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Multiplication Operators on Spaces of Vector-Valued Functions
Introduction

Motivation

This talk will examine operator-valued multiplication operators.

They arise from the study of non-autonomous abstract Cauchy

problems, i.e. problems of the type:

Let E be a Banach space, x0 ∈ E , A(t) linear operators on E for all

t ∈ R+. Find f : R+ → E such that

∂t f (t) = A(t)f (t)

f (0) = x0
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Motivation

When studying non-autonomous Cauchy problems, it helps studying

the associated multiplier operators, for example on the

Bochner-Lebesgue spaces:

A : Lp(R+,E )→ Lp(R+,E )

f 7→ (t 7→ A(t)f (t))
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Motivation

Overview:

1 Recapitulation of properties of scalar-valued multiplication

operators

2 Exploration of matrix-valued multiplication operators

3 Generalisation to operator-valued multiplication operators
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Scalar case

In lecture 2, we defined and explored scalar multiplication operators.

L2(R,K)→ L2(R,K)

f 7→ (x 7→ V (x)f (x))

for a function V : R→ K. Here, K ∈ {R,C}.
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Scalar case

Let us start by recalling simple properties of scalar multiplication

operators.

Let E = Lp(R,K), p ∈ [1,∞), and V : R→ K be a

measurable funciton. Define

dom(MV ) = {f ∈ E |V · f ∈ E}

and MV : dom(MV )→ E , f 7→ V · f

Then dom(MV ) is dense in E and MV is a closed operator.

Further, dom(MV ) = E and MV is bounded if and only if V is

essentially bounded. In this case, ‖MV ‖L(E) = ‖V ‖∞. We call

MV a multiplication operator.
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Further properties of MV :

MV is injective, if and only if V 6= 0 almost everywhere. This

is also equivalent to the range of MV being dense in E .

The adjoint map M′V is given by MV on the space Lq(R,K),

where 1
p + 1

q = 1.

The spectrum σ(MV ) is equal to the essential range of V ,

that is {z ∈ C | ∀ε > 0 : µ(V−1(Bε(z))) > 0}.

A bounded operator is a multiplication operator if and only if it

commutes with all bounded multiplication operators.

MV generates a C0-semigroup if and only if Re(V ) is

essentially bounded above.
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Generalizations

First, replace Lp(R,K) with Lp(Ω,K) for some measure space

(Ω,Σ, µ). The above properties stay the same with one constraint:

Say there is A ∈ Σ, µ(A) =∞, such that every measurable B ⊆ A

satisfies either µ(B) = 0 or µ(B) =∞. Then all Lp functions

vanish entirely on this set. As a consequence the values of V don’t

have an influence on MV .

We will assume that Ω does not contain such a subset. This is

called semi-finiteness.

Further, we will sometimes need to assume σ-finiteness, i.e.

Ω =
⋃

n∈N Ωn for Ωn ∈ Σ with µ(Ωn) <∞. This implies

semi-finiteness.
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Generalizations

Next, we will replace K with a Banach space E , i.e. E = Lp(Ω,E ).

Multiplying with V still retains its properties. The values of V can

be seen as scalar multiples of the identity operator. We considered

this operator in lecture 2.
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Generalizations

In lecture 6, we define an operator

L2(R,dom(A))→ L2(R,H)

f 7→ (t 7→ Af (t))

where A : dom(A)→ H was an operator on H.

We used this to

define operators of the form ∂tM(∂t) + A for evolutionary equations

What happens when we let A depend on t?
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Basic properties

Setup

In this section: Focus on the finite dimensional case.

E = Kn, where K ∈ {R,C}, n ∈ N.

Q := (qij)i ,j=1,...,n : Ω→ Mn(K) a measurable function.

(Ω,Σ, µ) a semi-finite measure space, i.e. for every Y ∈ Σ

such that 0 < µ(Y ), there exists Z ∈ Σ such that Z ⊂ Y and

0 < µ(Z ) <∞.
We consider the Banach space (E , ‖ · ‖) defined by

E := (Lp(Ω, µ))n = Lp(Ω, µ,Kn), 1 ≤ p <∞.

‖u‖E :=
(∫

Ω ‖u(x)‖p
Kn dµ(x)

) 1
p for u ∈ E , where ‖ · ‖Kn defines

some norm on Kn.
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Definition 2.1 (Matrix multiplier operators)

The operator (MQ, dom(MQ)) on E = Lp(Ω, µ)n defined by:

(MQu)(x) = Q(x)u(x), x ∈ Ω,

where u ∈ dom(MQ) := {v ∈ E | [x 7→ Q(x)v(x)] ∈ E} is called a

matrix multiplier operator on E .



Multiplication Operators on Spaces of Vector-Valued Functions
Matrix multipliers

Basic properties

Basic properties

Definition 2.1 (Matrix multiplier operators)

The operator (MQ, dom(MQ)) on E = Lp(Ω, µ)n defined by:

(MQu)(x) = Q(x)u(x), x ∈ Ω,

where u ∈ dom(MQ) := {v ∈ E | [x 7→ Q(x)v(x)] ∈ E} is called a

matrix multiplier operator on E .



Multiplication Operators on Spaces of Vector-Valued Functions
Matrix multipliers

Basic properties

Basic properties

Definition 2.1 (Matrix multiplier operators)

The operator (MQ, dom(MQ)) on E = Lp(Ω, µ)n defined by:

(MQu)(x) = Q(x)u(x), x ∈ Ω,

where u ∈ dom(MQ) := {v ∈ E | [x 7→ Q(x)v(x)] ∈ E} is called a

matrix multiplier operator on E .



Multiplication Operators on Spaces of Vector-Valued Functions
Matrix multipliers

Basic properties

Basic properties

Definition 2.1 (Matrix multiplier operators)

The operator (MQ, dom(MQ)) on E = Lp(Ω, µ)n defined by:

(MQu)(x) = Q(x)u(x), x ∈ Ω,

where u ∈ dom(MQ) := {v ∈ E | [x 7→ Q(x)v(x)] ∈ E}

is called a

matrix multiplier operator on E .



Multiplication Operators on Spaces of Vector-Valued Functions
Matrix multipliers

Basic properties

Basic properties

Definition 2.1 (Matrix multiplier operators)

The operator (MQ, dom(MQ)) on E = Lp(Ω, µ)n defined by:

(MQu)(x) = Q(x)u(x), x ∈ Ω,

where u ∈ dom(MQ) := {v ∈ E | [x 7→ Q(x)v(x)] ∈ E} is called a

matrix multiplier operator on E .



Multiplication Operators on Spaces of Vector-Valued Functions
Matrix multipliers

Basic properties

Basic properties

Theorem 2.2

Let Q = (qij)i ,j=1,...,n : Ω→ Mn(K) be measurable.

Then the matrix multiplier operator MQ is closed and densely

defined. Moreover

D :=

 n⋂
j=1

dom(Mqj1)

× ...×
 n⋂

j=1
dom(Mqjn )

 ,
where dom(Mqji ) := {f ∈ Lp(Ω, µ) | qji f ∈ Lp(X , µ)} for

i ∈ {1, ..., n} is a core for MQ.
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i ∈ {1, ..., n} is a core for MQ.



Multiplication Operators on Spaces of Vector-Valued Functions
Matrix multipliers

Basic properties

Basic properties

Theorem 2.2

Let Q = (qij)i ,j=1,...,n : Ω→ Mn(K) be measurable.

Then the matrix multiplier operator MQ is closed and densely

defined.

Moreover

D :=

 n⋂
j=1

dom(Mqj1)

× ...×
 n⋂

j=1
dom(Mqjn )

 ,
where dom(Mqji ) := {f ∈ Lp(Ω, µ) | qji f ∈ Lp(X , µ)} for

i ∈ {1, ..., n} is a core for MQ.



Multiplication Operators on Spaces of Vector-Valued Functions
Matrix multipliers

Basic properties

Basic properties

Theorem 2.2

Let Q = (qij)i ,j=1,...,n : Ω→ Mn(K) be measurable.

Then the matrix multiplier operator MQ is closed and densely

defined. Moreover

D :=

 n⋂
j=1

dom(Mqj1)

× ...×
 n⋂

j=1
dom(Mqjn )

 ,

where dom(Mqji ) := {f ∈ Lp(Ω, µ) | qji f ∈ Lp(X , µ)} for

i ∈ {1, ..., n} is a core for MQ.



Multiplication Operators on Spaces of Vector-Valued Functions
Matrix multipliers

Basic properties

Basic properties

Theorem 2.2

Let Q = (qij)i ,j=1,...,n : Ω→ Mn(K) be measurable.

Then the matrix multiplier operator MQ is closed and densely

defined. Moreover

D :=

 n⋂
j=1

dom(Mqj1)

× ...×
 n⋂

j=1
dom(Mqjn )

 ,
where dom(Mqji ) := {f ∈ Lp(Ω, µ) | qji f ∈ Lp(X , µ)} for

i ∈ {1, ..., n} is a core for MQ.



Multiplication Operators on Spaces of Vector-Valued Functions
Matrix multipliers

Basic properties

Basic properties

Sketch of proof. (D is a core for MQ)

One proves:

EQ := {1Ωl u | l ∈ N, u ∈ E} ⊆ dom(MQ) is a core forMQ,

where Ωl := {x ∈ Ω | ‖Q(x)‖ ≤ l} for l ∈ N

Application of Lebesgue’s theorem.

We may assume ‖ · ‖Kn = ‖ · ‖∞.

One can show EQ ⊆ D ⇒ D is a core for MQ.
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Proposition 2.3 (Bounded matrix multipliers)

A matrix multiplier MQ is bounded if and only if Q is essentially

bounded, i.e. there exists C ≥ 0 such that ‖Q(x)‖ ≤ C µ-a.e.. In

this case we have

‖MQ‖ = ‖Q‖∞ := inf
{

M ≥ 0
∣∣ µ ({x ∈ Ω | ‖Q(x)‖ > M} = 0)

}
Remarks on the Proof.

”⇐“: Follows directly, since ‖MQu‖E ≤ ‖Q‖∞‖u‖E

”⇒“: One indeed makes use of the semi-finiteness.
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Definition 2.4 (Essential spectrum range)

We define the essential spectrum range of Q by

ess-σ(Q(Ω)) :=
⋂

q∈[Q]

⋃
x∈Ω

σ(q(x))

Goal: If MQ is a matrix multiplier, then σ(MQ) = ess-σ(Q(Ω)).

Before doing so, we need some preliminaries.
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Proposition 2.5 (Preliminary 1: Invertibility)

For a matrix multiplier MQ the following assertions are equivalent:

(i) MQ is invertible,

(ii) There exists a measurable and essentially bounded function

R : Ω→ Mn(K) such that R(x)Q(x) = Q(x)R(x) = I for

µ-almost every x ∈ Ω.

In the latter case, we have MR = (MQ)−1.
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Lemma 2.6 (Preliminary 2: Alternative representation)

For λ ∈ K, ε > 0 define Nλ,ε := {x ∈ Ω | dist(λ, σ(Q(x))) < ε}.

Then:

Then Nλ,ε is measurable.

The essential spectrum range is given by

ess-σ(Q(Ω)) = {λ ∈ K | µ(Nλ,ε) > 0 ∀ε > 0}.

∃q0 ∈ [Q] :
⋃

x∈Ω σ(q0(x)) = ess-σ(Q(Ω)).
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Theorem 2.7 (Spectrum of matrix multiplier operators)

Let MQ be a matrix multiplier on E = (Lp(Ω, µ))n. If ρ(MQ) 6= ∅,

then σ(MQ) = ess-σ(Q(Ω)).

Notation.

We denote: σ(q(Ω)) :=
⋃

x∈Ω
σ(q(x)) for q ∈ [Q].
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Proof. σ(MQ) ⊇ ess-σ(Q(Ω))

Take λ ∈ ρ(MQ).

Then the resolvent R(λ,MQ) = (Mλ−Q)−1 is given by the

matrix multiplier MR , where R(x) = (λ− Q(x))−1 for µ-a.e.

x ∈ Ω and R is essentially bounded.

Set M := ‖R(λ,MQ)‖ = ‖MR‖ = ‖R‖∞ <∞.

Since λ ∈ ρ(Q(x)) µ-a.e., we obtain

dist(λ, σ(Q(x))) ≥ 1
‖(λ− Q(x))−1‖

≥ 1
M for µ-a.e. x ∈ Ω.

Hence λ /∈ {κ ∈ K | µ(Nκ,ε) > 0 ∀ε > 0} (P2)= ess-σ(Q(Ω)).
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Proof. σ(MQ) ⊆ ess-σ(Q(Ω))

It suffices to show that 0 /∈ ess-σ(Q(Ω)) implies 0 ∈ ρ(MQ).

MQ bounded:

∃ε > 0 : µ(N0,ε) = 0, where N0,ε is also given by

N0,ε = {x ∈ Ω | σ(Q(x)) ∩ Bε(0) 6= ∅}.

We obtain |det(Q(x))| ≥ εn > 0 ∀x ∈ Ω \ N0,ε

One can show

‖Q(x)−1‖ ≤ K
|det(Q(x))|‖Q(x)‖n−1

MQ bounded
≤ K

εn ‖MQ‖n−1,

µ-almost everywhere.
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Define R : Ω→ Mn(K) by

R(x) :=


Q(x)−1, if x ∈ Ω \ N0,ε,

0, if x ∈ N0,ε

.

Using (P1), MQ is invertible, i.e. 0 ∈ ρ(MQ).
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MQ unbounded:
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By the spectral mapping theorem (SMT):

σ(R(λ0,MQ)) \ {0} = (λ0 − σ(MQ))−1.
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∃q0 ∈ [Q] : σ(q0(Ω)) = ess-σ(Q(Ω)) ⊆ σ(MQ).

By (P1): R(λ0,MQ) =M(λ0−q0)−1 .

Thus, R(λ0,MQ) =M(λ0−q0)−1 is bounded and we obtain

σ(R(λ0,MQ)) = ess-σ((λ0 − q0)−1(Ω)) =
⋂

r∈[(λ0−q0)−1]
σ(r(Ω))

⊆ σ((λ0 − q0)−1(Ω)) SMT= (λ0 − σ(q0(Ω)))−1.
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Example 2.8

Consider Ω := R and Q(x) :=
(

0 x

0 0

)
for x ∈ Ω.

Then σ(Q(x)) = {0} ∀x ∈ Ω, hence ess-σ(Q(Ω)) = {0}.

But (MQu)(x) = Q(x)u(x) =
(

0 x

0 0

)
·
(

u1(x)

u2(x)

)
=
(

xu2(x)

0

)
.

⇒ σ(MQ) = C, i.e. ρ(MQ) = ∅.
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Bounded Operator Valued Multiplication Operators

Let (Ω,Σ, µ) be a σ-finite measure space and let (E , ‖ · ‖E ) be a

separable Banach space and 1 ≤ p <∞.

How do multiplication operators on Lp(Ω,E ) look like?

Recall: MQ is bounded if and only if Q is essentially bounded and

we had Q(ω) ∈ L(Cn) for ω ∈ Ω. Now we consider the space

L∞(Ω,L(E )) := {M : Ω→L(E ), ∀x ∈ E : ω 7→ M(ω)x is measurable

and ‖M‖∞ := ess sup
ω∈Ω

‖M(ω)‖E→E <∞}

and will call M ∈ L∞(Ω,L(E )) a multiplier.
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Bounded Operator Valued Multiplication Operators

Definition 3.1

We call an operator M∈ L(Lp(Ω,E )) a bounded operator

valued multiplication operator if M =MM for some

M ∈ L∞(Ω,L(E )).

Where MM : Lp(Ω,E )→ Lp(Ω,E ), f 7→ (ω 7→ M(ω)f (ω)) .

Proposition 3.2

For every M ∈ L∞(Ω,L(E )) and f ∈ Lp(Ω,E ) we have

MM(f ) = Mf ∈ Lp(Ω,E ).

Furthermore we have ‖MM‖Lp→Lp = ‖M‖∞.
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Proof.

ω 7→ M(ω)f (ω) is measurable,

(start with f = χAx),

‖Mf ‖p ≤ ‖M‖∞‖f ‖p is just a straightforward estimation.

Use that there exists a null set N such that

‖M‖∞ = ess sup
ω∈Ω

‖M(ω)‖E→E = sup
ω∈Ω\N

‖M(ω)‖E→E .

Therefore Mf ∈ Lp(Ω,E ) and ‖MM‖Lp→Lp ≤ ‖M‖∞.

For ‖M‖∞ ≤ ‖MM‖Lp→Lp use the separability of E .
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Theorem 3.3

For a linear operator T : Lp(Ω,E )→ Lp(Ω,E ) the following

assertions are equivalent:

(i) T is a bounded operator valued multiplication operator,

i.e. there exists M ∈ L∞(Ω,L(E )) such that T =MM .

(ii) T (ϕf ) = ϕT (f ) for all f ∈ Lp(Ω,E ), ϕ ∈ L∞(Ω) and

T
∣∣
Lp(Ω̄,E) is bounded for every purely atomic subset Ω̄ ⊆ Ω.

Where Ω̄ ⊆ Ω is called a purely atomic subset, if

Ω̄ =
⋃
{A ⊆ Ω̄ : A atom} a.e.
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Unbounded Operator Valued Multiplication Operators

For this section let again (Ω,Σ, µ) be a σ-finite measure space and

let (E , ‖ · ‖E ) be a separable Banach space.

For an unbounded operator A : dom(A) ⊆ Lp(Ω,E )→ Lp(Ω,E ) we

will write (A, dom(A)).
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Definition 3.4

We call an unbounded operator (A, dom(A)) an unbounded

operator valued multiplication operator, if there exists a family

(A(ω), dom(A(ω)))ω∈Ω of linear operators on E,

that is

A(ω) : dom(A(ω)) ⊆ E → E for every ω ∈ Ω, such that

(i)

dom(A) = {f ∈ Lp(Ω,E ) :f (ω) ∈ dom(A(ω)) for a.e. ω ∈ Ω

and ω 7→ A(ω)(f (ω)) ∈ Lp(Ω,E )}
(ii) (Af )(ω) = A(ω)(f (ω)) for all f ∈ dom(A) and a.e. ω ∈ Ω.

In this case the operators (A(ω), dom(A(ω)))ω∈Ω are called the

fiber operators of A.
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Lemma 3.5

Let (A, dom(A)) be an unbounded operator valued multiplication

operator, f ∈ dom(A) and ϕ ∈ L∞(Ω).

Then

ϕf ∈ dom(A) and A(ϕf ) = ϕA(f ).
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Proof.

Let (A(ω), dom(A(ω)))ω∈Ω be the fiber operators of A.

Then f (ω) ∈ dom(A(ω)) a.e. and

ω 7→ A(ω)(f (ω)) ∈ Lp(Ω,E ).

Therefore ϕ(ω)f (ω) ∈ dom(A(ω)) a.e. and

ω 7→ A(ω)(ϕ(ω)f (ω)) = ϕ(ω)A(ω)(f (ω)) ∈ Lp(Ω,E ).

This shows ϕf ∈ dom(A) and A(ϕf ) = ϕA(f ).
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Lemma 3.6

Let A be a multiplication operator (bounded or unbounded) and

assume λ ∈ ρ(A).

Then the operator R(λ,A) = (λ−A)−1 is a

bounded multiplication operator.

Proof.

Using Lemma 3.5 one can show R(λ,A)(ϕf ) = ϕ(R(λ,A)f ) for all

f ∈ Lp(Ω,E ) and ϕ ∈ L∞(Ω).

Since dom(R(λ,A)) = Lp(Ω,E ) and R(λ,A) is bounded, it follows

by Theorem 3.3 that R(λ,A) is a bounded multiplication

operator.
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Theorem 3.7

Let A be a densely defined closed operator on Lp(Ω,E ). Assume

that there exists an unbounded sequence (λk)k∈N ⊆ ρ(A) such that

lim
k→∞

λkR(λk ,A) = 1 on Lp(Ω,E ) and that R(λk ,A) is a bounded

multiplication operator for every k ∈ N . Then there exists a family

(A(ω))ω∈Ω of densely defined closed operators on E, such that

(A, dom(A)) is a multiplication operator with fiber operators

(A(ω), dom(A(ω)))ω∈Ω. Further there exists a null set N such that

for every ω ∈ Ω\N and for every k ∈ N one has λk ∈ ρ(A(ω)).
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see one and I seem to see

them everywhere

Einar Hille
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Recall:

Theorem 4.1

For a linear operator T : Lp(Ω,E )→ Lp(Ω,E ) the following

assertions are equivalent:

(i) T is a bounded operator valued multiplication operator,

i.e. there exists M ∈ L∞(Ω,L(E )) such that T =MM .

(ii) T (ϕf ) = ϕT (f ) for all f ∈ Lp(Ω,E ), ϕ ∈ L∞(Ω) and

T
∣∣
Lp(Ω̄,E) is bounded for every purely atomic subset Ω̄ ⊆ Ω.
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Important properties

Let (T (t))t≥0 be a C0-semigroup on Lp(Ω; E ) with generator

(A, dom(A)), such that there exist some constants W ∈ R and

M ≥ 1 with ‖T (t)‖ ≤ MeWt for all t ≥ 0.

Exponential formula:

T (t)f = lim
n→∞

[n/tR(n/t,A)]n f , f ∈ Lp(Ω; E ),

(Exponential formula)

where the convergence is uniform for t in compact intervals of R+.
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Integral representation:

For every λ ∈ C with Re(λ) > W , we

have λ ∈ ρ(A) and

R(λ,A)f =
∫ ∞

0
e−λsT (s)fds, (Integral representation)

for all f ∈ Lp(Ω; E ).

Resolvent limit: We have the following limit

lim
λ→+∞

λR(λ,A)f = f , for all f ∈ Lp(Ω; E ).

( Resolvent limit)
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Main result

Main theorem: Let (T (t))t≥0 be a C0-semigroup with generator

(A, dom(A)) on Lp(Ω; E ), with ‖T (t)‖ ≤ MeWt.

Then the following assertions are equivalent:

a) T (t) is a bounded operator valued multiplication operator, for

all t ≥ 0.
(
T (t)f (·) = T(·)(t)f (·) for T(·)(t) ∈ L∞(Ω,L(E ))

)
b) R(λ,A) is a bounded operator valued multiplication operator,

whenever Reλ > W .

c) (A, dom(A)) is an unbounded operator valued multiplication

operator with fiber operators (A(ω), dom(A(ω)))ω∈Ω.
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In this case we have for all t ≥ 0 and for µ−a.e., ω ∈ Ω,

(Tω(t))t≥0 is a C0-semigroup with generator (A(ω), dom(A(ω))) on

E , with ‖Tω(t)‖ ≤ MeWt.
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Proof of the main result

a)⇐⇒ b)⇐⇒ c): Follow from the scheme:
Multiplication operator (A, dom(A))

(Generator)

R(λ,A)

Multiplication operator

Resolvent

(T (t))t≥0

Multiplication semigroup

Exponential formula

Integral representation

Characterization Theorem

Res.limit
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Proof of the main result

It remains to prove the last part in the Theorem.

We have Ω =
⋃

n∈N Ωn and E = {xm}.

For all n, m ∈ N, we define fn,m := χΩn · xm.We have

(T (t)fn,m) (ω) = Tω(t) (χΩn · xm) (ω) = χΩn (ω)Tω(t)xm

for all ω ∈ Ω \ Nn,m where Nn,m is a µ−nullset.

Hence for all ω ∈ Ω \ N there exists n ∈ N such that ω ∈ Ωn (

N =
⋃

n,m∈NNn,m) and

Tω(t)xm = (T (t)fn,m) (ω)
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↪→

Tω(0)xm = xm

Tω(t + s)xm = Tω(t)Tω(s)(ω)xm

Tω(t)xm → xm as t → 0,

for all m ∈ N.

This implies that that (Tω(t))t≥0 is a C0 -semigroup for all

ω ∈ Ω \ N . (With generators (B(ω), dom(B(ω)))ω∈Ω\N )

B(ω) = A(ω) ?!
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Proof of the main result

In a similar way there exists a µ−nullset Ñ ⊇ N such that for all

ω ∈ Ω \ Ñ there exists n ∈ N such that ω ∈ Ωn

and

R(λ,A(ω))xm = (R(λ,A)fn,m) (ω)

=
∫ ∞

0
e−λt (T (t) (fn,m) (ω)dt

=
∫ ∞

0
e−λtTω(t)xmdt,

= R(λ,B(ω))xm

for all m ∈ N.

Therefore A(ω) is the generator of (Tω(t)t≥0.
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Finally we have for almost all ω ∈ Ω,

‖Tω(t)‖ ≤
∥∥∥T(·)(t)

∥∥∥
∞

= ‖T (t)‖ ≤ MeWt .
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Definition:

C0-semigroups satisfying the assertion a) from the above Theorem

are called multiplication semigroups.
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The next theorem gives a sufficient condition on the fiber operators

so that A is a generator on Lp(Ω; E ).
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Theorem:

Let (A, dom(A)) be a multiplication operator, assume that

for a.e., ω ∈ Ω, (A(ω), dom(A(ω))) is the generator of a

C0-semigroup (Tω(t))t≥0 with ‖Tω(t)‖ ≤ MeWt ,

for all t ≥ 0, the mapping function

ω 7→ Tω(t) ∈ L∞ (Ω,L(E )) , (1)

then A is the generator of the C0-semigroup given by

(T (t)f )(ω) = Tω(t)f (ω) t ≥ 0 and f ∈ Lp(Ω; E ).

Moreover ‖T (t)‖ ≤ Mewt for all t ≥ 0.
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Sketch of the proof

T (t) is a bounded linear operator on Lp(Ω; E ), with

‖T (t)‖ =
∥∥∥T(·)(t)

∥∥∥
∞
≤ MeWt . (2)

(T (t))t≥0 is a C0-semigroup on Lp(Ω; E ).

(T (t)f )(ω) = Tω(t)f (ω) t ≥ 0 and f ∈ Lp(Ω; E ).↪→

1 T (0) = Id

2 T (t + s) = T (t) ◦ T (s).

3 Strong continuity follows from the strong continuity of

(T·(t))t≥0 and the estimation (2)
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Sketch of the proof

We denote its generator by
(
Ã, dom(Ã)

)

i.e.,

dom(Ã) =
{

f ∈ Lp(Ω,E ) : lim
t→0

T (t)f − f
t exists in Lp(Ω,E )

}
Ãf = lim

t→0

T (t)f − f
t

Hence by the previous theorem Ã is a multiplication operator with

fiber operators (A(ω), dom(A(ω)))ω∈Ω\N0 . Therefore

Ã = A.
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Illustrating Example

Let Ω = R, V ⊂ Rn a bounded domain with smooth boundary and

consider the following operators

A(ω) = ∆ + a(ω), dom(A(ω)) = H1
0 (V ) ∩ H2(V )

on the Hilbert space H = L2(V ), where a ∈ L∞(Ω,R+).

↪→ Tω(t) = ea(ω)tet∆.

Then the multiplication operator A associated to the fiber operators

(A(ω))ω∈Ω is a generator.
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Matrix multipliers :

Let Q : Ω −→ Mn(K) be a measurable function.

The necessary and sufficient condition becomes:

etQ ∈ L∞(Ω,Mn(K)), for all t ≥ 0.

(Engel’s book and references therein.)



Multiplication Operators on Spaces of Vector-Valued Functions
Multiplication Semigroups

Examples

Matrix multipliers :

Let Q : Ω −→ Mn(K) be a measurable function.

The necessary and sufficient condition becomes:

etQ ∈ L∞(Ω,Mn(K)), for all t ≥ 0.

(Engel’s book and references therein.)



Multiplication Operators on Spaces of Vector-Valued Functions
Multiplication Semigroups

Examples

Matrix multipliers :

Let Q : Ω −→ Mn(K) be a measurable function.

The necessary and sufficient condition becomes:

etQ ∈ L∞(Ω,Mn(K)), for all t ≥ 0.

(Engel’s book and references therein.)



Multiplication Operators on Spaces of Vector-Valued Functions
Multiplication Semigroups

Examples

Matrix multipliers :

Let Q : Ω −→ Mn(K) be a measurable function.

The necessary and sufficient condition becomes:

etQ ∈ L∞(Ω,Mn(K)), for all t ≥ 0.

(Engel’s book and references therein.)



Multiplication Operators on Spaces of Vector-Valued Functions
Multiplication Semigroups

Examples

Matrix multiplier

Theorem 4.2

The following two assertions are equivalent:

1 The matrix multiplier MQ generates a strongly continuous

semigroup on Lp(Ω;K)n,

2 There exist K ≥ 1 and W ∈ R such that

{z ∈ C : Re(z) > W } ⊆ ρ (MQ) and the resolvent of MQ

satisfies

‖R (λ,MQ)‖ ≤ K
Re(λ)−W ,

for all Re(z) > W .
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Thank You!
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