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© Motivation

e What is Homogenization 7 Physical and Mathematical.
o What is Thermoelasticity ?

© Problem Description
© Two scale convergence
@ Conclusion and Open problems
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Figure — Composite material
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o It is the study of microscopic and or/bulk behavior of solutions to
PDEs or other type of equations posed on a heterogeneous
domain/media, where the heterogeneities are present at the
microscopic scale ¢.
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o It is the study of microscopic and or/bulk behavior of solutions to
PDEs or other type of equations posed on a heterogeneous
domain/media, where the heterogeneities are present at the
microscopic scale ¢.

@ The heterogeneities can be in the form of fine mixing of two or more
materials with different physical properties in the domain or due to
singularities in the domain in the form of pores, granules etc.
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@ The problem posed on the heterogeneous domain has a unique
solution.
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@ The problem posed on the heterogeneous domain has a unique
solution.

o Heterogeneities cause the solution to develop high frequency
oscillations.
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@ The problem posed on the heterogeneous domain has a unique
solution.

o Heterogeneities cause the solution to develop high frequency
oscillations.

@ So a direct numerical study will not be able to capture either the
bulk behaviour or the oscillations present in the solution which are at
a microscopic level.
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Do an asymptotic analysis as € — 0, that is we try to approximate the
solution u. corresponding to the heterogeneous domain, for small ¢ > 0,
by the solution of a homogenized problem in which the small parameter
does not appear.
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Do an asymptotic analysis as € — 0, that is we try to approximate the
solution u. corresponding to the heterogeneous domain, for small ¢ > 0,
by the solution of a homogenized problem in which the small parameter
does not appear.

The mathematical problem is :
@ to identify the homogenized equation

@ to prove the convergence of u. corresponding to the heterogeneous
equation to that of the homogenized equation as ¢ — 0

@ to capture the oscillations in u. (known as correctors in the
literature)

@ the solution together with the correctors can be used (and also can
be computed numerically) to get good approximation to the original
solution.
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The Problem of homogenization of evolution equations can be stated as

follows :
zL(t) = Acz(t) t>0,
2:(0) = z,

Question :
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The Problem of homogenization of evolution equations can be stated as

follows :
zL(t) = Acz(t) t>0,
2:(0) = z,

Question :

Assuming z. — zg. What's the evolution equation that zy satisfies ? and
how to give an explicit analytical construction of the limiting evolution
equation ?
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The Problem of homogenization of evolution equations can be stated as

follows :
zL(t) = Acz(t) t>0,
2:(0) = z,

Question :

Assuming z. — zg. What's the evolution equation that zy satisfies ? and
how to give an explicit analytical construction of the limiting evolution
equation ? The limiting equation

{ 25(t) = Apzo(t) t >0,
20(0) = z,
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A stationary temperature field in a non-homogeneous rod with
periodic structure :

(%) = jla), w(0) = 1) =0,

Cdx e’ dx

Typel

Type 2
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A stationary temperature field in a non-homogeneous rod with
periodic structure :

(D) = 5@, we0) = uel1) =0,

dx e’ dx

Assumptions
© The rod is of periodic structure.
@ The thermal conductivity a. is periodic with period € = % where n
is a large natural number.
Q a.(x)= a(%) and a(y) is a 1—periodic function which is positive
and differentiable.
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T aD) B = f@), we(0) =we1) =0,

@ Since we are considering a periodic structure at a microscopic scale
like in composite materials, then ¢ will be very small causing rapid
oscillations in the coefficients and hence in the solutions.

Question : What is the homogenized equation ?
Some Fundamental Difficulties
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@ It can be seen that the periodic function a(%) converge to the
average : In other words, in weak sense

a(Z) = m(a) == /Y a(y)dy.

3

Further, from the standard variational formulation, one can deduce
that

u. — u weakly in Hg.
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@ It can be seen that the periodic function a(%) converge to the
average : In other words, in weak sense

a(Z) = m(a) == /Y a(y)dy.

3

Further, from the standard variational formulation, one can deduce
that

u. — u weakly in Hg.

@ Does u satisfies the averaged equation ?

L (@) = j@), w(0) = u()) =0,
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@ In general, it is not true. The limit problem is
d 1 1-1du
Cdx ([m()} d:c) = f(x), u(0)=wu(l)=0,

e What about N-dimension (a = A)7

S. NAFIRI Two scale convergence of Thermoelasticity 16



@ In general, it is not true. The limit problem is

4 <[m<1>} ;’“) = f(2). u(0) = u(1) =0,

e What about N-dimension (a = A)7

@ The difficulty is that weak convergence does not preserve non
linearities. In particular

Jn—fand g, =g

does not imply g, fn — gf

For example : sin(2rnz) — 0, but sin®(27nz) — L.
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How to get Homogenized equation .

@ Multiscale asymptotic expansion method : Bensoussan, Lions and
Papanicolaou, see also Keller and Larsen, and Sanchez-Palencia;

@ Two scale method : Nguetseng, Allaire.

@ the G-convergence of Spagnolo well adapted to problem involving
Green kernel ;

@ the I'-convergence of De Giorgi suitable for homogenization of
optimization problem ;

o the H-convergence of Tartar and Murat (a generalization of the
G-convergence method to non symmetric problems).
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T aDH B = f@), wel0) =we1) =0,

and the limit problem is

d20
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Some numerics
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Numeric solutions (dx<e)
T T T

Figure — a(y) = (2 + sin(2my)) . ¢ = 0.02, f(z) = 1.
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The study of the relationship between the elastic properties of a material
and its temperature or between its thermal conductivity and its stresses.
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Ut (2, 1) — Uge(2,8) =0

O(x,t) — Opp(x,t) =0
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uge (2, t) — Au(x,t) =0 O¢(x,t) — AB(x,t) =0
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uge (2, t) — Au(x,t) =0 O¢(x,t) — AB(x,t) =0

E(t)
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uge (2, t) — Au(x,t) =0 O¢(x,t) — AB(x,t) =0

E(t) E(t)
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Upt — Uge +7f(0,0,) =0
et - 0933: + 'Yg(ut, utx) =0
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Ut — Uge + 70, =0, Qx(0,+00),

et - exx + Wutx = 07 Q X (07 +OO)7
U — Uge +70 =0, Q x(0,+00),
915 — F)m +yuy = 0, Q x (O7 +OO),

Strong coupling {

Weak coupling {
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Ut — Uge + 70, =0, Qx(0,+00),

et - ezx + Wutx = 07 Q X (07 +OO)7
U — Uge +70 =0, Q x(0,+00),
915 — F)m + Yuy = 0, Q x (0, +OO),

Strong coupling {
Weak coupling {

v(x)|? 4+ 10(z)|*dx

E(t) = % /sz |Vu(z)]? +
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Ut — Uge + 70, =0, Qx(0,+00),
et - 9193 + WUm = 07 Q X (07 +OO)7

. U — Uge +70 =0, Q x(0,+00),
Weak coupling { O Opp -y =0, Qx(0,+00),

Strong coupling {

v(x)|? + |0(x)|*da

E(t) = % /” |Vu(z)]? +

@ A. DAY, Heat Conduction with Linear Thermoelasticity,
Springer-Verlag, New York, 1985.

¥ V. D. KUPRADZE, Three-Dimensional Problems of the
Mathematical Theory of Elasticity and Thermoelasticity,
North-Holland, Amsterdam, 1979.

[1 C. Dafermos, On the existence and the asymptotic stability of
solutions to the equations of linear thermoelasticity, Arch. Rational.
Mech. Anal. 29, 241-271 (1968)
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Problem description
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Notations B

Q c RY bounded domain with boundary 9.
Y = (0,1)" be the periodicity cell with Lebesgue measure dy.
The symbol # denotes Y -periodic functions.

e 6 6 o

C§°(Q) : the linear spaces of all (test) functions which are infinitely
differentiable, and respectively compactly supported in domain .

CrY)={feC>(Y)+ fisY — periodic}
LE(Y)={f/ f€L,.Y)+ [isY — periodic}.

loc

HL(Y) = CP(Y)

H () = (HL()
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Problem description

S. NAFIRI

=0,

—mwaav%»fwa@
= div(b(2)VHO.) + (%)

Ou,
ot

= o), 2 (2,0) = (@), 0.(2,0) = o)

Two scale convergence of Thermoelasticity

in Qx (0,T)

in Qx(0,7)
on 902 x (0,7
in Q.
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c(g);? — div(a(2)Vu.) — v(2)6. in Qx (0,T)
() d(%) 3: = div(b(2)Vb.) —l—v(f)aau: in Qx(0,7)
u. =0=90, on 902 x (0,7
ue(z,0) = dig(2), a;f (2,0) = @iy (2), 0(z,0) = Op(z) in Q.
B0 = 5 [ 1(0:) V(@) + (o)lofa) + de(e)]0(a) s
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Problem description

o(2)Ze _ din(a(2)Vu.) — 1(2). in Q0 x (0,T)
(S) (f) = = div( (%)VGE)—l—v(f)aau; in Qx(0,7)
u. =0=10. on 902 x (0,7
e (z,0) = do (), 855 (2,0) = @y (2), 0(x,0) = Go(z) in Q.
B0 = 5 [ 1(0:) V(@) + (o)lofa) + de(e)]0(a) s

u. represents the displacement field.
0. the temperature increment field.

~(-) The thermomechanical coupling.

© 00O

a(-) and b(-) are respectively the diffusivity and propagation speed in
the medium.

@ ¢(-) and d(-) are positive.
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@ a(-) and b(-) are selfadjoint Y-periodic matrices.

e there exists a > 0 independent of ¢ such that for all £ € RV :
1
alg]* < faly)e < — e
1
alg]” < Eb(y)E < ~ I

The functions ¢, d and v are bounded positive Y -periodic functions
el0<a<c(y) <al<o Yy eY.
e 0<a<dly <al<wx Yy €Y.
0 0<y(y) <1 Yy €Y.
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Acw = —div(a(é)Vw), Bow = —div(b(é)Vw).

Define the inner product

<(u,v,9), (~,17,9~)> =< Acu, i >9 + < v, >0 + < de0,0 >y

€

H(u,vﬁ)l\?=/QI(aa(m))%VU(w)IQ+ce(l‘)|v(w‘)l2+de(w)l9(x)\2dw-

H = H}(Q) x L*(Q) x L*(Q).

Remark : || - |lg ~ || - ||&
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m\i%

™ \Zi

é

= div(a(Z)Vue) — y(Z)0.

Ou,
—dw( (2)VO.) +~(2) o
=0,

fio(x), Oou,

Two scale convergence of Thermoelasticity

5 (@ 0) = (@), b,
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8

= div(a(Z)Vue) —v(£)b:

€

= div(b(£)V0,) + (L)

g

Ult) =AU
{ U.(0) = Uy = (flo,1,00)7,

Two scale convergence of Thermoelasticity
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Well-posedness

U.(0) =Uy = (tg,t1,60)",
0 I 0
A= _CIEAE 0 _’cyf
0 I -1B
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Well-posedness

The family of operators A. generates a family of contraction semigroups
T.(:) on the Hilbert space H endowed with the norm || - ||-. J
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Well-posedness

The family of operators A. generates a family of contraction semigroups
T.(:) on the Hilbert space H endowed with the norm || - ||-. J

Sketch on the proof :
e A. is dissipative.
° 0€p(A.)

S. NAFIRI Two scale convergence of Thermoelasticity 32



A priori estimates

For £ > 0, the following a priori estimates hold :

1
l[c2uellz < ClIFl2

1
a2 Vuells < C|[F2

|d26e |2 < C||F|l2
162 VOe|l2 < C| 2

with a constant C independent of e.
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Sketch on the proof :
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Sketch on the proof :

o R(\,A.)F =U.

Ve = Aue — f
(AZCE - As)us + Vel = ceg + Ace f
—AVeUe + ()\de - Be)ea =d.h—.f.

N <t  ue > =N < Actig, ue > HX < Yoo, ue > =< g + Aeof, Auz >
< =Aveug, 0. > +A < db.,0. > — < BO.,0. >=<d.h—~.f,0. >

3.5, 112 3 2 30012 3 2 2
N[ ucllz + Allag Vue |3 + Alld2 0c |3 + (|62 VO |5 < C||F[]3.
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The "dual’ space of admissible 'microscopic fluxes’, of tensor fields on Y.

W, = {w € (L;(Y))N‘divy (((a(y))

Nl

w(y)> =0 in H#I(Y)}
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The "dual’ space of admissible 'microscopic fluxes’, of tensor fields on Y.

A {w c (Li<Y>)N\dwy((<a<y>)%(y)) =0 in H#%Y)}

Wy = {w c (Li<Y>)N1dwy<(<b<y>)éw@)) —0 in H#1<Y>}
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The "dual’ space of admissible 'microscopic fluxes’, of tensor fields on Y.

A {w c (Li<Y>)N\divy((<a<y>)%(y)) =0 in H#%Y)}

Wy = {w c (Li<Y>)N|dwy<(<b<y>)éw@)) —0 in H#1<Y>}

N
W, and W, are closed linear subspaces of (LQ(Y)) , and hence can
themselves be regarded as Hilbert spaces with respective inherited L2
inner products.
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Two scale convergence
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Two scale converge

Definition of two scale convergence

A sequence of functions {u.} that is bounded in L?((2,dx) is said to be
weakly two-scale convergent ug(x,y) € L?(Q x Y) (we write

ue(z) 2 ug(w,y)) if

lim ug(x)qﬁ(m)b(g)dx:/Sz/yuo(x,y)qﬁ(x)b(y)dydac,

e—0 Jo

for any ¢ € C5°(R2), b € CF(Y).
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Definition of two scale convergence

A sequence of functions {u.} that is bounded in L?((2,dx) is said to be
weakly two-scale convergent ug(x,y) € L?(Q x Y) (we write

ue(z) 2 uo(z,y)) if

lim ug(x)qﬁ(m)b(g)dx:/Q/Yuo(x,y)gb(x)b(y)dydx,

e—=0 Jo

for any ¢ € C5°(R2), b € CF(Y).

Definition 2

A sequence of functions {u.} that is bounded in L?(), dz) is strongly
two-scale convergent to ug(x,y) € L*(Q x Y) (we write

ue () 2 uo(z,y)) if

lim st(x)ug(w)d:c:/Q/Yv(x,y)uo(:c,y)dydx, for ve(z) = v(x,y).

e—0
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Some remarks

o If b =1, then u.(x) 2 ug implies ue — .
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Some remarks

o If b =1, then u.(x) 2 ug implies uz — wu.

@ Strong two-scale convergence implies weak two-scale convergence.
The mean value property implies that ¢(z)b(z/€) N o(z)b(y) for
€ C5e(Q), be CF(Y).
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Weak two-scale Trotter Kato theorem

Let T.(-), € > 0, be a contraction Cy-semigroup on the Hilbert space H,
with generator A, € > 0. Suppose that for any A > 0, we have

(i) weak two-scale resolvent convergence : R(\, A.)f EN R(N\)f for
some f € H and
(i) the range of R(\) is dense in H.

Then there exists a unique operator Ay generating a contraction
Co-semigroup To(-) on the Hilbert space H, such that
R(N) := R(\, Ag). Moreover,

T (t)f — Ty (t)f

forallt>0and f € H.
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Theorem 2

There exist ug(), 0y () € L?(Q), & (2, y) € L2(Q; W,) and
xo(z,y) € L?(Q; W) such that, up to extracting a subsequence in &
which we do not relabel,

Ug 2 uo ()

eVu, 2 0

((ate/e))* Vue 2 &o(a,)
ANE))
eV, 20

1

(/=) V6. 2 xo(2.9)

S. NAFIRI Two scale convergence of Thermoelasticity
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Theorem 3

There exists a unique function (up to an additive constant) u(z,y) in
L?(€; H},(Y)) solving the cell problem

—div, (a(y) Vyui(z,y) + Vzuo(m)]) =0, such that
&) = (a())* [Vyur (2,9) + Vo ()]

Similarly we can show that there exists a unique function (up to an
additive constant) 6, (x,y) in L*(€%; H(Y)) solving the cell problem

—div, (b(y) [V, 01 (2, y) + vweo(x)]) = 0, such that

Xo(z,y) = (b(y))2 [V, b1 (2, y) + Vabo(2)].
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o(x,y) € L*(Q; Wa)
o &0 — aVauy L L2(Q,W,)

@ Using generalized Weyl's decomposition Lemma.

Lemma : (Generalised Weyl's decomposition.)

If n € L*(Y') and n € W Then there exists u; € L*(Q; H},) such that

ny) = va(y)Vyui(z,y).
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(i) The strongly continuous contraction semigroups T.(-) associated
with A. weakly two-scale converge to the semigroup Ty (-)
associated with Ay, i.e. if f € H then for all t > 0,

T.(t)f > To(1) /.

where
0 I 0
An = _LAhom 0 _ <’Y>I
0 <c>0 <’Y>I . 1<c§hom
<d> <d>
Aoy = —div(a™"Vw), Bhemy = —div (b Vw)

1
MV =< a2V > BV =< a2V, >
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(ii) For & > 0, the family of Cauchy problems

dU,

dt = AEUEa UE(O) = UO = (QO)alaéo)T7

(weakly) two-scale converge to the limit Cauchy problem

dU, = e o
dito =] AOUO7 U0(0> = UO = (UO,U1790)T7
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Conclusion and Open problems
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0%,
é9t2 = div(a(Z)Vue) —v(Z)0:
(5] F = div(b(2)V0.) 1 (2)

u. =0=20,
us(x,0) = ag(x), %(ax,(}) =1y (x), O:(x,0) = go(x)

@ What about almost periodic case ?
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0%,
gtg = dlv(a(g)vus) - ’7(2)65
(5] F = div(b(2)V0.) 1 (2)

u. =0=20,
us(x,0) = ag(x), %(ax,(}) =1y (x), O:(x,0) = éo(x)

@ What about almost periodic case ?

@ What about non periodic case?
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0%,
gtg = dlv(a(g)vus) - ’7(2)65
(5] F = div(b(2)V0.) 1 (2)

u. =0=20,
us(x,0) = ag(x), %(ax,(}) =1y (x), O:(x,0) = éo(x)

@ What about almost periodic case ?

@ What about non periodic case?
@ Numerical schemes associated with respect to the step size h and €7
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0%, . - .
gtg = dlv(a(;)vus) - ’7(?)65
0. . - oy Olle
(5)d 5 = dvb(2)VO:) +(2)
u. =0=20,

Ou,

E(% 0) = a1 (2), 0-(z,0) = Oy(x)

ue(z,0) = to(z),
@ What about almost periodic case ?
@ What about non periodic case?
@ Numerical schemes associated with respect to the step size h and €7

@ Nonlinear case...
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Thank you for your attention
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