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Standing Assumptions

H is a Hilbert space,

α > 0 (power for the fractional derivative of ∂t,ν),

ν ∈ R,

L2
ν := L2

ν(R;H),

H1
ν := H1

ν (R;H).
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Definition

Define
L2
ν(R;H) := L2(R, e−2νtdt;H).

Remarks:

1 L2
ν is a Hilbert space.

2 e−νm : L2
ν → L2, u 7→ e−νmu is unitary.
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Definition

Define

1 the time derivative

∂t,ν : H1
ν ⊆ L2

ν −→ L2
ν

u 7−→ u′,

where H1
ν := {u ∈ L2

ν ; u′ ∈ L2
ν},

2 the Fourier-Laplace transform

Lν : L2
ν −→ L2 −→ L2

u 7−→ e−νmu 7−→ Fe−νmu =: Lνu

(unitary because composition of unitary maps).
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Recall: Lν = Fe−νm and L∗ν = eνmF∗

Theorem

One has
∂t,ν = L∗ν(im + ν)Lν .

Proof. We compute

u′ = (eνxe−νxu)′

= eνxνe−νxu + eνx(e−νxu)′

= eνxF∗νFe−νxu + eνxF∗iξFe−νxu

= eνxF∗(iξ + ν)Fe−νxu

= L∗ν(iξ + ν)Lνu.
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Remarks:

1 Alternative characterization of H1
ν

H1
ν = dom(∂t,ν) = dom(L∗ν(im + ν)Lν)

= {u ∈ L2
ν : (im + ν)Lνu ∈ L2}.

2 H1
ν ⊆ L2

ν with embedding constant less or equal to |ν|−1.

3 ∂t,ν unitarily equivalent to multiplication operator with
spectrum iR + ν.

⇒ Can define functional calculus of ∂t,ν via similarity.
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Indeed,

‖u‖L2
ν

= ‖Lνu‖L2 = ‖(iξ + ν)−1(iξ + ν)Lνu‖L2

≤ sup
ξ∈R
|(iξ + ν)−1|‖u‖H1

ν
≤ |ν|−1‖u‖H1

ν
.
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Definition

Let F : {it + ν; t ∈ R} → C measurable.

1 F (im + ν) is maximal restriction of (measurable)
multiplication operator u 7→ (R 3 ξ 7→ F (iξ + ν)u(ξ)) to
L2.

Remark: F (∂t,ν) bounded ⇔ F ◦ (iξ + ν) bounded on R

⇔ F
bounded (on vertical line).
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Definition

The fractional derivative of order α is given by

∂αt,ν := F (∂t,ν) = L∗ν(im + ν)αLν ,

where F (z) = zα.

Remarks:

1 ∂−αt,ν is bounded ⇔ ν 6= 0.

2 ∂−αt,ν = (∂αt,ν)−1.
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Lemma

For all ν > 0 and ξ ∈ R:

√
2πLν

(
t 7→ 1

Γ(α)
tα−11(0,∞)(t)

)
(ξ) = (iξ + ν)−α .
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Proof.

Put:

h(ξ) :=

∫ ∞
0

e−(iξ+ν)ssα−1ds.

Integration by parts:

h′(ξ) = −i α

iξ + ν
h(ξ).

Separation of variables:

h(ξ) = h(0)
να

(iξ + ν)α
.
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Theorem

For all ν > 0, u ∈ L2
ν :

∂−αt,ν u(t) =

∫ t

−∞

1

Γ(α)
(t − s)α−1u(s)ds.

Remark: ∂−αt,ν is consistent in ν.
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Proof:

Set v :=
(
R 3 t 7→ 1

Γ(α)
tα−11(0,∞)(t)

)
∈ L1

ν(R).

Let u ∈ L2
ν .

Young’s convolution inequality implies:

e−νm(v ∗ u) = (e−νmv) ∗ (e−νmu).

Convolution property:
√

2πLνv · Lνu = Lν(v ∗ u).

Then
with previous lemma:

∂−αt,ν u = L∗ν (im + ν)−α Lνu = L∗ν
(√

2πLνv · Lνu
)

= L∗νLν(v ∗ u) =

∫ (·)

−∞

1

Γ(α)

(
(·)− s

)α−1

u(s)ds.
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Outline
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Definition

Let A be a linear operator in H . Call A sectorial if
(−∞, 0) ⊆ ρ(A) and

sup
λ>0

{
‖λ(λI + A)−1‖

}
< +∞.

Lemma

Let A : dom(A) ⊆ H → H be a normal operator in H. If
σ(A) ⊆ {z ∈ C | | arg(z)| ≤ ω < π}, then A is sectorial.

Remark :

1 ∂t,ν is sectorial and invertible (in particular injective) for
ν > 0.
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For an injective sectorial operator A one can define negative
fractional powers α by the formula

A−α :=
sin(πα)

π

∞∫
0

λ−α(λI + A)−1dλ, α > 0.

Remarks:

1 The operators (A−α)α>0 satisfy:

A−αA−β = A−(α+β) α, β > 0,

2 A−1 ∈ L(H) iff A−α ∈ L(H) for some/all α > 0.
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Theorem

The relationship between the fractional integral and negative
fractional power of the sectorial operator ∂t,ν is as follows:

1

Γ(α)

(·)∫
−∞

( · − s)α−1u(s) ds =
sin(πα)

π

∞∫
0

λ−α(λI + ∂t,ν)−1u dλ.

Need the following auxiliary result for the proof.

Lemma

(
(λI + ∂t,ν)−1u

)
(·) =

(·)∫
−∞

e−λ((·)−s)u(s) ds, λ > 0.
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Proof of Theorem:

sin(πα)

π

∫ ∞
0

λ−α
(
(λI + ∂t,ν)−1u

)
(t) dλ

=
sin(πα)

π

∫ ∞
0

λ−α
∫ t

−∞
e−λ(t−s)u(s) dsdλ

=
sin(πα)

π

∫ t

−∞

{∫ ∞
0

λ−αe−λ(t−s)dλ

}
u(s) ds

= (?)
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Substitute λ(t − s) = τ , then

∞∫
0

λ−αe−λ(t−s)dλ =
1

(t − s)1−α

∞∫
0

τ−αe−τdτ

Using this in (?), we get

(?) =
sin(πα)

π

∫ t

−∞

Γ(1− α)

(t − s)1−αu(s) ds

=
1

Γ(α)Γ(1− α)

∫ t

−∞

Γ(1− α)

(t − s)1−αu(s) ds

=
1

Γ(α)

∫ t

−∞
(t − s)α−1u(s) ds.
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1 Can define
Aα := (A−α)−1,

2 if A−1 ∈ L(H), then Aα = A−(1−α)A holds,

3 for x ∈ D(A) we have

Aαx =
sin(πα)

π

∫ ∞
0

λα−1(λI + A)−1Ax dλ,

where 0 < α < 1.

For u ∈ H1
ν and 0 < α < 1 the fractional derivative is given by

∂αt,νu(t) = ∂
−(1−α)
t,ν ∂t,νu(t) =

1

Γ(1− α)

t∫
−∞

(t − s)−αu′(s) ds.
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Outline
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Consider formally the following Cauchy problem of Caputo
type for α ∈ (0, 1)

∂αt,νu(t) = f
(
t, u(t)

)
, t > 0,

u(0) = u0,

with u0 ∈ Rn, f : (0,∞)×Cn → Cn continuous and satisfying

∃` > 0 ∀t > 0 ∀u, v ∈ Cn : |f (t, u)− f (t, v)| ≤ `|u − v |

and moreover

∃ν0 > 0 ∀ν ≥ ν0 :
(
t 7→ f (t, 0)

)
∈ L2

ν0
(R+;Cn) ⊆ L2

ν(R+;Cn).
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The initial value problem is equivalent to

u(t) = u0 +
1

Γ(α)

∫ t

0

(t − s)α−1f (s, u(s)) ds, t > 0.

Define f̃ : R× Cn → Cn by

f̃ (t, x) := f (t, x)1(0,∞)(t) =

{
f (t, x), t > 0,

0, t ≤ 0.

Then the integral equation extends as follows for t ∈ R:

u(t) = u01(0,∞)(t) +
1

Γ(α)

∫ t

−∞
(t − s)α−1f̃ (s, u(s)) ds.
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Theorem

The following is a well-defined uniformly Lipschitz continuous
mapping for all ν ≥ ν0:

F : L2
ν(R) 3 u 7→ F (u) := (t 7→ f̃ (t, u(t))) ∈ L2

ν(R).
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Theorem

The following is a well-defined uniformly Lipschitz continuous
mapping for all ν ≥ ν0:

F : L2
ν(R) 3 u 7→ F (u) := (t 7→ f̃ (t, u(t))) ∈ L2

ν(R).

Proof :

‖F (u)− F (v)‖2
L2
ν

=

∫
R
|f̃ (t, u(t))− f̃ (t, v(t))|2e−2νt dt

≤ `2

∫
R
|u(t)− v(t)|2e−2νt dt = `2‖u − v‖2

L2
ν
,

F (u) =
(
F (u)− F (0)

)
+ F (0) ∈ L2

ν .
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Theorem

Let ν > max {0, ν0}. Assume that u ∈ L2
ν . Then the following

statements are equivalent:

(i) u = u01(0,∞) +
1

Γ(α)

∫ (·)

−∞

(
(·)− s

)α−1

F (u) ds,
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Theorem
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(·)− s
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F (u) ds,
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Outline
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Problem. We want to solve the differential equation

∂αt,νu = F (u).
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Theorem

Let ν0 > 0 and F : L2
ν → L2

ν be a map
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Theorem

Let ν0 > 0 and F : L2
ν → L2

ν be a map such that there is L ≥ 0
satisfying

‖F (u)− F (v)‖L2
ν
≤ L‖u − v‖L2

ν
.

for all ν ≥ ν0 and u, v ∈ L2
ν .
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ν
.

for all ν ≥ ν0 and u, v ∈ L2
ν . Then:

1 There is ν1 ≥ ν0 such that for all ν ≥ ν1 the equation

∂αt,νuν = Fν(uν)

admits a unique solution uν ∈ dom(∂αt,ν).
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1 There is ν1 ≥ ν0 such that for all ν ≥ ν1 the equation

∂αt,νuν = Fν(uν)

admits a unique solution uν ∈ dom(∂αt,ν).

2 The Titanium operator

Tν := ∂−αt,ν F : L2
ν → L2

ν

is causal for all ν ≥ ν1.
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Explanation. Tν : L2
ν → L2

ν being causal means:

a Tν is Lipschitz continuous.

b For all a ∈ R and u, v ∈ L2
ν

u|(−∞,a] = v |(−∞,a] ⇒ Tν(u)|(−∞,a] = Tν(v)|(−∞,a].

Why can we hope for causality? If F = idL2
ν→L2

ν
:

b For all a ∈ R and u, v ∈ L2
ν

u|(−∞,a] = 0 ⇒ ∂−αt,ν (u)|(−∞,a] = 0.
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Proof.

1 Let ν ≥ ν0. Then

‖Tν(u)− Tν(v)‖L2
ν
≤ ‖∂−αt,ν ‖L2

ν→L2
ν
‖F (u)− F (v)‖L2

ν

≤ ν−αL‖u − v‖L2
ν
.

Choose ν1 ≥ ν0 such that q := ν−α1 L < 1. Then

‖Tν(u)− Tν(v)‖L2
ν
≤ q‖u − v‖L2

ν

for all ν ≥ ν1. Now apply the

contraction mapping theorem.
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2

a Tν : L2
ν → L2

ν is Lipschitz continuous by 1 .

b Let ν ≥ ν1. Let a ∈ R and u, v ∈ C∞c such that

u|(−∞,a] = v |(−∞,a].

To show: If ϕ ∈ C∞c is supported in (−∞, a), then

〈∂−αt,ν F (u)− ∂−αt,ν F (v), ϕ〉L2
ν

= 0.

Idea: Replace ν by µ and let then µ→∞.
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Our estimate:

∣∣〈∂−αt,ν (F (u)− F (v)), ϕ〉L2
ν

∣∣ =
∣∣〈∂−αt,µ , e

2(µ−ν)mϕ〉L2
µ

∣∣
=
∣∣〈Lµ∂−αt,µ ,Lµe2(µ−ν)mϕ〉L2

∣∣
=
∣∣〈(im + µ)−αLµ ,Lµe2(µ−ν)mϕ〉L2

∣∣
=
∣∣〈Lµ , (im + µ)

−α
Lµe2(µ−ν)mϕ〉L2

∣∣
≤ ‖Lµ ‖L2︸ ︷︷ ︸

(∗)

‖(im + µ)
−α
Lµe2(µ−ν)mϕ‖L2︸ ︷︷ ︸
(∗∗)
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(∗∗) = ‖(im + µ)
−α
Lµe2(µ−ν)mϕ‖L2

≤ µ−α‖Lµe2(µ−ν)mϕ‖L2

= µ−α
(∫ a

−∞
‖e2(µ−ν)tϕ(t)‖2e−2µt dt

)1/2

= µ−α
(∫ a

−∞
‖e(µ−2ν)tϕ(t)‖2 dt

)1/2

t=a−s
= e(µ−2ν)aµ−α

(∫ ∞
0

‖e−(µ−2ν)sϕ(a − s)‖2 ds
)1/2

But... How to get rid of this factor?!
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Fortunately,

(∗) = ‖Lµ ‖L2 = ‖ ‖L2
µ

= ‖F (u)− F (v)‖L2
µ
≤ L‖u − v‖L2

µ

= L
(∫ ∞

a

‖(u − v)(t)‖2e−2µt dt
)1/2

t=s+a
= Le−µa

(∫ ∞
0

‖(u − v)(s + a)‖2e−2µs ds
)1/2

This concludes (almost) the proof.
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Corollary (Application to Caputo Equation)

Let ν0 > 0 and f : (0,∞)× Cn → Cn be continuous.

Suppose:

There is ` ≥ 0 such that |f (t, u)− f (t, v)| ≤ `|u − v | for
all t > 0 and u, v ∈ Cn.

f (·, 0) ∈ L2
ν0

.

Then there is ν1 > 0 such that for all ν ≥ ν1 the equation

∂αt,ν(u − u01(0,∞)) = f̃ (·, u(·))

admits a unique solution y ∈ L2
ν with

u − u01(0,∞) ∈ dom(∂αt,ν).
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Proof.

Define F : Cc → C via F (ϕ) := f̃
(
·, ϕ(·) + u01(0,∞)(·)

)
.

F is uniformly Lipschitz continuous in ν ≥ ν0. (!)

Apply main theorem: There is w ∈ dom(∂αt,ν) such that

∂αt,ν(w) = Fν(w).

Now put u := w + u01(0,∞). Then

∂αt,ν(u − u01(0,∞)) = f̃
(
·, u(·)

)
.

This concludes the proof.
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A Hilbert space approach to fractional differential equations

Kai Diethelm, Konrad Kitzing, Rainer Picard,
Stefan Siegmund, Sascha Trostorff, Marcus Waurick

https://arxiv.org/abs/1909.07662
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