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Standing Assumptions

m H is a Hilbert space,
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m H is a Hilbert space,
m o > 0 (power for the fractional derivative of 0, ,),
mveER,
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Standing Assumptions

H is a Hilbert space,

a > 0 (power for the fractional derivative of 0, ),
v € R,

L2 := [2(R; H),

H! := HY(R; H).
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Define
[2(R; H) := L*(R, e ?dt; H).
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Define
[2(R; H) := L*(R, e ?dt; H).

Remarks:

L,% is a Hilbert space.
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Define
[2(R; H) := L*(R, e ?dt; H).

Remarks:
L,% is a Hilbert space.

e V™ : 12— [% urs e ¥™uis unitary.
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Define

the time derivative

ot 2 2
Dy HEC 12— 2
ur— u,

where H! := {u e [2;u € L2},
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Define

the time derivative

Ory i Hy C L2 — 12

ur— u,
where H! := {u e [2;u € L2},
the Fourier-Laplace transform
L, L2 — 2 — L2
u — e’y — Fe""u =:Lyu

(unitary because composition of unitary maps).
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Recall: £, =Fe ™™ and L, =¢e"F"

One has
Oty = L (im+v)L,.

Proof. We compute
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Recall: £, =Fe ™™ and L, =¢e"F"

One has
Oty = L (im+v)L,.

Proof. We compute

u/ _ (eI/Xe—l/Xu)/
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Recall: £, =Fe™™ and L) =¢e""F"

One has
Oty = L (im+v)L,.

Proof. We compute

U/ — (euxe—uxu)/ _ el/xye—uxu + eux(e—z/xu)/
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Recall: £, =Fe™™ and L) =¢e""F"

One has
Oty = L (im+v)L,.

Proof. We compute

U/ — (euxefuxu)/ _ euxl/efuxu + el/x(efz/xu)/
= e F'vFe " u+ e FrilFe " u
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Recall: £, =Fe™™ and L) =¢e""F"

One has
Oty = L (im+v)L,.

Proof. We compute

U/ — (euxefuxu)/ _ euxl/efuxu + el/x(efz/xu)/
e F'vFe u+ e FriEFe " u
= e F (il +v)Fe " u
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Recall: £, =Fe™™ and L =¢&""F"

One has
Oty = L (im+v)L,.

Proof. We compute

U/ — (euxefuxu)/ _ euxl/efuxu + el/x(efz/xu)/

e F'vFe u+ e FriEFe " u
= e F (i +v)Fe ™u
=L (i +v)Lyu.
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Remarks:

Alternative characterization of H}
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Remarks:

Alternative characterization of H}

H} = dom(0;,,) = dom(L:(im + v)L,)
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Remarks:

Alternative characterization of H}

H} = dom(0;,,) = dom(L:(im + v)L,)

={uel?:(im+v)L,uecl?}
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Remarks:

Alternative characterization of H}

H} = dom(0;,,) = dom(L:(im + v)L,)
={uel?:(im+v)L,uecl?}

H! C [? with embedding constant less or equal to |v/| .
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Indeed,

lulliz = [[Loulliz = [[(i& + v)7H(i€ + v)Loull 2
< sup (i€ +v) M lullmy < [ ull e
£eR
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Remarks:

Alternative characterization of H}

H} = dom(0;,,) = dom(L:(im + v)L,)
={uel?:(im+v)L,uecl?}

H! C [? with embedding constant less or equal to |v/| .

O, unitarily equivalent to multiplication operator with
spectrum /R + v.
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Remarks:
Alternative characterization of H}

H} = dom(0;,,) = dom(L:(im + v)L,)
={uel?:(im+v)L,uecl?}

H! C [? with embedding constant less or equal to |v/| .

O, unitarily equivalent to multiplication operator with

spectrum /R + v.
= Can define functional calculus of 0;, via similarity.
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Let F : {it + v;t € R} — C measurable.
F(im 4+ v) is maximal restriction of (measurable)
multiplication operator u — (R 2 & — F(i{ + v)u(§)) to
L2
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Let F : {it+v;t € R} — C measurable.

F(im + v) is maximal restriction of (measurable)
multiplication operator u — (R 3 & — F(i§ + v)u(§)) to
L2.

F +— F(im+ v) is functional calculus for im + v.
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Let F: {it+ v;t € R} — C measurable.

F(im + v) is maximal restriction of (measurable)
multiplication operator u — (R 3 & — F(i{ + v)u(§)) to
L2.

F — F(im + v) is functional calculus for im + v.

Define (by similarity)

F(0:,) == L, F(im+v)L,.
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Let F: {it+ v;t € R} — C measurable.

F(im + v) is maximal restriction of (measurable)
multiplication operator u — (R 3 & — F(i{ + v)u(§)) to
L2.

F — F(im + v) is functional calculus for im + v.

Define (by similarity)

F(0:,) == L, F(im+v)L,.

Remark: F(0;,) bounded < F o (i + v) bounded on R < F
bounded (on vertical line).
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The fractional derivative of order « is given by

0y, = F(0:,) = L (im+v)*L,,

t,v

where F(z) = z*.
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Definition
The fractional derivative of order « is given by

a(,Y

t,v

= F(0:,) = L (im+v)*L,,

where F(z) = z% The fractional integral of order « is given
by
oS =L(im+v) " L,.

t,v
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Definition

The fractional derivative of order « is given by

a(,Y

t,v

= F(0:,) = L (im+v)*L,,

where F(z) = z% The fractional integral of order « is given
by
oS =L(im+v) " L,.

t,v

Remarks:
Oy, is bounded < v # 0.
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Definition

The fractional derivative of order « is given by

a(,Y

t,v

= F(0:,) = L (im+v)*L,,

where F(z) = z% The fractional integral of order « is given
by
oS =L(im+v) " L,.

t,v

Remarks:
Oy, is bounded < v # 0.
Oy = (02,) 7"
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Lemma

For allv >0 and ¢ € R:

VL, (r - ﬁr&lmo,m)(t)) () = (i€ +v) "
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Proof.
m Put:

o0

h(§) := e iEH)sga=lys,
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Proof.
m Put:

h(&) ::/ e iEH)sga=lys,
0

m Integration by parts:
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Proof.
m Put:

h(&) ::/ e iEH)sga=lys,
0

m Integration by parts:

«
i&E+v

W) =—i h(¢)-

m Separation of variables:
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Proof.
m Put:

h(§) == /OOO e Etsse—1gs — (j¢ + 1) T ().

m Integration by parts:

H(E) = —iz o hlE).
m Separation of variables:
h(E) = h<o>(,5”+—y)a.
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Proof.
m Put:

h(¢) := /OOO e (S )sgeLds— (i€ + v) T (a).

m Integration by parts:

o

h'() = _iig f > h(&)-
m Separation of variables:
he) = ho)—2— = T e

(§E+v)r v (i+v)”
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For allv >0, u € L2:

() = / r(la)(t ek

— 00
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For allv >0, u € L2:

() = / r(la)(t ek

— 00

Remark: 0, is consistent in v.
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Proof-:
m Set v = (R St ﬁta_l]l(o,oo)(t)) € L,(R).
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Proof-:
m Set v = (R St ﬁta_l]l(o,oo)(t)) € L,(R).

m Let ue L2

e "M(vxu)=(e""v)x(e""u).
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Proof-:
m Set v = (R St ﬁta_l]l(o,oo)(t)) € L,(R).

2 y . . . . . .
m Let u € L7. Young's convolution inequality implies:

e V™(vxu)=(e""Vv)x (e "™u) € L°.
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Proof-:
m Set v = (R St L)to‘_l]l(o,oo)(t)) € L,(R).

Mo
2 ’ . . . . . .
m Let u € L7. Young's convolution inequality implies:

e V™(vxu)=(e""Vv)x (e "™u) € L°.

m Convolution property: V27L,v - L,u = L,(v * u).
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Proof:

m Set v = (R St ﬁta_l]l(o,oo)(t)) € L,(R).

2 ’ . . . . . .
m Let u € L7. Young's convolution inequality implies:

e V™(vxu)=(e""Vv)x (e "™u) € L°.

m Convolution property: 27L,v - L,u = L,(v % u). Then
with previous lemma:

O, %u=L(im+v) “Lu=L(V2rL,v-L,u
t,v v v
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Proof:

m Set v := (R St mta M, oo)(t)) € L,(R).

2 . . . .
m Let u € L7. Young's convolution inequality implies:

e V™(vxu)=(e""Vv)x (e "™u) € L°.

m Convolution property: 27L,v - L,u = L,(v % u). Then
with previous lemma:

O, %u=L(im+v) “Lu=L(V2rL,v-L,u
t,v v v

O 1
zﬁl"jﬁy(v*u):/ —

e (()- s)o‘lu(s)ds.
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Let A be a linear operator in H. Call A sectorial if
(—00,0) C p(A) and

sup { MM + A) 7|} < 4oc.
A>0
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Let A be a linear operator in H. Call A sectorial if
(—00,0) C p(A) and

sup { MM + A) 7|} < 4oc.
A>0

Lemma

Let A:dom(A) C H — H be a normal operator in H. If
o(A) C{ze C||arg(z)| <w < 7}, then A is sectorial.
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Let A be a linear operator in H. Call A sectorial if
(—00,0) C p(A) and

sup { MM + A) 7|} < 4oc.
A>0

Lemma

Let A:dom(A) C H — H be a normal operator in H. If
o(A) C{ze C||arg(z)| <w < 7}, then A is sectorial.

Remark:

Oy is sectorial and invertible (in particular injective) for
v > 0.
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For an injective sectorial operator A one can define negative
fractional powers « by the formula

oo

a-o Sl /)\ “(M + A)"ldA,  a > 0.

0
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For an injective sectorial operator A one can define negative

fractional powers « by the formula

oo

a-o Sl /)\ “(M + A)"ldA,  a > 0.

0

Remarks:

The operators (A=%),~0 satisfy:

A AP = A (eth) a,B >0,
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For an injective sectorial operator A one can define negative

fractional powers « by the formula

oo

po o Sin /)\a)\IJrA )1\, a>0.

0

Remarks:

The operators (A=%),~0 satisfy:

A AP = A (eth) a,B >0,

At € L(H) iff A~> € L(H) for some/all o > 0.
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The relationship between the fractional integral and negative
fractional power of the sectorial operator 0, , is as follows:

/( _ spely(s) ds — SN / AN + D)t
0
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The relationship between the fractional integral and negative
fractional power of the sectorial operator 0y, is as follows:

ﬁ 7)( —5)* Lu(s)ds = sin / (M +0rp)

0

Need the following auxiliary result for the proof.
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Proof of Theorem:

sin(mo

) /Oo A" (M + Be,) tu) (1) dA

™
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Proof of Theorem:

T /000 AT (M 4 8e) " hu) (t) dA
) [ gy

T [ee]
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Proof of Theorem:

sin(ma)

T /OOO AT (M + 8e) " hu) (1) dA
_ sin(ma) /OOO /\—a/_t e—/\(t—s)u(s) dsd\

o0

_ S‘”(:a) / ; { /O h )\_ae_’\(t_s)d)\}u(s) ds
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Substitute A(t — s) = 7, then

/ A e M=) g\ — (S / % Tdr
0 0
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Substitute A(t — s) = 7, then

i T ra-
/ A e MEd ) = o / e Tdr = 11 =A)
0 0
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Substitute A(t — s) = 7, then

/ e Mgy - / e Tdr = 11 =A)
) (t=s)i) (

Using this in (x), we get

Ry sin(ra) [T T(1—a)
( ) - T e (t _ 5)1—a
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Substitute A(t — s) = 7, then

o0

(t—s
0

Using this in (x), we get

() = sin(ma) /_t MN1l-—a) u(s) ds

™

B 1 t F(l—a)us .
C T()l(1—0) /Oo (t —s)t-@ (s)d

17 ra—
/ A NN = / e Tdr = 11 =A)
0
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Substitute A(t — s) = 7, then

o0

t—s)—
0

Using this in (x), we get

(x) = sin(ra) /t —(F(l — Oi) u(s)ds

0 t—s)l-o

1 t F(l—a)us .
) )
1 al
:r_/ —s)*tu(s) ds. 0

17 ra—
/ A NN = / e = e 1-a)
0
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Can define
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Can define
A% = (A_O‘)_l,

if A=1 € L(H), then A* = A-(1-2) A holds,
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Can define
A% = (A_O‘)_l,

if A=1 € L(H), then A* = A-(1-2) A holds,
for x € D(A) we have

sin(ma)

ACx = / AT + A) L Ax d,
0

™

where 0 < o < 1.
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Can define
A% = (A_o‘)_l,

if A=1 € L(H), then A* = A-(1-2) A holds,
for x € D(A) we have

Ax = M/ AL+ A) LAx d),
0

™

where 0 < o < 1.
For u € H! and 0 < a < 1 the fractional derivative is given by

—(1-a 1 —a,/
O, u(t) :at’lgl )at,uu(t) = o) /(t—s) u'(s) ds.
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Consider formally the following Cauchy problem of Caputo
type for a € (0,1)

o2 u(t) = f(t,u(t)), t>0,
u(0) = uo,

with ugp € R”, £ : (0,00) x C" — C" continuous and satisfying
30 >0Vt >0Vu,veC: |f(t,u)—f(t,v)] <Lllu—v|
and moreover

o >0Vr >y (t+ f(£,0) € L2 (Ry;C") C Lo(R4; C").
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The initial value problem is equivalent to

1 t o1
u(t) = up + m/() (t —s)* *f(s,u(s))ds, t>0.

Ismail Huseynov, Adama Ndoye, Lars Niedorf — A Hilbert Space Approach to Fractional Differential Equations 23/1



The initial value problem is equivalent to
1 ' a-1
u(t) = up + @/0 (t —s)* *f(s,u(s))ds, t>0.
Define f : R x C" — C" by

- f(t,x), t >0,
f(t7X) = f(tux)]l(o,oo)(t) - {O <0

Then the integral equation extends as follows for t € R:

t

u(e) = wLom(6)+ iy [ (69" s uls)) ds.

o0
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The following is a well-defined uniformly Lipschitz continuous
mapping for all v > vy:

F:L2(R) > uws F(u) = (t — f(t,u(t))) € L2(R).
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Theorem

The following is a well-defined uniformly Lipschitz continuous
mapping for all v > vy:

F:L2(R) > u—s F(u) = (t — f(t,u(t))) € L2(R).

Proof:
m [|F(u) = F(v)lIZ2 —/le(t, u(t)) — (¢, v(t))Pe > dt
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Theorem

The following is a well-defined uniformly Lipschitz continuous
mapping for all v > vy:

F:L2(R) > u—s F(u) = (t — f(t,u(t))) € L2(R).

Proof:
m [|F(u) = F(v)lIZ2 —/le(t, u(t)) — (¢, v(t))Pe > dt

< [ Ju(e) = vie)Pe > de = 2= v,
R
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Theorem

The following is a well-defined uniformly Lipschitz continuous
mapping for all v > vy:

F:L2(R) > u—s F(u) = (t — f(t,u(t))) € L2(R).

Proof:
m [|F(u) = F(v)lIZ2 —/le(t, u(t)) — (¢, v(t))Pe > dt

< [ 1u(e) = v(n)Pe " de = £u v,
m F(u) = (F(u) — F(0)) + F(0) € L2.
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Let v > max{0,1}. Assume that u € L2. Then the following
statements are equivalent:

(i) u=ulpe)+ ﬁ /(') (() - s)a_lF(u) ds,

(e.9]
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Let v > max{0,1}. Assume that u € L2. Then the following
statements are equivalent:

(1) u=ulpe)+ ﬁ /(') (() - s)a_lF(u) ds,

— 00

(II) u = 8;5‘F(u) -+ UOIL(O,oo)y
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Let v > max {0,1,}. Assume that u € L2. Then the following
statements are equivalent:

(i) u=uploec) + ﬁ /(.) <() — s)a_lF(u) ds,

—O00

(i) u= 0. F(u) + uol(oc),
(i) 05, (u — upl(oc)) = F(u).
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Problem. We want to solve the differential equation

Or,u = F(u).
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Let vy >0 and F : L2 — L2 be a map
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Let vy > 0 and F : L2 — L2 be a map such that there is L > 0
satisfying
1F(u) = F(V)llz < Llju—vl|ez.

for all v > vy and u,v € L2,
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Let vg > 0 and F : L2 — L2 be a map such that there is L > 0
satisfying

IF(u) = F(V)llz < Llju— vl
for all v > vy and u,v € L2. Then:

There is v1 > vy such that for all v > vy the equation
Op, Uy = F.(u,)

admits a unique solution u, € dom(49¢,).
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Theorem

Let vy > 0 and F : L2 — L2 be a map such that there is L > 0
satisfying
IF(u) = F(V)llz < Llju— vl

for all v > vy and u,v € L2. Then:

There is v; > vy such that for all v > v, the equation
op U, = F.(u,)

admits a unique solution u, € dom(d¢,).

The Titanium operator
gap .2 2
T, =0, F: L, =L

is causal for all v > 1.

Ismail Huseynov, Adama Ndoye, Lars Niedorf — A Hilbert Space Approach to Fractional Differential Equations

28/1



Explanation. T, : L2 — L2 being causal means:
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Why can we hope for causality? If F =idj>_,,2:
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Explanation. T, : L2 — L2 being causal means:
B 7, is Lipschitz continuous.
@ ForallaceRand u,v e L?

u‘(foo,a] - V‘(foo,a] = Tu(u)‘(foo,a] - TV(V)’(foo,a]'
Why can we hope for causality? If F =idj>_,,2:
@ ForallacRand u,v € L?

(e =0 = O 2(0)] sy = 0.
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Proof.
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Proof.
Let v > 1. Then
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Proof.
Let v > 1. Then

1T (u) = To (V)|
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Proof.
Let v > 1. Then

1T (v) = T.(Vllz < 0e Iz lIF(u) = F(V)z

< v Lllu—v|p.
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Proof.
Let v > 1. Then

1T (v) = T.(Vllz < 0e Iz lIF(u) = F(V)z

< v Lllu—v|p.

Choose v; > 14 such that g ;== vy “L < 1.
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Proof.
Let v > 1. Then

1T (v) = T.(Vllz < 0e Iz lIF(u) = F(V)z

< v Lllu—v|p.
Choose 11 > 14 such that g ;== v;“L < 1. Then
[T (u) = To()llz < qllu— vz

for all v > vy.
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Let v > 1. Then

1T (v) = T.(Vllz < 0e Iz lIF(u) = F(V)z

< v Lllu—v|p.
Choose 11 > 14 such that g ;== v;“L < 1. Then
[To(u) = Tu(V)llz < qllu— vz
for all v > v1. Now apply the

contraction mapping theorem.
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B 7,: L2 — [2is Lipschitz continuous by H.
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B 7,: L2 — [2is Lipschitz continuous by H.

B Let v >v;. Let ae R and u,v € C2° such that

Uf(—o0,a] = Vl(=oc0,a]-
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B 7,: L2 — [2is Lipschitz continuous by H.
B Let v >v;. Let ae R and u,v € C2° such that
u‘(—oo,a] - V‘(—oo,a]-
To show: If ¢ € C2° is supported in (—oo, a), then

(00 F () ~ 92 F(v). @)z = 0
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B 7,: L2 — [2is Lipschitz continuous by H.

B Let v >v;. Let ae R and u,v € C2° such that
Ul(—o0,a] = Vl(=o0,a]-
To show: If ¢ € C2° is supported in (—oo, a), then
(0 F(u) = 0¢ S F(v), o)1z = 0.

Idea: Replace v by  and let then pu — oo.
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Our estimate:
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Our estimate:

(075 (F(u) = F(v)), ¢)iz
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Our estimate:

(075 (F(u) = F(v)), ¢)iz

— [(058(F(u) = F(v)), & m0) s |
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Our estimate:

[0 (F(u) = F(V)). o)z | =
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Our estimate:

_.%}
— F(v)), Mg |
1 (L awé} £, ) 1|

(0 (F(u) = F(v

t,v
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Our estimate:

_.@

“F(W), Img) |
:{ (c awé} £, M) |
:| im+ ) %H%} L, 2= ”)’"go)Lz‘

(0 (F(u) = F(v

t,v
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Our estimate:

4

——t
Ocps (F(u) = F(v)), €077 g) s |

S

(0,2 (F(u) = F(V)). @)z | = |(
= (L0758, L m0) o
= |
(c

(im+ p) %H%} L, e ”)’"go)Lz‘
£,8,Gim+ ) “L,e2Im0) |
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Our estimate:

-4

(O — F(v)), 7o) o |
L, aw@ £, M) |
((
(L
<|c

(0 (F(u) = F(v

t,v

im+ ) f"ﬁ,@j L, en= ”)mgo)Lz‘
#@ (im+p) L ez(“”’)’"@)Lz‘
u@mz [[Gim + ) " £, 12

-~

(*) (%)
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(+) = |[(im+p) L,

Ismail Huseynov, Adama Ndoye, Lars Niedorf — A Hilbert Space Approach to Fractional Differential Equations 33/1



(+) = |[(im+p) L,

< L.,
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(+) = |[(im+p) L,

< WL Imp|

a 1/2
= ([ e e )

o)

a 1/2
= ([ e )P dr)
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(+) = |[(im+p) L,

< WL Imp|

a 1/2
= ([ e e )

o)

a 1/2
= ([ e )P dr)
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()

= |(im+p) L. 12

< WL Imp|

a 1/2
= ([ e e )

o)

a 1/2
= ([ e )P dr)

- s 1/2
=a-s e(u—2V)aM_a (/ ||e_('u‘_2y)s§0(a - S)||2 d5>

0
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(+) = |[(im+p) L,

< WL Imp|

a 1/2
= ([ e e )

o)

a 1/2
= ([ e )P dr)

—00

- o 1/2
ey [T etrgo g )
0

But... How to get rid of this factor?!
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Fortunately,
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Fortunately,

(+)

el = 18
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Fortunately,

) = 18l = 18
= |F(u)~FWlz < Llu—vlg
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Fortunately,

) = 18l = 18
= |F(u)~FWlz < Llu—vlg

= ([ I wepe )
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Fortunately,

) = 18l = 18
= |F(u)~FWlz < Llu—vlg

= 1[I nre )™
e /0 Tl = v)(s + )2 ds )

1/2
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Fortunately,

) = 18l = 18
= ||F(u) = F(W)lz < Llu—vlg

= 1 [T re ea)”
e /0 Tl = v)(s + )2 ds )

This concludes (imosty the proof.

1/2
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Fortunately,

) = 18l = 18
= ||F(u) = F(W)lz < Llu—vlg

= 1 [T re ea)”
e /0 Tl = v)(s + )2 ds )

This concludes (imosty the proof.
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o 8
o

- h
EVERYTHING IS PROCEEDING AS | HAVE FOR

Corollary (Application to Caputo Equation)

Let vy > 0 and f : (0,00) x C" — C" be continuous.
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Let vy > 0 and f : (0,00) x C" — C" be continuous.
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,-/'
EVERYTHING IS PROCEEDING AS | HAVE FOR

Corollary (Application to Caputo Equation)

Let vy > 0 and f : (0,00) x C" — C" be continuous.
Suppose:
m There is { > 0 such that |f(t,u) — f(t,v)| < llu— v| for
all't >0 and u,v € C".
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Suppose:
m There is { > 0 such that |f(t,u) — f(t,v)| < llu— v| for
all't >0 and u,v € C".
m f(-,0) € LZ.
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Corollary (Application to Caputo Equation)

Let vy > 0 and f : (0,00) x C" — C" be continuous.
Suppose:
m There is { > 0 such that |f(t,u) — f(t,v)| < llu— v| for
all't >0 and u,v € C".
m f(-,0) € LZ.

Then there is v; > 0 such that for all v > vy the equation

0%, (u — tol(oo0) = F (-, u(-))
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. ) ) E;E/I"T“I“E 1S PROCEEDING AS | HAVE FOR
Corollary (Application to Caputo Equation)

Let vy > 0 and f : (0,00) x C" — C" be continuous.
Suppose:

m There is { > 0 such that |f(t,u) — f(t,v)| < llu— v| for
all't >0 and u,v € C".
m f(-,0) € LZ.
Then there is v; > 0 such that for all v > vy the equation

9, (u— wol (o)) = F(- u(-))
admits a unique solution y € L2 with

u— UO]l(O,oc) S dom(@ffl,)
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Proof.

Ismail Huseynov, Adama Ndoye, Lars Niedorf — A Hilbert Space Approach to Fractional Differential Equations 36/1



Proof.
m Define F: C. — C via F(p) := f(',@(') + Uo]l(o,oo)('))-
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Proof.
m Define F: C. — C via F(p) := f(',@(') + Uo]l(o,oo)('))-

m F is uniformly Lipschitz continuous in v > 1. (1)
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Proof.
m Define F : C. — C via F() == (-, 0(-) + toL(0,00)("))-
m F is uniformly Lipschitz continuous in v > 1. (1)

m Apply main theorem: There is w € dom(97,) such that

0, (w) = Fu(w).
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Proof.
m Define F : C. — C via F() == (-, 0(-) + toL(0,00)("))-
m F is uniformly Lipschitz continuous in v > 1. (1)

m Apply main theorem: There is w € dom(97,) such that
8t°fy(w) = F,(w).

m Now put v :=w + ugl (o). Then

0%, (u— tolo,00)) = F (-, u()).
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