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Dictionary : The study of the relationship between the elastic
properties of a material and its temperature or between its thermal
conductivity and its stresses.

Encyclopedia : The ability of a material to stretch in response to
changes in temperature.



Dictionary : The study of the relationship between the elastic
properties of a material and its temperature or between its thermal
conductivity and its stresses.

Encyclopedia : The ability of a material to stretch in response to
changes in temperature.




Hetnarski R.B., Eslami M.R., Thermal stresses - advanced theory and applications,

Springer, 2019.

W. Nowacki, Problems of thermoelasticity, Progress in Aerospace Sciences, Polskiej
Akademie Nauk, Warszawa, 10, (1970), pp. 1-63.

V. D. KUPRADZE, Three-Dimensional Problems of the Mathematical Theory of
Elasticity and Thermoelasticity, North-Holland, Amsterdam, 1979.

J. A. Walker, Dynamical Systems and Evolution Equations, ser. Mathematical

Concepts and Methods in Science and Engineering.Plenum Press, 1980, vol. 20.

A. Day, Heat Conduction Within Linear Thermoelasticity. Springer-Verlag, 1985.



Hubble space Telescope launched into Earth orbit in 1990



"The transfer of energy between its mechanical form and heat
generally has been ignored as a source of both structural damping
and excitation in the vast literature on control of flexible
structures. Only a few recent papers have considered control of
thermoelastic structures. However, the thermally induced
vibrations that hampered the recently launched Hubble space
telescope have highlighted the coupling between mechanical
vibration and heat transfer and the need to model and control
thermoelastic phenomena in flexible structures.”

J. S. GIBSON, I. G. ROSEN, AND G. TAO, Approximation in control of thermoelastic
systems, SIAM J. Control. Optim., 30 (1992), pp. 1163-1189.



Linear thermoelastic system



We are interested in the study of the following linear thermoelastic
system on R x RY:

vVvvyVvvVvyVvyVvyYvYyy

t

u
0

A2u —div(cVu)+~0=f
{ t ( ) Y (1)

00 — div (kV0) — v0ru = q
: time on R

: proportional to the displacement on R x R

. temperature on R x RY

Oru : first derivative of u with respect to t

(O

k

,y
f

q

wave speed for a constant temperature state
: heat conductivity

: the amount of thermal-mechanical coupling
: the external forces

. the heat flux



Evolutionary equation of the thermoelastic system
Problem setting
Well-posedness of Evolutionary Equation
The solution of Evolutionary Equation



We shall study the thermoelastic system posed on RY with rapidly
varying periodic coefficients.

e>0
c,v, k:(0,1) - R

Oue —div (c (£)Vue) +7(£)0-=f
0:0. — div (k (g)V@E) - (i)atug =gq

5

v, k and c are bounded and positive.



We shall study the thermoelastic system posed on RY with rapidly
varying periodic coefficients.

e>0
c,v, k:(0,1) - R

Oue —div (c (£)Vue) +7(£)0-=f
0:0. — div (k (g)V@E) - (4)8tu€ =gq

5

v, k and c are bounded and positive.
With
Ot ue
0c
c (g) Vu,
k() Vo,

U= and F =

O O Q



we can write equation 2 in the form of evolutionary equation.

(O:eMz+ N-+A)U=F (3)
10 0 0 v 0
M — 01 No |20 0
= e , = 0
0 € (2) 0 iy
0 k= (2)
—div 0
A 0 0 —div
| —grad 0 0
0 —grad

grad denotes the gradient differential operator on function spaces
of L?(R9) and div = grad*.

A:domACH=L1?x (1?4 > H

A is skew self adjoint



We shall prove that M. is a material law.

Ms(z) = M. + Z_lNe (4)
0
o
N, = 0
0

dom M. = C\ {0} open and M,(z) holomorphic on dom M,

For assumptions on =, ¢ and k, M. and N, are bounded and M.(-)
defines a material law with the abscissa of boundedness

sp(M) = infLer{[|Me(2)loo Cre», finite} =0



Let's take vg > 0 and verify that the required real part condition of
Picard’s theorem holds i.e. 4¢c > 0

Re (¢, zM(2)$) ) = cllo |l (5)
for € H and z € Cgey>yy,

zZM.(z) = zM. + N;
<¢7 ZME(Z)¢>H = <¢7 ZME¢>H + <(b' NE¢>H

<¢7 ZM€¢>H =z <¢7 M€¢>H
=z <¢7 (¢17 ¢27 C_1¢37 0)>H
z (loxll72 + 0201z + (3, ¢ ¢3),,)



(6, 2M-),, ( 6, Z2M.0)y + (9, 2M-0) )
(«

¢7ZM€¢ + <¢ZME)¢> )

X I\)\I—ll\J\

e(2) (Io1lfz + lo2llfz + (3, ¢ 1e3),) (6)
o (loellfz + H¢2HL2 +all¢sl72)

> 1o min(1, ) Z li2-

i=1

T



<¢7 N5¢>H = <¢)7 (7¢27 _’y¢17 0, k_1¢4)>H
= <¢)17 7¢’2>H + <¢2; _7(/51>H + <¢4, k71¢4>H

Re (¢, Nog)y;) = Re (2ivIm ((¢1, ¢2) 1)) + (bar k" a),,)
= Re (($a, k" ba),,) ()
> Bl ¢all32



Re (6, 2M:(2)@) ) = (6, 2M-0) yy + (&, No0)
4
> min(1,v0) min(L,a,8) > |¢il3
i=1
> cllolF

— the real part condition of Picard’s theorem holds.



For all € > 0 and all v > vy, the operator :

OtyM: + N: + A
is densely defined and closable in Ly, (R, H).

The respective closure is continuously invertible with causal inverse
being eventually independent of v.

OeaM- + No T A ' € L(Lo(R, H)) (8)



For v > 0 we have

U € dom(0:,M;) N dom(A)

and for a suitable F € H the thermoelastic system can be
recovered from the evolutionary equation (9, M. + N. + A)U = F:

AT O f
_ 0. _ -1 q
U= c (g) v | = Ot uM: + N- + A 0 (9)

k(2) V0. 0



Homogenisation of the thermoelastic system
Problem setting
Fourier-Laplace transformation
Gelfand transform
Asymptotic behaviour of the solution
Comparaison to the standard homogenisation



We shall study the one space dimensional (1d) homogenisation of
the thermoelastic system with rapidly varying periodic coefficients:

82 —ax ;ax +9 ;HZf’
{ t Ue (C(a) UE) /(6)5 teR,xeR. (10)

0¢0- — O (k (g)axee) -7 (é)atus =q,



We shall study the one space dimensional (1d) homogenisation of
the thermoelastic system with rapidly varying periodic coefficients:

82 —ax ;ax +9 ;HZf’
{ t Ue (C(a) Ue) /(6)5 teR,xeR. (10)

0¢0- — O (k (g)axee) -7 (é)atus =q,

Find approximations of u., 0. w.r.t. € uniform in f,q.



We shall study the one space dimensional (1d) homogenisation of
the thermoelastic system with rapidly varying periodic coefficients:

82 —ax ;ax +9 ;ng’
{ t Ue (C(a) Ue) /(6)5 teR,xeR. (10)

0¢0- — O (k (g)axee) -7 (é)atus =q,
Find approximations of u., 0. w.r.t. € uniform in f,q.

Cooper, S., Waurick, M. (2019). Fibre homogenisation. Journal of
Functional Analysis, 276(11), 3363-3405.



After change of spatial variables y = % :

ﬁe(tay) = Us(t75)/) and é(:‘(tvy) = 9€(t7€y)

solves :

020 — 20, (cOy i) + 70, = £
teR,yeR (11)

00, — =20, (kayés) — 2Byl = G

for £(t,y) = f(t,ey) and G-(t,y) = q(t,ey)



After change of spatial variables y = % :
ﬁe(tay) = Us(t75)/) and é(:‘(tvy) = 9€(t7€y)

solves :

O?ﬁs — 5_2(9y (coy i) + 7§€ =f

~ ~ teR,yeR (11)
0ufl- — =20y (k9 0.) — 106 = G.

for £(t,y) = f(t,ey) and G-(t,y) = q(t,ey)

Oyl
g
. nd . o €
Using a 2"¢ change of variables U, = 5*1c6yﬁ5

g1 kﬁyée

we get the

evolutionary equation :

(O:M+N+e'A) U = F.



(0:M+ N +ctA) U. = F. (12)

with
1000 0 v 00
o100 |-y 000
M‘oo%o =10 00 0
0000 0 00 1
and
o 0 -9, 0
o o o -9
A_—ayo 0 0
0o -9 0 0

0y is the derivative operator with respect to the spatial variable y.



(O:M+N+e'A) U = F.

By the unitary Fourier-Laplace Transformation
Ly Ly, (R; L2(R)) — Lp(R; L2(R)), we get for A\ = v +it,t €R

(M/\ + E_IA)Ua,)\ = FE,)\? y e R (13)
with :
Usa(y) == Ly U:(N, y) and Fo\(y) :== LoF(A, y)
1000 0 ~ 00
. lo1 00 -~y 0 0 0] _
Mi=Ao 01 o|* 0o 00 of > MTN
0000 0 00 %

Now we will reduce the problem from the whole space to a family
of problems on the periodic cell (0, 1)



Let U := L?(R) — L%([—m, ) x [0,1)) be the unitary
Floquet-Bloch-Gelfand transform. Then:
Ua,&,)\(y) = Z/{U&)\(@, )/)

solves for a.e. 0 € [—m, ) the problem

(My+ e "Ag)Ucgr = Fepn ¥y €10,1) (14)
where F. g \(y) :=UF. (0, y) and

0 0 —-0p O

0 0 0 —0p
—0p O 0 0

0 -0y O 0

Ag =

0Oy denotes the differential operator on 6- quasi periodic functions,
i.e. D(0p) = {u € H(0,1) where u(1) = eu(0)}



Now the has been reduced to studying the asymptotics of
Ue6,» in € uniformaly in 6, A and R.H.S.



Now the has been reduced to studying the asymptotics of
Ue6,» in € uniformaly in 6, A and R.H.S.

Eigenvalues and vectors of Ay satisfy

AgUn = ApU,

for U, = (U1p, Uan, U3n, Uan) = Buun(y) for some B, € C*.

ME=+i(@+2rn) neZ

+
up (y) = e’



Now the has been reduced to studying the asymptotics of
Ue6,» in € uniformaly in 6, A and R.H.S.

Eigenvalues and vectors of Ay satisfy
A@ Un = )\n Un

for U, = (U1p, Uan, U3n, Uan) = Buun(y) for some B, € C*.

ME=+i(@+2rn) neZ

+
up (y) = e’

Ay loses invertibility as 6 goes to zero: )\(jf = +if.



Considering :

Uz oAy Z bnun(y) for some b, ect

n=—0oo

+o0
UE,@,)\(y) = bOEelay + Z bne)\"y = boeeiey + We

—00
n#0



Considering :

Uz oAy Z bnun(y) for some b, ect

n—=—oo

+o0
UE,@,)\(y) = bOEelay + Z bne)\"y = boeelgy + We

— 00
n#0
From
(My+e 1 Ag) U = Fopn

we see that w, satsifies :

1 1
e T Agwe = Fogn — MyU: g\ — e " AgM\U: g 5

(15)

(16)



We shall prove (if time) that

£ [ My
Iwellz01) < 75— <1+ Re(MA)> | Feoxll22(0,1) (17)

forall 0 € (—m,w) and A € {it +v : t € R}.



We shall prove (if time) that

£ [ My
Iwellz01) < 75— <1+ Re(MA)> | Feoxll22(0,1) (17)

forall 0 € (—m,w) and A € {it +v : t € R}.

that is

0 € [[Mal
HUa,&/\ — bo-€’ y||L2(0,1) < o <1 + Re(My) HF«S,G,AHL?(OJ)

forall € (—m,m) and A € {it+v : t € R}.



Now bg. € C* satisfies :

Mkboseiey + 5_1A6b0&‘ei€y = Foon — Myw, — 6_1/\9W‘E (18)

We multiply both sides by e/ and take in L2(0, 1) the inner
product to find (since Agw. L €% ) :

<MAb0€e"9y, ei€y>+€_1 <A9b056'"9y, ei6y> = <F5,9,)\, ei9y>—</\/IA we, ei9y>



That is bg. is the solution to the system :

(M)\ + EilAqg)bog = <F5,97)\, ei9y> — <M/\W5, ei9y> (19)

A=y 0 0 .
a1 A 0 0 _
Myi=1"% 0 (c1 o | = ; f(y)dy

0 0 0 (k1)

0 0 —i 0
" 0O 0 0 —if
A=1_1 0o o o0

0 - 0 0



Let cg. solve :

(M)\ + EilAqg)Coa = <F€79’)\, ei9y> (20)

which is well-posed as the 4 x 4 matrix M,\ + 5_1ANg is invertible.



Let cg. solve :

(MA + EilAdg)Coa = <FE79’)\, ei9y> (20)
which is well-posed as the 4 x 4 matrix M,\ + 5_1ANg is invertible.

We show the inequality :

e ZARS
|boe — coe| < o <1 + Re(My) 1Fe0.7ll22(0,1) (21)



Let cg. solve :

(MA + EilAdg)Coa = <FE79’)\, ei9y> (20)
which is well-posed as the 4 x 4 matrix M,\ + 5_1AN(9 is invertible.

We show the inequality :

e ZARS
|boe — coe| < o <1 + Re(My) 1Fe0.7ll22(0,1) (21)

Theorem

2
i € [ My
[Ue o0 —co=€" || 12(0,1) < > <1 + Re(My) 1Feoalle20,1) (22)

forall @ € [-m,m) and A € {it+ v :t € R}.



Comparaison to the standard homogenisation
S { a?Uo — Oy (C()aXUO) + b= f
0 -
Orblo — Ox (koOxt) — 700tuo = q

So verifies all the assumptions before for : < _1>_
ko= (k~ >7 and 7o = (7).

(/\Nﬂ)\ + E_IAQ)U:%”;\ =F 0.

A= 0 0
N RGP 0 0
My = g 0 (¢ o

0 0 0 (k1)

(I\;,)\ + 5_1A0)<U5hz?n/7\7 19y> = <F5,9,)\7 ei€y>

(23)

(24)

(25)



Using our theorem, we get :

[Mall
Re(M)\)

2
: g
|URS™ — coce™® || 20,1y < oy (1 + ) |Feoall2(0,1) (26)

remember we already have :

; e MA 2
1Uz 0.1 — coc€™ || 20,1 < o <1 + M ) | Fz0.1

RG(M)\) |L2(0,1)
by triangle inequality we get :
Theorem
om e IMAll\°
|Uzon — U:,G,A”LQ(O,l) < p <1 + Re(My) | Fe.oxll22(0,1)

forall @ € [-m,7), Ae {it+v:teR}



Comparaisons between evolutionary equation and homogenized
evolutionary equation



Applying inverse Gelfand transform, inverse Fourier-Laplace
transform, inverse change of special variables and noting that :

[ My
(1+ RE(MA)> < C1+A)

1U== U2 1, , 1.y < cell L5 (AN LoFllLy 1y € >0 (27)

U. and UM™ solve respectively :

(OeM-+ N +A)U. = F (28)

(at/\h iy A) yhom — F (29)
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Improvements of the final estimate

Uz = U™, oy < cell£5(1+ A LoFll,,mpy €>0

e For wave equation the term in red is improved to 1 + ||
e For heat equation the term in red is improved to 1

e For the coupled thermoelastic system we expect something in
between.



Thank you for your attention !
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Proof of inequality (17):

Sy, M
Iwlios < 5 (1+ s ) VFeoallizon

e Agwe = Fegy — M\U. g — e L Aghg.e™®” (30)

We multiply both sides by Agw, and take in L2(0,1) the inner
product to find :

e (Agwe, Agwz) = (Fogx, Agwe) — (M\ U g 1, Agw)
- <571A9boei9y,A9WE>
= (Feon, Agwe) — (M\Uc g 5, Agwe)



M| Agwel|* < [ Fepn — MaUz gl Agw| (31)
[Agwe| < ellFeon — MaUepall (32)
Knowing that ||Agw:|| = ||w/|| and by Poincaré inequality we get :
1 1
< — = I < =|Iw
ol < el < 5w
€
Iwell < 5 lIFe o = MaUe ol
77
€
< o (1Feonll + [IMAU=p,111) (33)

)

9
< o (IFeoll + [IMAl Us 0,0



Besides, we have :

R ((M\Uzpr+e  AgUspx, Usgn)) = R((Feon, Usgn))  (34)
Since Ay is self skewadjoint, R((e 1 AgU: g, U-9.x)) = 0 and :

R MUz, Uz n) =R (Fepn, Usp )) (35)

we can prove that :

IFeonll
100l < 5 Re(My) (36)

and then :

ol < = (14 s ) 1Feaal (37)
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