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Theorem of Widder-Arendt

Theorem (Widder 1934)

Let r : (0,00) — R be a function. The following assertions are

equivalent:
Q@ r € C®(0,00) and

sup  {IA"FrM ) /nl)} < oo
A>0,neNg

@ There is f € L>(0,00) s.t.

r(3) = / TeMpwdt (3> 0)

0

(i.e. r is the Laplace transform of f).
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Theorem of Widder-Arendt

Does this statement remain true if we consider functions r : (0,00) — E,

where E is a Banach space?
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Theorem of Widder-Arendt

Does this statement remain true if we consider functions r : (0,00) — E,

where E is a Banach space?

Not in general.
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Theorem of Widder-Arendt

Question

Does this statement remain true if we consider functions r : (0,00) — E,

where F is a Banach space?

Not in general.

Definition
Let E be a Banach space. We say, Widder’s theorem holds in FE, if every

r € C((0,00), E) satisfying sup {|A"t1r(™(\)/n!|} < oo can be
A>0,n€Ng
represented in the form

r(\) = /ooe_“f(t)dt (A>0)

0

for some f € L*°([0, c0), E).
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Theorem of Widder-Arendt

Theorem (Arendt 1987)

A Banach space E has the Radon-Nikodym property if and only if
Widder’s theorem holds.
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Theorem of Widder-Arendt

Theorem (Arendt 1987)

A Banach space E has the Radon-Nikodym property if and only if
Widder’s theorem holds.

A Banach space E has the Radon-Nikodym property if every Lipschitz

continuous map f : [0,1] — E is differentiable a.e.
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Theorem of Widder-Arendt

Examples for spaces possessing the Radon-Nikodym property:
o R

e every reflexive space (in particular: every Hilbert space)

e every separable dual space

F.Gabel, M.Hartlapp, L.Lamberti Project E — Widder-Arendt June 2020



Theorem of Widder-Arendt

Examples for spaces possessing the Radon-Nikodym property:

o R

e every reflexive space (in particular: every Hilbert space)

e every separable dual space

Examples for spaces not possessing the Radon-Nikodym property:

C([Ov 1])5L1([O7 1])7LOO([07 1])a €0, .-+
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Theorem of Widder-Arendt

Theorem ("integrated version of Widder"; Arendt 1987)

Let E be a Banach space, v : (0,00) — E, M > 0. The following

assertions are equivalent:

Q@ r € C®((0,00),X) and

sup {|[]A"TLr () /nl[} < M,
A>0,neNg

@ There is F : [0,00) — E with F(0) =0 and
||F(t+h)— F(t)|| < Mh (t,h > 0) s.t.

r()) = /0 T NE@®d (A > 0).
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Proof of Widder-Arendt

(1) = (2):

Let 2’ € E'. The function (r(-),z’) : (0,00) — R satisfies

sup  {[[A"THrY(N),2)/nl[} < M|
A>0,neNg

F.Gabel, M.Hartlapp, L.Lamberti Project E — Widder-Arendt



Proof of Widder-Arendt

(1) = (2):

Let 2’ € E'. The function (r(-),z’) : (0,00) — R satisfies

sup  {[[A"THrY(N),2)/nl[} < M|
A>0,neNg
By the classical theorem of Widder

(r(\), 2) = / TNt a)dt (A 0)

0

for some f(-,z") € L®(0,00) with ||f(-,2)||ec < M]||2'|].
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Proof of Widder-Arendt

Define F(-,2') : [0,00) — R by F(t,2') = [3 f(
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Proof of Widder-Arendt

Define F(-,2') : [0,00) — R by F(t,2') = [5 f(r,2’)dr. Integration by

parts yields

(r(V), ') = [ M E(t )5 + /0 T e ME(L 2f)dt

[ee]
= / Ae ME(t )t (A > 0,2 € EY).
0
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Proof of Widder-Arendt

Define F(-,2') : [0,00) — R by F(t,2') = [3 f(

Properties:
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Proof of Widder-Arendt

Define F(-,2') : [0,00) — R by F(t,2') = [3 f(
Properties:

(i) |F(t+ h,2') — F(t,2")| < M||2'||h  (t,h > 0,2" € X'),
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Proof of Widder-Arendt

Define F(-,2') : [0,00) — R by F(t,2') = [3 f(
Properties:
(i) |F(t+hoa') = F(ta)| < Mlla/|[h (5 = 0,0 € X),

(ii) F(-,2') is continuous for every 2’ € E', F(0) =0,
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Proof of Widder-Arendt

Define F(-,2') : [0,00) — R by F(t,2') = [3 f(
Properties:

(i) |F(t+ h,2') — F(t,2")| < M||2'||h  (t,h > 0,2" € X'),
(ii) F(-,2) is continuous for every 2’ € E', F(0) =0,

(iii) F(t,a') is linear in 2’ for every t > 0 by (ii) and the uniqueness

theorem for Laplace transforms.
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Proof of Widder-Arendt

Define F(-,2') : [0,00) — R by F(t,2') = [3 f(
Properties:

(i) |F(t+ h,2') — F(t,2")| < M||2'||h  (t,h > 0,2" € X'),
(ii) F(-,2') is continuous for every 2’ € E', F(0) =0,

(iii) F(t,a') is linear in 2’ for every t > 0 by (ii) and the uniqueness

theorem for Laplace transforms.

Then, for every ¢t > 0 there is F(t) € E” with F(t,2') = (F(t),2') for

every ' € E'.
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Proof of Widder-Arendt

Then, for every ¢t > 0 there is F(t) € E” with F(t,2') = (F(t),2') for

every ' € E'.
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Proof of Widder-Arendt
Then, for every ¢t > 0 there is F(t) € E” with F(t,2') = (F(t),2') for

every ' € E'.

To show: F'(t) € E for every ¢t > 0.

F.Gabel, M.Hartlapp, L.Lamberti

Project E — Widder-Arendt



Proof of Widder-Arendt

Then, for every ¢t > 0 there is F(t) € E” with F(t,2') = (F(t),2') for
every ' € E'.

To show: F'(t) € E for every ¢t > 0.

By q: E” — E"/FE we denote the quotient mapping. We have

0=gq (%”) - /0 T e Mg(F))dt (A > 0),
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Proof of Widder-Arendt

Then, for every ¢t > 0 there is F(t) € E” with F(t,2') = (F(t),2') for
every ' € E'.

To show: F'(t) € E for every ¢t > 0.

By q: E” — E"/FE we denote the quotient mapping. We have

0=gq (%”) - /0 T e Mg(F))dt (A > 0),

By the uniqueness theorem for Laplace transforms ¢(F'(t)) =0, i.e.

F(t) € E for every t > 0.
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Repetition: Theorem of Widder-Arendt

Theorem ("integrated version of Widder"; Arendt 1987)

Let E be a Banach space, v : (0,00) — E, M > 0. The following

assertions are equivalent:

Q@ r € C®((0,00),X) and

sup {|[]A"TLr () /nl[} < M,
A>0,neNg

@ There is F : [0,00) — E with F(0) =0 and
||F(t+h)— F(t)|| < Mh (t,h > 0) s.t.

r()) = /0 T NE@®d (A > 0).
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Proof of Widder-Arendt

(2) = (1): By definition r € C*((0, 00), E). Let A > 0,n € No.

™ ()| = M p(#) dtH
POl = |45 [ e
< [TIre HZ()M |
gM/ tAe N — " le M dt
0

oo
:M/ e Mt
0
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Cy-Semigroups, Resolvents, Generators

Let E be a Banach space. A function T': [0,00) — L(FE) is called a
Cy-semigroup if

Q@ T(0) =1 (I is the identity operator on F),

Q T(s+t)=T(s)T(t) for every s,t € [0,00),

o ltifg T(t)x = x for every z € E.
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Cy-Semigroups, Resolvents, Generators

Definition
Let E be a Banach space and T : [0,00) — L(E) a Cp-semigroup.

A:E D D(A) — E is called the generator of T if Jw € R s.t.
(w,00) C p(A) and R(-, A) : (w,00) — L(E) defined by
R(\, A) = (M — A)~! satisfies

R(), A) = /0 TeNT A (A > w),

i.e. R(-, A) is the Laplace transform of the semigroup 7'
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Cy-Semigroups, Resolvents, Generators

Consider the abstract Cauchy problem

(ACP)) u'(t) = Au(t) + f(t), t>0
u(0) = xo

for A: E D D(A) — E closed, f € L}((0,00), E),z0 € E.
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Cy-Semigroups, Resolvents, Generators

Consider the abstract Cauchy problem

(ACP)) u'(t) = Au(t) + f(t), t>0
u(0) = xo

for A: E D> D(A) — E closed, f € L'((0,00), E), z0 € E.

If A generates a Cy-semigroup T then for every xzog € D(A) there exists

a unique classical solution of (ACPy).
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Cy-Semigroups, Resolvents, Generators

When is a given operator the generator of a Cp-semigroup? l
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Cy-Semigroups, Resolvents, Generators

Question
When is a given operator the generator of a Cp-semigroup?

Theorem (Hille-Yosida)

Let E be a Banach space, A: E D D(A) — E be a closed linear
operator, M >0, w € R. The following assertions are equivalent:
Q@ A generates a Cy-semigroup T : [0,00) — L(E).
@ D(A) is dense in E, (w,0) C p(A) and

(A = w)™ RO, A)™ /nl]| S M (A>win € Np).
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Purpose

Let A: D(A) C E — E be an operator, z € D(A) and f: Rt — F in

an appropriate space.

u(0) =z
A generates a Cy-semigroup = unique classical solution
R(\, A) is a Laplace transform = unique classical solution
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Purpose

Let A: D(A) C E — E be an operator, z € D(A) and f: Rt — F in

an appropriate space.

u(0) =z
A generates a Cy-semigroup = unique classical solution
R(\, A) is a Laplace transform = unique classical solution

What about if R(;\,;A) is a Laplace transform, for some n € N?
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Let (T'(t))t>0 a Co-semigroup and A its generator. Let n € N. Then
there exist M,w > 0 such that

IT()] < Me", ¥t >0,

Defining

t — g n—1
S™(t) = /0 %T(s)ds, for t > 0,

we obtain that

R(\A) 1 /0°° NIty dt = - — / T e (1) dt.

AT AT
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Let (T'(t))t>0 a Co-semigroup and A its generator. Let n € N. Then
there exist M,w > 0 such that

IT()] < Me", ¥t >0,

Defining

t — g n—1
S™(t) = /0 %T(s)ds, for t > 0,

we obtain that

R(\A) 1 /0°° NIty dt = - — / T e (1) dt.

AT AT
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Integrated semigroups

We are searching for operators A: D(A) — E for which there exist
M,w >0 and S™: [0,00) — L(FE) strongly continuous such that

o |S™(t)] < Met, Vit > 0.

o (w,00) C p(A) and

for some n € Ny.
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Integrated semigroups

We are searching for operators A: D(A) — E for which there exist
M,w >0 and S™: [0,00) — L(E) strongly continuous such that

o |IS™(t)|| < Mevt, vVt >0.

o (w,00) C p(A) and

for some n € Ny.

(S™(t))¢>0 is called an n-times integrated semigroup and A its

generator.
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Theorem (Relations between the semigroup and its generator)

Letn € N and x € E. Let (S™(t))t>0 an n-times integrated semigroup

and A its generator. Then the following assertions hold:
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Theorem (Relations between the semigroup and its generator)

Letn € N and x € E. Let (S™(t))t>0 an n-times integrated semigroup
and A its generator. Then the following assertions hold:

o Ifx € D(A), then S™(t)x € D(A) and AS™(t)x = S™(t)Ax.
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Theorem (Relations between the semigroup and its generator)

Letn € N and x € E. Let (S™(t))t>0 an n-times integrated semigroup
and A its generator. Then the following assertions hold:

o Ifx € D(A), then S™(t)x € D(A) and AS™(t)x = S™(t)Ax.

o Lett > 0. If x € D(A), then

t n
/ S"(s)Axds = S"(t)x — t—'x
0 n!
In particular, %(S”(t):c) = S"(t) Az + %x
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Theorem (Relations between the semigroup and its generator)

Letn € N and x € E. Let (S™(t))t>0 an n-times integrated semigroup
and A its generator. Then the following assertions hold:

o Ifx € D(A), then S™(t)x € D(A) and AS™(t)x = S™(t)Ax.

o Lett > 0. If x € D(A), then

t n
/ S"(s)Axds = S"(t)x — t—' .
0 n

tn—l

In particular, %(S”(t):n) = S"(t) Az + (L
o Lett > 0. Then [} S"(s)xds € D(A) and

t n
A/ S"(s)xds = S"(t)x — t—' .
0 n

In particular, S™(0) = 0 and S™(t)z € D(A).
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In contrast with Cy-semigroups, generators of an n-times integrated

semigroup (for n > 1) need not be densely defined.
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Remark

In contrast with Cy-semigroups, generators of an n-times integrated

semigroup (for n > 1) need not be densely defined.

v

Remark

It follows that

S™(-)x is right-sided differentiable in t > 0 < S™(t)x € D(A)

In particular,

reDA) = S'(t)xeDA) = %sn(m € D(4)
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Equation for integrated semigroups

(T'(t))t>0 semigroup = T(t+s)=T(t)T(s), Vs, t>0
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Equation for integrated semigroups

(T'(t))e>0 semigroup = T(t+s)=T(t)T(s), Vs,t>0

Can we associate an n-times integrated semigroup with an equation? I

(S™(t))¢>0 n-times integrated semigroup = ?

F.Gabel, M.Hartlapp, L.Lamberti Project E — Widder-Arendt June 2020



Theorem

Let S: [0,00) — L(E) be a strongly continuous function and suppose
that there exist M,w > 0 s.t. ||S(t)|]| < Me*?, for allt > 0. Letn € N

and define
% ::/ e MS()dt, YA > w.
0

Then the following assertions are equivalent:
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Theorem

Let S: [0,00) — L(E) be a strongly continuous function and suppose
that there exist M,w > 0 s.t. ||S(t)|]| < Me*?, for allt > 0. Letn € N

and define
% ::/ e MS()dt, YA > w.
0

Then the following assertions are equivalent:

1. There exists an operator A: D(A) — E such that (w,o0) C p(A)
and R(A\,A) = R()\).
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Theorem

Let S: [0,00) — L(E) be a strongly continuous function and suppose
that there exist M,w > 0 s.t. ||S(t)|]| < Me*?, for allt > 0. Letn € N
and define

% ::/ e MS()dt, YA > w.
0

Then the following assertions are equivalent:
1. There exists an operator A: D(A) — E such that (w,o0) C p(A)
and R(A\,A) = R()\).
2. S(t)x =0, for all t > 0 implies x = 0 and
S(t)S(s) = gz | Ji T (s+t—r)" 1S (r) dr—[5 (s+t—r)" 1 S(r) dr|,
for all s, t > 0.
In particular, S(t)S(s) = S(s)S(t), for all s,t > 0.
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Order: n - n+1

If the operator A generates an n-times integrated semigroup, then A

generates an (n + 1)-times integrated semigroup.

SHL(g) = /0 S"(s) ds

is the (n + 1)-times integrated semigroup generated by A.
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Order: n - n+1

If the operator A generates an n-times integrated semigroup, then A

generates an (n + 1)-times integrated semigroup.

SHL(g) = /0 S"(s) ds

is the (n + 1)-times integrated semigroup generated by A.

If A generates an (n + 1)-times integrated semigroup, do we need

additional conditions to make A generating an n-times integrated

semigroup?
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By intuition

If (S"F1(t))¢>0 is an (n + 1)-times integrated semigroup, we would like

to define:
d
S"(t)x = ES”“(t)a:, vt > 0.
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By intuition

If (S"F1(t))¢>0 is an (n + 1)-times integrated semigroup, we would like

to define:
S™(#) = %S”“(t)x, vt > 0.

o If z € D(A), then %S"H(t)x exists and belongs to D(A).

= S"(t): D(A) — D(A), Vt> 0.
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By intuition

If (S"F1(t))¢>0 is an (n + 1)-times integrated semigroup, we would like

to define:
S™(#) = %S”H(t)x, vt > 0.

o If z € D(A), then %S"H(t)x exists and belongs to D(A).

= S"(t): D(A) — D(A), Vt> 0.

o If z € D(A), %S"H(t)x might not make sense.

= We need an additional hypothesis
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Consequence of "Integrated Widder'

Theorem

Letn € Ny and w > 0. Let A a linear operator. The following

assertions are equivalent:
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Consequence of "Integrated Widder'

Theorem

Letn € Ny and w > 0. Let A a linear operator. The following
assertions are equivalent:

1. A generates an (n + 1)-times integrated semigroup (S""1(t))i>0

satisfying

limsup% HS”“(t +h)— S”“(t)” < Me“!, vt > 0.

(Lip)
h—0
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Consequence of "Integrated Widder'

Theorem

Letn € Ny and w > 0. Let A a linear operator. The following

assertions are equivalent:

1. A generates an (n + 1)-times integrated semigroup (S™ 1 (t))i>0
satisfying
lim sup — HS”+1 (t+h) — S"(t) ” < Me*t, Vvt >0. (Lip)
hso N

2. (w,00) C p(A) and

e

R\, AW
k!

)\n

<M, VYA>w, VkeNy. (Hi-Yo)

v
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Order: n+1—n

Let the equivalent conditions (Lip) and (Hi-Yo) be satisfied.

=  S"l()z e CH([0,00),E), Yz e D(A).
Define:

S (#) = %S"H(t)x e D(A), ¥t >0,z € DA).

Thanks to the Lipschitz condition (Lip) of S"! it follows that

1S™(t)|| < Me*, Vt>0.
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Order: n+1—n

Let the equivalent conditions (Lip) and (Hi-Yo) be satisfied.

=  S"l()z e CH([0,00),E), Yz e D(A).

Define:
S (1) = %S”H(t)x e D(A), ¥t >0,z € DA).

Thanks to the Lipschitz condition (Lip) of S"! it follows that

1S™(t)|| < Me*, Vt>0.

= (S™(t))t>0 C L(D(A)) is strongly continuous and exponentially
bounded.

S (). E—~E =  S"(t): D(A) — D(A)
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Generator of (5" (t))i0

Questions

1. Is the family (S™(t))i>0 an n-times integrated semigroup?

2. Does it possess a generator?

F.Gabel, M.Hartlapp, L.Lamberti

Project E — Widder-Arendt

June 2020



Generator of (5" (t))i0

Questions

1. Is the family (S™(t))i>0 an n-times integrated semigroup?

2. Does it possess a generator?

Consider the part of A in D(A), i.e.
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Generator of (5" (t))i0

Questions

1. Is the family (S™(t))i>0 an n-times integrated semigroup?

2. Does it possess a generator?

Consider the part of A in D(A), i.e

D(AD(A)) ={x € D(A): Ax € D(A)}, Amx =Azr (z¢€ D(AD(A))).
It follows that

L p(Ap) > p(A) > (w,00).

2. RO\ A DA )) R(XA). (up to proper restrictions)
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RO\ As o N
N T() )\"\tS"“()dt /O e S (1) dt,

for all A > w.
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RO\, Ay

) o0 oo
SR T C) / AeM§mHL(L) df — / e S dt,
AT 0 0

for all A > w.

Questions

1. Is the family (S™(t))i>0 an n-times integrated semigroup? Yes.

2. Does it possess a generator? Yes, it’s AW'
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R\, A=— 00
N (MD(A / AeM§mHL(L) df — / e S dt,
0
for all A > w.
Questions

1. Is the family (S™(t))i>0 an n-times integrated semigroup? Yes.

2. Does it possess a generator? Yes, it’s Am.

We have proved the following result:

If A satisfies the equivalent conditions (Lip) and (Hi-Yo), then A

D(A)
generates an n-times integrated semigroup (S™(t))e>0 in D(A).
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If A satisfies the equivalent conditions (Lip) and (Hi-Yo), then Am

generates an n-times integrated semigroup (S™(t))i>0 in D(A).
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Corollary

If A satisfies the equivalent conditions (Lip) and (Hi-Yo), then Am

generates an n-times integrated semigroup (S™(t))i>0 in D(A).

Remark
If A is densely defined, then

| A\

A ):A.

D(A
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Corollary

If A satisfies the equivalent conditions (Lip) and (Hi-Yo), then Am

generates an n-times integrated semigroup (S™(t))i>0 in D(A).

v

Remark

If A is densely defined, then

v

If the equivalent conditions (Lip) and (Hi-Yo) hold and A is densely

defined, then A generates an n-times integrated semigroup (S™(t))¢>0.
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Generalisation of Hille-Yosida theorem

Theorem

Let A be a densely defined operator on E. Let n € Ny and M,w > 0.

The following assertions are equivalent:

o A generates an n-times integrated semigroup (S™(t))i>0 satisfying
IS™ ()|l < Me®t, Vit > 0.
o (w,00) C p(A) and

()\ _ w)k—i—l
k!

R(, A)} (k)
An

<M, YA>w VkeNy. (Hi-Yo)

V.
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Banach lattices

A real ordered Banach space (E, <) is called a Banach lattice if

1. (E,<) is a vector lattice.

2. |zl <yl = =l <llyll-
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Banach lattices

Definition

A real ordered Banach space (E, <) is called a Banach lattice if

1. (E,<) is a vector lattice.

2. |zl <yl = =l <llyll-

v
Examples

o If (92, u) is a measure space, then

LP(Q, ), forall pe[l,o0],

is a Banach lattice.

o If K is a compact space, then

C(K)={K — C : f is continuous}

is a Banach lattice.

.
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Resolvent positive operators

Theorem

Let E be a Banach lattice and A be an operator on E such that
(w,00) C p(A) for some w € R and

R(MNA) >0, VA>w. (A is resolvent positive)

Then A generates a 2-times integrated semigroup.

Moreover, if D(A) is dense, A generates a once integrated semigroup.

Remark

If E=1LP(Q) (1 <p< oo)and A is a resolvent positive operator

= A generates a once integrated semigroup

A,
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Example

Let E = C([-1,0]) x R and

A: CH[-1,0)) x {0} C E = E, A(f,0) = (f',—£(0)).
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Example
Let E = C([-1,0]) x R and
A5 CH[-1,0) x {0} C E— B, A(£,0) = (', —£(0)).

Then

p(A)=C and R\ A)(f,c)= (W[/: e M f(y) dy—l—c},O).

A is resolvent positive.
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Example
Let E = C([-1,0]) x R and
4: CH=1,0) x {0} € B B, A(£,0) = (f/,—(0).

Then
0
pA) =C and ROVANF0) = (] [ ey +c|.0).
A is resolvent positive. Let ey € C([—1,0]) given by
Az

ex(z) =€, with A >0 and z € [—1,0].

= (ex,0) = R(N, A4)(0,1)
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By simple calculations we have
e}
Q=/ Ne ML, dt,
0

where k; € C(]—1,0]) is given by

0 ifx+t<0
ki(z) = with ¢ € RT.

z+t ifz+t>0
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By simple calculations we have
gz/ Ne ML, dt,
0
where k; € C(]—1,0]) is given by

0 ifx+t<0
ki(x) = with ¢ € RT.

z+t ifz+t>0

Suppose by contradiction that A generates a once integrated

semigroup. Then

R(\, A)
)

Thanks to "Integrated Widder", we have that

(0,1) = (%A, 0) is a Laplace transform

k:RT — C([~1,0]) is differentiable =  Contradiction!

F.Gabel, M.Hartlapp, L.Lamberti Project E — Widder-Arendt June 2020



Integrated Semigroups and Cauchy Problems

JW.

):"R(X,AY — ()G

X (l‘l:'YO'

Salue (AC’-’P )f (&J‘Un.‘T- * CM'.I'
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Integrated Semigroups and Cauchy Problems

Back to our inhomogeneous Cauchy problem

u'(t) = Au(t) + f(t) (t€]0,7]),

u(0) =z,

(ACP )

where 7 > 0, f € L1([0,7], E), z0 € E.

A classical solution of (ACPy) is a function

u € CH([0,7], E) nC{0, 7], D(A))

satisfying (ACPy) for all t € [0, 7].
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Integrated Semigroups and Cauchy Problems

Back to our inhomogeneous Cauchy problem

u'(t) = Au(t) + f(t) (t€][0,7]),
u(0) =z,

(ACPy)

where 7 > 0, f € L1([0,7], F), z0 € F,

A generator of a once integrated semigroup.

A classical solution of (ACPy) is a function

u € CH([0,7], B) N C([0, 7], D(A))

"t

satisfying (ACPy) for a1 t € [0, 7].
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Existence of Solutions to (ACPy)

. Cond. ohap-
jaid . inhem, ] v dﬂh\r

Proposition (Representation Formula and Uniqueness)

Consider v(t) == S(t)xo + /t S(s)f(t—s)ds (z0€ E) Vewadsen ‘F Gdl
0

If u is a class. sol. of (ACPy), then v € C*([0,7], E) and u = v’

Theorem (Existence)
If v € C2([0,7], E), then u := v/ is a solution of (ACPy).
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Existence of Solutions to (ACPy)

If ﬁ) =S()zo + / S(s)f(t—s)ds € C2([O,T]7E),

e—— 0

then u := v’ is a solution of (ACPy).

Proof. Recal[ / s)rods = S(t)xo —two (t >0, IIOEE)l <4
T -r)drds
oot = AL S b {/J(sfr)f“ bl

- ) els
dooh )y, - kxp v (CCCETIEGT- 1 s) £

Tt

-
-~

C) - bxgr (LIS ds
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Existence of Solutions to (ACPy)

I () = S()z0 +/' S(s)f(t — s)ds € C*([0, 7], E), \ o)z f(o)x, = 0

— 0 ‘
Vizwr'(oy = %o
then u := v’ is a solution of (ACPy). w(

Proof. A/tv(s)ds—v(t)—txo—/t(t—r)f(r)dr l(-)\ Vr{JGﬂ
-0 0 =

o gl (0 - x,

5 Ae) s (D TXe T

- R W) - L)
S Acw e T E

L _ O“ ”'(‘_)
4(0 €(c)ohr | ol

w = o Sles
> “ owl (ACP)&
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Differentiability of v (&) ~ § @x, + (=€ 6)¢lg-1ds

Sufficient condition

o feC*0,7],E) 7
@ Xp € D(A) \/
o 1 == Azo + f(0) € D(A) V'

The mere regularity of f is not enough!

Recall s(t>z:tz+f0ts(s)Azds (z € D(A),t > 0) ' +
— —_ — ¢ ‘( )
+
L€) = SEIA + S(1)€(0) fo $61§ Gl

— o —

S <) (Ano *5“”
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Generalization

Let A be the generator of an n-times integrated semigroup.

Theorem (Existence and Uniqueness)

Ifo(-) = S()xo + /0. S(s)f(t —s)ds € C"*1([0, 7], E),

then u := v(™ is the unique solution of (ACP ).

Sufficient condition

° f€ Cn+1([07T]’E) fé o
@ 25 € D(A)

X, € 'D(Aw)

less l‘% 56
Mure rﬁs o~ Dol

v

@ 17 := Az + f(0) € D(A)

@ --- Tm:
o =z, = Ax,_1 + f"1(0) € D(A)
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Hille-Yosida Condition (... Ras.

Question

What if é a priori only satisfies A 's wed .o
NHTR(A, A)1W
(H"‘/o\l [ HCA T — 0RO <1 (20 ke N
““n Y] n\ -

A generates a once 1ntegrated but not a Cp-semigroup in general.

[E]F Co=00.01 = {f € C(~c0,0]: lim _f(z) =0}
DA)={f¢e EmCl(—qu]: f(0y=0}, Af=/f

(H:-Ye) ,\f—{‘=3€€
RONY = 56 eMf, e

"’\eats)o’x_s !e E (/\>° )
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Example — where is the once integrated semigroup?

0
(RO A)f)(a) = [ e f(s) ds

fr —

o

¢
m.ky):" { /\e"\e (SCOC)() At
o
x+4
_{:‘ _'f(‘) OlS
(S(NS)R)- (° §£G)ds

—

¢ € D(A)

Cl)f diff'ble T
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Hille-Yosida revisited A ik vt Ad-
Let

o L Banach space with Radon-Nikodym property

e A operator such that (w,00) C p(A) for some a > 0

o [(A=w)ROAN <M (A>wm=0,12,...)

Then 4=0
e exists a semigroup (7'(¢))¢>0, strongly continuous for ¢t > 0 ‘
o R(\A) = [CeNT(t)dt

o for the once integrated semigroup (S(¢)) generated by A
S(t) = Jy T(s)ds
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