
if the semigroup has the Markov property.

COROLLARY 1.21. Let (X,m) be a finite set measure space. Let L be a
self-adjoint operator on £2(X,m) with non-negative eigenvalues. Then, the
following statements are equivalent:
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(i) For allt >0 and all f € £*(X,m) with 0 < f <1,
0<etf<i.
(i) For all a >0 and all f € 2(X,m) with 0 < f <1,
0<a(l+a)tf<l.
(iii) There exists a graph (b,c) over (X, m) with L = Ly ¢ .

PROOF. The equivalence between (i) and (ii) follows easily from the
formulae given in Lemma The equivalence between (i) and (iii) was
shown in Theorem [1.20]

We can now visualize all the relations between the relevant objects in
the following figure.

Graph (b, ¢) Coefficients

Dirichlet form @
over (X, m)

on X

Green’s formula

Spectral theorem

differentiation shifts and inverses

Resolvents (L + a)~!
for a >0

Semigroup (=)o

Laplace transform
Exponential formula

REMARK 1.22 (Stochastic completeness). Let (b,c¢) be a graph over
(X,m) and L the associated Laplacian. Then the Markov property im-
plies e7#1 < 1 for all t > 0. The question whether actually e=**1 = 1 holds
for all ¢ is an interesting one. The graph is called stochastically complete
if e7¥1 = 1 holds for all ¢ > 0. We will have a much closer look on this
phenomenon in the case of infinite X. In the case considered here, where
X is finite, it turns out that e~**1 = 1 holds if and only if ¢ = 0. Indeed,
t — e~ 1 is the unique solution of the heat equation

atut = —Lut, ug = 1.

Now, for ¢ = 0 we have L1 = 0 and u = 1 is clearly a solution of that equation
and from uniqueness u; = e %1 = 1 follows for all ¢ > 0. Conversely, for
¢ # 0 we have L1 = ¢ # 0. In this case u = 1 is not a solution of the
heat equation. Hence, e *~1 can not be identically to 1 for all ¢. A further
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analysis then shows that e */'1 is strictly less than 1 for all t > 0 on each
connected component on which ¢ does not vanish.

1.6. Connectedness and Large Time Behaviour

In this section we consider the behaviour of e~** for large t. This is
intimately related to the behaviour of L at the bottom of the spectrum. Let
(X, m) be a finite set measure space.

For a function f: X — R we write f > 0 provided f(z) > 0 for all
zeX.

DEFINITION 1.23 (Positivity improving). Let A: £2(X, m) — £2(X,m)
be an operator on 2(X,m), i.e. A is linear. Then A is called positivity
improving if Af > 0 holds for all f > 0 with f # 0.

PROPOSITION 1.24 (Characterization of positivity improving semigroups
and resolvents). Let (b, c) be a graph over (X, m) with associated Laplacian
L = Lycm. Then, the following statements are equivalent:

tL s positivity improving for one (all)

(i) The semigroup operator e~
t > 0.
(ii) The resolvent (L +a)~! is positivity improving for one (all) o > 0.

(iii) The graph (b, c) is connected.

PROOF. (i) = (ii): This follows immediately from the Laplace trans-
form, i.e. from the fact that (L + o)t = [;° e~t*e~tLdt, which is shown in

Lemma (b).

(ii) = (iii): Suppose that (b,c) is not connected so that there exists a
non-empty connected component U of X with U # X. Write m4 for the
restriction of m to the set A C X. We identify ¢2(X,m) with

C(U,my) & (X \U,mx\p)
and write elements of the latter space as (f,g).
As U is not connected to X \ U, the operator L can be decomposed as
L=Ly®Lxy,

where Ly is the restriction of L to £2(U, my) and Lx\y the restriction of L
to 2(X \ U,mx\py). It follows that

L+a) ' =Lv+a) e (Lxyy+a)

Let f € ¢2(U,my) be positive and non-trivial. Then we clearly have that
(f,0) € 2(U,my) & 2(X \ U, mx\p) is positive and non-trivial but

(L+a)7(f,0) = (Ly + &) 7' f, (Lx\o + @) 710) = ((Lv +a) 7' £,0)

is not strictly positive. Hence (L + o)~ is not positivity improving.

(ili) = (i): Let f > 0 with f # 0. Let u: [0,00) x X — [0,00) be
defined by
u(t,z) = w(x) == e L f(x).
By Corollary we have ut(x) > 0 for all ¢ > 0 and z € X. We wish to
show that w;(x) > 0 for all ¢ > 0 and = € X.
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Assume that ug,(xg) = 0 for some ¢ty > 0 and some zy € X. Then,
t — uy(zp) has a minimum at ¢y. Thus,

8tut0 ($0) = 0.

As u; solves Oyuy = — Luy, this implies
0 = Lug, (o)
= LS b, ) ey (20) — e () + 2t ()
m(l’o) 0,Y to (L0 to\Y m(xo) to\ L0
yeX
1

= - > b, y)ur (y)-
eX

m(zo) 1

By u > 0 we conclude u,(y) = 0 for all y ~ z9. By connectedness of the
graph, we obtain inductively that u;, = 0. This gives the contradiction
f= etOLutO = 0. (]

LEMMA 1.25 (Speed of convergence). Let L be a self-adjoint operator on
2(X,m). Let Mo, \1 be the smallest and second smallest eigenvalues of L,
respectively, and let o := Ay — Ag > 0. If Ey is the orthogonal projection
onto the eigenspace of g, then

[ete ™t — Eol| < e forall t>0.
In particular,
le7t — Eo|| < e ™t forall t>0
if Ao =0.
Proor. We write L = Z;L:o AjE; with pairwise different eigenvalues

Ao <A1 <...< A, of L and E; the associated pairwise orthogonal spectral
projections onto the eigenspaces. Then,

n
e/\ote—tL — EO + Ze_t(Aj_/\O)Ej‘
j=1
From this we derive
||e>\ote—tL _ EOH S e—()q—)xo)t
as follows: Let f € ¢*(X,m). We use the fact that the E; are pairwise
orthogonal twice to get

n
(ot =B fIP = 3T e e e B
jk=1
E; pw. orth. - —2t(A;—Ao) 2
= e T ES ]

1

J

n
e NIy fIP
=0

n
PP e S )
§=0

= SR

IN
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Since this holds for all f € £2(X,m), taking square roots yields the conclu-
sion. U

The result above shows that (e*'e~*F);5¢ converges exponentially to
FEy, the orthogonal projection onto the eigenspace of A\g. In particular, if
Ao = 0, we get that the semigroup (e~*F);>¢ converges exponentially to Ej.

We will now investigate the properties of Ey in the case when the graph
is connected. The following result is known as the Perron—Frobenius theo-
rem. It states that the eigenspace of )¢ is of dimension one and consists of
functions of a fixed sign.

We recall that by the variational characterization of the bottom of the
spectrum we have

)\0 - lan(f)v

where the infimum is taken over all f € £2(X,m) with | f|| = 1.

THEOREM 1.26 (Perron-Frobenius). Let (b,c) be a connected graph over
a finite set measure space (X,m). Let L = Ly, be the associated Lapla-
cian with form Q = Qu. and let A\g be the smallest eigenvalue of L with
Ey the associated orthogonal projection. Then, the eigenspace of \g is one-
dimensional and there exists a unique normalized strictly positive eigenfunc-
tion u corresponding to Ao with

Eof = <’U,, f>u
for all f € (2(X,m).

PRrROOF. We first note the following general fact.

Claim. A normalized function u is an eigenfunction corresponding to Ag
if and only if Q(u) = Ao.

Proof of the claim. If Lu = Agu with |ju|| = 1, then Q(u) = (Lu,u) =
Aollull* = Ao

Conversely, let u be normalized with Q(u) = Ag. Let Ao < ... < A,
denote the eigenvalues of L. Writing L = Z?:o AjEj, we note that

Mo = Q(u) = (u, Lu) = (u, Y " \jEju) =Y Xj||Ejul®
7=0 J=0

with 3%, |Ejul/? = ||ul|* = 1. This shows Eju =0 for j > 1 and Fou = u,
so that Lu = Agu.

We now show that any eigenfunction corresponding to Ag is either strictly
positive or strictly negative:
Let u be a normalized eigenfunction corresponding to Ag. Then,

Ao < Q(Ju]) < Q(u) = Xo.

Here, we used the variational characterization of g in the first inequality
and that @ is a Dirichlet form in the second inequality. Therefore,

Ao = Q([ul).

As |u| is normalized as well, we infer that |u| is also an eigenfunction corre-
sponding to Ag by the claim.
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We now write v = u4 — u_, where uy =4V 0 and u— = —u V0, so that
|u| = uq +u_. Then
1 1
ug = §(|u\ +u) and wu_ = §(|u| —u)

are also eigenfunctions corresponding to Ag (or vanish identically). Assume,
without loss of generality, that uy # 0. As e~ is positivity improving for
all ¢ > 0 by Proposition [1.24] we infer

L

0<e Pup =eMou,.

This implies
uy >0 and wu_ =0.

These considerations show that any eigenfunction corresponding to Ag
has a strict sign. We conclude that the eigenspace of Ag is one-dimensional
as eigenfunctions with a strict sign cannot be orthogonal to one another.

Now, as the eigenspace of \g is one-dimensional, we then obtain

Eof = <’LL, f>u

for any normalized eigenfunction v and f € £2(X,m). Hence, any normal-
ized strictly positive u has the desired properties and is uniquely determined
by these properties. O

DEFINITION 1.27 (Ground state and ground state energy). Let (b,c)
be a connected graph over (X,m) with associated Laplacian L = Lj .
The smallest eigenvalue Ag of L is called the ground state energy and the
normalized positive eigenfunction u corresponding to Ag is called the ground
state.

We also introduce the heat kernel, which arises from the heat semigroup
(e7")izo0-

DEFINITION 1.28 (Heat kernel). Let (b, c) be a graph over (X, m) with
associated Laplacian L = Ly . ,,. The map

p:[0,00) x X x X — [0, 00)
defined by
e L f(x) = pila,y) f(y)m(y)
yeX
for all t >0, f € £2(X,m) and x € X is called the heat kernel.
THEOREM 1.29 (Convergence to the ground state and ground state en-
ergy). Let (b,c) be a connected graph over (X, m). Let L = Ly ., be the as-

sociated Laplacian with ground state energy g, ground state u and heat ker-
nelp. Let Ay > Ag be the second smallest eigenvalue of L and let o := A1 —Ag.

(a) Forallz,y € X,

Aot x,y) —u(x)u _L.
pe(,y) — u(@)u(y)] < (o))

( “Theorem of Chavel-Karp for finite graphs”)

e
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(b) For all z,y € X,

o1
Jim = logpe(2,y) = —o.
( “Theorem of Li for finite graphs”)

PROOF. To prove (a), first observe that for any f € £2(X,m) we have
lf(z)| < |IfII//m(z) for allz € X. Now, the formula for Ej in Theorem
gives, for all z,y € X, that Egl,(z)/m(y) = u(z)u(y) while pi(z,y) =
e E1,(x)/m(y) by definition. From Lemma we then obtain

. ’eAOte_tLly(x) — Eoly ()|

Aot
e'p(z,y) — u(x)u(y)| =
lerfe™" — Eo|l|[1y]
m(y)y/m(z)
efat
m(x)m(y)
This gives (a).
To prove (b), note from the above that
efat —at
u(@)u(y) — —————== < M'py(z,y) < w(@)u(y) + ———=
m(z)m(y) m(x)m(y)
for all z,y € X. As wu is strictly positive by Theorem m (b) follows after
taking logarithms for large ¢, dividing by ¢ and letting ¢ — oo. O

1.7. The Dirichlet Problem

In this section we discuss some further aspects of the theory. Throughout
we assume that X is a finite set and the measure m is just the counting
measure and we remove it from notation. We leave it as an exercise to
include a measure in the considerations.

LEMMA 1.30 (Non-vanishing ¢ characterizes the bijectivity of Ly ). Let
(b,c) be a graph over a finite set X and let Ly . be the associated Laplacian
on (2(X). The operator Ly . is bijective if and only if ¢ does not vanish
identically on any connected component of (b, c).

PROOF. As Ly is a linear operator on a finite dimensional vector space,
bijectivity is equivalent to injectivity. Furthermore, we can assume without
loss of generality that the graph is connected.

If ¢ = 0, then clearly Ly .1 = 0. Therefore, Ly . is not injective in this
case.

Now, suppose that ¢ does not vanish at all x € X. Let u € £2(X) satisfy
Lycu = 0. Green’s formula, Proposition [I.14} gives

0= Z uw(x) Ly cu(z) = Qpc(u)

zeX

— 23 b)) —u@)? + 3 ().
2

z,yeX zeX
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As all terms appearing in the sums are non-negative, we infer u(x) = u(y)
whenever b(z,y) > 0 and u(z) = 0 whenever c(z) # 0. As the graph is
connected, the first set of conditions implies u is constant and the second
set of conditions implies © = 0 as ¢ does not vanish identically. Therefore,
Ly . is injective. O

THEOREM 1.31 (The Dirichlet problem). Let (b,c) be a connected graph
over a finite set X. Let B C X with B # (), A:= X\ B and g: B — R.
Then, the Dirichlet problem (DP):

o [, u=00nA
e yu=gonbB

has a unique solution. Moreover, for the set
Ay :={he C(X)|h=g on B}

and f € Ay the following statements are equivalent:

(i) Qpe(f) = min{Qpc(h) | h € Ay}
(ii) The function f solves the Dirichlet problem (DP).

In particular, there exists a unique minimizer in (i). Moreover, if 0 < g <1,
then 0 < f < 1.

ProoOF. We will show a series of claims which will prove the theorem
(and a bit more).

Claim 1. The solution of (DP) exists and is unique.

Proof of Claim 1. We transform the problem to an equivalent problem
for which we will establish existence and uniqueness. Let f be a solution of
Ly.f =0on A with f = g on B, that is, let f solve (DP). For any x € A,
we then have

0= Lb,cf($)
= > bz, y)(f@) = f() + c(2) f(x)
yeX
=D b y)(F(@) = f) + 3 bl y)(F(@) = () + e(@)f ()
yeA yeB
= 3 bl y)(F@) = F) + (el) + D bla,y) F2) = D bla,y)g(y)
yeA yeB yeB
= b, y)(f(x) = f(y) + d(x) f () — h(z)
yeA
with
d(x) :=c(x) + Z b(z,y) and h(z):= Z b(x,y)g(y).
yeB yeEB
Note that both d and h do not depend on f.
We let LE4D) := Ly, 4, which we call the Dirichlet Laplacian associated

to the graph (ba,d) over A, given by ba(z,y) := b(z,y) for z,y € A, d as
above and the restriction f4 of f to A, we obtain from the above that

(P) LY fa=hon A,
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Now, if f is a solution of (DP), then f4 solves (P), as shown by the above
calculation. Conversely, any solution f of (P) becomes a solution f to (DP)
after extending f by g on B. This gives:

f solves (DP) <= f4 solves (P).

Therefore, it suffices to show that (P) has a unique solution, that is,
LEL‘D) is bijective. By construction, L(AD) is the Laplacian associated to the
graph (ba,d) over A. Thus, by Lemma it suffices to show that d
does not vanish on any connected component of A, where the connected
components are defined with respect to bs. Let Z be such a connected
component. Invoking the definition of d, it suffices to find z € Z and y € B
with b(z,y) > 0. First, we choose an arbitrary y' € B and 0 € Z. As the
graph is connected there exists a path (zg,z1,...,2z,) in (X,b) with 29 = 0
and z, = y'. Let j be the smallest index such that z; does not belong to
Z. Then, letting y := x;, y belongs to B as otherwise it would belong to Z
since Z is a connected component. Thus, z := x; 1 € Z and y = x; € B
satisfy b(z,y) > 0. This finishes the proof of Claim 1.

Claim 2. Any minimizer of Q. on Ay solves (DP).
Proof of Claim 2. Suppose that there exists an f € A, with

Que(f) = inf{Qpc(h) | h € Ag}.

Let ¢ be an arbitrary function supported on A. Then, f + Ap belongs to
A, for all A € R. Thus, the function

A Que(f +2p) = Que(f) + 22Quc(f, ) + A2 Qb.c(¢)

has a minimum at A = 0. Taking the derivative at A = 0 yields

0= Qb,c(fv 90) = Z Lb,cf(x)gp(x)
reX
by Green’s formula, Proposition As ¢ supported in A was arbitrary,
we conclude that Ly .f = 0 on A.
Claim 3. There exists a minimizer of Q. on Ay.
Proof of Claim 3. Let (fn) be a sequence in A, with

nlggo Qbe(fn) =Inf{Qpc(h) | h € Ag}.

It follows that (Qpc(fn)) is a bounded sequence. Let o be an arbitrary
point in B. Then, f,(0) = g(o) for all n € N as f, € A,;. As we will
show below, the boundedness of (Qs.c(fn)) together with the boundedness
of (fn(0)) implies that (f,(x)) is bounded for any x € X. By choosing a
suitable subsequence we can, without of loss of generality, assume that (f,,)
converges pointwise to a function f. Obviously, f € A, and

Que(f) = Qe (lim fn) = lim Quol(fa) = inf{Que(h) | h € Ay}

Thus, f is a minimizer of Q. on Aj.

It remains to show the desired boundedness of (f,(z)) for x € X. Let
x € X and let v := (xq,..., %) with g = 0 and x,, = = be a path from o
to x. Then, for any function u, we have by the Cauchy—Schwarz inequality

|u(z) = u(o)]
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m—1
< u(z;) — u(wj41)]
7=0
m—1 1
= u(z;) — w(jg)b(zs, 240) " ———
= ’ Y b(zj, zj41)"/?
el 1/2 me1 1/2
< (u()) = w(zjs1))?0(z), 2j41) b(wj,xjr) "
=0 =0

1/2
with C(v) := ( 227, b(z;, xj+1)*1> . Applying this to f,, and noting that
fn(0) = g(0) for all n since o € B, we get

[Fu(@) = g(0)| < CONQbe(Fn)' .
As (Qb,c(fn))n is bounded and C(v) does not depend on n, it follows that
(fn(z))n is bounded.

Claim 4. f0<g<1,then0< f <1.

Proof of Claim 4. Recall that Cjgqjo f =0V f ALl If f € Ay, then
Cloay 0 f € Ay since Cjgqy0 g = g. Therefore, Cjg ) o f is also a minimizer
of Qpc as Q. is a Dirichlet form and thus Qpc(Cjo 10 f) < Qpe(f). The
already proven uniqueness then gives f = Cj 1) o f, which is equivalent to
0<f<1.

By combining the preceding statements we now prove the theorem:
Claim 1 yields the existence and uniqueness of solutions to (DP). Claim 2
shows the implication (i) = (ii). Furthermore, in Claim 3, we have shown
the existence of a minimizer of Q. on Ag. We next turn to (ii) = (i): The
solution of (DP) and the minimizer of @ . on A, both exist and are unique
by the considerations above. As the minimizer of Q. on A, solves (DP)
by Claim 2, it coincides with the unique solution of (DP). Thus, this unique
solution minimizes Q. on Ay. Finally, the last statement of the theorem
follows from Claim 4. O
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Finite Graphs Il

Exercise 1 (Positivity improvement of the inverse operator) 4 points
Let X be a finite set and let L be an injective operator on C'(X). Show that the following

assertions are equivalent:

(i) The inverse operator L~! is positivity improving, i.e. for all f € C(X) such that f >0
and f # 0, we have L™1f > 0.

(ii) For each function u € C(X) satisfying the inequalities max,cx u(z) > 0 and Lu < 0, we
have u = 0.

Exercise 2 (Cauchy problem / Heat equation) 4 points
Let (X, m) be a finite measure space and let L be a self-adjoint operator on £2(X,m) and for

t > 0 let e L be defined via spectral calculus.

a) Show that for all ¢ > 0,

<01
eftL — Z ﬁ(—tL)n

n=0 """
In particular, show that the sum absolutely convergent with respect to the operator norm.

b) Show that {e~*" | ¢ > 0}, equipped with the composition of operators, is an operator
semigroup, i.e., e?L = I and et = ¢tLesl for all t,s > 0 and ¢ — e L f is continuously
differentiable at ¢ = 0 for all f € £2(X,m). Moreover, show that (in this finite dimensional
case)

d —tL

&e = —Le = —etp,

c¢) Show that for all f € £2(X,m), the function ¢ + o, := e **f is the unique solution of the

equation
—o, = —L =
dt Pt Pty  Po f7
for all t > 0.
Exercise 3 (Stochastic incompleteness) 4 points

Let (b,c) be a connected graph over (X,m) and let L = Ly ., denote the associated Laplacian.
(a) Show that e=**1 < 1 for all ¢t > 0 if and only if ¢ # 0.

(b) Show that if e=*%1 < 1 for some ¢ > 0, then e~*/1 < 1 for all ¢ > 0.
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Exercise 4 (Effective resistance) 4 points
Let b be a graph over a finite set X, let ) = @y be the associated form and let

1
Q(h)

be the effective resistance for x # y and Weg(x,z) = 0.

W () := sup{ b€ C(X), h(z) - h(y) = 1}

a) Prove the following equation
West(2,y) = max{|f(z) — f(y)I* | Q(f) < 1}.

b) Show that
0: X xX —1[0,00), (x,y)— VVeff(ﬂL“ay)l/2

defines a metric on the graph.

Bonus Exercise 1 (Effective resistance II) 1 point

Given the assumptions of Exercise 4, show that
0: X XX —10,00), (z,y)— Weg(z,y)

defines a metric on the graph, as well.



