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1 Introduction

This lecture is intended to give a brief introduction as well as a summary of the course
to be presented throughout the semester. We shall highlight some of the main ideas and
methods behind the theory and will also aim to provide some background on the main
concept, which will be the central object of study in the forthcoming weeks: the notion
of so-called

Evolutionary Equations

dating back to Picard in the seminal paper [9]; see also [10, Chapter 6].

Another expression used to describe the same thing (and in order to distinguish the
concept from evolution equations) is that of evo-systems. Before going into detail on
what we think of when using the term evolutionary equations, we shall look into a
seemingly similar class of equations first.

1.1 Evolution Equations

The term evolution equation is commonly referred to as a (partial) differential equation
involving time. This is a well developed concept that can be found, for example, in the
standard references [3|, [7, 8]. Before addressing a solution strategy for these kinds of
problems we mention some examples. We shall revisit these examples again in the course
later. One of the main examples of evolution equations, in the sense to be discussed in
this section, is the heat equation in its second order form. More precisely,

0l(t,x) = AO(t,xz), (t,x) € (0,00) x £,
0(0,z) = 0o (z), x €€,

where Q C R? is some open set, and A = 2?21 8; is the usual Laplacian carried out with
respect to the ‘z-variables’ or ‘spatial variables’, and 6 is a given initial heat distribution
and 0 is the unknown (scalar-valued) heat distribution. The above heat equation is also
accompanied with some boundary conditions for 0(¢,z) which are required to be valid
for all t > 0 and x € 09).

We shall explain one way of solving this problem. To this end we make a detour to the
theory of ordinary differential equations. Let us consider an n X n-matrix A with entries
from the field K of complex or real numbers, C or R, and address the system of ordinary
differential equations
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for some given initial datum, ug € K™. In this case, we know that there exists a unique
solution. This solution can be computed with the help of the so-called matrix exponential

o0 k
tA (tA) nxn
et = Z I e K
n=0
in the form
u(t) = ey,

As it turns out, this u is continuously differentiable and u satisfies the above equation.
We note in particular that etAyy — eP4uy = ug as t — 0+ and that eltts)A — gtAgsA T
a way, to obtain the solution for the system of ordinary differential equations we need to
construct (et4);>o. This is the same idea behind the process for obtaining a solution for
the aforementioned heat equation.

Indeed, given a suitable Banach space X one aims to construct a so-called Cy-semigroup,
(T'(t))t=0, that is, for all ¢ > 0, T'(¢) is a bounded linear operator acting in X, T'(t) €
L(X), and the following conditions are satisfied

(a) semigroup law: T'(0) = I and T'(t + s) = T'(t)T'(s) for all £, s > 0,
(b) strong continuity: for all x € X, lim;_,0+ T'(t)x = .

For instance in the case of X = Ly(£2), it is possible to construct such a family (7'(¢))>o,
written as (et®);>0, satisfying the just mentioned criteria. For every 6y € Ly(Q) this
Co-semigroup provides a function 0: t — e!*fy € Ly(Q) which satisfies the above heat
equation in a certain generalised sense. It is then an a posteriori question as to which
additional conditions, for example on 6y, need to be imposed in order to assure that 6
solves the above heat equation as it stands.

In the abstract setting of Cp-semigroups, the orbit u: ¢ — T'(t)z for some = € X then
satisfies the equation

{u’(t) = Bu(t), t>0, (1.1)

u(0) =2z

provided that x € {y € X ; By = limy 04 %(T(t)y —y)eX exists}. It can be shown
that B is uniquely determined. B is called the generator of the Cy-semigroup (7'(t))¢>o0.
The Cy-semigroup and the generator are in direct correspondence to each other. In
applications, given some operator B the task is to find a Cyp-semigroup such that Bx =
limy 04 §(T(t)x — ) for all z € X, where either the left-hand side or the right-hand side
is well-defined. In other words, the question is whether a given operator B is actually
the generator of a Cp-semigroup.

Note that in the case of the heat equation, the Cp-semigroup is also known as the fun-
damental solution of the problem considered; in the abstract setting, (7'(¢))i>0 is the
fundamental solution of .

As we have seen, Cy-semigroups focus on initial value problems. Moreover, the heat
equation (as a partial differential equation) above is viewed as an ordinary differential
equation with values in an infinite-dimensional state space X. While the left-hand side
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of the equation is always of the same form, the complexity of the problem class is stored
in the choice of X and the operator B (and, naturally, its domain of definition).

In the literature, explicit initial value problems like that of the ODE system or the
heat equation are gathered under the umbrella term evolution equation. It has become
customary to refer to any problem where Cy-semigroups play a fundamental role as an
evolution equation. This is particularly the case when X is infinite-dimensional. Then,
arguably, the study of Cp-semigroups is the study of fundamental solutions (or abstract
Green’s functions) associated to a certain class of initial value problems for (partial)
differential equations. A solution theory, that is, the proof for existence, uniqueness
and continuous dependence on the data, is then contained in the construction of the
fundamental solution in terms of the ingredients of the equation. More precisely, in the
case of the ODE above, the fundamental solution is constructed in terms of A and in case
of the heat equation, the fundamental solution is constructed in terms of (a particular
realisation of) A as an (unbounded) operator in X. We emphasise that there is some
bias towards the temporal direction in the theory of Cp-semigroups.

1.2 Time-independent Problems

The construction of fundamental solutions is also a valuable method for obtaining a
solution for time-independent problems; see, e.g., [4]. To see this, let us consider Poisson’s
equation in R3: Given f € C®(R3) we want to find a function u: R? — R with the

property that
—Au(z) = f(z) (z €R3).

It can be shown that u given by

1 1
ua) = 3= [ i)y

is well-defined, twice continuously differentiable and satisfies Poisson’s equation; cf. Fx-
ercise [1.3] Note that z — ﬁm is also referred to as the fundamental solution or Green’s
function for Poisson’s equation. The formula presented for w is the convolution with
the fundamental solution. The formula used to define u also works for f being merely
bounded and measurable with compact support. In this case, however, the pointwise
formula of Poisson’s equation cannot be expected to hold anymore, simply because f
is well-defined only up to a set of measure 0. Thus, only a posteriori estimates under
additional conditions on f render u to be twice continuously differentiable (say) with
Poisson’s equation holding for all 2 € R®. However, similar to the semigroup setting, it is
possible to generalise the meaning of —Awu = f. Then, again, the fundamental solution
can be used to construct a solution for Poisson’s equation for more general f.

The situation becomes different when we consider a boundary value problem instead of
the problem above. More precisely, let 2 C R? be an open set and let f € La(Q). We
then need to ask whether there exists u € La(€2) such that

—Au=f, on{,
u=0, on 0f.
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Notice that the task of just (mathematically) formulating this equation, let alone estab-
lishing a solution theory, is something that needs to be addressed. Indeed, we emphasise
that it is unclear as to what Aw is supposed to mean if u € Ly(Q2), only. It turns out
that the problem described is not well-posed in general. In particular — depending on the
shape of Q and the norms involved — it might, for instance, lack continuous dependence
on the data, f.

In any case, the solution formula that we have used for the case when = R? does not
work anymore. Indeed, only particular shapes of {2 permit to construct a fundamental
solution; see [4]. Despite this, when €2 is merely bounded, it is still possible to construct
a solution, u, for the above problem. There are two key ingredients required for this
approach. One is a clever application of Riesz’s representation theorem for functionals in
Hilbert spaces and the other one involves inventing ‘suitable’ interpretations of Awu in 2
and v = 0 on 0f). Thus, the method of ‘solving’ Poisson’s equation amounts to posing the
correct question, which then can be addressed without invoking the fundamental solution.
With this in mind, one could argue that the setting makes the problem solvable.

1.3 Evolutionary Equations

The central aim for evolutionary equations is to combine the rationales from both the
Co-semigroup theory and that from the time-independent case. That is to say, we wish
to establish a setting that treats time-independent problems as well as time-dependent
problems. At the same time we need to generalise solution concepts. We shall not aim
to construct the fundamental solution in either the spatial or the temporal directions.
The problem class will comprise of problems that can be written in the form

(OM(0r) + A)U = F

where U is the unknown and F' the known right-hand side. Furthermore, A is an (un-
bounded, skew-selfadjoint) operator acting in some Hilbert space that is thought of as
modelling spatial coordinates; 0; is a realisation of the (time-)derivative operator and
M(9;) is an analytic, bounded operator-valued function, M, evaluated at the time de-
rivative. In the course of the next few months, we shall specfiy the definitions and how
standard problems fit into this problem class.

Before going into greater depth on this approach, we would like to emphasise the key dif-
ferences and similarities which arise when compared to the derivation of more traditional
solution theories that we outlined above.

Since the solution theory for evolutionary equations will also encapsulate time-independent
problems, we cannot just focus on initial value problems but rather on inhomogeneous
problems. As we do not want to require the existence of any fundamental solution we will
also need to introduce a generalisation of the concept of a solution. Indeed, continuity
in the form of the existence of a Cy-semigroup, or variants thereof, will neither be shown
nor be expected. Moreoever, we shall see that both 9; and A are unbounded operators
with M (0;) being a bounded operator. Thus, we need to make sense of the operator sum
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of the two unbounded operators 0; M (0;) and A, which, in general, cannot be realised as
being onto but rather as having dense range, only.

A post-processing procedure will then ensure that for more regular right-hand sides, F,
the solution U will also be more regular. In some cases this will, for instance, amount
to U being continuous in the time variable. In this way, phrased in similar settings,
Co-semigroup theory may be viewed as a regularity theory for a subclass of evolutionary
equations. We shall entirely confine ourselves within the Hilbert space case though.
In this sense, the solution theory to be presented will be, in essence, an application of
the projection theorem (similar to time-independent problems). In our case, however,
there will not be as much of a regularity bias as there is in Cy-semigroup theory or in
abstract ODEs with an (infinite-)dimensional state space. In fact, the projection theorem
is applied in a Hilbert space, which combines both spatial and temporal variables.

The operator M () is thought of as carrying all the ‘complexity’ of the model. This
is different to Cp-semigroups, where this complexity is put on to the (domain of the)
generator. What we mean by complexity will become more apparent when we discuss
some examples.

Finally, let us stress that A being ‘skew-selfadjoint’ is a way of implementing first order
systems in our abstract setting. In fact, deviating from classical approaches, we shall
focus on first order equations in both time and space. This is also another change in
perspective when compared to classical approaches. As classical treatments might em-
phasise the importance of the Laplacian (and hence Poisson’s equation) and variants
thereof, evolutionary equations rather emphasise Mazwell’s equations as the prototypical
PDE. This change of point of view will be illustrated in the following section, where we
address some classical examples.

1.4 Particular Examples and the Change of Perspective

Here we will focus on three examples. These examples will also be the first to be read-
dressed when we discuss the solution theory of evolutionary equations in a later lecture.
In order to simplify the current presentation we will not consider boundary value prob-
lems but solely concentrate on problems posed on = R3. Furthermore, we shall dispose
of any initial conditions.

Maxwell’s Equations

The prototypical evolutionary equation is the system provided by Maxwell’s equations.
Maxwell’s equations consist of two equations describing an electro-magnetic field, (E, H),
subject to a given certain external current, J,

OweF +oFE —curl H = —J,
OyppH + curl E = 0.

We shall detail the properties of the material parameters €, u, and o later on. For the
time being it is safe to assume that they are non-negative real numbers and that they
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additionally satisfy that u(e + o) > 0. Now, in the setting of evolutionary equations, we
gather the electro-magnetic field into one column vector and obtain

(GG lan 5 )= ()

We shall see later that we obtain an evolutionary equation by setting

_ (g O 1 (0 O _ (0 —curl
M(0y) = (0 M)—i-at (0 0> and A = <Curl 0 >

A formulation that fits well into the Cyp-semigroup setting would be, for example,

GE—EO_I -0 cur1E+EO_1—J
"\H)\0 n —curl 0 H 0 p 0 )’
provided that ¢ > 0. The inhomogeneous right-hand side (—1.,0) can then be dealt
with by means of the variation of constants formula, which is the incarnation of the

convolution of (—1.J,0) with the fundamental solution in this time-dependent situation.
Thus, in order to apply semigroup theory, the main task lies in showing that

—%0 % curl
—i curl 0

is the generator of a Cy-semigroup.

A different formulation needs to be put in place if € = 0. The situation becomes even
more complicated if € and o are bounded, non-negative, measurable functions of the
spacial variable such that € + ¢ > ¢ for some ¢ > 0. In the setting of evolutionary
equations, this problem, however, can be dealt with. Note that then one cannot expect
F to be continuous with respect to the temporal variable unless J is smooth enough.

Wave Equation

We shall discuss the scalar wave equation in a medium where the wave propagation
speed is inhomogeneous in different directions of space. This is modelled by finding
u: R x R? — R such that, given a suitable forcing term f: R x R® — R (again we skip
initial values here), we have

O?u — divagradu = f,

where a = a! € R®*3 is positive definite; that is, (£,al)gs > 0 for all ¢ € R?\ {0}. In
the context of evolutionary equations, we rewrite this as a first order problem in time
and space. For this, we introduce v := dyu and ¢ := —a grad u and obtain that

(o )+ (o ) ()= 6)

1 0 0 div
M(at) = <0 CL_1> and A = (grad 0 )

Thus,
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yield a corresponding formulation. A semigroup formulation would work again by mul-
. 1
tiplying through by <O 0

Let us mention briefly that it is also possible to rewrite the wave equation as a first order
system in time only. For this, a standard ODE trick is used: one simply sticks with the
additional variable v = d;u and obtains that

(1) = (aeea o) (2)+ (6),

In this formulation the ‘complexity’ of the model is contained in the operator

0 1
divagrad 0/

One would then have to show that this operator is the generator of a Cpy-semigroup.

Heat Equation

We have already formulated the semigroup perspective of the heat equation
040 — divagradf = Q,

in which we have added a heat source Q and a conductivity @ = a' € R3*3 being positive
definite. Here, again, we reformulate the heat equation as a first order system in time
and space to end up (again setting ¢ := —a grad 0) with

(o o)+ (0 ) (a 5)) ()= (0)

In the context of evolutionary equations we then have that

/10y ..(0 0 (0 div
M(0) = <O 0>+3t (0 a_1> and A = <grad O)'

The advantage of this reformulation is that it becomes easily comparable to the first
order formulation of the wave equation outlined above. For instance it is now possible
to easily consider mixed type problems of the form

(0 a-ter) (0 )+ (e ) G) = (6)

with s: R — [0,1] being an arbitrary measurable function. In fact, in the solution
theory for evolutionary equations, this does not amount to any additional complication
of the problem. Models of this type are particularly interesting in the context of so-called
solid-fluid interaction, where the relations of a solid body and a flow of fluid surrounding
it are addressed.
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1.5 A Brief Outline of the Course

We now present an overview of the contents of this year’s internet seminar.

Basics

In order to properly set the stage, we shall begin with some background operator the-
ory in Banach and Hilbert spaces. We assume the readers to be acquainted with some
knowledge on bounded linear operators, such as the uniform boundedness principle, and
basic concepts in the topology of metric spaces, such as density and closure. The most
important new material will be the adjoint of an operator, which need not be bounded
anymore. In order to deal with this notion, we will consider relations rather than oper-
ators as they provide the natural setting for unbounded operators. Having finished this
brief detour on operator theory, we will turn to a generalisation of Lebesgue spaces. More
precisely, we will survey ideas from Lebesgue’s integration theory for functions attaining
values in an infinite-dimensional Banach space.

The Time Derivative

Banach space-valued (or rather Hilbert space-valued) integration theory will play a fun-
damental role in defining the time derivative as an unbounded, continuously invertible
operator in a suitable Hilbert space. In order to obtain continuous invertibility, we
have to introduce an exponential weighting function, which is akin to the exponential
weight introduced in the space of continuous functions for a proof of the Picard—Lindel6f
theorem. It is therefore natural to discuss the application of this operator to ordinary
differential equations. In particular, we will present a Hilbert space solution theory for
ordinary differential equations. Here, we will also have the opportunity to discuss ordin-
ary differential equations with delay and memory. After this short detour, we will turn
back to the time derivative operator and describe its spectrum. For this we introduce
the so-called Fourier—Laplace transformation which transforms the time derivative into
a multiplication operator. This unitary transformation will additionally serve to define
(analytic and bounded) functions of the time derivative. This is absolutely essential for
the formulation of evolutionary equations.

Evolutionary Equations

Having finished the necessary preliminary work, we will then be in a position to provide
the proper justification of the formulation and solution theory for evolutionary equa-
tions. We will accompany this solution theory not only with the three leading examples
from above, but also with some more sophisticated equations. Amazingly, the considered
space-time setting will allow us to discuss (time-)fractional differential equations, partial
differential equations with delay terms and even a class of integro-differential equations.
Withdrawing the focus on regularity with respect to the temporal variable, we are en
passant able to generalise well-posedness conditions from the classical literature. How-
ever, we shall stick with the treatment of analytic operator-valued functions M only.
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Therefore, we will also include some arguments as to why this assumption seems to be
physically meaningful. It will turn out that analyticity and causality are intimately re-
lated via both the so-called Paley—Wiener theorem and a representation theorem for time
translation invariant causal operators.

Initial Value Problems for Evolutionary Equations

As it has been outlined above, the focus of evolutionary equations is on inhomogeneous
right-hand sides rather than on initial value problems. However, there is also the pos-
sibility to treat initial value problems with the approach discussed here. For this, we
need to introduce extrapolation spaces. This then enables us to formulate initial value
problems as inhomogeneous equations. We have to make a concession on the structure of
the problem, however. In fact, we will focus on the case when M (0;) = My + 0, LM for
some bounded linear operators My, M7 acting in the spatial variables alone. The initial
condition will then read as (MoyU) (0+) = MyUy. Hence, one might argue that the initial
condition U(0+) = Uy is only assumed in a rather generalised sense. This is due to the
fact that My might be zero. However, for the case A = 0 we will also discuss the initial
condition U(0+) = Up, which amounts to a treatment of so-called differential-algebraic
equations in both finite- and inifinite-dimensional state spaces.

Properties of Solutions and Inhomogeneous Boundary Value Problems

Turning back to the case when A # 0 we will discuss qualitative properties of solutions
of evolutionary equations. One of which will be exponential decay. We will identify a
subclass of evolutionary equations where it is comparatively easy to show that if the
right-hand side decays exponentially then so too must the solution. This is the proper
replacement in our setting for the notion of exponential stability from Cpy-semigroups.
If the right-hand side is smooth enough we obtain that U(t), the solution of the evolu-
tionary equation at time ¢, decays exponentially if ¢ — co. Furthermore, we will frame
inhomogeneous boundary value problems in the setting of evolutionary equations. The
method will require a bit more on the regularity theory for evolutionary equations and a
definition of suitable boundary values. In particular, we shall present a way of formulat-
ing classical inhomogeneous boundary value problems for domains without any boundary
regularity.

Properties of the Solution Operator

In the final part of this year’s internet seminar, we shall have another look at the ad-
vantages of the problem formulation. In fact, we will have a look at the notion of
homogenisation of differential equations. In the problem formulation presented here,
we shall analyse the continuity properties of the solution operator with respect to weak
operator topology convergence of the operator M (d;). We will address an example for
ordinary differential equations (when A = 0) and one for partial differential equations
(when A # 0). It will turn out that the respective continuity properties are profoundly
different from one another.
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1.6 Comments

The focus presented here on the main notions behind evolutionary equations is mostly
in order to properly motivate the theory and highlight the most striking differences in
the philosophy. There are other solution concepts (and corresponding general settings)
developed for partial differential equations; either time-dependent or without involving
time.

There are an abundance of examples and additional concepts for Cy-semigroups for which
we refer to the aforementioned standard treatments again. There is also a generalisation
to problems that are second order in time, e.g., u” = Au, where u(0) and «'(0) are given.
This gives rise to cosine families of bounded linear operators which is another way of
generalising the fundamental solution concept, see, for example, [11].

The main focus of all of these equations is to address initial value problems, where the
(first /second) time derivative of the unknown is explicit.

With a focus on static, that is, time-independent partial differential equations, the notion
of Friedrichs systems is also concerned with a way of writing many PDEs from math-
ematical physics into a common form, see [5|, [6]. A time-dependent variant of constant
coefficient Friedrichs systems are so-called symmetric-hyperbolic systems, see e.g. [1].
In these cases, whether the authors treat constant coefficients or not, the framework of
evolutionary equations adds a profound amount of additional complexity by including
the operator M (0).

The treatment of time-dependent problems in space-time settings and addressing corres-
ponding well-posedness properties of a sum of two unbounded operators has also been
considered in [2| with elaborate conditions on the operators involved. In their studies,
the flexibility introduced by the operator M (9;) in our setting is missing, thus the time
derivative operator is not thought of having any variable coefficients attached to it.

Exercises

Exercise 1.1. Let ¢ € C(R,R). Assume that ¢(t + s) = ¢(t)¢(s) for all t,s € R,
#(0) = 1. Show that ¢(t) = e** (t € R) for some a € R.

Exercise 1.2. Let n € N, T: R — R™*" continuously differentiable such that T'(t+s) =
T(t)T(s) for all t,s € R, T(0) = I. Show that there exists A € R"*" with the property
that T'(t) = ' (t € R).

Exercise 1.3. Show that = — u(z) = & [ps m—iy‘f(y) dy satisfies Poisson’s equation,
given f € C°(R?).

Exercise 1.4. Let f € C°(R). Define u(t,z) := f(z + t) for z,t € R. Show that u
satisfies the differential equation 0yu = Oyu and u(0,z) = f(z) for all z € R.

Exercise 1.5. Let X,Y be Banach spaces, (T}, )nen be a sequence in L(X,Y), the set
of bounded linear operators. If sup {|| 75| ; » € N} = oo, show that there is z € X and a
strictly increasing sequence (ny); in N such that ||T5,, z|| — oo.

10
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2 Unbounded operators

We will gather some information on operators in Banach and Hilbert spaces. Throughout
this chapter let Xy, X1, and X5 be Banach spaces and Hy, Hy, and Hs be Hilbert spaces
over the field K € {R, C}.

2.1 Operators in Banach spaces

The main difference of continuous (or bounded) linear operators, that is,

B
L(Xo,X1) =< B: Xo — X1 ; B linear, |B|| == sup |Bz] _
vexo\{0} [

(with the usual abbreviation L(Xp) := L(Xo, Xo)) and the set of unbounded linear
operators is that the latter are defined only on a subset of Xy. In order to define
unbounded linear operators, we will first take a more general point of view and introduce
(linear) relations. This perspective will turn out to be the natural setting later on.

Definition. A subset A C Xy x X3 is called a relation in Xy and X;. We define the
domain, range and kernel of A as follows

dom(A) = {x € Xo; Iy € X1: (x,y) € A},
ran(A) ={y € X1; 3z € Xo: (z,y) € A},
ker(A) =={z € Xo; (z,0) € A}.
The image, A[M], of a set M C X under A is given by
AM] ={ye X1;Fx e M: (z,y) € A}.

A relation A is called bounded, if for all bounded M C X the set A[M] C X is bounded.
For a given relation A we define the inverse relation

A= {(y,x) € X1 x Xo; (z,9) € A}.

A relation A is called linear, if for all (z,y), (u,v) € A, A € K we have (z+Au, y+v) € A.
A linear relation A is called linear operator or just operator from Xy to Xy, if

A[{0}] ={y € X1; (0,y) € A} ={0}.

In this case, we also write

A: dOIIl(A) - XO — Xl

to denote a linear operator from Xg to X;. Moreover, we shall write Az = y instead of
(x,y) € A in this case. A linear operator A, which is not bounded, is called unbounded.

12



2 Unbounded operators

For completeness, we also define the sum, composition, and scalar multiples of relations.

Definition. Let A C Xy x X1, B € Xg x X1 and C' € X; x X5 be relations, A € K.
Then we define

A+ B ={(z,y+w) € Xo x X1; (z,y) € A, (z,w) € B},
A = {(z,\y) € Xo x X1; (z,y) € A},
CA = {(IL',Z) EX[)XX2; 3y€X13 (mvy) GA,(y,Z)EC}-

For a relation A C Xy x X1 we will use the abbreviation —A := —1A (so that the minus
sign only acts on the second component). We now proceed with topological notions for
relations.

Definition. Let A C Xy x X; be a relation. A is called densely defined, if dom(A) is
dense in Xy. We call A closed, if A is a closed subset of the direct sum of the Banach
spaces Xg and X;. If A is a linear operator then we will call A closable, whenever
A C Xg x X; is a linear operator.

Proposition 2.1.1. Let A C X x X3 be a relation, C € L(Xq, Xo) and B € L(Xo, X1).
Then the following statements hold.

(a) A is closed if and only if A=1 is closed;
(b) A is closed if and only if A+ B is closed;
(¢c) if A is closed, then AC is closed.

Proof. The first statement follows upon realising that Xox X1 3 (z,y) — (y,x) € X1xXp
is an isomorphism. For the second statement, it suffices to show that the closedness of A
implies the same for A+ B. Let ((xy,yn)),, be a sequence in A+ B convergent in Xy x X
to some (x,y). Since B € L(Xy, X1), it follows that ((x, y» — Bxy)),, in A is convergent
to (z,y — Bz) in Xy x X;. Since A is closed, (z,y — Bx) € A. Thus, (z,y) € A+ B.

For the third statement of the present proposition, let ((wy,yn)),, be a sequence in AC
convergent in Xo x X to some (w,y). Since C' is continuous, (Cwy,),, converges to Cw.
Hence, (Cwy,yn) — (Cw,y) in Xy x X1 and since (Cwy,y,) € A and A is closed, it
follows that (Cw,y) € A. Equivalently, (w,y) € AC, which yields closedness of AC. [

We shall gather some other elementary facts about closed operators in the following. We
will make use of the following notion.

Definition. Let A: dom(A) C Xy — X be a linear operator. Then the graph norm of
A'is defined by dom(A) 3 z > ||z| 4 == +/|l=|* + || Az]|*.

Lemma 2.1.2. Let A: dom(A) C Xg — X; be a linear operator. Then A is closed if
and only if dom(A) equipped with the graph norm is a Banach space if and only if for

all (xy)n in dom(A) convergent in Xo such that (Axy,), is convergent in X; we have
limy, 00 Zp, € dom(A) and Alim,, o0 T, = limy, o0 ATy,

13



2 Unbounded operators

Proof. For the first equivalence, it suffices to observe that dom(A) 3 z — (x, Ax) € A,
where dom(A) is endowed with the graph norm, is an isomorphism. The last statement
is an easy reformulation of the definition of closedness of A C Xy x Xj. O

Unless explicitly stated otherwise (e.g. in the form dom(A) C Xy, where we regard
dom(A) as a subspace of Xj), for closed operators A we always consider dom(A) as a
Banach space on its own right; that is, we shall regard it as being endowed with the
graph norm.

Lemma 2.1.3. Let A: dom(A) C Xo — X be a closed linear operator. Then A is
bounded if and only if dom(A) C Xy is closed.

Proof. First of all note that boundedness of A is equivalent to the fact that the graph
norm and the Xyp-norm on dom(A) are equivalent. Hence, the closedness and bounded-
ness of A implies that dom(A) C Xy is closed. On the other hand, the embedding

v+ (dom(A), |-l ) < (dom(A), -]l x,)

is continuous and bijective. Since the range is closed, the open mapping theorem implies
that +~! is continuous. This yields the equivalence of the graph norm and the Xo-norm
and, thus, the boundedness of A. O

For unbounded operators, obtaining a precise description of the domain may be difficult.
However, there may be a subset of the domain which essentially (or approximately)
describes the operator. This gives rise to the following notion of a core.

Definition. Let A C Xy x X;. A set D C dom(A) is called a core for A provided
AN (D X Xl) = A.

Proposition 2.1.4. Let A € L(Xo,X1), and D C Xg a dense linear subspace. Then D
is a core for A.

Corollary 2.1.5. Let A: dom(A) C Xo — X; be a densely defined, bounded linear
operator. Then there exists a unique B € L(Xo, X1) with B O A. In particular, we have
B=A and

Ax||
1Bl=  sup A2l
z€dom(A),z#£0 HxH

The proofs of Proposition and Corollary are asked for in Exercise

2.2 Operators in Hilbert spaces

Let us now focus on operators on Hilbert spaces. In this setting, we can additionally
make use of scalar products (-, ), which in this course are considered to be linear in the
second argument (and anti-linear in the first, in the case when K = C).
For a linear operator A: dom(A) C Hy — H; the graph norm of A is induced by the
scalar product

(z,y) = (z,y) + (Az, Ay),

14



2 Unbounded operators

known as the graph scalar product of A. If A is closed then dom(A) (equipped with the
graph norm) is a Hilbert space.

Of course, no presentation of operators in Hilbert spaces would be complete without the
central notion of the adjoint operator. We wish to pose the adjoint within the relational
framework just established. The definition is as follows.

Definition. For a relation A C Hy x H; we define the adjoint relation A* by
* 111
A 2:—((A ) )ngxHo,

where the orthogonal complement is computed in the direct sum of the Hilbert spaces
H, and Hy; that is, the set Hy x Hg endowed with the scalar product ((x,y), (u, v)) —

(z,u) + (y,v).

Remark 2.2.1. Let A C Hy x Hy. Then we have
A* = {(u,v) € Hy x Hy; Y(z,y) € A: (u,y) = (v,z)}.
In particular, if A is a linear operator, we have
A" = {(u,v) € Hy x Hy; Vo € dom(A) : (u, Az) = (v, z)}.

Lemma 2.2.2. Let A C Hy X Hy be a relation. Then A* is a linear relation. Moreover,
we have

e () () = ey (e = ()

The proof of this lemma is left as Fxercise 2.3

Remark 2.2.3. Let A C Hy x Hy. Since A* is the orthogonal complement of —A~™!, it
follows immediately that A* is closed. Moreover, A* = (Z)* since A+ = (Z)J‘.

Lemma 2.2.4. Let A C Hy x Hy be a linear relation. Then
A = (A" = A.

Proof. We compute using Lemma [2.2.2

ey () )

Theorem 2.2.5. Let A C Hy x Hy be a linear relation. Then

ran(A)" = ker(A*) and Tan(A*) = ker(A4)*.

15



2 Unbounded operators

Proof. Let u € ker(A*) and let y € ran(A). Then we find x € dom(A) such that
(x,y) € A. Moreover, note that (u,0) € A*. Then, we compute

(y,uy = (x,0) = 0.

This equality shows that ran(A)* D ker(A*). If on the other hand, u € ran(A)* then
for all (z,y) € A we have that

0=(y,u),
which implies (u,0) € A* and hence u € ker(A*). The remaining equation follows from
Lemma together with the first equation applied to A*. O

The following decomposition result is immediate from the latter theorem and will be
used frequently throughout the text.

Corollary 2.2.6. Let A C Hy x Hy be a closed linear relation. Then
H, =tan(A) @ ker(A*) and Hy=ker(A)®ran(A").
We will now turn to the case where the adjoint relation is actually a linear operator.

Lemma 2.2.7. Let A C Hy x Hy be a linear relation. Then A* is a linear operator if

and only if A is densely defined. If, in addition, A is a linear operator, then A is closable
if and only if A* is densely defined.

Proof. For the first equivalence, it suffices to observe that
{v € Hy; (0,v) € A*} = dom(A)*. (2.1)

Indeed, A being densely defined is equivalent to having dom(A4)* = {0}. Moreover, A*
is an operator if and only if {v € Hy; (0,v) € A*} = {0}. Next, we show (2.I). For this,
let v € Hy. We have v € dom(A)~ if and only if for all 2 € dom(A) and y € H; such
that (z,y) € A it follows that

<SU,’U>:0: <ya0>7

which is equivalent to having (0,v) € A*. For the remaining equivalence, we need to
characterise A being an operator. Using Lemma and the first equivalence, we
deduce that A = (A*)" is a linear operator if and only if A* is densely defined. O

Lemma 2.2.8. Let A C Hy x Hy be a linear relation. Then A € L(Hy, Hy) if and only
if A* € L(Hy, Ho). In either case, | A*|| = ||A]|.

Proof. Note that A € L(Hy, Hy) implies that A is closable and densely defined. Thus,
by Lemma A* is a densely defined, closed linear operator. For u € dom(A*) we
compute using Lemma [2.2.4

vl = sp A, Ao

= < [[ Al
cemo\{0} Nzl cemo\{0} ]l
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2 Unbounded operators

yielding [|A*|| < ||A]|. On the one hand, this implies that A* is bounded, and on the
other, since A* is densely defined we deduce A* € L(H;, Hy) by Lemma The other

implication (and the other inequality) follows from the first one applied to A* instead of
A using A = A, O

We end this section by defining some special classes of relations and operators.

Definition. Let H be a Hilbert space and A C H x H a linear relation. We call A
(skew-)Hermitian if A C A* (A C —A*). We say that A is (skew-)symmetric if A is
(skew-)Hermitian and densely defined (so that A* is a linear operator), and A is called
(skew-)selfadjoint if A = A* (A = —A*). Additionally, if A is densely defined, then we
say that A is normal if AA* = A*A.

2.3 Computing the adjoint

In general it is a very difficult task to compute the adjoint of a given (unbounded)
operator. There are, however, cases, where the adjoint of a sum or the product can be
computed more readily. We start with the most basic case of bounded linear operators.

Proposition 2.3.1. Let A,B € L(Hy, H1),C € L(Hs, Hy). Then (A+ B)* = A* + B*
and (AC)" = C*A*.

The latter results are special cases of more general statements to follow.

Theorem 2.3.2. Let A C Hy X Hy be a relation and B € L(Hy, Hy). Then (A+ B)* =
A"+ B*.
Proof. Let (u,v) € Hy x Hy. Then we compute

(u,v) € A* + B* <— (u,v— B*u) € A*
<— V(z,y) € A: (y,u) = (z,v — B*u)
< V(x,y) € A: (y+ Bzx,u) = (z,v)
< V(z,z) € A+ B: (z,u) = (z,v)
< (u,v) € (A+ B)".

Note that for the first, third and fourth equivalence, we have used the fact that B €
L(Hy, Hy) together with Lemma [2.2.8 O

Corollary 2.3.3. Let A C Hyx Hy, B € L(Hy, Hy). If A is densely defined, then A*+ B*
is a linear operator and (A + B)* = A* + B*.

Theorem 2.3.4. Let A C Hy x H; be a closed linear relation and C € L(Haz, Hy). Then
(AC)" = C*A*.

17



2 Unbounded operators
Proof. We first show that AC' C (C*A*)*. For this, let (w,y) € AC. Then (Cw,y) € A.
Hence, for all (u, z) € C*A* or for all (u,v) € A* and z = C*v, we compute
(u,y) = (v, Cw) = (C*v,w) = (z,w),

which implies that AC' C (C*A*)*. Next, let (w,y) € (C*A*)". Then for all (u,v) € A*
and z = C*v we obtain

() = (z,w) = (C*v,w) = (v, Cw).
Thus, we obtain (Cw,y) € A** = A = A. Thus, (w,y) € AC. Hence,
AC = (C* A",
which yields the assertion by adjoining this equation. O

Corollary 2.3.5. Let A C Hy x Hy be a linear relation and C € L(Hs2, Hy). Then
(AC)" = C*A~.

Proof. The result follows upon realising that A* = A** = (Z)* O

Corollary 2.3.6. Let A C Hy x Hy be a linear relation and C € L(Ha, Hy). If AC is
densely defined, then C*A* is a closable linear operator with C*A* = (ZC)*.

Remark 2.3.7. (a) Note that if B € L(H;, Hs) and A C Hy x Hj linear, then (BZ)* =
A*B*. Indeed, this follows from Theorem [2.3.4] applied to A* and B instead of A and
C*, respectively, since then we obtain (A*B*)* = B**A** = BA. Computing adjoints on
both sides again and using that A*B* is closed by Proposition 2.1.1] we get the assertion.
(b) We note here that AC' cannot be replaced by AC and encourage the reader to find
a counterexample for A being a closable linear operator. We also refer to [5] for a
counterexample due to J. Epperlein.

We have already seen that A* = A", We can even restrict A to a core and still obtain
the same adjoint.

Proposition 2.3.8. Let A C Hyx Hy be a linear relation, D C dom(A) a linear subspace.
Then D is a core for A if and only if (AN (D x Hy))" = A*.

Proof. Assume that D is a core for A. Then AN (D x Hy) DO A and therefore we have
A* C (AN (D x H)) = (m)* C A",
On the other hand, assume that (AN (D x Hy))* = A*. Then we obtain
AN(D x Hy) = (AN (D x Hy))™ = A*™ = A,

which yields the assertion. O
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2 Unbounded operators

2.4 The spectrum and resolvent set

In this section, we focus on operators acting on a single Banach space. As such, through-
out this section let X be a Banach space over K € {R,C} and let A: dom(4) C X — X
be a closed linear operator.

Definition. The set
p(A) = {)\ eK:(A—A)le L(X)}
is called the resolvent set of A. We define
o(4) =K\ p(A)
to be the spectrum of A.

We state and prove some elementary properties of the spectrum and the resolvent set.
We shall see natural examples for A which satisfy that 0(A4) = K or 0(A) = @ later on.
For a metric space (X, d), we will write B (z,7) = {y € X ; d(x,y) < r} for the open ball
around x of radius r and B [z,7] = {y € X ; d(z,y) < r} for the closed ball.

Proposition 2.4.1. If A\, u € p(A), then the resolvent identity holds. That is
A=A = (um A = (=N (= A (a4
Moreover, the set p(A) is open. More precisely, if X € p(A) then B ()\, 1/“()\ - A)_1H> C

p(A) and for p € B ()\, I/H()\ - A)_IH) we have

-7

=71 < -
L= D=l o= )7

The mapping p(A) 3 A — (A — A)~" € L(X) is analytic.
Proof. For the first assertion, we let A\, u € p(A) and compute

A=) = (= A = (A=A (= A) = (A= 4)) (= A)

= (A=A (=N (- 47
= (=N A=A (A

Next, let A € p(A) and p € B ()\, 1/”()\ - A)71H>. Then

H(/\ W) — A)—1H <1.
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2 Unbounded operators

Hence, 1 — (A — 1) (A — A) ™! admits an inverse in L(X) satisfying

o0

(1-0-mea-7) = (-mea-a) (2:2)

k=0

We claim that u € p(A). For this, we compute

p=A=A-A-(-p) == (1= - (-4

Since (1 —(A=p) (A= A)fl) is an isomorphsim in L(X), we deduce that the right-hand

side admits a continuous inverse if and only if the left-hand side does. As A € p(A), we
thus infer p € p(A). The estimate follows from (2.2). Indeed, we have

S (0w - ),

6= 7] < lr -7

- S - o a - — =27
k=0

1= o =mo-a7|

For the final claim of the present proposition, we observe that

(=A== -m(- A)fl)il (A —A) = i O (- Ayl)m ’

k=0

which is an operator norm convergent power series expression for the resolvent at u about
A. Thus, analyticity follows. O

We shall consider multiplication operators in Lo(u) next. For a measurable function
V:Q — R we will use the notation [V < ¢] := V"![(—o0,¢]] for some constant ¢ € R
(and similarly for relational symbols other than <).

Example 2.4.2. Let (2, X, 1) be a measure space and V': Q — K a measurable function.
Then the operator

V(m): dom(V(m)) € La() = La(y)
e (we Vw)fw),
where dom(V(m)) = {f € La(n); (w+ V(w)f(w)) € La(n)}, is densely defined and

closed. Moreover, (V(m))* = V*(m) where V*(w) = V(w)* for all w € Q (here V(w)*

denotes the complex conjugate of V(w)). If V is p-almost everywhere bounded, then

V(m) is continuous. If V' # 0 p-a.e. then V is injective and V(m)~! = {(m), where

1(w> _ {V(lw) V(w) #0,

v 0,  V(w)=0,

for all w € Q.
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2 Unbounded operators

Let us now prove these statements. We first show that V' (m) is densely defined. For this,
consider Q,, = [|V| < n] and put 1,, .= 1q, . Let f € La(u). Then, we have for all n € N
that 1,,f € dom(V(m)). From Q = {J, 2, and Q,, C Q,; it follows that 1,f — f in
Lo(p) as n — oo.

Next, we confirm that V' (m) is closed. Let (fx); in dom(V (m)) convergent in Lo(u) with
(V(m) fx)r be convergent in La(p). Denote the respective limits by f and g. It is clear
that for all n € N we have 1,,fr — 1,,f as k — oco. Also, we have

1,9 = lim 1,V(m)fx = lim V(m)L,fr = V(m)L,f = V1,f.
k—o0 k—o0

Hence, g = V f p-almost everywhere and since g € Lo(u), we have that f € dom(V (m)).
We will compute the adjoint of V(m) next. For this, we observe that V*(m) C V(m)*.
For the other inclusion, we let u € dom(V(m)*). Then, for all f € dom(V(m)) and
n € N, we compute

V() f, Tnu) = (L, V() fru) = (V)1 fou) = (Lnf, V() u) = (f, 1,V (m) ) .

This shows that 1,,u € dom(V (m)*) and V(m)*1,u = 1,,V(m)*u. Furthermore, we also
get that

V() f, Tpu) = (f, V*(m)Lnu)
for all f € dom(V(m)) and n € N, which gives V*(m)1,u = V(m)*1,,u = 1,V (m)*u.
Since V*(m) is closed, we infer that v € dom(V*(m)) and V*(m)u = V(m)*u.
If |V| < k p-almost everywhere for some x > 0, then for all f € La(u) we have
[V (w)f(w)| < &|f(w)] for p-almost every w € Q. Squaring and integrating this inequality
yields boundedness of V' (m).
Assume that V' # 0 p-a.e. and V(m)f = 0. Then, f(w) = 0 for p-a.e. w € €, which
implies f = 0 in Lo(u). Moreover, if V(m)f = g for f,g € La(u), then for p-a.e. w € Q
we deduce that f(w) = (w)g(w), which shows {-(m) 2 V(m)~'. If on the other hand
g € dom (3(m)), then a similar computation reveals that +(m)g € dom(V(m)) and

V(m)(m)g = g.

The spectrum of V(m) from the latter example can be computed once we consider a less
general class of measure spaces.

Example 2.4.3. Let (€2, %, 1) be a measure space with the property that for every A € ¥
with p1(A) = oo, there exists B € ¥ with 0 < u(B) < oo such that B C A (such measure
spaces are called semi-finite). Let V: Q — K be a measurable function. Then we have

o(V(m)) =essranV :={A € K; Ve > 0: u([|A - V]| <¢]) > 0}.

Let A € ess-ran V. For all n € N we find B, € ¥ with non-zero, but finite measure such

that B, C [|A— V| < L]. We define f, = 1/@113,1 € La(p). Then || fullp,y =1
and

V@] < V) = M) + M1 < (541 )
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2 Unbounded operators

for w € Q, which shows that (fy), is in dom(V(m)). A similar estimate, on the other
hand, shows that
[(V(m) = A) fall Ly = 0 (0 — 00).

Thus, (V(m) — A)~! cannot be continuous as | full Lo(uy = 1 for all n € N.

Let now A € K\ess-ran V. Then there exists € > 0 such that N := [|A — V| < ¢] is a p-null
set. In particular, \—V # 0 p-a.e. Hence, (A — V(m)) ™! = 1 (m) is a linear operator.
Since, ‘ﬁ‘ < 1/e p-almost everywhere, we deduce that (A — V(m)) ™" € L(La(n)) and
hence, A € p(V(m)).

We conclude this lecture by stating that multiplication operators as discussed in Example
and Example are the prototypical example for normal operators. It is also

important to note that, as we have seen in Example a multiplication operator in
Lo(p) is self-adjoint if and only if V' assumes values in the real numbers, only.

2.5 Comments

The material presented in this lecture is basic textbook knowledge. We shall thus refer
to the monographs [4, |6]. Note that spectral theory for self-adjoint operators is a clas-
sical topic in functional analysis. For a glimpse on further theory of linear relations we
exemplarily refer to [1, 2, 3].

Exercises

Exercise 2.1. Let A C Xy x X7 be an unbounded linear operator. Show that for every
linear operator B C Xy x X; with B O A and dom(B) = Xy, we have that B is not
closed.

Exercise 2.2. Prove Proposition and Corollary
Exercise 2.3. Prove Lemma [2.2.2

Exercise 2.4. Let A: dom(A) C Hy — Hy be a closed and densely defined linear
operator. Show that for all A € K we have

A€ p(A) <= X" € p(AY).

Exercise 2.5. Let U C Hy x Hy satisfy U~! = U*. Show that U € L(Hy, H) and that
U is unitary, that is, U is onto and for all z € Hy we have [[Uz||g, = ||z,

Exercise 2.6. Let §: C'[0,1] C L3(0,1) — K, f > f(0), where C'[0,1] denotes the set
of K-valued continuous functions on [0, 1]. Show that ¢ is not closable. Compute 0.

Exercise 2.7. Let C' C C be closed. Provide a Hilbert space H and a densely defined
closed linear operator A on H such that o(A) = C.
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3 The Time Derivative

It is the aim of this lecture to define a derivative operator on a suitable Lo-space, which
will be used as the derivative with respect to the temporal variable in our applications. As
we want to deal with Hilbert space-valued functions, we start by introducing the concept
of Bochner-Lebesgue spaces, which generalises the classical scalar-valued L,-spaces to
the Banach space-valued case.

3.1 Bochner—Lebesgue Spaces

Throughout, let (2,3, 1) be a o-finite measure space and X a Banach space over the
field K € {R,C}. We are aiming to define the spaces L,(u; X) for 1 < p < oo. This is the
space of (equivalence classes of) measurable functions attaining values in X, which are
p-integrable (if p < o0), or essentially bounded (if p = o) with respect to the measure
. We begin by defining the space of simple functions on Q with values in X and the
notion of Bochner-measurability.

Definition. For a function f: Q@ — X and z € X we set

Apa = {2},

A function f: Q — X is called simple if f[Q] is finite and for each =z € X \ {0} the
set Ar, belongs to ¥ and has finite measure. We denote the set of simple functions by

S(p; X). A function f: Q — X is called Bochner-measurable if there exists a sequence
(fn)nen in S(u; X) such that

falw) = flw) (n— o0)
for p-ae. w € Q. If p is absolutely continuous with respect to Lebesgue measure on
Q = R? we will just write S(R%; X).
Remark 3.1.1. (a) It is easy to check that S(u; X) is a vector space and an S(u;K)-
module; that is, for f € S(u; X) and g € S(u; K) we have g - f € S(u; X).

(b) If f: @ — X is Bochner-measurable, then [|f(-)||y: @ — R is p-measurable. In-
deed, since

1Ol = T [1fa()llx

for p-a.e. w € Q and a sequence (fy,)nen in S(p; X), it suffices to show that || f(-)| x
is measurable for all n € N. The latter follows since Ay, N Ay, = @ for x # y and

thus
I£aOlx = D lzlx-1a;,

Iefn[Q]
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3 The Time Derivative

is a real-valued simple function.

(c) If one deals with arbitrary measure spaces, the definition of simple functions has
to be weakened by allowing the sets Ay, to have infinite measure. However, since
in the applications to follow we only work with weighted Lebesgue measures, we
restrict ourselves to o-finite measure spaces.

Definition (Bochner—Lebesgue spaces). For p € [1, 00] we define
Lp(; X) ={f:Q— X; f Bochner-measurable, || f(-)||y € Ly(1)},

as well as
Ly(p; X) = Lp(p; X) o,

where ~ denotes the usual equivalence relation of equality p-almost everywhere.

Proposition 3.1.2. Let p € [1,00]. Then

ess-supyeq [f(Wllx, ¥ p= oo,

|W|:{@ﬂﬂ@ﬁmmm; .

defines a seminorm on L,(1; X) where ||f|]p = 0if and only if f = 0 p-a.e. Consequently,
|[l, defines a norm on Lp(u; X). Moreover, (Ly(p; X),||*ll,) is a Banach space and if
X = H is a Hilbert space, then so too is Lo(p; H) with the scalar product given by

<ﬁ@y=/U@%ﬂwmdmw (f.9 € La(ys; H)).

Q

Proof. We just show the completeness of L,,(u; X). Let (fn)nen be a sequence in L, (u; X)
such that Y2 || fall, < co. We set

gn(w) = [[fu(W)]| (n € Nyw € Q).

Then (gn)nen is a sequence in Ly(u) such that 2%, [|gnll, < co. By the completeness
of Ly,(p) we infer that
oo
giZZZE:gn
n=1

exists and is an element in L,(p). In particular, g(w) < oo for p-a.e. w € Q and thus,

Do lfa@lx =D gnw) < o0
n=1 n=1

for p-a.e. w € Q. By the completeness of X we can define

f@) =" falw)
n=1
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3 The Time Derivative

for p-a.e. w € Q. We need to prove that f € L,(p; X) and that Zﬁzl fo— fin Ly(p; X)
as k — oo. For this, it suffices to prove that

D fa € Ly X) and Y f, — 0 in Ly(u; X) as k — oo. (3.1)
= n=k

Indeed, this would imply both that f — 2221 fn € Lp(p; X) and the desired convergence
result. We prove for p < 0o and p = oo separately.

First, let p = co. For each n € N we have f,, € Loo(p; X) and thus || fn(w)]| x < |[fall
for all w € Q\ N,, and some null set N, C 2. We set N := UZO:1 N,, which is again a
null set. For k € N and w € Q\ N we then estimate

<@y < Zufnuoo,
n=k

X

which yields (3.1).

Now, let p < co. For k € N we estimate

0o P v p
/< w) ) dp(w) /(Z || fr (w Hx> dp(w)
n==k X Q

Q
= / A@@(ZIW HX> dp(w)

Q

N

RSl

p
= lim_ /(lefn IIX) dp(w)
< hm Zan” ZanH]ﬂ
n==k

where we have used monotone convergence in the third line. This estimate yields (3.1).
O

We now want to define an X-valued integral for functions in L;(u; X); the so-called
Bochner-integral. To do this, we need the following density result.

Lemma 3.1.3. The space S(u; X) is dense in Ly(u; X) for p € [1,00).

Proof. Let f € Ly(p; X). Then there exists a sequence (fy)nen in S(p; X) such that
fa(w) = f(w) for all w € Q\ N for some null set N C Q. For n € N we define the set

Iy ={w e Q; | fa(wlx <2f(W]x} €,

and set f, = fol;. Then f, € S(p; X) and we claim that fa(w) — f(w) for all
w € Q\ N. Indeed, if f(w) =0 then f,(w) = 0 also and the claim follows. If f(w) # 0,
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3 The Time Derivative

then there is some ng € N such that ||f,(w)|y < 2| f(w)|x for n > ng, and hence
W € (Nysng In- Consequently fy(w) = fn(w) — f(w). By dominated convergence, it now

follows that /
Q

Folw) = J@)|[' duw) 50 (n = o0),

which proves the claim. O

Proposition 3.1.4. The mappmﬂ
/ dp: S(p; X) € Li(p; X) = X
Q

[ Z €T U(Af,x)

zeX

is linear and continuous, and thus has a unique continuous linear extension to Li(u; X),
called the Bochner-integral. Moreover,

/fdu

and for A€ X, f € Li(u; X) we set

/Afdui:/ﬂf-llAdu-

Proof. We first show linearity. Let f,g € S(u; X) and A € K. We then compute

<l (f € Ln(w; X)),

/()\f—i—g dM—Zw AN frg) = Zm-u U (Afy N Agary)

reX reX yeX
= Z Z T w(Apy N Agaxy)
rzeX yeX
_ZZAy MAfymAgm )\y +ZZ IE—)\y AfyﬂAgﬂc Ay)
yeX zeX zeX yeX
:/\Zy'ﬂ (Aﬁym U Ag,zv—w) —i—Zz‘u U Apy N Ag:
yeX zeX zeX yeX

ZA/fdqu/gdu,
Q Q

where we have used the fact that all occuring unions and sums are finite. In order to
prove continuity, let f € S(u; X). We estimate

H/Qfd“H = || D wuAre)| < D lxlxn(Are) = / > llzlixta,, du
X

zef[Q] zef[Q] ze f[Q]

!Note that the sum is indeed finite and all summands are well-defined if we set Ox - co = Ox.
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3 The Time Derivative

_ / 1FO)llx d = £
Q

The remaining assertions now follow from Lemma by continuous extension (see

Corollary [2.1.5)). O

The next proposition tells us how the Bochner-integral of a function behaves if we com-
pose the function with a bounded or closed linear operator first. For what follows, let
X' := L(X,K) denote the dual space of X.

Proposition 3.1.5. Let f € L1(u; X), Y Banach space.

(a) Let Be L(X,Y). Then Bo f € Li(p;Y) and

/QBofd,u:B/Qfdu.

(b) If Xo € X is a closed subspace and f(w) € Xo for p-a.e. w € Q, then [, fdu € Xo.

(¢) (Theorem of Hille) Let A: dom(A) C X — Y be a closed linear operator and
assume that f(w) € dom(A) for p-a.e. w € Q and that Ao f € Li(u;Y). Then

Jo fdp € dom(A) and
A = Ao .
/Q £ dp /Q fdp

Proof. (a) Let (fn)nen be a sequence in S(u; X) such that f, — f p-a.e. Then Bof,, €
S(p;Y) since
(Bo fu) [ = B[ fal]
is finite and for y € (B o f,)[Q] \ {0} we have that
ABofpy = U A, o €3,
z€B~ [{y}NfnlQ]

and thus, u(Apgof, y) < co. Due to the continuity of B we have that Bo f,, — Bo f
p-a.e., hence B o f is Bochner-measurable. Moreover, ||B o f(-)|ly < [|B|/l[f()]l x,
which yields that Bo f € Li(u;Y). By continuity of both B and [, dpu, it suffices
to check the interchanging property for any f € S(u; X) alone. However, this is
clear, since

/QBofdM:ZBﬂC'M(Af,x):BZQ«"‘M(Af,x):B/QfdM-

zeX zeX

(b) Let 2’ € X' with 2/|x, = 0. It follows from (a) that

x“(/ﬂfd,u) :/Qac’ofdu:(),

and since x’ was arbitrary, it follows that fQ fdu € Xg from the Theorem of
Hahn—Banach.
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3 The Time Derivative

(c) Consider the space Li(u; X x Y). By assumption, it follows that
(f,Aof) e Li(; X xY).

However, (f,Ao f)(w) = (f(w), (Ao f)(w)) € A C X xY for pa.e w €, and
since A is closed we can use (b) to derive that

/Q(f,Aof)dueA. (3.2)

Let 71, w9 be the projection from X x Y to X and Y, respectively. It then follows
from part (a) that

- </Q(f,AOf)du> Z/Qm(f,AOf)duz/Qfdu,

and analogously for my. Using these equalities we derive from 1} that fQ fdu e
dom(A) and that A [, fdu = [, Ao fdpu. O

As a consequence of the latter proposition, we derive the fundamental theorem of calculus
for Banach space-valued functions.

Corollary 3.1.6 (fundamental theorem of calculus). Let a,b € R,a < b and consider
the measure space ([a,b],B([a,b]),\), where B(|a,b]) denotes the Borel-o-algebra of [a, b]
and X is the Lebesgue measure. Let f: [a,b] — X be continuously dzﬁerentmbleﬁ Then

F) = fla)y= [ fax

[a,b]
Proof. Note first of all that continuous functions are Bochner-measurable. Thus, the
integral on the right-hand side is well-defined. Let ¢ € X'. Then po f: [a, b = Kis
continuously differentiable, and (¢ o f)' (t) = (o f’)(t). Using Proposition [3.1.5] (a)
together with the fundamental theorem of calculus for the scalar-valued case we get

¢ </[ ’ f’dA> = /[ ’ (pof) dA=¢(f(b) — ¢ (f(a)) =@ (f(b) - f(a)).
Since this holds for all ¢ € X', the assertion follows from the Theorem of Hahn—Banach.
O]
We conclude this section with a density result, which will be useful throughout the course.

Lemma 3.1.7. Let D C Lo(u) be total in Lo(u) and H a Hilbert space. Then the set
{¢()x; z € H, p € D} is total in La(u; H).

’By this we mean that f is continuous on [a,b], continuously differentiable on (a,b) and f’ has a
continuous extension to [a, b].
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3 The Time Derivative

Proof. Let f € La(p; H) and assume that

<f7 @()‘T)Q =0

for each x € H,p € D. We need to prove that f = 0 for that lin {¢(-)x; z € H, ¢ € D}
is dense in Lo(p; H). First we show that there is a null set N such that f[Q\ N] is
contained in a separable subspace Hy of H. Indeed, let (fn)nen be in S(u; X) where
fa(w) = f(w) for all w € Q\ N for some null set N C Q. As f,[] is finite for every
n € N, we infer that

IO\ N] ST | fal6) = Ho,
neN

which is clearly separable. Let (x,)nen be a dense sequence in Hy. For n € N consider
the function g, = (f(-),zn)y € La(p). We then have that

O s = [ @) ) ) = [ (@)l du(e)
= <fa @(')xn>2 =0,

for each ¢ € D. Since D is total in La(u) it follows that g, (w) = 0 for w € Q\ N,, for
some null set N, C Q. Setting N := |J,,cy Nn U N and using the fact that (2, )nen is
dense in Hy, it follows that f(w) =0 for w € Q \ N, which shows the claim. O

Lemma 3.1.8. Let D C Lo(u) be total in Lo(p), H a Hilbert space, Dy C H total in H.
Then {p(-)x; x € Do, p € D} is total in La(p; H).

Proof. The proof follows upon realising that the set {p(:)z; = € Dy, ¢ € D} is total in
the set {¢(-)x; z € H, p € D}. From here we just apply Lemma [3.1.7] O

3.2 The Time Derivative as a Normal Operator

Now let H be a Hilbert space over K € {R,C}. For v € R and p € [1,00) we define the
measure

o) = [ Pt an

for A in the Borel-o-algebra, B(R), of R. As our underlying Hilbert space for the time
derivative we set
Lo (R; H) := La(pa,v; H).

In the same way we define
Lpy(R; H) = Lp(pwp; H)

for p € [1,00). If H = K we abbreviate L, (R) := L, ,(R;K). We start our considera-
tions with the definition of convolution operators in Ly, (R; H).
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3 The Time Derivative

Lemma 3.2.1. Let k € Ly, (R). We define the convolution operator
kx: Lo, (R; H) — Lo, (R; H)
by
(e 1)) = [ K(s)f(t =)
which exists for a.e. t € R. Then, kx is linear and bounded such that |[kx| < [[k[|., )

Proof. We first prove that s — k(s)f(t—s) € Li1(R; H) for a.e. t € R. The measurability
is clear since k and f are both measurable. Moreover,

/(/ 1) f(t — s HHds>2e_2”tdt
= /R ( /R [k(s) | Ze™ 55 |k(s)| 2e 5 f(t — 8) | o) ds)2 dt
< [([wsreas) (/[ |k<s>e—”snf(t—s)H%Ie—?””—S)ds) at

= &llL, ,m) /|k ’/Hf $)[|Pe ) dte 5 ds
= HkHLLy(R)HfHLQ’V(]R;H)v

which on the one hand proves that

/||k ft—=s)|gds < oo

for a.e. t € R and on the other hand shows the norm estimate. Since the linearity of kx
is clear the proof is done. O

Definition. For v # 0 we define the operator
I,: Ly ,(RyH) — Lo, (R; H)

by

]1[000)*, if v >0,
I, = ’ _
Lo, v <O.

Note that, by Lemma | I, is bounded with ||I,]| < i

V

Remark 3.2.2. For v >0, f € Ly, (R, H) and ¢t € R we have

L (8) = L) * £(1) /ftsds—/ £(s

Analogously, for v < 0, f € Ly, (R, H) and ¢t € R we have

—/toof(s)ds
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3 The Time Derivative

Proposition 3.2.3. Let v # 0. Then I, is one-to-one and C}(R; H), the space of con-
tinuously differentiable, compactly supported functions on R with values in H, is in the
range of I,.

Proof. We just prove the assertion for the case when v > 0. Let f € Lo ,,(R H) satisfy

I,f = 0. In particular, we obtain for all t € R\ N that 0 = I, f(¢) f f(s)ds for
some Lebesgue null set, N C R. Then for a,b € R\ N with a < b and x € H we have
that

<f7 eQV(.)]I[a,b] : $>L2 (R H) = / <f(t)a eQVt]l[a,b] (t) ’ J}>H e_QVt dt

([row),

(b) = (I.f) (a),z) g = 0.

Thus f = 0. Indeed, since R\ N is dense in R, {te’(')]l[a,b] ;a,b e R\N} is total in
Ly, (R). Hence, {62”(')11[%17] ‘x;a,be R\ N,z € H} is total in Lo, (R; H) by Lemma
3.1.7 This proves the injectivity of I,,. Moreover, if ¢ € C!(R; H) then by Corollary
we have

o(t) = / (s)ds = (L) (1) (t€R). 0

—00

Definition. For v # 0 we define the time derivative, 0;,, on Lo, (R; H) by
atﬂj = Il,_l

Note that by Lemma and Proposition [3.2.3] 0, is a closed linear operator for which
CHR; H) C dom(dy,). Since

Ci(R;H) Dlin{yp-2; 0 € CLR), z € H}

we infer that 0, is densely defined by Lemma and Exercise [3.2 Moreover, since
Ly = ¢ for p € CL(R; H) we get that
O = ¢'s

that is, 0;, extends the classical derivative of continuously differentiable functions. We
shall discuss the actual domain of d;, in the next lecture.

Proposition 3.2.4. Let v # 0. Then Dy :=lin{p-x; p € CX(R), z € H} is a core
for Oy,. Here, C°(R) denotes the space of arbitrarily differentiable functions on R with
compact support.

Proof. We first prove that
{¢5peCCR)} (3.3)
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3 The Time Derivative

is dense in Ly, (R). As C(R) is dense in Ly, (R) (see Exercise 3.2)), it suffices to
approximate functions in C2°(R). For this, let f € C°(R). Moreover, we choose ¢ €
C&(R) such that [z =1 and

Rzo, ifv >0,
Rgo, if v <0,

Spth{

where spt ) denotes the support of ¢. For n € N we define 9, (t) = %1/; (%) for t € R.
Notice we still have that ¢, € C°(R) and [ ¢, = 1. We now define

pult) = [ 1(s)as - ([1)] (s (€R)

Then ¢, € C°(R) for each n € N and

o (1) = (1) - ( / f) Ualt) (tER).

Consequently,
e = fllL, @ = '/Rf' ¥l

s 1 t
ol =2 [0 (£)

= i/ﬂQ]w(t)\Qez’mt dt =0 (n— o0)

and since

2

by the support condition imposed on ¥, the density of (3.3) in Lg,(R) follows. By
Lemma B.1.7] we have that

{¢ 29 CPR),x € H}

is total in Lo, (R; H) and so 0y, [Dy] is dense in Lo ,(R; H). Now let f € dom(d;, ) and
€ > 0. By what we have shown above there exists some ¢ € Dy such that

|00 — at,l/f||L2_’V(]R;H) SeE.
Since 8{,,1 = I, is bounded with H@t_yl | < ﬁ, the latter implies that

3
o = FllL,, @) < o

and hence, Dy is indeed a core for 0; ,. O

Finally, we want to compute the adjoint of J;,. For this, we first consider the adjoint of
its inverse, I,,.
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3 The Time Derivative

Lemma 3.2.5. Let v # 0. Then ran(I};) C ran(l,). More precisely, we have
Lf=-Lf+2vl,I,f (f€L(R;H)).

Proof. We just prove this equality for the case v > 0. For f, g € Lo, (R; H) we compute,
using Proposition [3.1.5] that

(8-9) e = [ ([ 590 >He*”m=i@/15ﬂﬁg@»H€”%ww
= [ [ a0 e dras
= /R < £(s), / Oog(t)e2”(s_t) dt>He—2”S ds

_ <f, (eQV(')]l(—oo,O]) * g>

Lo,y (R;H)
so that
I = (V1) *
With the notation a A b := min{a, b} for a,b € R, we thus obtain

2w (I, I f) (t) = 2v / t I'f(s)ds = 2v / t / h F(r)e ) dr ds

tAT
_ 21// f —21/7"/ 21/5 dsdr = / f —2VT 2V(t/\T) dr

/ 1 w+/ )0 dr = (1, £) (8) + (IL) (8)

for t € R, which shows the claim. O
Corollary 3.2.6. For v # 0 the adjoint of Oy, is given by

Of, = =0y + 2v.
In particular, Oy, is a normal operator with Re 0y, = % (M) = .

Proof. Integrating by parts, one obtains

/<at,z/§0(t),1/)(t)> e_Qtht:/ <50/(t),1/1(t)>e_2ytdt
R
/<s0 £) + 201p(t)) e dt

for ¢, € CX(R; H). Since CP(R; H) is a core for 0y, by Proposition [3.2.4] the latter
shows
6t7,, - —8;; + 2v.

To show equality it suffices to prove that dom(9;,) € dom(d;,). The latter inclusion
would follow if ran(I}) C ran([,), but this was already shown in Lemma [3.2.5] so the
claim follows. O
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3 The Time Derivative

Corollary 3.2.7. For v € R the mapping

exp(—vm) : Ly, (R; H) — La(R; H)
[ (e f(1)

is unitary, and for v, # 0 one has

exp(—vm)(8;, — v) exp(—vm) ™" = exp(—pm)(dy — p) exp(—pm) ",

Moreover, the operator

Or0 = exp(—vm)(d;,, — v) exp(—vm)

is skew-selfadjoint for all v #£ 0.
Proof. The proof is left as Exercise [3.5 O

3.3 Comments

Standard references for Bochner integration and related results are 1}, 2].

Considering the derivative operator in an exponentially weighted space goes back (at
least) to Morgenstern [3|, where ordinary differential equations were considered in a
classical setting. In fact, we shall return to this observation in the next lecture when
we devote our study to some implications of the already developed concepts on ordinary
and delay differential equations.

A first occurence of the derivative operator in exponentially weighted L?-spaces can be
found in [5], where a corresponding spectral theorem has been focussed on. We will prove
in a later lecture that the spectral representation of the time-derivative as a multiplication
operator can be realised by a shifted variant of the Fourier transformation — the so-called
Fourier-Laplace transformation.

In an applied context, the time derivative operator discussed here has been introduced
in [4].

Exercises
Exercise 3.1. A sequence (¢y,), in C®(R?) is called a §-sequence, if
(a) ¢n =0forneN,
(b) spt, C [—%, %]d for n € N,
(c) fRd op =1 forn € N.
Let p € C®(R?) with spt C [—1, 1]d, ¢ > 0and [p.¢ = 1. Prove that (¢n), given by

on(x) = nlp(nz) for x € R? n € N defines a d-sequence. Moreover, give an example
for such a function .
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3 The Time Derivative

Exercise 3.2. It is well-known that {1;; I d-dimensional bounded interval} is total in
L2(R?) (note that the linear span of which is a smaller set than S(R?)).

(a) Let ¢ € C°(RY), f € La(R?). Prove that fx¢ € C°(R) with 0% (f x @) = f+0%p
for all a € N¢, where 0% = ot ---05%p. Moreover, prove that spt f x ¢ C
spt f + spt .

(b) Let (¢n)n be a d-sequence and f € Lo(RY). Show that f x ¢, — f in La(R?) as
n — 0.
Hint: Prove that 17 % ¢, — 17 in LQ(]Rd) for all d-dimensional intervals and use

that || f * pnlly < || fl5 (see also Lemma 3.2.1)).
(c) Prove that C2°(R?) is dense in La(R?).

Exercise 3.3. Let a < b, Xp, X1, X2 be Banach spaces, f: (a,b) - Xo and g: (a,b) —
X1 both continuously differentiable, £: Xy x X7 — X5 bilinear and continuous. Prove
that h: (a,b) — X2 given by

h(t) == £(f(t),9(t)) (t € (a,b))
is continuously differentiable with
(t) = L(f'(1),9(t)) + £(f(£),9'(}) (t € (a,b)).

If f,f", 9,9 have continuous extensions to [a,b], prove the integration by parts formula:

b b
/ (1), g(8)) dt = £(F (D), g(b)) — £(F(a), g(a)) — / (F (1), g/ () .

Exercise 3.4. For v # 0, show that ||I, || = ﬁ
Exercise 3.5. Prove Corollary

Exercise 3.6. Let v € R and H be a complex Hilbert space. Prove that o(0d,) C
{it + v; t € R}, where 0, is defined in Corollary .

Hint: For f € dom(0;,),z € C compute Re ((z — 0;,)f, f>L27V(R;H) by using Corollary
For proving the surjectivity of z — 0, for a suitable z, use the formula

ran(z — O,) = ker(2* — 8ZV)L.
Remark: Later we will see that, actually, 0(9;,) = {it +v; t € R}.
Exercise 3.7. Consider the differential equation
(8§V — l) u="1_y.

Since 87, — 1 = (9, — 1) (8, + 1), it follows by Exercise that there is a unique
u € La,(R) solving this equation if v ¢ {—1,1}. Compute these solutions.

Hint: For u € dom(0;,) use the fact that u is necessarily continuous (which we shall
establish in the next lecture).
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4 Ordinary Differential Equations

In this lecture, we discuss a first application of the time derivative operator constructed
in the previous lecture. More precisely, we analyse well-posedness of ordinary differential
equations and will at the same time provide a Hilbert space proof of the classical Picard—
Lindeldf theorem. We shall furthermore see that the abstract theory developed here also
allows for more general differential equations to be considered. In particular, we will
have a look at so-called delay differential equations with finite or infinite delay; neutral
differential equations are considered in the exercises section.

We start with some information on the time derivative and its domain.

4.1 The Domain of J;, and the Sobolev Embedding
Theorem

Let H be a Hilbert space. Readers familiar with the notion of Sobolev spaces might
have already realised that the domain of 0, can be described as Ls ,(R; H)-functions
with distributional derivative lying in Lo, (R; H). In order to stress this, we include
the following result. Later on, we have the opportunity to have a more detailed look at
Sobolev spaces in more general contexts.

Proposition 4.1.1. Let v € R and f € Ly, (R; H). Then the following conditions are
equivalent:

(i) f € dom(dy,).
(ii) There exists g € Lo, (R; H) such that for all ¢ € CP(R) we have

—/Rw:/qu»g.

Proof. Assume that f € dom(d;,). By Proposition and Corollary we have
that C°(R; H) € dom(9;,) and

Ot 0 2)y,, = (f (0 +200) )

for all x € H and ¢ € C°(R). Hence, we obtain for all ¢ € C°(R)

In either case, we have g = O, f.

/ (0 + 20) fo 2 = / YOy e
R R
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4 Ordinary Differential Equations

—2u-

putting ¢ := e~?""¢ and using that multiplication by e is a bijection on C°(R), we

deduce the claimed formula with g = 0, , f.
On the other hand, the equation involving g applied to ¢ = e 2"'¢) for ¢p € CX°(R)

implies that
/( ¢+2m/) fe=? /wge 2w

Testing this equation with z € H and using Proposition in order that Dy is dense
in dom(9;,) with respect to the graph norm of 0, ,, we infer that

(9. %), = (f, (=" + 2V¢)>L2¢y = (f, (=0up +2v7)) |,
for all ¢ € dom(d;,). By Corollary we infer that
(9.9, = (2 0,0),, (€ dom(d],).
Thus, f € dom(9;7) = dom(9;,) and 0y, f = g. O

The next result confirms that functions in the domain of d;, are continuous. This result
was announced in Exercise and is known as the Sobolev embedding theorem. Here,
we make use of the explicit form of the domain of d;, as being the range space of the
integral operator I,,. We define

C,(R;H) = {f R — H; f continuous, || f[, ., = supHe E)| < oo}

and regard it as being endowed with the obvious norm.

Theorem 4.1.2 (Sobolev embedding theorem). Let v € R. Then every f € dom(d;,,)
has a continuous representer, and the mapping

dom(9;,) > f— feC,(R; H)
18 continuous.

Proof. We restrict ourselves to the case when v > 0; the remaining cases can be proved
by invoking Corollary - Let f € dom(0;,). By definition, we find g € Lo, (R; H)
such that f = 9;} »9=1,g. Then for all t € R we compute

o1 < [ la@ldr= [ lgtle e ar

—00

t
1 v
¢/ o Wﬂww¢/<ww7uaﬁmﬁbfﬁ

Dominated convergence implies both that f is continuous and the desired norm estimate.
O

Corollary 4.1.3. For all f € dom(0;,), we have that He*”tf H — 0 as t — too.

The proof is postponed to Exercise
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4 Ordinary Differential Equations

4.2 The Picard-Lindelof Theorem

The prototype of the Picard—Lindel6f theorem will be formulated for so-called uniformly
Lipschitz continuous functions. In order to define this notion, we first need the Lipschitz
semi-norm.

Definition. Let Xy, X; be normed spaces, and F': Xg — X; Lipschitz continuous. Then

1Pl = sup E@=FO

eveXo |l =yl
Ay

is the Lipschitz semi-norm of F.

Definition. Let Hy, H; be Hilbert spaces, p € R. Then a function F: S(R; Hy) —
ﬂy># Ly, (R; Hy) is called uniformly Lipschitz continuous, if for all v > p we have that
F considered in L, (R; Hy) x Lo, (R; Hy) is Lipschitz continuous, and for the unique
Lipschitz continuous extensions F¥, v > u, we have that

sup |||, < oo.
0

Theorem 4.2.1 (Picard-Lindel6f — Hilbert space version). Let H be a Hilbert space,
p € Rand F: S(RiH) — (1,5, L2y (R; H) uniformly Lipschitz continuous, with L :=
sup, >, [ ||Lip- Then for all v > max{L, u} the equation

O vy = F¥(uy)

admits a unique solution w, € dom(0d:,). Furthermore, for all v > max{L,u} the
following properties hold:

(a) If F¥(uy) is continuous in a neighborhood of a € R, then w, is continuously differ-
entiable at a.

(b) For alla € R, 1(_ quy is the unique fired point v € Lo, (R; H) of ]l(_ooﬂ]@;l,lF”,
that is, v uniquely solves
v = ]l(,oo’a]ﬁgulF”(v).
(c) For allm > v we have that u, = u,).
(d) Forall f € L2, (R; H) the equation
at,l/v = FV(U) + f

admits a unique solution v, ¢ € dom(0;,), and if f,g € Lo, (R; H) satisfy f = g
on (—oo,a] for some a € R, then v, ; = v, 4 on (—00,al.
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4 Ordinary Differential Equations

Proof of Theorem [} ~ first part. Define ®: Ly, (R; H) = Lo, (R; H) by
®(u) = 0; ) F" ().

Then, by Lemma [3.2.1] it follows that ® is a contraction and thus admits a unique
fixed point, which by definition solves the equation in question. Moreover, we have that
uy = ®(uy) = OEVIF”(UZ,) € dom(0y,).

Differentiability of u, as in [@] can be proved in Exercise

For the unique existence asserted in -, note that the unique existence of v, ¢ follows
from the above considerations after realising that ®(v) = 0, 1F”( ) + atyf defines a
strict contraction in Lo, (R; H). For the remaining statements in [(d)]and the statements
in @] and we need some prerequisites. ]

Definition. Let Hy, H; be Hilbert spaces, and F': Ly, (R; Hy) — L2, (R; Hy) Lipschitz
continuous. Then, F'is called causal if for all « € R and all f,g € Ly, (R; Hy) with f =g
on (—o0,al, we have that F'(f) = F(g) on (—o0, a.

Remark 4.2.2. In the following, we will frequently make use of the following easy es-
timates: If f € Lo, (R; H) for some v € R and spt f C (—o0,a] for some a € R then
f€My<y Lopn(R; H) with

HfHLQ,n(R;H) < e(y_n)a|’fHL2J,(R;H) (n<v).
Likewise, if spt f C [a,00), we get f € (-, L2y(R; H) with

11l sy < e(yfn)aHfHLzlu(R;H) (n=v).

Lemma 4.2.3. Let Hy, Hy be Hilbert spaces, p € R and F': S(R; Hy) — )
uniformly Lipschitz continuous. Then the following statements hold:

Ly, (R; Hy)

| 2>

(a) F” is causal for all v > p.
(b) The mapping atijV is causal if v > max{p,0} and v # 0.
(c) Forallv>n > p, we have that F¥ = F" on Lo, (R; H) N Ly ,(R; H).

Proof. Let f,g € Ly, (R;H) with f = g on (—o0,a] for some a € R. We find
(fn)n and (gn)n in S(R; Hp) such that f, — f and g, — ¢ in Ly, (R; Hp). Next,
T —ooa)fn = Lcooqf = L(—aoqg as n — 00 in Ly, (R; Hp). Thus, putting g, =
L (—oo,a)frn + L(a,00)gn for all n € N we obtain that g, — g in Ly, (R; Hy). We observe
that 1(_oo o) 7 € Lo,—(R; Hy) for all x € Hy, m > 0. Also f,—gn — f—gin Lo, (R; Hy)
for all n > max{r,0}. Hence, for n > max{v,0} with n # 0, we have that

‘/ (F(f) = F"(9), L(—ooq] - T)
/R (F () = F*(9), 1 (o) - @)

= lim
n—oo

= lim

<F fn - gn) (—o0,a] J,‘>
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< lim sup HF(fn) - F(gn)HLz,n(R;H1)H]l(*oo,a} ’ xHLnyn(R;Hl)

n—0o0

12ll na _ ]

i _ n _ na
gllﬂsogp”Fn”Llpufn gnHLQ,W(R;HO)m _HF ”Lip”f gHLgm(R;HQ)\/%e

el
= 1Mol -+ @) = 9C + @Iy, @iy 75
]

SNFipllf ¢+ a) = gC+ a)lln, o) V2

Letting 7 — oo in the latter inequality, we obtain that F”(f) = F¥(g) on (—o0, a).

The statement in directly follows from
For the proof of let f € Ly, (R; Ho) N Loy (R; Hp). Then for all n € N we have that

ﬂ(,oo’n}f c L27V(]R; H())OLQW(R; Ho) and ﬂ(,m7n]f — f in LQ,V(R; H()) and in L2777(R; H())
asn — oo. Forn € Nlet (]?nk)k be in S(R; Ho) such that fp, . — 1(_oon)f in Lo, (R; Ho)
as k — oco. We put f,, = ]l(,oo,n}ﬁl,k. Then frr — Lo pnf in L2, (R; Ho) and in
Ly ,(R; Hy) as k — oo. Thus, we deduce for all n € N by the first statement of this
lemma that
]l(—oo,n]FV(f) = ]l(—oo,n]FV(]l(—oo,n}f) = kh_)rgoll(—oo,n]FV(fn,k)
= klggo]l(—oo,n]F(fn,k) = klggo]l(—oo,n]Fn(fn,k) = ll(—c><>,n]Fn(f)'

Thus, F¥(f) = F(f). 0

Proof of Theorem [{.2.1] — second part. The remaining part in Let f,g € Lo, (R; H)
with f =g on (—o00,a]. Since v > L > 0, we compute using Lemma {4.2.3(b)| that
]l(—OO,a]vva = ]l(—ooﬂ}az;leFV (UV,f) + ]l(—oo,a]agylf
= LooaOp B (L—oou,f) + L—ooarp L—s0al f
= T(—o0,a 0 P (L(—o0,a)Vn.s) + V(00,000 L (—00a]-

The same computation also yields that
]l(foo,a]vu,g - ]l(foo,a}at_,ylFV (]l(foo,a}vu,g) + ]l(foo,a]at_,yl]l(foo,a}g'

It is easy to see that u — ]1(,oo,a]atijV (u) + ]1(,00,(1]8;311(,00@@ defines a contraction
in Ly, (R; H). Hence, the contraction mapping principle implies that 1_ s =
]1(700,@]1}1/79'

The statement in follows from the fact that u— 1(_ 4 8;1,1F” (u) defines a contrac-
tion and Lemma L

For the proof of , we observe that for all n € N, we have 1(_ ,uy € Lo, (R; H) N
Loy (R; H). Hence, again using Lemma [£.2.3] it follows that

1(_Oo7n]u77 = 1(—00771,]875_,7711777 (1(_Oo7n]un) = ﬂ(_oo,n]at_,VIFV (1(_m7n}un) .

As T (_oo njup satisfies the same fixed point equation, we deduce 1(_oo pjty = 1 (_og,pn)tv
for all n € N, which yields the assertion. O
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As a first application of Theorem we state and prove the classical version of the
Theorem of Picard—Lindel6f.

Theorem 4.2.4 (Picard-Lindel6f — classical version). Let  C R x K" be open, f: Q —
K™ continuous, (to,xo) € 2. Assume there exists L > 0 such that for all (t,z), (t,y) €
we have

1f(t,x) = f(t,9)ll < Lllz =yl

Then, there exists § > 0 such that the initial value problem

{mwzf@wu» (t € (to, to + 5)),

ulto) = o, (4.1)

admits a unique continuously differentiable solution, u: [to,to + 6] — K", which satisfies
(t,u(t)) € Q for all t € [to,to + ).

Proof. First of all we observe that we may assume, without loss of generality, that zo = 0.
Indeed, to solve the initial value problem

{uwzfmww+m>@€@m%+®%
v(tg) =0,

for a continuously differentiable v: [to, tp + 0] — K™ is equivalent to solving the problem
in Theorem for u by setting u = v + 14, 4 +5)T0. Appropriately shifting the time
coordinate, we may also assume that ¢g = 0.

As such let (0,0) € Q. Let also [0,0'] x B[0,e] C Q for some §,& > 0. Denote by
P: K" — K" the orthogonal projection onto B[0,e]. By Exercise P is Lipschitz
continuous with Lipschitz semi-norm bounded by 1. We then define

F: S(R;K") — (1] Lo (R; K™)

v=>0

g (te Lpg) ) f (¢ Plo(t))

and will prove that F' is well-defined and uniformly Lipschitz continuous. Since the
mapping ¢ — 15 (t)f(t,0) is supported on [0,0], we obtain for v > 0 that F'(0) €
Ly, (R; K™). Moreover, for v > 0 and g,h € S(R; K") we estimate

|

F(h)Z,, @xm)

|F(g
6
}[ IP(a)(0) = PO at = [0 Plate) = £ POO)) e ar
§
gﬁ/wwwwr4wmm%2”a<ﬁ/‘mw—mm&2w@
0 0

2
< L2”9 - hHLgyy(R;K")v

which shows that F' is well-defined and uniformly Lipschitz continuous.
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By Theorem {4.2.1] there exists v € dom(d;,) with v > L such that
6,5,,,’1} = FV<’U).

We read off from v = 8{71,117”(11) that v = 0 on (—o0,0]. Furthermore, v is continuous by
Theorem [.1.2] As such, we obtain that

min{¢,6’}

v(t) 2/_ ]1[075/)(T)f(T,P(U<T)))dT:/ f(7, P(u(r)))dr,

0

from which we read off that v is continuously differentiable on (0,4’) since f and P
are also continuous. The same equality implies for 0 < ¢ < § := min{47,d'}, where

M = sup( g)eo,6x B0, IIf (¢, )|l that

() /IIfT, I)ldr < Mé < e.

Thus, (t,v(t)) € [0,0'] x B[0,e] C Q for all 0 < ¢t < § and so Pv(t) = v(t) for 0 < ¢t < 0.
Thus, u = vljy 5 satisfies .

Finally, concerning uniqueness, let u: [0,] — K" be a continuously differentiable solu-
tion of (4.1). Let ¥ be the extension of @ by 0 to the whole of R. Then we get that

Loy = 1y / 1.5y (7) £ (7, 5(r)) dr

— / Lo 5y (1) f(r, P(3(r))) dr
= 1050 F¥ (1 (—oo,6)).

Since 1(_ 5v is the unique solution point of the equation of w = ]1(_0075}8;,117”(@0), we
obtain that 1(_,, 50 = 1(_s 50, which yields u = w. O

Remark 4.2.5. The reason for the proof of the classical Picard—Lindeldf theorem being
seemingly complicated is two-fold. First of all, the Hilbert space solution theory is
for Lo-functions rather than continuous (or continuously differentiable) functions. The
second, maybe more important point is that the Hilbert space Picard—Lindelof asserts
a solution theory, which provides global existence in the time variable. The main body
of the proof of the classical Picard-Lindelof theorem presented here is therefore devoted
to ‘localisation’ of the abstract theorem. Furthermore, note that the method of proof
for obtaining uniqueness and the admittance of the initial value rests on causality. This
effect will resurface when we discuss partial differential equations.

4.3 Delay Differential Equations

In this section, our study will not be as in depth as done for the local Picard—Lindel6f
theorem. Of course, the solution theory afforded would not be a very good one, if it was
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only applicable to, arguably, the easiest case of ordinary differential equations. We shall
see next that the developed theory applies to more elaborate examples.

In what follows, let H be a Hilbert space over K. We start out with a delay differential
equation with so-called ‘discrete delay’. For this, we introduce, for A € R, the time-shift
operator

Th: S(R,H) — m L2,V<R;H)7
veR

[ f+h).

Lemma 4.3.1. The mapping 5, is uniformly Lipschitz continuous if and only if h < 0.

Moreover, we have
h
||Th||L27,,(R;H) =e".

Proof. Let f € S(R; H). Then for v € R we compute

70 ey = [ 15+ 0P e = [ (o) a

2 h
= HfHLQ’,,(R;H)emj :

Since sup,,> e?"h < o0 if and only if A < 0 we obtain the assertion. O

We will reuse 7y, for the Lipschitz continuous extensions to Lo, (R; H). The well-posedness
theorem for delay equations with discrete delay is contained in the next theorem. We
note here that we only formulate the respective result for right-hand sides that are glob-
ally Lipschitz continuous. With a localisation technique, as has already been carried out
for the classical Picard—Lindel6f theorem, it is also possible to obtain local results.

Theorem 4.3.2. Let H be a Hilbert space, p € R, N € N, hy,...,hy € (—0,0], and

G: S(R; HY) = () Lo (R; H)

| 2=
uniformly Lipschitz. Then there exists an n € R such that for all v > n the equation
Ot = GY (Thytly . .., Thy W)

admits a solution u € dom(0:,) which is unique in |J
a € R the function ug == 1(_q qu satisfies

Ly, (R; H). Moreover, for all

vz=n

Ug = ]1(,007@8;,}(;” (ThyUas - - ThyUa) -
Proof. The assertion follows from Theorem applied to F == Go (Thy,...,Thy). O

Next, we formulate an initial value problem for a subclass of the latter type of equations.
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Theorem 4.3.3. Let h > 0, f: R>o x K" x K" — K" continuous, and f(-,0,0) €
Lo ,(R;K™) for some pn > 0. Assume that there exists L > 0 with

Hf(t,x,y) - f(tvuv U)H < LH(x,y) - (U7U>H ((tvway)v (t,u,v) € RZO x K™ x Kn)

Let ug € C ([—h,0]; K"™). Then there exists n € R such that for all v > 1 the initial value
problem

{u/(t) = f(t,u(t), u(t —h) (t>0), (4.2)

u(T) = up(7) (t € [—h,0])

admits a unique continuous solution u: [—h,00) — K", continuously differentiable on
(0, 00).

Proof. We define F': S(R;K") —
F(o)(t)
= Lj0,00) (1) f (£ B(t) + L0,00) ()10 (0), @(t — h) + Ljg,00) (t — h)uo(0) + Lig ) (t)uo(t — 1))

for all £ € R. It is easy to see that F' is uniformly Lipschitz continuous. Thus, by
Theorem [4.2.1] we find 1 > u such that for all v > n the equation

Ly, (R;K™) by

|

O v = F(v)

admits a solution v € -, dom(d,) which is unique in UJ,-, L2, (R;K"). Note that
spt F¥(v) C [0,00). Hence, v = 0 on (—o0, 0] . By Theorem[4.1.2] we obtain that v(0) = 0.
We claim that u = v + Ljg o) (-)u0(0) + L_ )uo is a solution of . First of all note
that u is continuous on [—h,00). Next, for h > ¢ > 0 we have that ¢ — h < 0 and thus
v(t —h) =0 and so we see that

FY(0)(t) = f (£, v(t) + g 00) (O)uo(0), vt — h) + g 00 (t — h)uo(0) + Ljo py (tuo(t — 1))
= [t u(t), uo(t = h)).

Similarily, for t > h we obtain
FY(0)(t) = £(t,u(t), ut - 1)
and thus, by of f, ug and u, it follows that v is continuously differentiable on (0, c0) and
u'(t) = '(t) = v (t) = f(t, u(t), ult — h)).

It remains to show uniqueness. For this, let w: [—h,00) — K" be a solution of (4.2).
Then

w(t) = up(0) +/0 f(s,w(s),w(s—h))ds (t>0)

and w(t) = ug(t) if t € [~h,0]. We set v := w — Ljg o0)(-)u0(0) — L[—p,0)uo and infer

u(t) = /0 f(s,w(s),w(s—h))ds
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t
— / 110.00)(8) (5, 7(5) + L0 (5)10(0),

—0o0

0(s — h) + Ljg 0) (s — h)uo(0) + L py (s)uo(s — h)) ds

for all t € R. For a € R we set Uy = 1(_,q)V € [1,epr L2, (R;K") and obtain, using the
above formula for v,
Vg = ]l(_ow}c‘);,}F”(ﬁa).

By uniqueness of the solution of
1 coaV = L(ooaOpy F (1(—cc.a?)
it follows that v, = 1(_ qv for all a € R and, thus, u = w. O

The equation to come involves the whole history of the unknown; that is, the unknown
evaluated at (—oo,0]. For a mapping u: R — H we define the mapping

Uy Ro>t— (Rgo 90r—>u(t+0) GH).
Lemma 4.3.4. Let yp > 0. Then

0: S(R; H) — ﬂ Lo, (R; La(R<o; H))
vz

U — Uy
s uniformly Lipschitz continuous. More precisely, for all v > 0 we have

1
0'|| = —.
o) = 5

Proof. Let u € S(R; H). Then we compute

Ou|? :// t+6)|* 6 _Qtht:// t)||Pe” =0 dg dr
| “”LQ,V(R;M(RSO;H)) e ey [u(t + 0)[|" dfe e e, [u(t)]["e
1
= — u(t)|e” 2 dt. O
2v R

Theorem 4.3.5. Let H be a Hilbert space, n € R and let ®: S(R; LQ(RSO;H)) —
ﬂl/},u, Ly, (R; H) be uniformly Lipschitz. Then, there exists n > 0 such that for all v > n
the equation

Ot = O (u(.y)

admits a solution u € (,~, dom(0: ) unique in |J,~, L2, (R; H).

v=n vzn

Proof. This is another application of Theorem [4.2.1] O

47



4 Ordinary Differential Equations

4.4 Comments

In a way, the proof of Theorem [4.2.4]is standard PDE-theory in a nutshell; a solution the-
ory for Ly-spaces is used to deduce existence and uniqueness of solutions and a posteriori
regularity theory provides more information on the properties of the solution.

Note that — of course — other proofs are available for the Picard—Lindeldf theorem. We
chose, however, to present this proof here in order to provide a perspective on classical
results. Furthermore, we mention that in order to obtain unique existence for the solution,
it suffices to assume that f satisfies a uniform Lipschitz condition with respect to the
second variable and that f is measurable. Continuity of f is needed in order to obtain
C'-solutions.

A more detailed exposition and more examples of the theory applied to delay differential
equations can be found in [3] and — in a Banach space setting — [4].

There is also a way of dealing with delay differential equations by expanding the state
space the problem is formulated in. In this case, it is possible to make use of the rich
theory of Cp-semigroups. We refer to [1] for this.

Causality is one of the main concepts for evolutionary equations. We have provided this
notion for mappings defined on Lo ,-type spaces only. The situation becomes different, if
one considers merely densely defined mappings. Then it is a priori unclear, whether for
a Lipschitz continuous mapping the continuous extension is also causal. For this we refer
to Exercise [4.7| below and to [2, 5], and [6, Chapter 2] as well as to references mentioned
there.

Exercises

Exercise 4.1. (a) Let X be a Banach space, u: [a,b] — X continuous. Show that
v: (a,b) - X given by

is continuously differentiable with v'(t) = u(t).
(b) Let H be a Hilbert space, and v € R. Let u € dom(0;,) with J; ,u continuous. Show
that u is continuously differentiable and v’ = 9 ,u.

Exercise 4.2. Prove Corollary
Exercise 4.3. Let H be a Hilbert space. Show that

dom(d;,) — CY*(R; H) == {f€C,(R;H); e f is 3-Holder continuous},
where a function g: R — H is said to be %—Hdlder continuous, if

ap N9 =9

su
s,te% It — s|!/?
t#s
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4 Ordinary Differential Equations

Exercise 4.4. Let H be a Hilbert space, C C H closed and convex. Show that the
orthogonal projection, P, of H onto C' defines a Lipschitz continuous mapping with
Lipschitz semi-norm bounded by 1.

Exercise 4.5. Let h: R x R<g x R" — R" be continuous satisfying
1A (t, 5, 2) = h(t, s,y)l| < Lllz =y

with h(-,-,0) = 0. Let R > 0 and up € C(R<o;R™) have compact support. Show that
the initial value problem

{u’(t) = [ h(t, s, upy(s))ds (¢ > 0),

u(t) = uo(t) (t<0)

admits a unique continuous solution u: R — R™, which is continuously differentiable on
R<g.
Hint: Modify © from Lemma [4.3.4]

Exercise 4.6. Let H be a Hilbert space. Show that for a uniformly Lipschitz continuous
®: S(R; Lo(R<o; H)?) — (usp L2 (R; H) the equation

at,z/u =¥ (U(), (at,uu)()>
admits a unique solution v € dom(9d;,,) for v large enough.

Exercise 4.7. Let D C Ls(R) be dense and suppose that F': D C Ly(R) — La(R)
admits a Lipschitz continuous extension F.

(a) Show that FY is causal if and only if for all ¢ € S(R), all 7 > 0 and all a € R there
exists L > 0 such that

‘<1(—oo,a] (F(f) - F(Q))>¢>L2(R)’ < LYoo - (f = g)HLg(R)

for all f,g € B, = {f €D [fllp,w T IFUD L@ < r}; that is, show that the map-
ping

(B8 sea - =M i) 3 F = F) € (La(®),

(Lcoga (=) ¢>LQ(R>D

is Lipschitz continuous.

(b) Show that if for all a € R the set dom(F) Ndom(F1(_ 4) is dense in La(R), then
FY is causal.

(c) Assume that for all f,g € D that f = g on (—o0,a] implies that F(f) = F(g) on
(—00, a]. Show that this is not sufficient for F° to be causal. Hint: Find a dense subspace
D = dom(F) so that the condition in (b) is not satisfied.
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5 The Fourier—Laplace Transformation
and Material Law Operators

In this lecture we introduce the Fourier—Laplace transformation and use it to define
operator-valued functions of J;,; the so-called material law operators. These operators
will play a crucial role when we deal with partial differential equations. In the equations
of classical mathematical physics, like the heat equation, wave equation or Maxwell’s
equation, the involved material parameters, such as heat conductivity or permeability
of the underlying medium, are incorporated within these operators and hence the name
“material law”. We start our lecture by defining the Fourier transformation and proving
Plancharel’s theorem in the Hilbert space-valued case, which states that the Fourier
transformation defines a unitary operator on Lo(R; H).

Throughout, let H be a complex Hilbert space.

5.1 The Fourier Transformation

We start by defining the Fourier transformation on L;(R; H).

Definition. For f € L1(R; H) we define the Fourier transform J? of f by

n . L e—ist s
7(s) '_J%/R fdt (seR).

Lemma 5.1.1 (Riemann-Lebesgue). Let f € Li(R;H). Then f € Cp(R;H) and
limyy) o0 HfA'(t)H — 0. Moreover,

7., < —=tom.

Proof. First, note that fis continuous by dominated convergence and bounded with

171 < gz

This shows that the mapping

Li(R;H) = Cv(R; H) (5.1)
fef
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5 The Fourier—Laplace Transformation and Material Law Operators

defines a bounded linear operator, where Cp(R; H) denotes the space of all bounded
continuous functions on R with values in H. Moreover, for ¢ € C}(R; H) we compute

1 1 .
A —19t dt / —ist, /
o(s) \/ﬁ / Jaris Je e Yl (t) dt
for s # 0 and thus,

limsup [|@(s)]| < limsup

|s]—o00 |s]—o00 ‘ |\/7HSOH1 7

which shows that lims_,o [|§(s)]| = 0. By the facts that CH(R; H) is dense in L1(R; H)
(see Lemma , {f € Co(R; H); limyy 00 || f(t)]] = 0} is a closed subspace of Cy,(R; H)
and the operator in (5.1]) is bounded, the assertion follows. O

It is our main goal to extend the definition of the Fourier transformation to functions
in Ly(R; H). For doing so, we make use of the Schwartz space of rapidly decreasing
functions.

Definition. We define
S(R; H) = {f € C®(R; H); Vn, k € N: (£ 5 f (1)) € Cp(R; H)} ,
to be the Schwartz space of rapidly decreasing functions on R with values in H.

As usual we abbreviate S(R) = S(R; K).
Remark 5.1.2. S(R; H) is a Fréchet space with respect to the seminorms

S(R;H) > f s sup Htkf(”)(t)H (k,n € N).
teR

Moreover, S(R; H) C ﬂpe[l,oo] L,(R;H). Indeed, S(R; H) C Lo(R;H) by definition,
and for p < co we have that

/Hf (t)]” dt /( 1||)pkH(1+|t|)kf(t)det

P 1
<supH1+t ftH /dt<oo
b | OI f e

if we choose k > %

Proposition 5.1.3. Let f € S(R; H). Then .]/C\G S(R; H) and the mapping
SR:H) = SR H), fr ]

is bijective. Moreover, for f,g € L1(R; H) we have that

[ (Fo.9w) = [ (1050 at (52)
Additionally, if f,fe Li(R; H) then
fH=F(t) (teR). (5.3)
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5 The Fourier—Laplace Transformation and Material Law Operators

Proof. By Exercise [5.1] we have

1'(s) \/ﬂ/ —it) _lStf( ) dt —i(t — tf(t))(s) (s € R) (5.4)
and ~ . ~
sf(s) = Nor / (—is)e ™ f(t)dt = —if'(s) (s € R). (5.5)

Using these formulas, one can show that f € S (R; H). Since the bijectivity of the Fourier
transformation on S(R; H) would follow from (5.3, it suffices to prove the formulas (5.2)
and (5.3). Let f,g € Li1(R; H). Then we compute using Proposition and Fubini’s

theorem
f(t),g(t) ) dt = e ! f(s)ds, g(t) ) dt
JRGCYD) /Rr</ )
/ /R mlst (1)) dsdt

- / (f(5),5(~5)) ds,
R

which ylelds For proving formula (5.3)), we consider the function + defined by

v(t) == e~ T for t € R. Clearly, v € S(R). We claim that 5 = . Indeed, we observe

that - solves the initial value problem vy’ 4+ ty = 0 subject to y(0) = 1; if we can show

that % solves the same initial value problem, then their equality would follow from the
2

uniqueness of the solution. First we observe that 7(0) = e T dt=1. Second, we

1
=k
compute using the formulas and (5.5) that

—
~

7(s) = i(t = ty (D) (s) = 17(s) = —s3(s) (s € ).

Altogether, we have shown that 5 solves the same initial value problem as v and hence,
v =7. Let now f € Li(R; H) with f € L1(R; H), a > 0 and € H. Then we compute

([ Fontaneare) = [ (Forateme ) ar= [ (10, (o)) a
_ /R < f(t),\/% /R +(ar)ze it d7“> i
) oL ()
:/R<f(s—at) ) dt = </fs—at dtx>
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5 The Fourier—Laplace Transformation and Material Law Operators

for each s € R, where we have used (5.2) in the first line. Since this holds for all x € H
we get

/ Ft)y(at)e’t dt = / f(s—at)y(t) dt (s €R).
R R

Letting a — 0 in the latter equality, we obtain

/ f(t)eiSt dt = lim / fls—at)y(t) dt (se€R), (5.6)
R R

a—0

where we have used dominated convergence for the term on the left-hand side. In order
to compute the limit on the right-hand side, we first observe that

J

and hence, for each a > 0 the operator

[ 5= a0 dtHds< [ [ 156 = allasa@yac= Uil

Se: Li(R;H) — Li(R; H),
fre (s»—>/Rf(s—at)'y(t) dt)

is bounded by ||v||;. Moreover, since S,ip — ¥(-)||v|l; as a = 0 for ¢ € Cc(R; H), we
infer that

Saf = FO)llly (@—0)

for each f € Li(R; H). Hence, passing to a suitable sequence (ay), in Rso tending to 0,
we get
Tim (Su,0) () > F@Inll, (ae. s €R).

Using this identity for the right-hand side of (5.6)), we get

/R fetat = f(s)ll; (ae. s €R),

and since ||v||; = V27, we derive (5.3)). O

With these preparations at hand, we are now able to prove the main theorem of this
section.

Theorem 5.1.4 (Plancharel). The mapping
F: S(R;H) C Ly(R; H) — Lao(R; H), f = f

extends to a unitary operator on Lo(R; H), again denoted by F, the Fourier transforma-
tion. Moreover, F* = F~1 is given by f — f(—-).
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5 The Fourier—Laplace Transformation and Material Law Operators
Proof. Using (5.2) and (5.3]) we obtain that

(7.3),= [ (Fo.aw) at= [ (70.5¢0) a= [ ra.a0) at= (1.0,

for all f,g € S(R; H) and thus, in particular,

11l = 1711l (5.7)
Moreover, dom(F) = ran(F) = S(R; H) is dense in La(R; H) and hence, the assertion
follows by Exercise [5.2] O

Remark 5.1.5. We emphasise that for f € Lo(R; H) the Fourier transform Ff is not
given by the integral expression for L;-functions, simply because the integral does not
need to exist. However, by dominated convergence

1 R
Ff= lim —— O F(t) dt,
f= Jim o /_Re f(t)

where the limit is taken in Lo(R; H).

5.2 The Fourier—Laplace Transformation and its Relation to
the Time Derivative

We now use the Fourier transformation to define an analogue transformation on our
exponentially weighted Lo-type spaces; the so-called Fourier-Laplace transformation.
We recall from Corollary that for v € R the mapping

exp(—vm): Ly, (R; H) — Ly(R; H), f = (t e "' f(t))
is unitary. In a similar fashion, we obtain that
exp(—vm): Ly ,(R;H) = L1(R; H), f+— (t — e_”tf(t))
defines an isometry.
Definition. Let v € R. We define the Fourier—Laplace transformation as
Ly: Loy (R; H) — La(R; H), f s Fexp(—vm)f.

We can also consider the Fourier-Laplace transformation as a mapping from L; , (R; H)
to Cp(R; H); that is,

Ly: L1y(R;H) = Co(R; H), f > Fexp(—vm)f.
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5 The Fourier—Laplace Transformation and Material Law Operators

Remark 5.2.1. Note that £, is unitary as an operator from Lo, (R; H) to Lo(R; H) since
it is the composition of two unitary operators. If not explicitly written otherwise, we
shall use this unitary realisation of £,. For ¢ € L ,(R; H), we have the expression

(L) (0 = = / ~@t+)sp(s5)ds (t € R),

which shows that £, can be interpreted as a shifted variant of the Fourier transformation,
where the real part in the exponent equals v instead of zero.

Our next goal is to show that the Fourier—Laplace transformation provides a spectral
representation of our time derivative, d; ,.

Definition. Let V: R — K be measurable. We define the multiplication-by-V operator
as
V(m): dom(V(m)) C Lo(R; H) — Lo(R; H), [+ (t = V(£)f(1))
with
dom(V(m)) == {f € Lo(R; H) ; (t — V(t) f(t)) € Lao(R; H) } .
In particular, if V' is the identity on R we will just write m instead of id(m) and call it
the multiplication-by-the-argument operator.

Remark 5.2.2. Note that the multipiication—by—V operator is a vector-valued analogue of
the multiplication operator seen in Example 2.4.2) and Example As a consequence
of Example [2 m is selfadjoint. Moreover, when dim(H) > 0, by Example we
have that

o(m) =R.
(Note that both statements generalise in a straight-forward way to the vector-valued
situation.)

Theorem 5.2.3. Let v € R. Then
Oy = L (im+v)L,.
In particular,
0(0ry) ={it+v;teR}.
Proof. We first prove the assertion for v # 0 and show that

IV:£§<_ ! )zu.
m + v

The assertion will then follow by Example |2 Note that 1m+y € L(Ly(R;H)) by
Example 2 and hence, both operators are bounded and defined on the whole of
Ly, (R; H) Thus7 it suffices to prove the equality on a dense subset of Ly, (R; H), like
C.(R; H). We will just do the computation for the case when v > 0. So, let ¢ € C.(R; H)
and compute

(£u10) (1) = <= / ~(t+v)s /_ " () drds = = / / ()8 g o(r) dr
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5 The Fourier—Laplace Transformation and Material Law Operators

1 1 . 1
_ —(it+v)r _
e /R G dr = (£,9) (1)

for t € R. For v < 0 the computation is analogous. In the case when v = 0 we observe
that

Or0 = exp(—vm)(d;,, — v) exp(—vm) ! = exp(—vm)LE(im + v — 1)L, exp(—vm) !

= ﬁs (im)ﬁo . ]

5.3 Material Law Operators

Using the multiplication operator representation of 0;, via the Fourier-Laplace trans-
formation, we can assign a functional calculus to this operator. We will do this in the
following and define operator-valued functions of J; .. The class of functions used for this
calculus are the so-called material laws. We begin by defining this function class.

Definition. A mapping M: dom(M) C C — L(H) is called a material law if

(a) dom(M) is open and M is holomorphic (i.e. complex differentiable; see also Exercise

b-3).

(b) there exists some v € R such that Cres, € dom(M) and

M| = sup [[M(2)] < oo

00,Cre>v
2€CRe>w

Moreover, we set

sp (M) ==inf {v € R; (b) holds}
to be the abscissa of boundedness of M.

Example 5.3.1. (a) Polynomials in 27!: Let n € Ny, Mo, ..., M, € L(H). Then

M(z) =Y z"M, (z€C\{0})
k=0
defines a material law with

sp (M) =

—o00, ifMy=...=M,=0,
0, otherwise.

(b) Series in 27 1: Let (M)gen in L(H) such that 32 | My |r=* < oo for some r > 0.
Then

M(z) =Y 2z"M; (z€C\{0})
k

=0
defines a material law with s, (M) < 7.
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5 The Fourier—Laplace Transformation and Material Law Operators

(c) Exponentials: Let h € R, My € L(H) where My # 0 and set
M (z) = Mye*" (2 € C).
Then M is a material law if and only if 2 < 0. In this case, sy (M) = —oc.

(d) Fourier transforms: Let v € R and k € Ly, (R) with spt k& C R>¢. Then

M(z) = k(2) e k(t)dt (2 € Cresy)

vk

defines a material law with sy, (M) < v.

(e) Fractional powers: Let Mo € L(H), My # 0, a € R and set
M(Z) = Myz™¢ (Z eC \ R§0)7

where we set

0\ "% ._  —a_.—iad _
re =r % (r>0,0¢€(—mm)).
Then M is a material law if and only if & > 0 and

(M) -0 ifa=0,
S pry
b 0 otherwise.

For material laws M we now define the corresponding material law operators in terms of
the functional calculus induced by the spectral representation of J; ,.

Proposition 5.3.2. Let M: dom(M) C C — L(H) be a material law. Then, for
v > sy (M), the operator

M(im +v): Loy(R; H) — Lo(R; H), f = (t = M(it +v)f(t))
18 bounded. Moreover, we set
M () = LyM(im + v)L, € L(La,(R; H))

and obtain
[ M (9|l < [[M]]

Oov(cRc>1/ :

Proof. The proof is clear. O

Example 5.3.3. We now revisit the material laws presented in Example and com-
pute their corresponding operators, M (0, ).
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(a) Let n € Ng, My,..., M, € L(H) and
=> "My (zeC\{0}).
k=0
Then, for v > 0, one obviously has
3t zz Z 8t Mk»

due to Theorem

(b) Let (My)ken in L(H) such that "7 [|My|[r—* < oo for some 7 > 0 and

e}

M(z) =) z"M, (z€C\{0}).

k=0

Then, for v > r, one has
M(dy,) Z O i M,
again on account of Theorem [5.2.3]
(c) Let h <0,My € L(H) and
M (z) = Mye*" (2 € C).

Then, for v € R, we have
M(at,zz) = MOT/w

where

Th: LQ,Z/(R; H) — L2,1/(R; H), [ (t = f(t+ h))
Indeed, for ¢ € C.(R; H) we compute

(L MoTnep) (¢ ~U Mop(s + ) ds

m/
_ MO\/TTT /R o) (=R) () ds = M (it + 1) (Lye) (¢)

for all ¢t € R, where we have used Proposition in the second line. Hence,
Mothe = L, M(im + v) Lo = M(0,)p

and since C¢(R; H) is dense in Lo ,(R; H) the assertion follows.
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(d) Let v € Rand k € Ly ,(R) with sptk C R>g and

M(2) = k(z) e #k(t)dt (2 € Cresy).

“vh

Then, by Exercise [5.4]
M(at#) = kx

for each p > v.
(e) Let My € L(H), o >0 and
M(Z) = Myz™¢ (Z eC \ RSO)-

Then for v > 0 we have

(M(0y)f) (t) = MO/_ m

for each f € Lo, (R; H); see Exercise This formula gives rise to the definition

(t—s)*"f(s)ds (ae. teR) (5.8)

(6{5‘ ) (t) = / F(la)(t —5)*1f(s)ds (te€R),

which is known as the (Riemann—Liouville) fractional integral of order .

Throughout the previous examples, the operator M (9;,) did not depend on the actual
value of v. Indeed, this is true for all material laws. In order to see this, we need the
following lemma.

Lemma 5.3.4. Let p,v € R with p < v, and set U .= {z € C; Rez € (u,v)}. Moreover,
let g: U — H be continuous and holomorphic on U such thatg(l +v),g(i-+p) € Lo(R; H)
and there exists a sequence (Rp)nen in R>g such that R, — oo and

[ lotira+ plldp 0 (0= o). (5.9
m
Then

L0 +p) = Lg(-+v).
Proof. Let t € R. By Cauchy’s integral theorem, we have that

/ g(z)e*tdz =0,
YRn

where g, is the rectangular closed path with corners iR, + p, iR, + v. Thus, we
have that

Rn ' Rn _
i/ g(is + v)elstt 4g — i/ g(is + p)els it dg
i i (5.10)

— —/ g(_an +p)e(—iR7L+p)t dp+/ g(an —I—p)e(iR""‘p)t dp
" n
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Rn 1

YRy,

—R, +

Figure 5.1: Curve vp,,.

Note that the left-hand side of (5.10) is nothing but

V2ri ((L3L1R, r9(i - +2)) (1) = (L5 R, R 9(1 - 1)) (1))

and hence, there is a subsequence of (R,), (which we do not relabel) such that the
left-hand side of (5.10) tends to

V2mi ((Lg(i-+v)) (1) = (Lo +p)) (1)

for almost every t € R as n — oco. As such, all we need to show is that the right-hand
side of (5.10) tends to 0 as n — oo, which obviously follows by (5.9). O

Theorem 5.3.5. Let M: dom(M) C C — L(H) be a material law. Then, for p,v >
sb (M) and f € Lo, (R; H) N Lo ,(R; H), we have

M(Orp)f = M () f-
Moreover, M(0;,) is causal for all v > sy, (M).

Proof. Let p < v. We prove the assertion for f = 1}, - = with a < b and x € H first.
For p € R we compute

1 b . 1 1
L,f) () = — —(it+p)s qg — ——
(L) (8) %/a ze 3= =g

Moreover, we define

(e—(it+p)a . e—(it-i—p)b) T (t c R\ {0})

1 1
= ——=M(2)e- (e =) (zeC 0
02) = =M (=) (2 € Cnezy\ (0]
and prove that g satisfies the assumptions of Lemma First, we note that g is
bounded on Cre>, \ {0}. Indeed, we only need to prove that it is also bounded near 0
provided that p < 0. To that end, we observe
1 — e—%(b—a)

1 e
- za _ ,—zby _ ,—za h— ]
Z(e e ) =¢e . — a (z—0)

61
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Thus, g is also bounded near 0. In particular, z = 0 is a removable singularity and, hence,
g can be extended holomorphically to Cre>,. Moreover, for p > p we have that

1
Ajmu+mﬁa:/}mm+mﬁw+/’|Mu+mﬁw

[t]>1

The first term on the right-hand side is finite since ¢ is bounded, while the second term
can be estimated by

. 9 e P erb 1
g(it + p)||“dt < ||M x| —— —— dt < oo.
. Nt o < Ml ol [

This proves that g(i-+p) € La(R; H) for each p > u and hence, in particular, for p = p
and p = v. Finally, for p > u we have that

1

1
i < - -
oG+ DI < =Ml s, ol

(7 +e™) =0 (It =),
which together with the boundedness of g yields (5.9) by dominated convergence. This
shows that ¢ satisfies the assumptions of Lemma, and thus

M(Ow)f = Logli-4v) = L,g(1 - +p) = M(Iu)f.
By linearity, this equality extends to S(R; H) and so,

F:S(R;H) — ﬂ Loy(R; H), f = M(Ou)f

V=L

is well-defined. Moreover, F' is uniformly Lipschitz continuous (with sup,, [|[F"| =
|| M| and hence, the assertions follow from Lemma W

007CR,e>u>

5.4 Comments

The Fourier and the Fourier—Laplace transformation introduced in this chapter are used
to define an operator-valued functional calculus for the time derivative, d;,. This func-
tional calculus can be defined since the Fourier—Laplace transformation provides the
unitary transformation yielding the spectral representation of the time derivative as
multiplication operator. This fact was already noticed in [5], which eventually led to
evolutionary equations in [4].

We emphasise that we have used the fundamental property that both F and £, are
unitary. It is noteworthy that the Fourier transformation is unitary on Lo(R; X) if and
only if X is a Hilbert space, see [3]. In the Banach space-valued case one has to further
restrict the class of functions used to define a functional calculus. For the topic of
functional calculus we refer to the 21st ISem [1] by Markus Haase and to his monograph,
12].
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5 The Fourier—Laplace Transformation and Material Law Operators

Exercises

Exercise 5.1. Let (2, %, u) be a measure space, X a Banach space and I C R an open
interval. Let g: I x Q — X such that g(¢,-) € L1(p; X) for each t € I, and define

h:l— X, t— / g(t,w) dp(w).
Q

(a) Assume that g(-,w) is continuous for p-almost every w € 2 and let f € Li(u) such
that
lg(t, Il < f(w) (tel,we)

Prove that h is continuous.

(b) Assume that g(-,w) is differentiable for p-almost every w € Q and let f € Li(u)
such that
10g(t,w)|| < flw) (t€l,weQ).

Prove that A is differentiable with
W0 = [ Ouglt,w) du(e).
Q

Exercise 5.2. Let Hy, H; be two Hilbert spaces and U: dom(U) C Hy — H; linear
such that

e dom(U) is dense in Hy and ran(U) is dense in H;.

e Vo€ dom(U) : [Uzlly, = |2l
Show that U can be uniquely extended to a unitary operator between Hy and Hj.

Exercise 5.3. Let {2 C C be open, X a complex Banach space and f: Q — X. Prove
that the following statements are equivalent:

(i) f is holomorphic.
(ii) For all 2’ € X’ the mapping 2’ o f: Q — C is holomorphic.

(iii) f is locally bounded and z’o f: Q — C is holomorphic for all 2/ € D, where D C X’
is a norming setfl] for X.

(iv) f is analytic, i.e. for each zy € Q there is r > 0 and (ay,), in X with B (z,7) C Q
and

f(z) =) an(z—2)" (z€B(x,r)).
n=0

'D C X' is called a norming set for X, if ||| = sup,/cp\ 0y m@'(mﬂ for each z € X. Note that X’
is norming for X by the Hahn-Banach theorem.
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Assume now that X = L(X1, X2) for two complex Banach spaces X1, Xo, let D1 C X be
dense and Dy C X norming for Xo. Prove that the statements to are equivalent
to

(v) f islocally bounded and Q 3 z — 24 (f(z)(x1)) € C is holomorphic.

Exercise 5.4. Let v € R and k € Ly ,(R). Prove that

L, (k* f) = V2r (Lok) - (Lof)
for f € Lo, (R; H).

Exercise 5.5. Let @ > 0 and define go(t) = Ljg o) (¢)t*"! for ¢ € R. Show that g, €
L;,(R) for each v > 0 and that

(Loga) (1) = \/%F(a)(it o)

Use this formula and Exercise [5.4] to derive (5.8]).
Hint: To compute the Fourier-Laplace transform of g, derive that £, g, solves a first
order ordinary differential equation and use separation of variables to solve this equation.

Exercise 5.6. Let u,v € R with p < v and f € Ly, (R; H) N Ly ,(R; H). Moreover, set

U:={z€C; p<Rez<wv}. Show that f €, ,, L2,(R; H) N Ly ,(R; H) and that

U3z (LReof) (Im2)
is holomorphic.

Exercise 5.7. Let Hy, H; be Hilbert spaces and T': Ly, (R; Hy) — Lo, (R; Hy) linear
and bounded. We call T' autonomous if T't, = 1, T for each h € R (15, denotes the trans-
lation operator defined in Example . Prove that for autonomous 7', the following
statements are equivalent:

(i) T is causal.
(ii) For all f € Lo, (R; Hy) with spt f C [0,00) one has spt T f C [0, c0).
Moreover, prove that for a material law M, the operator M (9, ) is autonomous for each

vV > Sp (M)
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6 Solution Theory for Evolutionary
Equations

In this lecture, we shall discuss and present the first major result of this year’s internet
seminar: Picard’s theorem on the solution theory for evolutionary equations which is
the main result of [6]. In order to stress the applicability of this theorem, we shall deal
with applications first and provide a proof of the actual result afterwards. With an initial
interest in applications in mind, we start off with the introduction of some vector-analytic
operators.

6.1 First Order Sobolev Spaces
Throughout this section let © C R? be an open set.
Definition. We define

grad,: C°(Q) C Ly(Q) — Lo(Q)?
¢ (aj¢)je{17,,,7d} )

dive: C(Q)? C Lo()? — Ly(Q)
@ ieqoay ™ D, 9%

je{lvvd}

and if d = 3,

curle: C°(Q)? C Ly(Q)? — Lo(Q)?

D23 — D302
(¢5)jeq103) | 9301 — 013
0192 — D21
Furthermore, we put
div := —grad}, grad = —div}, curl:=curl}
and
divg := —grad®, grad, = —div*, curly = curl®.

Proposition 6.1.1. The relations div,divg, grad, grady, curl and curly are all densely
defined, closed linear operators.
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6 Solution Theory for Evolutionary Equations

Proof. The operators grad., div. and curl, are densely defined by Exercise Thus,
div, grad and curl are closed linear operators. Moreover, it follows from integration by
parts that grad. C grad, dive C div and curl. € curl. Thus, div,grad and curl are
also densely defined. This, in turn, implies that grad., div, and curl, are closable with
respective closures grad, divp and curly. ]

We shall describe the domains of these operators in more detail in the next theorem.

Theorem 6.1.2. If f € L2(Q) and g = (95)jeq1,....dy € Lo(Q)? then the following state-
ments hold:

(a) f € dom(grad) and g = grad f if and only if
Q Q
(b) f € dom(grad,) and g = grad, f if and only if f € dom(grad) and there exists
(fu)r in CX(Q) such that fi, — f in La(Q) and g = limy_,o grad fi in La(Q)%.
(¢) g € dom(div) and f = divyg if and only if
¥o e C2@: - [ g-grado= [ fo
Q Q
(d) g € dom(divp) and f = divg g if and only if g € dom(div) and there exists (gr)x in
CX () such that gy — g in La(Q)? and f = limg_,oo div gp in La(9).
Ifd=3 and f,g € La(Q2)3 then the following statements hold:

(e) f € dom(curl) and g = curl f if and only if
o0 3. . = .
Vo e CF(Q2)°: /Qf curl ¢ /Qg ?.

(f) f € dom(curly) and g = curly f if and only if f € dom(curl) and there exists (fi)x
in CX(Q)3 such that fr — f in L2(Q)? and g = limy_,o curl fi, in La(Q)3.

All the statements in Theorem are elementary consequences of the integration
by parts formula and the definitions of the adjoint. We ask the reader to prove these
statements in Exercise

Remark 6.1.3. We remark here that, classically, the following notation has been intro-
duced:

H'(Q) = dom(grad),

H(Q) := dom(grad,),
H(div, Q) := dom(div),
H(curl, Q) := dom(curl)



6 Solution Theory for Evolutionary Equations

Following the rationale of appending zero as an index for Hg (), we shall also use
Hy(div, Q) := dom(divy),
Hy(curl, Q) := dom(curlp).

We do, however, caution the reader that other authors also use Hy(div, Q) and Hy(curl, 2)
to denote the kernel of div and curl. All the spaces just defined are so-called Sobolev
spaces. We note that for d = 3 we clearly have H(Q) C H(div, Q)N H(curl,2). On the
other hand, note that H(div, () is neither a sub- nor a superset of H (curl, ().

Remark 6.1.4. We emphasise that HZ(Q2) C H*(Q) is a proper inclusion for many open Q.
The ‘0’ in the index is a reminder of ‘0’-boundary conditions. In fact, the only difference
between these two spaces lies in the behaviour of their elements at the boundary of
Q. The space H} signifies all H'-functions vanishing at dQ in a generalised sense.
The corresponding statements are true for the inclusions Hy(div,Q) C H(div,2) and
Hy(curl,©2) C H(curl,Q). The space Hy(div, Q) describes H(div,Q)-vector fields with
vanishing normal component and to lie in Hy(curl, 2) provides a handy generalisation of
vanishing tangential component. We will anticipate these abstractions, when we apply
the solution theory of evolutionary equations for particular cases. In a later lecture we
will come back to this issue when we discuss inhomogeneous boundary value problems.
For later use, we record the following relationships between the vector-analytical operat-
ors introduced above.

Proposition 6.1.5. Let d = 3. We have the following inclusions:

ran(curly) C ker(divy),

ran(grady) C ker(curlp),

ran(curl) C ker(div),

ran(grad) C ker(curl).
Proof. Tt is elementary to show that for given ¢ € C®°(Q)3 and ¢ € C°(Q) we have
divgcurlpy = 0 as well as curlpgrady ¢ = 0. Thus, we obtain ran(curl.) C ker(divg)
and ran(grad,) C ker(curly). Since ker(divg) and ker(curly) are closed, and C°(Q)3
and CZ°(Q) are cores for curly and grad, respectively, we obtain the first two inclusions.

The last two inclusions follow from the first two by taking into account the orthogonal
decompositions

Lo (0)? = tam(grad) @ ker(divg) = ker(curl) @ fam(curlp)

and
Lo (Q)? = 1am(grad,) @ ker(div) = ker(curly) @ ran(curl). O

6.2 Well-Posedness of Evolutionary Equations and
Applications

The solution theory of evolutionary equations is contained in the next result, Picard’s
theorem. This result is central for all the derivations to come. In fact, with the notation
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6 Solution Theory for Evolutionary Equations

of Theorem |6.2.1] we shall prove that for all (well-behaved) F' there is a unique solution
of
(OpyM(0ry)+ A)U = F.

The solution U depends continuously and causally on the choice of F'.
In order to formulate the result, for a Hilbert space H, v € R and a given operator
A: dom(A) € H — H we define its extended operator in L, (R; H), again denoted by
A, by
Ly, (R;dom(A)) C Ly, (R; H) — Lo, (R; H)
[ (t— AF(t)).

We have collected some properties of extended operators in Exercise [6.I] and Exercise
6.2

Theorem 6.2.1 (Picard). Let vy € R and H be a Hilbert space. Let M: dom(M) C
C — L(H) be a material law with s, (M) < vo and let A: dom(A) C H — H be
skew-selfadjoint. Assume that

Re (¢, 2M(2)¢) yy = cllollz; (¢ € H, 2 € Cresuy)

for some ¢ > 0. Then for all v > vy the operator 0, M(0;,) + A is closable and

Sy = Oy M (D) + A € L(Lo, (R H)).

Furthermore, S, is causal and satisfies HSVHL(L2 ) S 1/c, and for all F € dom(0;,) we
have 7

Sy F € dom(0,) Ndom(A).
Furthermore, for n,v > vy and F € Ly, (R; H) N Ly, (R; H) we have that S, F = S, F.

The property that S, F' = S, F for all F' € Ly, (R; H) N Lo, (R; H) where n,v > vy, for
some vy € R, will be referred to as S, being eventually independent of v in what follows.

Definition. Let H be a Hilbert space and T' € L(H). If T is selfadjoint, we write 7' > ¢
for some ¢ € R if
Ve e H: (z,Tx)y > dz|%

Moreover, we define the real part of T by ReT = %(T + 7).
Note that if H is a Hilbert space and T' € L(H) then ReT is selfadjoint. Moreover,

(z,ReTz)y =Re(z,Tx) (xe€H).
Hence, in Theorem the assumption on the material law can be rephrased as
RezM(z) =2 ¢ (2 € CRrezuy)-

The following operators will be prototypical examples needed for the applications of the
previous theorem.
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6 Solution Theory for Evolutionary Equations

Proposition 6.2.2. Let Hy, H1 be Hilbert spaces.
(a) Let B: dom(B) C Hy — Hy, C: dom(C) C Hy — Hy be densely defined linear

operators. Then

<g g) : dom(B) X dOHl(C) - H() X H1 — H(] X H1
(¢,9) = (Cy, Bo)

1s densely defined, and we have

0o c\" [0 B*
B o) \c* 0)°
(b) Let a € L(Hy), and ¢ > 0. Assume Rea > c. Then a~! € L(Hp) and Rea™! >
cllall 2.
Proof. The proof of the first statement can be done in two steps. First, notice that the

inclusion <O B > C <O C) follows immediately. If, on the other hand, <¢) €

c* 0 B 0 P
dom ((g (07> > with <g g) <z> = (g) we get for all € dom(B) that

o ={(5 6) () (), = (G G 5) O,
~((5):(9),,., = e

Hence, 1 € dom(B*) and B*y = &. Similarly, we obtain ¢ € dom(C*) and C*¢ = (.
For the second statement, we compute for all ¢ € Hy using the Cauchy—Schwarz inequal-
ity

18llladll g, = (6, ad)|, = Re (@, a) g, = ¢ (b, ), = clldlzr,-

Thus, a is one-to-one. Since Rea = Rea* it follows that a* is one-to-one, as well. Thus,
we get that a has dense range. The inequality

12|z, > <l e,

implies that a=! is bounded. Hence, as a™! is closed, ran(a) = dom(a~!) is closed and
a~! € L(Hy). To conclude, let ¢ € Ho and put ¢ := a~'tp. Then |[|¢)|| 5, = |‘aa*1wHHO <
||aHHa_1¢HHO and so

Re (¢,a” '), = Re(ag, ¢) y, = Re ($,a0) g, = ¢ (6, 9) g, = c{a ", ),

1 2
2 e 19, M
lal]
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6 Solution Theory for Evolutionary Equations

The Heat Equation

The first example we will consider is the heat equation in an open subset Q C R%. Under
a heat source, Q: R x 2 — R, the heat distribution, 6: R x 2 — R, satisfies the so-called
heat-flux-balance

040 + divg = Q.

Here, ¢: R x Q — R? is the heat flux which is connected to 6 via Fourier’s law
q= —agrad®f,

where a: © — R is the heat conductivity, which is measurable, bounded and uniformly
strictly positive in the sense that
Rea(z) > ¢

for all x € Q2 and some ¢ > 0 in the sense of positive definiteness. Moreover, we assume
that  is thermally isolated, which is modelled by requiring that the normal component
of ¢ vanishes at 0€; that is, ¢ € dom(divp). Written as a block matrix and incorporating
the boundary condition, we obtain

(o o)+ (0 o) (e 7)) ()= ()

Theorem 6.2.3. For all v > 0, the operator

P 1 0 n 0 0 i 0 divg
B \0 0 0 at grad 0

is densely defined and closable in Lo, (R; La(Q2) x Lo()?). The respective closure is
continuously invertible with causal inverse being eventually independent of v.

Proof. The assertion follows from Theorem applied to

10 1(0 O 0 div
M(z)z(o O)+Z 1(0 a_l) and A:<grad 00).

Note that M is a material law with s, (M) = 0 by Example [5.3.1] The required real
part condition in Theorem follows from Proposition [6.2.24(b)| Moreover, A is skew-

selfadjoint by Proposition [6.2.2(a)| O
Remark 6.2.4. Assume that Q) € dom(9;, ). It then follows from Theorem that

()= li 96 )l 5 (6)

0 di
€ dom (8;,,) N dom ((gra 1 IOV°>) . (6.1)
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6 Solution Theory for Evolutionary Equations

Then, it follows that 6 and ¢ satisfy the heat-flux-balance and Fourier’s law in the sense
that 6 € dom(9;,) N dom(grad) and g € dom(divg) and

8t9 + diVO q= Q7
q= —agrad®f.

In fact, in order to deduce the latter equality it is sufficient to have

(o) 2o (5 5)) oo (s *5°))

This regularity result is true even for € Lo, (R; L2(2)); see |7].

The Scalar Wave Equation

The classical scalar wave equation in a medium Q C R (think, for instance, of a vibrating
string (d = 1) or membrane (d = 2)) consists of the equation of the balance of momentum
where the acceleration of the (vertical) displacement, u: R x  — R, is balanced by
external forces, f: R x Q — R, and the divergence of the stress, o: R x @ — R?, in such
a way that

O*u —dive = f.

The stress is related to u via the following so-called stress-strain relation (here Hooke’s
law)
o =T grad u,

where the so-called elasticity tensor, T: @ — R%*? is bounded, measurable, and satisfies

for some ¢ > 0 uniformly in x € ). The quantity grad u is referred to as the strain. We
think of u as being fixed at 9 (“clamped boundary condition”). This is modelled by
u € dom(grady).

Using v = Oyu as an unknown, we can rewrite the balance of momentum and Hooke’s
law as 2 x 2-block-operator matrix equation

G )5 )0 -6)

The solution theory of evolutionary equations for the wave equation now reads as follows:

Theorem 6.2.5. Let Q C R? be open, and T as indicated above. Then, for all v > 0,

5 (1 0\ _( 0 div
bv\o 171 grad, 0

is densely defined and closable in Lo, (R; Ly(Q2) x Lo(Q)?). The respective closure is
continuously invertible with causal inverse being eventually independent of v.
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6 Solution Theory for Evolutionary Equations

0 div

Proof. We apply Theorem [6.2.1) to A = — (grado 0

), which is skew-selfadjoint

by Proposition [6.2.2(a)} and M(z) = (é T(ll
sp (M) = —oo. The positive definiteness constraint needed in Theorem is satisfied
by Proposition [6.2.2(b)| on account of the selfadjointness of T', which implies the same
for T~'. Indeed, for 1y > 0 and z € CRe>1, We estimate

), which defines a material law with

Re ((z,y), z2M (2)(x, y))LQ(Q)XLQ(Q)d = Re (z, zx>L2(Q) + Re (y, zT_ly>L2(Q)d
2 c 2
2 I/OHHTHLQ(Q) + 140} HTH2 HyHLQ(Q)d
> vo min{L, ¢/[|T(1*} (2, )17, 0y x 15 ()

for each (z,y) € La(Q) x La(Q)4, where we used the selfadjointness of T~ in the second
line. O

Remark 6.2.6. Let f € Ly, (R; L2(€2)), v > 0, and define

5)=(6 )l 9)) ()

0 div
grad, O

u

By Theorem [6.2.1} we obtain <&> € dom(0;,,) Ndom <<

>> . Hence, we have

Orpu—dive =0, f
8,5,1,T_15 = gradgu

or

Orpu—dive =0, f
o= TB;I} gradg u.

Thus, formally, after another time-differentiation and the setting of o = 0; ,0 we obtain
a solution of the wave equation, (u, o). Notice, however, that differentiating div o cannot
be done without any additional knowledge of the regularity of o. In fact, in order to
arrive at the balance of momentum equation, one would need to have divo € dom(0;, ).
However, one only has ¢ € dom(9;,) Ndom(div). It is an elementary argument, see |10,

Lemma 4.6], that we in fact have div 6;,,1 = 8[,} div, which suggests that, in general,
dive ¢ dom(0;, ), see Exercise
Maxwell’s Equations

The final example in this lecture forms the archetypical evolutionary equation — Maxwell’s
equations in a medium Q2 C R3. In order to see this (and to finally conclude the 2 x 2-
block matrix formulation historically due to the work of [4, |9, 13]), we start out with
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6 Solution Theory for Evolutionary Equations

Faraday’s law of induction, which relates the unknown electric field, F: R x Q — R3, to
the magnetic induction, B: R x Q — R3, via

0¢B + curl E = 0.

We assume that the medium is contained in a perfect conductor, which is reflected in
the so-called electric boundary condition which asks for the vanishing of the tangential
component of E at the boundary. This is modelled by E € dom(curly). The next
constituent of Maxwell’s equations is Ampere’s law

0¢D + J. — curl H = Jy,

which relates the unknown electric displacement, D: R x  — R3, charge, J.: R x Q —
R3, and magnetic field, H: R x © — R3, to the (given) external currents, Jo: R x
Q) — R3. Maxwell’s equations are completed by constitutive relations specific to each
material at hand. Indeed, the (bounded, measurable) dielectricity, e:  — R3*3, and
the (bounded, measurable) magnetic permeability, p: Q — R3*3, are symmetric matrix-
valued functions which couple the electric displacement to the electric field and the
magnetic field to the magnetic induction via

D =c¢F, and B = puH.

Finally, Ohm’s law relates the charge to the electric field via the (bounded, measurable)
electric conductivity, o:  — R3*3, as

J.=0F.

All in all, in terms of (E, H), Maxwell’s equations read

(0 ) (0 57 ()= (3)

For the time being, we shall assume that there exists ¢ > 0 and vy > 0 such that for all
v > 1y we have
ve(z)+Reo(z) 2 ¢, plz)=c (re)

in the sense of positive definiteness. Note that the latter condition allows particularly
for e = 0 on certain regions, if Re o compensates for this. This situation is referred to as
the eddy current approximation in these regions. With the above preparations at hand,
we may now formulate the well-posedness result concerning Maxwell’s equations.

Theorem 6.2.7. Let Q C R3 be open and v > vy. Then

9 e 0 n o 0 n 0 — curl
AN 0 0 curly 0

is densely defined and closable in Lo, (R; La(Q2)® x La(Q)3). The respective closure is
continuously invertible with causal inverse being eventually independent of v.
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6 Solution Theory for Evolutionary Equations

Proof. The assertion follows from Theorem applied to the material law

= )+ )

and the skew-selfadjoint operator

0 — curl
A= (curlo 0 ) ' -

Remark 6.2.8. In the physics literature (see e.g. [1, Chapter 18]), Maxwell’s equations
are usually complemented by Gauss’ law,

diVo B= 0,

as well as the introduction of the charge density, p = diveF, and the current, J = Jyg—J,,
by the continuity equation
8tp =div J.

We shall argue in the following that these equations are automatically satisfied if (E, H)
is a solution to Maxwell’s equation. Indeed, assuming Jy € dom(d;, ), then, as a con-
sequence of Theorem [6.2.1], we have that

E_850+00+0—Cur1_1J0
H)  \""\0 u 0 0 curly 0 0
0 —curl
Edom(at’”)mdom<<curlo 0 >>

Reformulating the latter equation yields

B =pH = —atjj curly I,
eE =0, (—0E+ Jo+culH) =0,,J+9;, curl H.

Since curlg £ € ran(curly), we have by Proposition that 8;1,1 curly E € tan(curly).
Thus, by Proposition [6.1.5] we obtain

divg B = divo (—9;, curly E) = 0.
Similarly, we deduce that
p=diveE =divo,, J.
If, in addition, we have that J € dom(div), we recover the continuity equation. In
general, the continuity equation is satisfied in the integrated sense just derived.

We shall keep the list of examples to that for now. In the course of this internet seminar,
we will see more (involved) examples. Furthermore, we will study the boundary con-
ditions more deeply and shall relate the conditions introduced abstractly here to more
classical formulations involving trace spaces.
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6 Solution Theory for Evolutionary Equations

6.3 Proof of Picard’s Theorem

In this section we shall prove the well-posedness theorem. For this, we recall an element-
ary result from functional analysis. It is remindful of the Lax—Milgram lemma.

Proposition 6.3.1. Let H be a Hilbert space and B: dom(B) C H — H densely defined
and closed with dom(B) O dom(B*). Assume there exists ¢ > 0 such that

Re (¢, Bo)y > cllélf; (¢ € dom(B)).
Then B~ € L(H) and HB_lH <1/e.

Proof. The proof is a refinement of the argument in Proposition [6.2.2] In fact, the
assumed inequality implies closedness of the range of B as well as continuous invertibility
with B~!: ran(B) — H. The fact that ran(B) is dense in H follows from the fact that
Re (¢, B*¢) ;; > c||¢||3; for all ¢ € dom(B*) C dom(B) which, in turn, also follows from
the assumed inequality. d

Proof of Theorem [6.2.1, Let v > vy. We first prove that 0;, M (0;,) + A is closable for
each v > 1y. By unitary equivalence, it suffices to show that (im + v)M (im + v) + A is
closable. For doing so, let (Uy), be a sequence in dom((im + v)M (im + v) + A) with
Up, — 0 and ((im + v)M(im +v) + A)U,, — F in Lo(R; H) for some F € Ly(R; H). For
R >0 we observe that 1|_g U, € dom((im + v)M (im + v) + A) with

((im + )M (im + v) + A)L_p g Un = 1_p g ((im + v) M (im + v) + A) Uy,
— ]l[fR,R]F

as n — oo. However, on Lo([—R, R]; H) the operator (im+ v)M (im + v) is bounded and
hence, (im + v)M (im + v) + A is closed. Since 1_g z)U, — 0 we infer that

]l[—R,R]F — 0

and since R > 0 was chosen arbitrarily, we obtain F' = 0. Hence, (im+v)M (im+v)+ A
is closable.

Let now z € CRresy. Define B(z) := zM(z) + A. Since M(z) € L(H) it follows that
B(2)* = (2M(2))" — A and dom(B(z)) = dom(B(z)*) = dom(A). Moreover, for all
¢ € dom(A) we have

Re (¢, B(2)) ;y = Re (¢, (:M(2) + A) )y = Re (¢, 2M (2)) iy > cll|7y,

due to the skew-selfadjointness of A. Thus, by Proposition applied to B(z) instead
of B, we deduce that
N: CResy 2 2+ B(2)™

is bounded assuming values in L(H) with norm bounded by 1/c. By Exercise[6.5] we have
that IV is holomorphic. Thus, IV is a material law and [N (0;,)|| < 1/c by Proposition
Moreover, Theorem implies that N(0;,) is independent of v and causal.
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6 Solution Theory for Evolutionary Equations

Next, if f € dom(0y, ), it follows that (im + v) L, f € L2(R; H). Hence, for all t € R we
obtain

AN (it + 1)L, f () = A((it + v) M (it + v) + A) 'L, f(t)
= L, f(t) — (it +v) M (it + )N (it + v) Ly f ().
Thus, by the boundedness of M and N, we deduce N(i-+v)L,f € Lo(R;dom(A)). This
implies N(0y,)f € Lo, (R;dom(A)) by Exercise . Similarly, but more easily, it follows
that (- +v) N(i-+4v)L,f € La(R; H) also.
Thus, to complete the proof, it remains to show that

N(@yy) = 0y M(0,) + A .

Applying £, to both sides and using Exercise the latter is equivalent to

N(im+u):(im+y)M(im+V)+A71.

We remark that the left-hand side is the “multiplication operator” associated with the
function t — ((it +v)M (it +v) + A)~1, while the right-hand side is the closure of the re-
lation ((im+v)M (im+v)+ A)~L. We will prove the equality by showing both inclusions.

First, let (F,U) € (im+v) M(im+v) + A ', Then we find ((Un, Fy)),, converging to
(U, F) in La(R; H x H), such that for all n € N we have

(im+v) M (im + v) U, + AU,, = F,, € L2(R; H).

Thus, U,, € dom (B (im+ v)) and, hence, (F,,U,) € N (im+v). The closedness of
N (im + v), thus implies (F,U) € N (im + v).

On the other hand, let F' € La(R; H). For n € N we define G, == N(im + v)1_,, ,|F.
By the continuity of N (im + v), we obtain G,, — N(im + v)F as n — oo. Note that
Gp € dom((im + v) M (im + v)) as M is bounded and G, is supported in [—n,n], only.
Next, we confirm that G,, € La(R;dom(A)). For this, we note that for almost every t € R
we have that G, (t) € dom(A) by the definition of N(im + v). Moreover, we estimate

/RH((iHV)M(iHy)+A)Gn(t)\}§{dt:/RHH[_W](t)F(t)HZdtg HFH%Q(R;m-

Since G,, € dom((im + v)M (im + v)), the latter gives G,, € La,(R;dom(A)) and alto-
gether we obtain Gy, € dom((im + v) M (im + v) + A). Moreover,

((1m—|— I/) M (1H1+ V) + A)Gn = ]1[—n,n]F7

since this equality holds almost everywhere by the definition of N(im + v). There-
fore, by passing to the limit as n — oo, we confirm that, indeed, N(im + v)F €

dom (((im—|— v) M (im + v) —i—A)) and ((im + v) M (im+v) + A)N (im+ v) F = F or,

to put it differently, (F, N(im + v)F) € (im + ) M(im + ) + A, which yields the
assertion. ]
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6 Solution Theory for Evolutionary Equations

Comments

The proof of Theorem here is rather close to the strategy originally employed in
[6], at least where existence and uniqueness are concerned. The causality part is a
consequence of some observations detailed in |2, [11]. The original process of proving
causality used the Theorem of Paley and Wiener, which we shall discuss later on.

The eddy current approximation has enjoyed great interest in the mathematical and
physical community, in particular for the case when € = 0 everywhere. The reason being
that then Maxwell’s equations are merely of parabolic type. We shall refer to |5] and the
references therein for an extensive discussion.

Both Proposition and the Lax—Milgram lemma have been put into a general per-
spective in [§].

Exercises

Exercise 6.1. Let (2, X, i) be a o-finite measure space and let Hy, H; be Hilbert spaces.
Let A: dom(A) C Hy — H; be densely defined and closed. Show that the operator

Ap: Lo(p; dom(A)) € La(p; Ho) — La(p; Hi)
= (w — Af(w))
is densely defined and closed. Moreover, show that (A4,)" = (A4*) -

Exercise 6.2. In the situation of Exercise if (21, %1, 1) is another o-finite measure
space and F: Lo(u) — Lo(p1) is unitary, show that for j € {0, 1} there exists a unique
unitary operator Fp; : Lo(u; H;) — La(p1; Hj) such that

Fu;(¢r) = (Fo)x (¢ € Lo(u),x € Hj).

Furthermore, prove that
Fri ApFr, = Ay -

Exercise 6.3. Show that for Q C R? open, the set C2°(Q) C Lo(€) is dense.
Exercise 6.4. Prove Theorem

Exercise 6.5. Let H be a Hilbert space, A: dom(A) C H — H skew-selfadjoint, and
¢ > 0. Moreover, let M: dom(M) C C — L(H) be holomorphic with

ReM(z) 2 ¢ (z € dom(M)).
Show that dom(M) 3 z — (M(z) + A)™" is holomorphic.

Exercise 6.6. Let C': dom(C) C Hy — H; be a densely defined and closed linear
operator acting in Hilbert spaces Hy and H;. For v > 0 show that

0;,C =Co;,.

Hint: Apply Exercise and show (im + v)~1C = C(im + v)~! with a suitable approx-
imation argument.
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Exercise 6.7. In this exercise, we shall assume that

D= {¢ e H'(Q); grad ¢ € dom(div), ¢ = divgradp} C C®(1Q).

(a) Compute HE(2)+ where the orthogonal complement is computed in H1(Q).

(b) Show that C°°(Q) N HY(Q) C H'() is dense.
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7 Examples of Evolutionary Equations

This lecture is devoted to a small tour through a variety of evolutionary equations.
More precisely, we shall look into the equations of poro-elastic media, (time-)fractional
elasticity, thermodynamic media with delay as well as visco-elastic media. The discussion
of these examples will be similar to that of the examples in the previous lecture in the
sense that we shall present the equations first, reformulate them suitably and then apply
the solution theory to them. The study of visco-elastic media within the framework of
partial integro-differential equations will be carried out in the exercises section.

7.1 Poro-Elastic Deformations

In this section we will discuss the equations of poro-elasticity, which form a coupled
system of equations. More precisely, the equations of (linearised) elasticity are coupled
with the diffusion equation. Before properly writing these equations we introduce the
following notation and differential operators.

Definition. Let K&d = {A € K™¢; A= AT} C K% the (closed) subspace of sym-

sym

metric d x d matrices. Let © C R% be open. Then define

L8t = Ly KL

sym sym

= {(q)jk)j,ke{l,...,d} € Lo()™ Vi ke {1,....d}: D = q’kj} -

Analogously, we set C2°(Q)4X4 .= C®(Q; K4x9).

sym sym

Note that the symmetry of a d X d matrix here means that the matrix elements are
symmetric with respect to the main diagonal. For K = C, this does not correspond to
the symmetry of the associated linear operator (which would rather be selfadjointness).

Definition. Let © C R? be open. Then we define
Grade: C°(Q)? C La()? — Ly(Q)%%d
1
((bj)je{l,‘..,d} =5 (Okj + 6j¢k>j,k€{1,...,d}7
and

Dive: C°(Q2)2%4 C Ly(Q) X8 — Lo(Q)?

sym sym

d
(®jk); ke, ay = (Z 6’f®j’f)
k=1

]6{177d}
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7 Examples of Evolutionary Equations

Similarly to the definitions in the previous lecture, we put Grad := —Div}, Div :=
— Grad} and Grady := — Div*, Divy := — Grad®, where (analogously to the scalar-valued
case) we observe that Grad. C — Div} motivating the notation Grad and Grady.

Remark 7.1.1. Note that in the literature Grad u is also denoted by ¢(u) and is called the
strain tensor. Due to the (obvious) similarity to the scalar case, we refrain from using
€ in this context and prefer Grad instead. Again, the index 0 in the operators refers to
generalised Dirichlet (for Gradp) or Neumann (for Divg) boundary conditions.

We are now properly equipped to formulate the equations of poro-elasticity; see also
[9] and below for further details. In an elastic body Q@ C RY, the displacement field,
uw: R x © — R? and the pressure field, p: R x @ — R, of a fluid diffusing through €
satisfy the following two energy balance equations

Orporu — grad A divu — Div C Grad u + grad a™p = f,
O(cop + adivu) —divkgradp = g.

The right-hand sides f: R x @ — R% and ¢g: R x Q — R describe some given external
forcing. We assume homogeneous Neumann boundary conditions for the diffusing fluid
as well as homogeneous Dirichlet (i.e. clamped) boundary conditions for the elastic body.
The operator p € L(L2(Q)%) describes the density of the medium 2 (usually realised
as a multiplication operator by a bounded, measurable, scalar function). The bounded
linear operators C' € L(La(Q)&:d) and k € L(Ly(Q2)?) are the elasticity tensor and the
hydraulic conductivity of the medium, whereas co, A € L(Ly(£2)) are the porosity of the
medium and the compressibility of the fluid, respectively. The operator ao € L(La(£2))
is the so-called Biot—Willis constant. Note that in many applications p,co, A and « are
just positive real numbers, and C' and k are strictly positive definite tensors or matrices.
The reformulation of the equations for poro-elasticity involves several ‘tricks’. One of
these is to introduce the matrix trace as the operator
trace: LQ(Q)gyXH‘f — Ly(Q)
d
(®jk)jeft,mdy — D Ljj.

j=1
Note that the adjoint is given by trace* f = diag(f, f,...,f) € Lg(Q)gyXHCf. It is then
elementary to obtain trace Grad C div as well as grad = Divtrace®. Hence, we get
formally

Oy pOyu — Div((@t trace™ A trace +C') Grad u — trace™ a*p) =f,
O (cop + atrace Grad u) — div kgradp = g.

Next, we introduce a new set of unknowns

v = O,
T := C Gradu,
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7 Examples of Evolutionary Equations

w = Atrace Grad v — ap,

q = —kgradp.

Here, v is the velocity, T' is the stress tensor and ¢ is the heat flux. The quantity w is
an additional variable, which helps to rewrite the system into the form of evolutionary
equations.

In order to finalise the reformulation we shall assume some additional properties on the
coefficients involved. Throughout the rest of this section, we assume that

*

p=p 2c

co =y = ¢,
ReX > ¢,
Rek > ¢, and

C=C">c

for some ¢ > 0, where all inequalities are thought of in the sense of positive definiteness
(compare Lecture @ As a consequence, we obtain

trace Gradv = A 'w + A ta*p.

Rewriting the definining equations for 7', w, and ¢ together with the two equations we
started out with, we obtain the system

Opv — Div (T + trace™ w) = f,

deop + aXtw + axlatp 4+ divg = ¢,
A lw+ A ta*p — trace Grad v = 0,
9,C'T — Gradv =0,

k~lq + gradp = 0.

Introducing

p 00 0 O 0 0 0 0 0
00 cg 0O 0 O 0 axla* aXt 0 0

My=|0 0 0 0 Of, My=]0 Xxlar X1 0 0 [, (7.1)
00 0 Cto 0 0 0 0 0
000 0 O 0 0 0 0 k!
100 0 O 0 0 0 —Div 0
010 0 O 0 0 0 0 divg

V=0 0 1 trace 0|, A:= 0 0 0 0 0o |, (7.2
000 1 0 —Gradg 0 0 0 0
000 0 1 0 grad 0 0 0
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7 Examples of Evolutionary Equations

we obtain

(O:Mo + My + VAVY)

HNE
1
o o

q 0

This perspective enables us to prove well-posedness for the equations of poro-elasticity
by applying Theorem

Theorem 7.1.2. Put H = Ly(Q)% x Ly(Q) x La() x Lo()Ed x Ly(Q)? and let
My, M1,V € L(H) and A be given as in and (7.3). Then there exists vy > 0
such that for all v > vy the operator O, Mo + My + VAV* is continuously invertible on
Ly, (R;H). The inverse S, of this operator is causal and eventually independent of v.

Moreover, sup,~,, |Sy|| < 0o and F € HL(R; H) implies S, F € dom(8;,)Ndom(VAV*).

We will provide two prerequisites for the proof. We ask for the details of the proof in
Exercise [T.1]

Proposition 7.1.3. Let Hy, Hy be Hilbert spaces, B: dom(B) C Hy — Hy skew-
selfadjoint, V € L(Hy, Hy) bijective. Then (VBV*)* = -V BV*.

The proof of Proposition is left as (part of) Exercise

Proposition 7.1.4. Let Hy be a Hilbert spaces, No, N1 € L(Hy) with No = N§. Assume
there exist co,c1 > 0 such that (x, Nox) > col|z||* for all x € ran(Ny) and Re (y, N1y) >
cillyl? for all y € ker(No). Then for all 0 < ¢) < ¢; there exists vy > 0 such that for all
v > vy we have that

vNy 4+ Re Ny > C,l'

Proof. Note that by the selfadjointness of Ny we can decompose Hy = tan(Ng) @ker(Np).
Moreover, by continuity of Ny we have (x, Noz) > col|z||* for all z € Tan(Ny). Consider
now the restriction of Ny to ran(Np); that is,

NO|W(N0) : m(NO) — m(No)

This operator is positive definite by assumption and hence, continuously invertible by
Proposition [6.2.2(b). In particular, the operator is onto, which yields

ran(No) = ran(Nolgn(n,)) € ran(No)

and hence, ran(Ny) is closed.
Next, let z € Hp. Since ran(Np) is closed, we find z € ran(Ny) and y € ker(Ny) such
that z = x + y. We estimate for e, > 0 that

v(z+y, No(z +y))+Re(r+y, Ni(z +y))
= v (z, Nox) + Re (y, My) + Re (z, N1z) + Re (z, N1y) + Re (y, N1z)
> veollz|® + eallyll® — [N 21 = 2/ Nul izl ]ly]
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7 Examples of Evolutionary Equations

1

2 2 2 2 2 2

> vepllell? + callyl” I8 2l — 2IVa2le? — el
1 2 2 2

= (veo = ZIMIP = 18 ) el + (x = &) ol

where we have used the Peter-Paul inequality (i.e., Young’s inequality for products of
non-negative numbers). For 0 < ¢| < ¢; we find € > 0 such that ¢; —e > ¢}. Then we

choose v > % (c’l + v+ HN1H) With this choice of vy we deduce for all v > vy

that
v (2, Noz) + Re (, N12) > ¢ ([l2ll” + Iyl = 4121,

which yields the assertion. O

7.2 Fractional Elasticity

Let © C R? be open. In order to better fit to the experimental data of visco-elastic
solids (i.e., to incorporate solids that ‘memorise’ previous force applied to them) the
equations of linearised elasticity need to be extended in some way. The balance law for
the momentum, however, is still satisfied; that is, for the displacement u: R x  — R¢
we still have that

8tp8tu —DivT = f,

where p € L(L3(Q)%) models the density and f: R x Q — R? is a given external forcing
term. The stress tensor, 7: R x 2 — ngxnﬁl, does not follow the classical Hooke’s law,
which, if it did, would look like

T =CGradu

for C € L(Lo(2)%%9). Instead it is amended by another material dependent coefficient

sym

D € L(Ly(2)%%) and a fractional time derivative; that is,

sym
T = C Gradu + Doy Grad u,

for some a € [0,1], where 95 = 9,0 '. We shall simplify the present consideration
slightly and refer to Exercise instead for a more involved example. Throughout this
section, we shall assume that

C=0,D=D">2¢c, and p=p" >c

for some ¢ > 0. Thus, putting v := Jyu and assuming the clamped boundary conditions
again, we study well-posedness of

Opv —DivT = f, (7.3)

T = DO} Gradg u. (7.4)

In order to do that, we first rewrite the second equation. We will make use of the following

proposition which will serve us to show bounded invertibility of 0f* (in the space Lo, ),
and which will also be employed to obtain well-posedness.
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Proposition 7.2.1. Let v > 0, H be a Hilbert space and 0 < B = B* € L(H). Denote
by Pp the orthogonal projection onto Tan(B). Then for all x € H, a € [0,1], z € Cre>y
we have

Re (z,2%Bz) > v* (Ppx, BPpx) .

Proof. Let x = xo + x1 € H with z¢ € ker(B) and z; € tan(B). Then we compute
Re (zo + x1,2°B(xo + x1)) = Re (z1, 2“Bz1) = (Re 2%) (z1, Bx1) .

Since (z1, Bz1) > 0 it suffices to estimate Re z® from below. For o € {0, 1} there is
nothing to show. Let a € (0,1). We calculate with § = argz € (—g, g), t =Imz and
u=Rez>2v>0

N £\ 2 2
Re z% = |2|% cos(af) = (\/ 2 + uz) cos(afB) = p® <1 + <M> ) cos(af3)

R

= i (1 + (tan(8))?)  cos(af) = M(E;f))

We see that
cos(a) —ooas f— +

M s z

We further obtain
—asin(af) (cos(B))* + acos(af) (cos(8))* ! sin(B)

= (cos()*
_ - sin(af) cos(B) + cos(af3) sin(ﬁ)a cos(BN — sin((1 — a) 8) & (cos(B))*!
e (cos()" ™" = sin((1 ) 5) 1

with only zero at 8 = 0 at which ¢ attains its minimum due to the behaviour near +7.
Since ¢(0) = 1, we deduce
Rez® = pu® > v,

which shows the assertion. O

Applying Proposition with B = 1 and noting that D is boundedly invertible we can

reformulate (7.4) as

a;fp—lT — Gradpu =0,

so that (7.4) and (7.3)) read

(4 (8 ap ) ~ (o 7)) ()= (6)

A solution theory for the latter equation, thus, reads as follows, where again v = 0 ,u.
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Theorem 7.2.2. Put H = Ly(Q)? x Lo(Q)4%¢. Then for all v > 0 the operator

sym*

P P 0 B 0 Div
\o 9. D! Gradg 0

is densely defined and closable in Lo, (R; H). The inverse of the closure is continuous,
causal and eventually independent of v.

Proof. The proof rests on Theorem [6.2.1} Since 0 Div is skew-selfadjoint by
Gradg O

Proposition 6.2.4(a)l it suffices to confirm the positive definiteness condition for the
material law. For this let z € Cres, and compute for x € Ly(Q)%X¢, using Proposition

sym
and Proposition 6.2.2(b)]

Re <$, zziO‘Dflx> = Re <x, zlfaD71x> > ple <x, D71m> >yl

C

2
o

This yields the assertion. O

7.3 The Heat Equation with Delay

Let © C R? be open. In this section we concentrate on a generalisation of the heat
equation discussed in the previous lecture. Although we keep the heat-flux-balance in
the sense that

00 + divg = Q,

with ¢: R x Q© — R? being the heat flux and 6: R x Q — R being the heat, we shall now
modify Fourier’s law to the extent that

q= —agradf — br_p grad 0

for some a,b € L(L2(Q)?) with Rea > ¢ for some ¢ > 0, and h > 0. We shall again
assume homogeneous Neumann boundary conditions for g. Written in the now standard
block operator matrix form, this modified heat equation reads

P 10 n 0 0 n 0 divg 0\ (@
Y 0 0 0 (a+bry)™? grad 0 q) \0)°
In order to actually justify the existence of the operator (a 4 b7_ h)_l as a bounded linear

operator, we provide the following lemma.

Lemma 7.3.1. (a) There exists vy > 0 such that for all v > vy the operator a + br_y,
is continuously invertible in Lo, (R; Lo(2)%).

(b) For all 0 < ¢ < ¢/||a|)?® there is 11 > vy such that for all z € CRres,, we have
Re (a + be*Zh)f1 >c.

86



7 Examples of Evolutionary Equations

Proof. (a) By Example we obtain for all v > 0

(it+v)h

17 4l22,) < WPlzqeageyey sup [ = bl e

Thus, we find vy > 0 such that for all v > vy we obtain HbT,hcfluL(L2 ) <

%HbT—hHL(Lgﬂ,) < 1. Thus,

a+br_, = (1 + bT_ha_l) a
is continuously invertible by a Neumann series argument.
(b) Let 0 < ¢ < ¢/||al|*. We may choose vy > vy such that Hbe_Zha_luL( ,

La(@)?) S
— c’). For z € Cre>,, we

min{1,e} for all z € Cresy,, where 0 < £ < ¢ (HGCII2

compute

o0

—zn) ! _ -1 —2h 1\ _ -1 p—zh —1\F
Re(a—i—be ) Rea (1—|—be a ) Re(a kgzo( be™*"a )>
_ -1 > —1( 3 —zh, —1 k
= Re <a +,§1a ( be *"a ) )

c > k
> Za_l (_be—zha—1>
all pt

Z ||ac||2 — § a! (—be*ZhaA)k
[ ()

HaH
c H(— el o e 1, o
- = > ——-2=c. O
lal* el =[l(=be==ha=H)[| 7 fla® <

With this lemma we are in the position to provide the well-posedness for the modified
heat equation, as well.

Theorem 7.3.2. Let H = Ly(Q) x Ly(Q)?. There exists vy > 0 such that for all v > vy

the operator
5 10 n 0 0 L 0 divg
B2 0 0 0 (a+br_p)? grad 0

is densely defined and closable with continuously invertible closure in Lo, (R; H). The
inverse of the closure is causal and eventually independent of v.

Proof. The proof rests on Theorem and Lemma O
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7.4 Dual Phase Lag Heat Conduction

The last example is concerned with a different modification of Fourier’s law. The heat-
flux balance
00 +divg =Q (7.5)

is accompanied by the modified Fourier’s law
1
(1+ s¢0; + 553@2)(] = —(1+ sp0;) grad 0, (7.6)

where s, € R, sg > 0 are given numbers, which are called ‘phases’.

Remark 7.4.1. The modified Fourier’s law in is an attempt to resolve the problem
of inifinite propagation speed which stems from a truncated Taylor series expansion of a
model given by

Ts,q = —Ts, grad 6.

Note that it can be shown that such a model would even be ill-posed, see [5].

Let us turn back to the system (7.5 and (7.6). Notice, since sy > 0, and due to a strictly
positive real part of the derivative in our functional analytic setting, we deduce that
(1 + sp0¢,) is continuously invertible for v > 0. Thus, we obtain

1
Oty (6[,/1 + 54+ isgat,y)(l +800;) g = —grad 0

The block operator matrix formulation of the dual phase lag heat conduction model is

thus
5 (1 0 (0 dive)) (0) _ (@
v\ o (8;1,1 + 54+ %sgaw)(l + 598157,,)_1 grad 0 q/ \0)/)°

The aim of this section is to provide the following solution theory for this equation.

Theorem 7.4.2. Let H = Ly(Q) x Lo(Q)%. Assume s, € R\ {0}, sy > 0. Then there
exists vy > 0 such that for all v > 1y the operator

9 1 0 n 0 divg
v\ 0 (8,;1 + 54+ %sgaw)(l + 39(3,57,,)*1 grad 0

is densely defined and closable with continuously invertible closure in Lo, (R;H). The
inverse of the closure is causal and eventually independent of v.

The proof of Theorem is again based on Theorem Thus, we shall only record
the decisive observation in the next result. For this, we define

-1 1.2
270+ 8q+ 5852

M =
(2) 14 sp2

€C (zeC\{0,~1}).
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Lemma 7.4.3. Let s, € R\ {0},s9 > 0. Then there exists vy € R and ¢ > 0 such that
for all z € Cre>y, we have
RezM(z) > c.

Proof. We put o := Z—Z Let z € C\ {0, —é} We compute

zM(z)

1+sqz+%5222 1 1 1—0(1—%0)
= I S A
1+ spz 2

and therefore

1-0(1-30))(1+spRez)
11+ spz|”

1 1
RezM(z) = §sqaRez+a <1— 20) + (

By assumption

and since

(1-0(1—1%0))(1+sgRez) 0
11+ spz|®

as Re z — 0o, we obtain
1
RezM(z) > §sqaRez -9

for some 6 > 0 and eventually z € C with Re z large enough. U

7.5 Comments

The equations of poro-elasticity have been proposed in [9] and were mathematically
studied in 13} 7).

Equations of fractional elasticity are discussed in |11} 17, 3, [10]. The well-posedness
conditions stated here and in Exercise can be generalised as it is outlined in [11] to
the case where both C and D are non-negative, self-adjoint operators so that C and D
satisfy the conditions imposed on N; and Ny in Proposition [7.1.4, We refrained from
presenting this argument here, as it seemed too technical for the time being. Note however
that the proof is neither fundamentally different nor considerably less elementary.

The heat equation with delay has also been studied in [6] with an entirely different
strategy; the dual phase lag models have been dealt with in |8} |16].

Other ideas to rectify infinite propagation speed of the heat equation can be found in [1],
where nonlinear models for heat conduction are being discussed.

The visco-elastic equations discussed in Exercise [7.6] are studied with convolution oper-
ators more general than below in [15]; see also |2} |14} 4} 12].
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7 Examples of Evolutionary Equations

Exercises
Exercise 7.1. (a) Prove Proposition

(b) Prove Theorem [7.1.2

(c) Let © C R? be open, v > 0, f € HLY(R; L2(Q)?) and g € HL(R; Ly(Q)). With
the help of Theorem show that for large enough v > 0 there exist a unique
u € dom (87,) N dom (grad Adiv d;,,) N dom (Div C Gradg) and p € dom(dy,) N
dom(grad o) N dom(divg k grad) such that

Ot v pOr yu — grad Adiv 0y ,u — Div C Gradg u + grad a™p = f
O vcop + adiv 0y yu — divg k gradp = g.
Exercise 7.2. Let Q C R? be open, C, D € L(Ly(2)%*%), D = D* > ¢ for some ¢ > 0

sym

and « € [3,1]. Show that there exists v > 0 such that for all v > 1y the system

Otppv —DivT = f,
T = (C + Ddy,) Gradg u,

where v = 9 ,u, admits a unique solution (v,T) € Lo, (R; La(2)? x LQ(Q)gyXHCf) for all
f € Hy(R; Ly(2)7).

The following exercises are devoted to showing the well-posedness of certain equations in
visco-elasticity, where the ‘viscous part’ is modelled by convolution with certain integral
kernels. The proof of the required positive definiteness property requires some prelim-
inary results. We assume the reader to be equipped with the basics from the theory of
functions of one complex variable.

For U C C open, u: U — C holomorphic, define freu: U—R by frReu(x,y) == Reu(z +
iy) for (z,y) € U == {(z,y) e R*; x +iy € U}. We put

Hgeo(U) == {fRew; u: U — C holomorphic} .
Exercise 7.3. Let U C C be open.

(a) Let f € Hge(U). Show that f satisfies the mean value property; that is, for all
(x,y) € U and r > 0 with B ((x,y),r) C U we have

2w

flx,y) = — flx 4+ rcosb,y+ rsinf)do.
27T 0

(b) Consider U = Cpy>_c for some ¢ > 0 and assume that f € Hgo(U) satisfies
f(z,0) =0 for all z € R and f(x,y) — 0 as |(x,y)| — oco. Show that f = 0 on
R x RZO'

Exercise 7.4. In this exercise we show a version of Poisson’s formula. Let ¢ > 0,
VS HRe((CIm>—s) with f(ay) € LQ(R) for all y € R> .
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7 Examples of Evolutionary Equations

1 Imz—y'+i(Re z—1’) .
(a) Let y' > —e. Show that Crpsy 3 2 = = [ (Rez—x’)Q-l—(Imz—y’)Qf(x,’y/)dm/ 1s

holomorphic.

(b) Let 4/ > —e. Show that < [, %ﬂx’,y’) de’ — f(z,y') as y — y'+ for
all z € R.

(c) (Poisson’s formula) Show that for all (z,y) € R x Ryp and ¢/ € (—¢,0) we have

_l y_y/ ro /
f(mvy)_7_‘_/]1%(w_x/)2+(y_y/)2f(m7y)d$

Hint: Apply Exercise to show Poisson’s formula.
Exercise 7.5. Let vp € R and k € Ly ,,,(R;R) with sptk C R>¢. Let 11 > .
(a) Show that for all (z,v) € R x Rs,, we have

vV —1

~. 1 ~.
Imk(iz+v) = W/R P P Im k(iz’ + 1) da’.

(b) Assume there exists d > 0 such that for all x € R
:L‘Imif\(ix +1p) <d.
Show that for all ¥ > 11 and z € R we have
zIm k(iz + v) < 4d.

Hint: Use the formula in @] and split the integral into positive and negative part
of R; use symmetry of k under conjugation due to the realness of k.

Exercise 7.6. Let O C R be open, vy € R and k € Ly,,(R;R) with sptk C Rso.
Assume there exist 11 > g and d > 0 such that

zImk(iz 4+ 11) <d (z €R).

Show that there exists vo > 11 such that for all v > vy the operator

5 1 0 n 0 Div
BP0 (1= k) Gradg O

is well-defined, densely defined and closable in Ly, (R; H) with H = La(Q)? x Lo(€)2%d

sym*
Further, show that its closure is continuously invertible, and that the corresponding
inverse is causal and eventually independent of v.

Exercise 7.7. Let vy € R and k € L; 5, (R;R) with spt & C Rxg.

(a) Assume that k is absolutely continuous with &' € L ,, (R;R) for some v; € R.
Show that there exist v9 > vy and d > 0 with

ZL'IIH?{J\(L’L'—{— ) <d (reR).
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(b) Assume that k(t) > 0 for all t € R and that k(t) < k(s), whenever s < ¢. Show

that there exist v5 > 1y and d > 0 with
zImk(iz 4+ 1v5) <d (z €R).

NB: The condition in is a standard assumption for convolution kernels in the
framework of visco-elastic equations; the condition in is from [12].
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8 Causality and a Theorem of Paley and
Wiener

In this lecture we turn our focus back to causal operators. In Lecture [5| we found out that
material laws provide a class of causal and autonomous bounded operators. In this lecture
we will present another proof of this fact, which rests on a result which characterises
functions in Le with support contained in the non-negative reals; the celebrated Theorem
of Paley and Wiener. With the help of this theorem, which is interesting in its own right,
the proof of causality for material laws becomes very easy. At a first glance it seems
that holomorphy of a material law is a rather strong assumption. In the second part
of this lecture, however, we shall see that in designing autonomous and causal solution
operators, there is no way of circumventing holomorphy.

In the following, let H be a Hilbert space.

8.1 A Theorem of Paley and Wiener

We start with the following lemma, for which we need the notion of locally integrable
functions. We define

Lijoc(Ry H) == {f; VK CR compact : 1xf € Li(R; H)}
={f; Ve e CR): of € L1(R; H)}.

Lemma 8.1.1. Let f € Lyjoc(R;H). Then we have f € La(Rso; H) if and only if
f € Myso Loy (R H) with sup,~o (| £l 1, , r;my < 00 In the latter case we have that

|’fHL2(R>O,H) = VILI{)I+ HfHLQl,(R,H) = zs/li% Hf”LQl,(R,H)

Proof. Let f € Ly(Rso; H) and v > 0. Then we estimate

LUsOe >t ae= [ Irole < [ 11 =110,
R R20 R20

which proves that f € L, (R; H) with |||, wm) < Ifllp,®seqm) for each v > 0.
Moreover, || fllz, @y = IfllL,®og: ) 88 ¥ — 0 by monotone convergence and since
clearly | fllz, ,(mim) < Hf\|L27M(R;H) for 0 < p < v we obtain

|’fHL2(R>O,H) = Vli%l+ Hf”Lgl,(R,H) = zsjli% Hf”Lgl,(R,H)
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8 Causality and a Theorem of Paley and Wiener
Assume now that f € (50 L2y(R; H) with C = sup,q || fll1, , @) < 0o We first
prove that spt f C R>g. For doing so, let a < b < 0. Then we estimate for v > 0
b 1/2

b b
/Hf(t)!Hdt:/Hf(t)\He”te”tdté 11z, ey /ez”tdt

a

eQVb _ eQVa )
4
< HfHLQYV(R;H) oy < Ce”’Vb — a.

Since the right-hand side tends to zero as v — oo, we infer that f = 0 on [a, b] and thus
spt f € R>¢. Moreover, for n € N and v > 0 we estimate

0 0

Letting v — 0 we infer

/rf<t>||2dt <C (neN)
0

and hence, by monotone convergence, we derive that f € Lo(Rxo; H). O

For the proof of the Paley—Wiener theorem we need a suitable space of holomorphic
functions on the right half-plane, the so-called Hardy space Ho(Cresy; H), which we
introduce in the following.

Definition. For v € R we define the Hardy space

Ho(Cresy; H) =< g: Cresy — H ; g holomorphic, su / lg(it + p)||3; dt < oo
p>v
R

and equip it with the norm H'||H2(<CRQ>U;H) defined by

2

: 2
190 iy =510 | [ it + )1y
p>v
R

We are now able to prove the Theorem of Paley—Wiener, [4]. We mainly follow the proof
given in [5, 19.2 Theorem)|.

Theorem 8.1.2 (Paley-Wiener). Let g € Hao(Creso0; H). Then there ezists a unique
f € La(Rxo; H) such that
L,f=g9(-+v) (v>0).

Moreover, ||f||L2(R>O;H) = ||g||H2((CRC>0;H)‘
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8 Causality and a Theorem of Paley and Wiener

Figure 8.1: Curve 7.

Proof. For v > 0 weset g, = g(i-+v) € Lo(R; H) and f, .= F*g, € Lo(R; H). Moreover,
we set f = el)f. We first prove that f € (), Lo, (R; H) with sup, Hf||L27V(R;H) <
oo. For doing so, let a > 0, p > 0 and € R. Applying Cauchy’s integral theorem to the
function z — e€**g(z) and the curve +, as indicated in Figure we obtain

0= i/e(it+1)zg(it+ 1)dt —

—a

et R)T o + k) dr (8.1)

a

—i / 0T (it 4 p) dt +

—a

eFIHRZ (g + k) dk.

Dt v —

Moreover, since

2 1

1
/ / eFHatRT(Lig 1 k) dr|| da < / / ]e(ﬁ““)x / lg(+ia + x) |17 x| da
R llp H R Ip p
1 1
< /eQde/ﬁ //g +ia 4 k)||3 dads
P p

1

2

< / e dr| 1 = plll9l3, (Cpom:iry < 0O
P

we infer that (a — fpl e(Fatr)Tg(4ig 4 g) dn) € Ly(R; H) and thus, we find a sequence

(an)nen in R such that a, — oo and

eHntR)Z o (i + k) dk — 0

S—

as n — oo. Hence, using (8.1)) with a replaced by a,, and letting n tend to infinity, we
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8 Causality and a Theorem of Paley and Wiener

derive that

/ e(it—‘rl)zg(it +1)dt — / e(it+p)$g(it +p)dt =0 (n— o00).

Noting that for each p > 0 we have

/ T g (it 1) dt = V2re F* (1 an9n) (@) (v € R)

—an

and that 1|_g, 4,194 — gp in L2(R; H) as n — oo, we may choose a subsequence (again
denoted by (a,)) such that

an an

0= lim / ey (it 4 1) dt — / 0T (it 4 p) dt
= lim (\/ 27Tez}"*(]l[_aman]g1)(m) — QWeow*(l[_anyan]gp)(:v))
n—oo

=V (e" fi(x) — o ()

for almost every = € R. Hence, f =el) f; = exp(pm) f, for each p > 0 and thus,
[ = [0l dr < o0
R R

which shows f € [ 5o L2,p(R; H) with

sup || f .y = sup || f, oy = sup|lg o = llg -
up 11, ety = P ol = S0P 19y = 191t

Thus, f € Lay(Rso; H) with |’fHL2(R2O;H) = [19ll, (cpono; ) Py Lemma . Moreover,
£,f = Fexp(—vm)f = F exp(—vm) exp(vm) f, = Ff, = g, = g(i - +v)

for each v > 0, which shows the claim. O

Corollary 8.1.3. Let v € R. Then the mapping

L: L27V(R>O; H) — Ha(Cre>w; H)
fr (2 (Lref) (Imz))

is a surjective isometry. In particular, Ho(Cres,; H) is a Hilbert space.
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8 Causality and a Theorem of Paley and Wiener

Proof. We first prove that the mapping is well-defined. For f € Lo, (Rso; H) we have
that (¢t — e ' f(t)) € L1(Rs0; H) N La(Rx0; H) for all p > v and thus,

(LF) (it + p) = (Lpf) (¢ “12?0/6 (405 f(s)ds (tER,p > v).

Hence, Lf: Cresy — H is holomorphic (cf. Exercise 5.6). Moreover, by Lemma

iuls ILFG+o) Ly ey = Spup Loy rorry = SUP 1 llz, o) = SUP le™ fHLQ,, (R;H)

= Heﬂ/ fHL2(R;H) = ”eXP(—Vm)fHLQ(R;H) = HfHLQ,V(R;H)v
which proves that £ is well-defined and isometric. Let now g € Ha(Cresy; H) and define

g(z) == g(z +v) for 2 € Cre>0- Then g € Ha(Cre>o; H) and thus, Theorem yields
the existence of f € La(R>o; H) with

gli-+p) =Gl +p—v) = Ly-uf = L,("F) (0> ).
Hence, setting f := e”‘fe L, (Rxo; H), we obtain Lf = g. O

We can now provide an alternative proof of Theorem by proving causality with the
help of the Theorem of Paley—Wiener.

Proposition 8.1.4. Let M: dom(M) C C — L(H) be a material law. Then for v >
sp (M) we have M(0y,) € L(L2(R; H)) and M(0:,) is causal and autonomous (see

FExercise .

Proof. Let v > s, (M). Then M: Cres, — L(H) is bounded and holomorphic on

CRe>v. Hence, by unitary equivalence, M (0;,) € L(L2,(R; H)). Moreover, M(0;,) is

autonomous by Exercise Thus, for causality it suffices to check that spt M (9;,)f C

R>¢ whenever f € Lo, (Rxo; H). So let f € Lo, (Rso; H). Then Lf € Hao(CRresy; H) by

Corollary and since M is bounded and holomorphic on Cres,, we infer also that
(z — M(z) (L) (Z)) € Hao(CRresy; H).

Again by Corollary there exists g € La, (R>0; H) such that
Lg(z) = M(2) (Lf)(z) (2 € Cres)-

Thus, in particular

Log=M@Im+p)L,f (p>v).
Since f,g € Lo, (Rx0; H) we infer that £,9 = L,gand L,f — L, fin Ly(R; H) as p — v
by dominated convergence. Moreover, M (im + p) — M (im + v) strongly on Lo(R; H) as
p — v (cf. Exercise [8.2). Hence, we derive

L,9=M(Gm+v)L,f,

and thus, g = M (0;,,) f which shows the causality. O
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8 Causality and a Theorem of Paley and Wiener

8.2 A Representation Result
In this section we argue that our solution theory needs holomorphy as a central property
for the material law. The main theorem of this section reads as follows:

Theorem 8.2.1. Let vy € R and let T € L(L2,,(R; H)) be causal and autonomous.
Then T|r,,,nL,, has a unique extension T, € L(L2,(R; H)) for each v > vy and there
exists a unique M : Cresy, — L(H) holomorphic and bounded such that T,, = M (0;,)
for each v > vy.

We start with the following lemma.

Lemma 8.2.2. Let f € Lay(Rso; H) and z € Creso such that for each h > 0
ft+h)=e*"f(t) (ae.t € Rsp).
Then f € Li(Rxo; H) and

=e 2 [ f(s)ds (a.e.t € Rxp).
/

Proof. We compute

n+1
/anHa /nf|ma /ww+n“ﬂt
n=0 =0 ,
oo 1 -
=3 [ O < Wl Do < 0
=0 0 n=0

and thus, f € Li(Rxo; H). We define the function F: R>g — H by F(t) .= [ f(r)dr.
Then F' is continuous and

o0

oo
t) _/f(r)dr_ /f(t+7“)d7“—e”F(0) (t € Rx).
t 0

Hence, F is continuously differentiable with F'(t) = —ze *'F(0). We will prove that
F'(t) = —f(t) for almost every t € R>g, which then yields the assertion. For doing so,
for ¢ € C°(Rs0; H) we compute

/QWWMMH&=—/@WMﬂmH&=—/</ﬂﬂwwﬁO at
0 0 0\t H
=—/<ﬂm/¢W&><%=/GNMMﬂm&ﬂ
0 0 H 0
Since F', f € La(R>o; H) and C°(Rxo; H) is dense in Lo(R>o; H) we derive F' = —f,
which completes the proof. O
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8 Causality and a Theorem of Paley and Wiener

Remark 8.2.3. The formula F’ = — f also follows from Lebesgue’s differentiation theorem
(cf. [5, Theorem 7.7] or |1, Corollary 2.13]), which, however, we do not want to prove
here.

With this lemma at hand, we are able to prove the following theorem, which will be the
key argument in the proof of Theorem [8.2.1]

Theorem 8.2.4. Let T' € L(L2(R; H)) be causal and autonomous. Then there exists
M : Creso — L(H) holomorphic and bounded such that

(LTf) (z) = M(2) (£f) (2) (f € La(Rx0; H), 2 € CRre>0)-
Proof. For z € Creso and y € H we define
Gzy(t) = Igr., (t)e*Zty (t € R).
Then g., € La(R>o; H). We have that
(Lo (M)Th02y) (1) = Loy ()92 (E+ ) = ¢ g2y (1)

for each h > 0. Moreover, since T' is assumed to be causal, we have that Ig_,(m)7T" =
Ig_,(m)T1g_,(m) and thus,

]IR>0 (m)T]lR>o (m) = TﬂR;o (m) - ]leo (m)T]lR>o (m) = T]IR>0 (m)

Taking adjoints, we derive that 1g_,(m)T*1g_,(m) = Ig_,(m)7T™. Using that 7™ is also
autonomous, for each h > 0 we compute

1R>o(m)7h]lR>o( )T 9zy = ]IR>o(m)ﬂR>_h( )T Th9zy = IL]R>()( )T*Th.gz,y
= 1g,, (m)T*]lR>0 (M) 7,92y =€ —zh Ig., (M)T7 g2 .

In other words, for each h > 0
Lro(t+h) (T*gay) (t+h) = e e, (1) (T*g2) (1) (ae. t € Rap),

that is, Ig_,(m)T™g., satisfies the assumption of Lemma and thus,

[e.e]
(T"gzy) (t) = ™2 / *Gay) ( (a.e. t € Rxo). (8.2)
0

For z € Creso we define the mapping

L(z): H—-H

o0

Y z/ (T*g2y) (s)ds.

0
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8 Causality and a Theorem of Paley and Wiener

Then L(z) is linear, and by (8.2)) for y € H we obtain
T*g.4(t) =e *L(z)y (ae.tER).

Therefore,

1O 2y = [ 1002 Ot = [ Je UL
0 0

1

L)y ——— .

Hence,
1Lyl = V2Re 2|[Lp. ()T gy ||, .51y < V2R 2T g2l iy = 1Tyl e

which proves that L(z) € L(H) with ||L(z)|| < ||T| for each z € Cgreso. Let now
f € La(Rsp; H). Then T'f € Lo(Rso; H) by causality and for y € H,z € CRreso we

compute
<y7/e—zt (Tf) (t) dt> = \/12?0/<e—2*ty7 (Tf)(t)>H dt

0 H

(v, (LTS) (2) g =

(9o 0o TF) Ly i) = \/12? (T F) Larsmy
(e OLEw L), = B (D) )y
=y, L(z")" (L) (2)) g -

Hence, setting M(z) := L(z*)* € L(H) for z € Cre>0, we derive

95§~
3 3 3

(LTf)(2) = M(2) (L£f) (2) (2 € Cre>0, f € La(Rxo; H)).

Since [|[M(2)|| = ||L(2*)|| < ||T|| for z € Cre>0, we obtain the boundedness of M. We now
prove the holomorphy of M. For doing so, we apply the latter formula to f = v2mgy 4

for y € H. Then (Lf)(z) = Z}rly for z € Cre>o and hence,

M(z)y = (z+ 1) (£Tf) () (2 € Cres0)-

Since the right-hand side is holomorphic by Corollary M (-)y is holomorphic for
each y € H and thus, M is holomorphic by Exercise [5.3 O

We can now prove our main result of this section.

Proof of Theorem [8.2.7. We just prove the existence of a function M. The proof of its
uniqueness is left as Exercise [8.3]
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8 Causality and a Theorem of Paley and Wiener

We first prove the assertion for vy = 0. So, let T' € L(La(R; H)) be causal and autonom-
ous. According to Theorem we find M : Cre>o — L(H) holomorphic and bounded
such that

(LTf)(z) =M(z)(Lf)(2) (f € L2(Rx0; H),z € Cre>0)-

Let now ¢ € C°(R; H) and set a := infspt . Then 7,0 € La(R>0; H), and for v > 0
we compute

LTo=L,T_ T10 = e_(im+”)“£yT7acp = e_(im'H’)“M(im + V) LyTap
= M(@{m+ v)Ly,p. (8.3)

The latter implies

”TSOHLQ,,,(R;H) = H'CVTSOHLQ(R;H) = || M (im + V)EVSOHLQ(R;H) < HMHoo,tcRe>0HSOHLZ,,(R;H)

and hence, T'|ceo (r;r) has a unique continuous extension 7, € L(La,, (R; H)). Using (8.3)
we obtain

T, = L;,M(im + v)L, = M (0;,)

by approximation.
Let now 1y € R. Then the operator

T := e "™ e"™ ¢ [(Ly(R; H))

is causal and autonomous as well. Thus, f|Cé>o(R; m) has continuous extensions T, €
L(Ls,(R; H)) for each p > 0 and there is M : Creso — L(H) holomorphic and bounded
such that Tp = M(@t’p) for each p > 0. Using T|coo ;) = e”OmﬂCgo(R;H)e*”Om, we
derive that T'|ceo(r;fy has the unique continuous extension T, = e"™T,_, e~ "™ €
L(Ly,(R; H)) for each v > 1 and

vomm —vom —vpm AT/ —vpm
LT, =L,e""T,_ e " =L, Ty_pe ™ =M@Im+v — v)Ly_pye °

= M(im +v—w)L,.

Hence,
Tu - M<at,1/)

for the holomorphic and bounded function M given by M(z) == M(z — 1) for z €
(CR6>Z/0- D

8.3 Comments

The stated Theorem of Paley and Wiener is of course not the only theorem characterising
properties of the support of Lo-functions in terms of their Fourier or Laplace transform.
For instance, a similar result holds for functions having compact support, see e.g. [3,
19.3 Theorem| and Exercise These theorems provide a nice connection between Lo-
functions and spaces of holomorphic functions in the form of the so-called Hardy spaces.
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8 Causality and a Theorem of Paley and Wiener

In this lecture we just introduced the Hardy space Ho and it is not surprising that there
are also the Hardy spaces H,, for 1 < p < oo. We refer to |2| for this topic.

The representation result presented in the second part of this lecture was originally
proved by Fourés and Segal in 1955, [3|. In this article the authors prove an analogous
representation result for causal operators on Lo(R?; H), where causality is defined with
respect to a closed and convex cone on R?. The quite elementary proof for d = 1 presented
here is due to Weiss in 1991, [6].

Exercises

Exercise 8.1. Let A C Ry be a set with an accumulation point in R~g. Prove that
{(z — e™*) ; XA € A} is a total set in L1(Rxo).
Hint: Use that the set is total if and only if

Vi€ Loo(Rsg): | VAEA: /e_)‘xf(x)dx:Oif:O

R}Q

Exercise 8.2. Let M: dom(M) C C — L(H) be a material law. Moreover, let v >
sp (M). Show that lim,,+ M(im + p) = M (im + v) where the limit is meant in the
strong operator topology on Lo(R; H).

Exercise 8.3. Prove the uniqueness statement in Theorem [8.2.1}]

Exercise 8.4. Give an example of a continuous and bounded function M: Cresg —
L(H) such that the corresponding operator M (0;, ) is not causal for any v > 0.

Exercise 8.5. Prove the following distributional variant of the Paley—Wiener theorem:
Let vy > 0, k € N, f: Cresy, — C, and set h(z) := 2% f(2) for z € Cresy,. We assume

2k

that h € Ha(CRresyy; C). For v > 1y we define the distribution u: C°(R) — C by
u(W) = (LohG - +v),00,0) ) mey (¥ € CE(R;C)).
Prove that sptu C R, where
sptu ::R\U{U CRopen; V¢ € CZ(U;C) : u(yp) =0} .
What is w if f = ]l(CRe>u0?

Exercise 8.6. Let g € L2(R),a > 0 such that sptg C [~a,a]. Show that f = Fg
extends to a holomorphic function f: C — C with f(it) = f(¢) for each ¢t € R such that

3C > 0Vz € C: |f(z)] < CetlRezl,
Exercise 8.7. Let f : C — C be holomorphic such that
(a) 3C >0,a>0Vz€C: |f(2)] < CelRezl
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(b) f(i-) € La(R).
Prove that g := F* f(i-) satisfies spt g C [—a, a].
Hint: Apply Theorem to the function h : Creso — C given by

—za f(2)

h =
(2) ¢ z+1

(2 € Cre>0)

to derive that sptg C R>_,.
Note: The assertion even holds true if one replaces condition by

3C >0,a>0VzeC: |f(z)] < Ce?l.
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9 Initial Value Problems and
Extrapolation Spaces

Up until now we have dealt with evolutionary equations of the form

(8thM(6t,V) + A)U = F

for some given F' € Ly, (R; H) for some Hilbert space H, a skew-selfadjoint operator A
in H and a material law M defined on a suitable half space satisfying an appropriate
positive definiteness condition with v € R chosen suitably large. Under these conditions,
we established that the solution operator, S, = (¢, M () + A)fl € L(Ly,(R; H)),
is eventually independent of v and causal; that is, if F' = 0 on (—o0, a] for some a € R,
then so too is U.

Solving for U € Ly, (R; H) for some non-negative v penalises U having support on R<g.
This might be interpreted as an implicit initial condition at —oo. In this lecture, we shall
study how to obtain a solution for initial value problems with an initial condition at 0,
based on the solution theory developed in the previous lectures.

9.1 What are Initial Values?

This section is devoted to the motivation of the framework to follow in the subsequent
section. Let us consider the following, arguably easiest but not entirely trivial, initial
value problem: find a ‘causal’ u: R — R such that for ug € R we have

{u’(t) =0 (t>0),

u(0) = up. ©-1)

First of all note that there is no condition for v on R.g. Since, there is no source term
or right-hand side supported on R.g, causality would imply that v = 0 on (—o00,0).
Moreover, u = ¢ for some constant ¢ € R on (0,00). Thus, in order to match with the
initial condition,

u(t) = uO]l[O,oo) (t) (t S R).

Notice also that u is not continuous. Hence, by the Sobolev embedding theorem (Theorem
s Uy dom(dy,).

Proposition 9.1.1. Let H be a Hilbert space, ug € H. Define

50’LL02 CSO(R,H) — K
[ (uo, f(0+)) g -

105



9 Initial Value Problems and Extrapolation Spaces

Then, for all v € Rsq, doup extends to a continuous linear functional on dom(0;,).
Re-using the notation for this extension, for all f € dom(0;,) we have

(50u0) (f) == <]l[0,oo)u0> (815,1/ - 27/) f>L2,,,(]R;H) : (92)

Proof. The equality is obvious for f € CX(R; H) as it is a direct consequence of
the fundamental theorem of calculus (look at the right-hand side first). The continuity of
doug follows from the Cauchy—Schwarz inequality applied to the right-hand side of .
Note that 1o oyuo € L2, (R; H). O

Recall from Corollary that
8;1, = =0y + 2v.
Hence, if we formally apply this formula to , we obtain
(Ot 0,00y 10, ) = (Ljp,00) 10, If,.f ) = (douo) (f).

Therefore, in order to use the introduced time derivative operator for the above initial
value problem, we need to extend the time derivative to a broader class of functions
than just dom(d;,). To utilise the adjoint operator in this way will be central to the
construction to follow. It will turn out that indeed

w10 00)to = douo-
Moreover, we shall show below that
O,pu = doup
considered on the full time-line R is one possible replacement of the initial value problem
E1).
9.2 Extrapolating Operators

Since we are dealing with functionals, let us recall the definition of the dual space.
Throughout this section let H, Hy, H; be Hilbert spaces.

Definition. The space
H' = {p: H— K; ¢ linear and bounded}
is called the dual space of H. We equip H' with the linear structure

Ao+ ) () = Nop(x)+p(z) NeK,p,0 e H xeH).
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9 Initial Value Problems and Extrapolation Spaces

Remark 9.2.1. Note that H’ is a Hilbert space itself, since by the Riesz representation
theorem for each ¢ € H' we find a unique element Ry € H such that

Ve e H: o(x) = (Ruy, ).

Due to the linear structure on H’, the so induced mapping Ry: H — H (which is
one-to-one and onto) becomes linear and

H' x H' 5 (p,9) = (Rup, Rut))

defines an inner product on H’, which induces the usual norm on functionals.

Let C: dom(C) C Hyp — H; be linear, densely defined and closed. We recall that in this
case dom(C') endowed with the graph inner product

(u,v) — <u,v>H0 + (Cu, C’v}H1

becomes a Hilbert space. Clearly, dom(C) < Hj is continuous with dense range.
Moreover, we see that dom(C) > z +— Cx € H; is continuous. We define

C®: Hy — dom(C) = HY(C),
(C°¢)(x) = (¢,Cx)y, (¢ € Hi,x € dom(C)).

Note that C° is related to the dual operator of C; up to the Riesz isomorphism they
agree.

Proposition 9.2.2. With the notions and definitions from this section, the following
statements hold:

(a) C° is continuous and linear.

(b) Identifying functionals on Hy by its Riesz representative, we obtain C* C C°; that
is,(RI}(l)C*gb)(:z:) = (C*p,x) gy, = (¢, Ca) g, = (C°) () for all ¢ € dom(C*) and
z € dom(C).

(c) ker(C*) = ker(C?).
(d) C C (C*)°: Hy — dom(C*) = H~1(C").
(e) Hy = H), — HY(C) densely and continuously.
Proof. [(a)| Let ¢, € Hi, A € K. Then
C*(Ap + ) (z) = A (C79)(x) + (C°Y)(x) = (AC°¢ + C*Y)(x)  (x € dom(C)).
To show continuity, let ¢ € H; and = € dom(C'). Then
‘<¢7 Cx>H1‘ <8l g, [1C2] g, < H¢HH1”$Hdom(C)~

Hence, [|C°l] = suPgem, gy, <1 1C°Pllaom(cy < 1-
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9 Initial Value Problems and Extrapolation Spaces

[(b)] Let ¢ € dom(C*). Then we have for all z € dom(C)

(C°¢) (x) = (¢, Ca)y, = (C"d, 1) g, = (C7P) ().

We obtain C°¢ = C*¢. (Note that a functional on Hy is uniquely determined by its
values on dom(C).)

Using [(b)] we are left with showing ker(C®) C ker(C*). So, let ¢ € ker(C®). Then
for all z € dom(C') we have

0= (C°0) (x) = {6, C)p,

which leads to ¢ € dom(C*) and ¢ € ker(C*).

(d)|is a direct consequence of applied to C*.

Since dom(C) < Hj is dense and continuous, we obtain that H} < dom(C)’ is so,
too; cf. Exercise [9.2] O

We will also write C_; := (C*)° for the so-called eztrapolated operator of C. Then
(C*)_1 = C°. We will record the index —1 at the beginning, but in order to avoid too
much clutter in the notation we will drop this index again, bearing in mind that C_; 2 C
and (C*)_; 2 C*.

Example 9.2.3. We have shown that for all v € R the operator d;, is densely defined
and closed. Then for f € Ly, (R) we have for all ¢ € C°(R)

(@0)1) (€)= {1.0008)y,, = U (=00 +2) 81y, = = [ (F(0)),

Hence, (0¢,)-1f acts as the ‘usual’ distributional derivative taking into account the
exponential weight in the scalar product.
With this observation we deduce that for v > 0 we have

(at,u)fl ]1[0,00) = at,l/]l[O,oo) = 0o-
Hence, the initial value problem from the beginning reads: find « such that
(O¢v)—1u = ugpdo.
Example 9.2.4. Let Q C R? be open. Consider grad,: Hg(Q2) C La(Q2) — La(Q)%. We
compute div_q: La(Q)4 — H=1(Q) with H~1(Q) = H}(Q)'. For ¢ € Ly(2)? we obtain
for all ¢ € H(Q)
(div_1 ¢) (¢) = (g, div” ¢>L2(Q)d = — (¢, grady ¢>L2(Q)d :

Also, with similar arguments, we see that

((grad)_; f) (@) = = (£, divo @) 1,0

for all f € Ly(R2) and g € Hy(div, ).
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9 Initial Value Problems and Extrapolation Spaces

We consider a case of particular interest within the framework of evolutionary equations.

Proposition 9.2.5. Let A: dom(C) x dom(C*) C Hy x Hy — Hy x H; be given by

A(0) - (e §)(0)- ()

Then A_1: Hy x Hy — H-Y(C) x H~Y(C*) acts as

G- (2, EYO-()

Next, we will look at the solution theory when carried over to distributional right-hand
sides.

An immediate consequence of the introduction of extrapolated operators, however, is
that we are now in the position to omit the closure bar for the operator sum in an
evolutionary equation, which we will see in an abstract version in Theorem and for
evolutionary equations in Theorem[9.3.2] The main advantage is that we can calculate an
operator sum much easier than the closure of it. The price we have to pay is that we have
to work in a larger space H ™1 of an operator in Ly, (R; H) rather than in the original
Hilbert space Lo, (R; H). Put differently, this provides another notion of “solutions” for
evolutionary equations. For this, we need to introduce the set

Fun(H) = {¢: dom(¢) C H — K; ¢ linear}

of not necessearily everywhere defined linear functionals on H. Any u € H is thus
identified with an element in Fun(H) via ¢ — (u, ). Note that we can add and scal-
arly multiply elements in Fun(H) with respect to the same addition and multiplication
defined on H' and with their natural domains. As usual, we will use the C-sign for
extension /restriction of mappings.

Theorem 9.2.6. Let A: dom(A) C H — H, B: dom(B) C H — H be densely defined
and closed such that A+ B is closable, and assume that there exists (Ty,),cn in L(H)
such that T,, — 1p in the strong operator topology with ran(T,,) C dom(B) and

T,A C AT,, T,B C BT, for alln € N.

Then TFA* C A*T) and T;B* C B*T; for each n € N and ran(T)) C dom(B*).
Moreover, for x, f € H the following conditions are equivalent:

(i) x € dom(A+ B) and (A+ B)x = f.
(i) Ayz+ B_1x C f € Fun(H).

Proof. Let n € N. Taking adjoints in the inclusion 7,,A C AT, we derive (AT,)* C

(T,,A)*. By Theorem and Remark we obtain
TyA* CTrA* = (AT,)" C (T, A)* = A*T}.
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9 Initial Value Problems and Extrapolation Spaces

The same argument shows the claim for B*. Moreover, since BT, is a closed linear
operator defined on the whole space H, it follows that BT,, € L(H) by the closed graph
theorem. Hence, (BT,)* is bounded by Lemma and since (BT,)* C (T,,B)* =
B*T;, we derive that dom(B*T)) = H, showing that ran(7;) C dom(B*).

We now prove the asserted equivalence.

(i)=(ii): By definition, there exists (x,), in dom(A) N dom(B) such that z, — = in H
and Az, + Bx, — f. By continuity, we obtain A_jx, — A_1x and B_1x, — B_jz in
H~1(A*) and H~1(B*), respectively. From

(A4 B)x, — Bz, = Az, - A_jx € H (A%

and
(A+ B)z, — Az, = Bxy, — B_1x € H_l(B*)

it follows that
A_1x+ B_ijz C f € Fun(H).

(i1)=(i): For n € N we put x,, := T,z. Then z,, € dom(B) and for all y € dom(A*) N
dom(B*), we obtain
(Tnf — Bn,y) = (Tnf,y) — (Tnx, B'y) = (. Ty) — (x, T, B"y)
= {f,Toy) — (2, B'Ty) = f(Ty) — (Bax)(Thy) = (Aaz)(Thy)
= (2, A'Tyy) = (2, Ty A™y) = (w0, A"y) ,

where we have used that 7'y € dom(A*) N dom(B*). Let now y € dom(A*). Then
Tyy € dom(A*) Ndom(B*) for each k£ € N and thus, by what we have shown above

<Tk(Tnf - an)7y> = <Tnf - B:EnaT]:y> = <xnaA*T];ky> = <-TnaT]:A*y> = <Tk$nvA*y>
for each k£ € N. Letting k£ tend to infinity, we derive
(Tof — Ban,y) = (zn, A™y) .

Since this holds for each y € dom(A*), this implies that z,, € dom(A) and Ax,, + Bz, =
T,f. Letting n — oo, we deduce x,, — x and Ax,, + Bz, — f; that is, (i). O

Lemma 9.2.7. Let T: dom(T) C H — H be densely defined and closed with 0 € p(T).
Then T_1: H — H~Y(T*) is an isomorphsim. In particular, we have that H(T_l)_l-HH
and ||| -1 (p+) are equivalent.

Proof. Note that since 0 € p(T') we obtain {0} = ker(T) = ker((T*)°) = ker(T_1), see
Proposition[9.2.2(c)l Thus, T_1 is one-to-one. Next, let f € H=*(T*). Since 0 € p(T), we
obtain 0 € p(T™*) by Exercise2.4] which implies that (I, T*-) defines an equivalent scalar
product on dom(7™*). Thus, by the Riesz representation theorem, we find ¢ € dom(7™)
such that for all ¢ € dom(7™) we have

F@) = (T, T"y) = (T7)° (T"¢)) (¥).
Hence, f € ran((7*)°) = ran(7-1), thus proving that 7_; is onto. O
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9 Initial Value Problems and Extrapolation Spaces

The following alternative description of H~1(T*) is content of Exercise .

Proposition 9.2.8. Let T: dom(T') € H — H be densely defined and closed with
0€ p(T). Then

—~—

T_I'HH)’

H™YT") = (H,

where = means isomorphic as Banach spaces and (-) denotes the completion.

Proposition 9.2.9. Let B € L(H). Assume that T: dom(T) C H — H is densely
defined and closed with 0 € p(T) and T~1B = BT~!. Then B admits a unique continuous
extension B € L(HY(T™)).

Proof. By Proposition [9.2.4(e)l dom(B) = H is dense in H~!(T*). Thus, it suffices to
show that B: H C H~'(T*) — H~'(T*) is continuous. For this, let ¢ € H and compute
for all ¢ € dom(7T™)

(Bo) ()] = [(Bo,a)| = |(Bo, (1) T"q)| = |(T7"Bo, T"q)| = |(BT 6, T")|
LT ——
The statement now follows upon invoking Lemma [9.2.7] O

The abstract notions and concepts just developed will be applied to evolutionary equa-
tions next.

9.3 Evolutionary Equations in Distribution Spaces

In this section, we will specialise the results from the previous section and provide an
extension of the solution theory in Lo, (R; H). For this, and throughout this whole
section, we let H be a Hilbert space, u € R and M: Cres,, — L(H) be a material law.
Furthermore, let v > max{s, (M),0} and A: dom(A) C H — H be skew-selfadjoint.
Assume that there exists ¢ > 0 such that

RezM(z) =2 ¢ (2 € Cresy)-

We recall from Theorem that the operator 0, , M (0;,) + A is continuously invertible
in Ly, (R; H). In order to keep track of the Hilbert spaces involved, we shall put

H; Y (R; H) := dom(9,,,) = dom(9;,)".

Proposition 9.3.1. Let H be a Hilbert space. Let D: dom(D) C H — H be densely
defined and closed and B € L(H). Assume that DB is densely defined. Then for all
¢ € H, (DB)_1(¢) = (D-1B)(¢) on dom(D").

Proof. First of all, note that (DB)* = B*D*, by Theorem [2.3.4L Next, let ¢ € H and
x € dom(D*). Then

((DB)-19)(x) = (¢, (DB)"z) = (¢, B*D*x)
= (¢, B*D"x) = (B¢, D"x) = (D-1B¢)(x). H
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9 Initial Value Problems and Extrapolation Spaces

The first application of the theory developed in the previous section reads as follows.

Theorem 9.3.2. Let U, F € Ly, (R; H). Then the following statements are equivalent:

(i) U € dom(8y,, M (9y) + A) and (0, M (8,) + A)U = F.
(i) Oy M(0:)U + AU C F where the left-hand side is considered as an element of
H;YR; H) N Loy (R; HL(A)) C Fun(Le, (R; H)).
Proof. Consider the inclusion

<8t71,M<8t71,))_1U +A_ U CPF. (9.3)

We show next that (9.3)) is equivalent to (ii) by applying Proposition to the case
D = 0,,,B = M(0,,). For this assume that (9.3) holds. By Proposition we
deduce that

((3t,uM(3t,u))—1U+A—1U)|dom(agju)mdom(A) = ((Or) -1 M (Or0)U+A—1U) dom (67, )ndom(A)

Thus, (9.3]) implies (ii).

On the other hand, assume that (ii) holds. Let ¢ € dom((9;, M (0, ))*)NL2,(R; dom(A)).
Then, for € > 0, ¢ == (1 +¢9;,) '¢ € dom(d;,) N Lz, (R; dom(A)). By Lemma W,
we deduce ¢ — ¢ as € — 0 in Lg ,(R;dom(A)) and

(Or M (01))* e = (1+€0;,) " (0 M (0:0))* ¢ — (01, M(D:))* ¢ (€ = 0)
in Ly, (R; H). By (ii) we obtain
((Be) -1 M (8,)U + A-1U)(¢e) = F(e).
Using Proposition we infer
(0 M (D)) 1U + A-1U)(¢e) = F(e).

Letting e — 0, we deduce (9.3).
We are now in the position to apply Theorem from above to the case Lo, (R; H)

being the Hilbert space, A the operator in Lo, (R;H), B = 0;,M(0:,), and T =
(1 + %8,5’1,)71. We need to establish the commutativity properties next. From Hille’s
theorem in Proposition we deduce 0y, lac A0y 1. Hence, by induction, we obtain
8;fA - A@;Vk for all £ € N. Thus, for all n € N we deduce T,A C AT,, by Lemma
9.5.9]

Next, we infer ran(7;,) C dom(d,) C dom(B) and

T.,B C BT,

for all n € N by using the Fourier-Laplace transformation, see also Theorem [5.2.3] The
closability of A + B is implied by Theorem [6.2.1] Thus, the assertion is indeed implied
by Theorem once we have proved the following lemma. O
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Lemma 9.3.3. Let ¢ > 0 and v > 0. Then with r :=1/(2v) we have

I - A (eI
(I+edy) =¢ lat’”ll%—(r/s)Z( 1+ (r/e) )

k=0

with the series on the right-hand side converging uniformly in L(L2,(R; H)). Moreover,
we obtain (1+¢ed;,)~1 — lp,,®m) and (1 +€8;V)_1 — 1p, ,(r;m) "0 the strong operator
topology as € — 0.

The proof of Lemma [9.3.3]is left as Exercise [9.7]

Theorem 9.3.4. The operator S, = (0, M(0,) —I-A)_l € L(Ly,(R; H)) admits a
continuous extension to L(H, '(R; H)).

Proof. We apply Proposition to Ly, (R; H) being the Hilbert space, T' = 0;, and
B = S,,. For this, it remains to prove that 715, = S,7~!. This however follows from
the fact that z — S(z) == (2M(2) + A)"" is a material law and S(8;,) = S, . O

9.4 Initial Value Problems for Evolutionary Equations

Let H be a Hilbert space, 1 € R, M : Cre>, — L(H) a material law, v > max{s}, (M), 0}
and A: dom(A) C H — H skew-selfadjoint. Furthermore, assume there exists ¢ > 0
such that

RezM(z) 2 ¢ (2 € Cresy)-

In this section we shall focus on the implementation of initial value problems for evolu-
tionary equations. A priori there is no explicit initial condition implemented in the theory
established in Ly, (R; H). Indeed, choosing v > 0 we have only an implicit exponential
decay condition at —oo. For initial values at 0, we would rather solve the following type
of equation. In the situation of the previous section, for a given initial value Uy € H we
seek to solve the initial value problem

(9.4)

(Ory M (0r) +A)U =0 on (0,00),
U(O+) = UU.

In this generality the initial value problem cannot be solved. Indeed, for U € Ly, (R; H)
evaluation at 0 is not well-defined. A way to overcome this difficulty is to weaken the
attainment of the initial value. For this, we specialise to the case when

M(0ry) = Mo + 0;} My
with My, M, € L(H)

Theorem 9.4.1. Let Uy € dom(A), U € Ly, (R; H). Then the following statements are
equivalent:
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(i) MoU — 1y o0y MoUp € H(R; H™'(A)), sptU C [0,00) and

OryMoU + MU+ AU =0 on (0,00),
M()U(O-‘r) = MyUy m Hil(A),

where the first equality is meant in the sense that

Vo € H)(R; H)NLs, (R;dom(A)), spt o C [0,00) : (0p, MoU+MU+AU) () = 0.

(ii) (8t7VM0 + M7 + A)(U — ]1[0700)[]0) = —(M1 + A)Uo]l[opo).
(i) U = Syd0MoUy, with S, € L(H;*(R; H)) as in Theorem [9.3.4

Proof. (i)=(ii): We apply Theorem for showing the claim. Let ¢ € HI(R; H) N
Lo, (R; H) and for n € N we define the function ¢, € HL(R) by

0 ift<O
op(t) =qnt ifte(0,1/n),
1 itt>1/n.

Note that ¢, € HE(R; H) N Ly, (R; H dom(A)) and spt(p,)) C [0,00) for each n € N.
Thus, we obtain

(O Mo+ My + A)(U — 1, OO>U0))<¢)
= ((OryMo + M1+ A)U) (¥) — ((Op Mo + M1 + A) (L 00y Vo)) (¥)
= ((atVM0+M1+A U) cpnw ( 8tVM0+M1+A)U)((1—<pn)¢)—
— ((Ory Mo + My + A) (L} 5\ U ))( )
= ((Oep Mo + My + A)U) (1 = @n)tp) — (JoMoUo)(¥) — (M1 + A)(Ljo,06)V0)) (¥)

for each n € N. Thus, the claim follows if we can show that
((Orp Mo+ My + A)U) (1 = n)h) — (60 MoUp)(¥) = 0 (n — o0).
For doing so, we first observe that for all n € N we have
(60MoUo)(¢0) = (60MoUo)((1 — n)¥) = (Ot MoLjg o) Uo) (1 — #n)?),
since ¢, (0) = 0. Moreover,
(M + AU (1 = pn)tp) = (U, (1 = @u) (M + A)p)p, =0 (n— 00),

since 1—p(m) — 1(_ o o(m) stongly in Lo, (R; H) and spt U C [0, 00). Thus, it remains
to show that
(01 Mo (U = 10y Vo)) (1 = #a)th) =0 (n = ).
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We compute
(8t,1/M0(U - ]l[O,OO)UO))((l - (Pn)w)
= (Mo(U = 119,00y V), 35, (1 = 0u)))
= (My(U — ]l[O,OO)UO)an]l[O,l/n]w>L2W = (Mo(U = o) Uo), (1 - Wn)at,uw>L2,V
+ 20 (Mo(U = g 5y Up), (1 — @n)@LQ,V :

Note that the last to terms on the right-hand side tend to 0 as n — oo since, as above,
1 — @n(m) = T(_o)(m) stongly in Ly, (R; H) and spt U C [0,00). For the first term,
we observe that

}<M0(U - ]l[o,oo)Uo),n]l[o,l/n]@Lw

1/n
<n/ (Mo(U(£) — Ug), i(8)) e dt
0

1/n
< ”/0 1Mo(U(#) = Uo)ll -1 (ay 1 ()l qomaye ™ dt =0 (n — o0),

since (MoU)(t) — MoUp in H-(A) as t — 0+.
(ii)=-(iii): We have that
U — ]l[o’oo)Uo = *S,,((Ml + A)]l[O7OO)U0).
Applying 9y, 1,1 to both sides of this equality we infer that
0, (U = 1o 0y Uo) = =S, (M1 + A8,y 11g,06)U0)
= =0, 1[0,.00)Uo + Sy (0, Mo0; ) 1o 0y Vo),

which gives
O;yU = S, (01,Mo0; ) 1ig,00)Us) = Su(MoL[g 06 U).

Applying 0;, to both sides and taking into account Theorem [9.3.4, we derive the claim.
(iii)=(ii): We do the argument in the proof of (ii)=-(iii) backwards. First, we apply 8;,1
to U = S, (8o MpUyp), which yields

ang = 8[’1,151,(60M0U0) = Sy(Mo]l[07oo)U0) = Sl,(am,,Mo@;}]l[O’oo)Uo).

Thus,

atj;(U — 1,0y U0) = Sy(at,yMoa;jn[o,oo)Uo) — atjjn[o,oo)Uo
= =S, (M1 + A)0; ) g o) Uo).

An application of d;, yields the claim.
(ii),(iil)=(i): Since U = S, (60MoUp), we derive that

(O Mo + My + A)U C 5o MUy,
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which in particular yields (0, Mo+ My + A)U = 0 on (0,00). By (ii) we infer
U - ]l[O,oo)UO = _Su((Ml + A)]}.[()’OO)U()),

which shows that spt(U — 19 oyUp) < [0, 00) due to causality and hence, spt U C [0, c0).
It remains to show that Mo(U — 1}y o)Uo) € H},(R; H'(A)), since this would imply the
continuity of Mo(U — 1}y «)Up) with values in H~!(A) by Theorem and thus,

Mo(U = 1g,06)U0)(0+) = Mo(U — 119,06)U0)(0-) = 0 in H™'(A)
since the function is supported on [0, 00) only. We compute

Mo(U = 1g,00)Uo) = =My S, (M1 + A)1{g 00)Uo)
= Oty Mo Sy (9 (My + A)lg,00)U)
= 0;, (M1 + ALy o)Uo — (M1 + A)S, (9, (M1 + A)Lg oy Vo),

and since the right-hand side belongs to H}(R; H~1(A)), the assertion follows. O

Remark 9.4.2. By Theorem [9.3.4] we always have U = S,60MoUy € H,, ' (R; H). This
then serves as our generalisation for the initial value problem even if Uy ¢ dom(A).

The upshot of Theorem is that we can reformulate initial value problems with the
help of our theory only for Ls ,-right-hand sides given Uy € dom(A). Thus, we do not
need the detour to extrapolation spaces for being able to solve the initial value problem
(19.4) (with an adapted initial condition as in (i)).

Also note that it may seem that U does depend on the ‘full information’ of Uy as it is
indicated in (ii). In fact, U only depends on the values of Uy orthogonal to the kernel of
My as it is seen in (iii). We conclude this lecture with two examples; the first one is the
heat equation, the second example considers Maxwell’s equations.

Example 9.4.3 (Initial Value Problems for the Heat Equation). We recall the setting
for the heat equation outlined in Theorem [6.2.3] This time, we will use homogeneous
Dirichlet boundary conditions for the heat distribution 6. Let Q C R? be open and
bounded, a € Loo(2)¥? with Rea(z) = ¢ > 0 for a.e. € Q for some ¢ > 0. In this

case, we have
10 0 0 0 div
Mo = (o 0> , M= (0 a—l) A= (grado 0 > '

For the unknown heat distribution, 6, we ask it to have the initial value 6y € dom(grad,).
Let v >0 and V € Ly, (R; Lo(€2) x Lo(€2)9) be the unique solution of

6o 0
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Then (0,q) = U ==V + 1 ) 900 8) € Ly, (R; La(2) x Lo(2)?) satisfies (i) from

Theorem [9.4.1] Hence, on (0, c0) we have

O, 0 divg \
(a‘lfJ) " <grado 9) =0

and the initial value is attained in the sense that
My (8,9)) (0+) = 000 (0 4 g1a) = g grady) x H™'(div),
0 0 0

which follows from Proposition where we computed H'(A). Let us have a closer
look at the attainment of the initial value. As a particular consequence of strong conver-
gence in H~!(grad,), we obtain for all ¢ € dom(div)

(0(t),div ¢) — (6o, div ¢)

as t — 0+. Since grad is one-to-one and has closed range, we see that div has dense and
closed range. Hence div is onto. This implies that for all ¢ € Ly(Q)

(0(t),v) = (b, ) (t — 0+).

We deduce that the initial value is attained weakly. This might seem a bit unsatisfactory,
however, we shall see stronger assertions for more particular cases in the next lecture.
Next, we have a look at Maxwell’s equations.

Example 9.4.4 (Initial Value Problems for Maxwell’s equations). We briefly recall the
situation of Maxwell’s equations from Theorem . Let e,p,0: Q — R3*3 satisfy
the assumptions in Theorem and let (Ep, Hy) € dom(curly) x dom(curl). Let
(E,H) € Ly, (R; L2(2)°) satisfy

P e 0 n o 0 n 0 — curl E
N0 0 0 curly 0 H
_ o 0 n 0 — curl 1 Eo\ 1 —oFEqy + curl Hy
- 00 curl 0 0:00) \ g, ) — "0 —curly Ey ’

Then, as we have argued for the heat equation,

()= (7) 10 ()

satisfies a corresponding initial value problem. We note here that although often the
second component in the right-hand side is set to 0, as there are ‘no magnetic monopoles’,
in the theory of evolutionary equations the second component of the right-hand side does
appear as an initial value in disguise.
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9.5 Comments

There are many ways to define spaces generalising the action of an operator to a bigger
class of elements; both in a concrete setting and in abstract situations; see e.g. [1, [2].
People have also taken into account simultaneous extrapolation spaces for operators that
commute, see e.g. [3, 5]

These spaces are particularly useful for formulating initial value problems as was exem-
plified above; see also the concluding chapter of [4] for more insight. Yet there is more
to it as one can in fact generalise the equation under consideration or even force the at-
tainment of the initial value in a stronger sense. These issues, however, imply that either
the initial value is attained in a much weaker sense, or that there are other structural
assumptions needed to be imposed on the material law M (as well as on the operator
A).

In fact, quite recently, it was established that a particular proper subclass of evolutionary
equations can be put into the framework of Cy-semigroups. The conditions required to
allow for statements in this direction are, on the other hand, rather hard to check in
practice; see [6].

Exercises

Exercise 9.1. Let Hy be a Hilbert space, T € L(Hy). Compute H(T) and H~1(T*).

Exercise 9.2. Let Hy, H; be Hilbert spaces such that Hy — Hj is dense and continuous.
Prove that H{ < H|, is dense and continuous as well.

Exercise 9.3. Prove the following statement which generalises Proposition from
above: Let Hy be a Hilbert space, A € L(Hy). Assume that T: dom(T) C Hy — Hy
is densely defined and closed with 0 € p(T) and T7'A = AT~! + T-'BT~! for some
bounded B € L(Hy). Then A admits a unique continuous extension, A € L(H~1(T*)).

Exercise 9.4. Let Hy be a Hilbert space, N: dom(N) C Hy — Hy be a normal operator;
that is, N is densely defined and closed and NN* = N*N. Show that H1(N) =
H~Y(N*) and deduce H(8y,) = H1(9},).

Exercise 9.5. Prove Proposition [9.2.8]

Exercise 9.6. Let Hy be a Hilbert space, n € N and T: dom(7T) C Hy — Hjy be a
densely defined, closed linear operator with 0 € p(T"). We define H"(T') := dom(7™) and
H~™(T) == H~Y(T™). Show that for all kK € N and ¢ € Z we have that H**(T) — H*(T)
continuously. Also show that D = ), .y dom(7T™) is dense in HY(T) for all ¢ € Z and
that T'|p can be continuously extended to a topological isomorphism H*(T) — H*1(T*)
for all ¢ € Z.

Exercise 9.7. Prove Lemma [9.3.3
Hint: Prove a similar equality with 0, 1 formally replaced by z € 9B (r,r) C C and
deduce the assertion with the help of Theorem
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10 Differential Algebraic Equations

Let H be a Hilbert space and v € R. We saw in the previous lecture how initial value
problems can be formulated within the framework of evolutionary equations. More pre-
cisely, we have studied problems of the form
(875,1,M0 + M + A) U=0 on (O, OO) ,
MoU(0+) = M()Uo

for Up € H, Mo, M; € L(H) and A: dom(A) C H — H skew-selfadjoint; that is, we
have considered material laws of the form

M(z) =My +2"*M; (z€C\{0}).

(10.1)

Here, the initial value is attained in a weak sense as an equality in the extrapolation space
H~1(A). The first line is also meant in a weak sense since the left-hand side turned out
to be a functional in H, '(R; H) N La,,(R; H~1(A)). In Theorem it was shown that
the latter problem can be rewritten as

(atVl,M() + M+ A)U = 6o MpUy.

In this lecture we aim to inspect initial value problems a little closer but in the particularly
simple case when A = 0. However, we want to impose the initial condition for U and
not just MoU. Thus, we want to deal with the problem

{(&WMO +M)U=0 on (0,00), (10.9)
U(O—i—) = UO

for two bounded operators My, M7 and an initial value Uy € H. This class of differential
equations is known as differential algebraic equations since the operator My is allowed to
have a non-trivial kernel. Thus, is a coupled problem of a differential equation (on
(ker Mp)*) and an algebraic equation (on ker My). We begin by treating these equations
in the finite-dimensional case; that is, H = C™ and My, M7 € C™*" for some n € N.

10.1 The finite-dimensional Case

Throughout this section let n € N and My, M; € C**™.
Definition. We define the spectrum of the matriz pair (Mo, M) by

o(My, My) :=={z € C; det(zMy + M) = 0},
and the resolvent set of the matriz pair (My, M7) by
p(Mo, My) == C\ o(My, M).
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10 Differential Algebraic Equations

Remark 10.1.1.  (a) It is immediate that o(Mp, M;) is closed since the mapping z
det(zMy + M) is continuous.

ote in particular that the spectrum (the set of eigenvalues) of a matrix A corres-
b) Note i ticular that th t th t of eig 1 f trix A
ponds in this setting to the spectrum of the matrix pair (1, —A).

In contrast to the case of the spectrum of one matrix, it may happen that o(My, M) = C
(for example we can choose My = 0 and M; singular). More precisely, we have the
following result.

Lemma 10.1.2. The set o(My, My) is either finite or equals the whole complex plane C.
If o(My, My) is finite then card(o(My, My)) < n.

Proof. The function z — det(zMy + M) is a polynomial of order less than or equal to
n. If it is constantly zero, then o(Mjy, M) = C and otherwise card(c (Mo, M;)) < n by
the fundamental theorem of algebra. O

Definition. The matrix pair (Mo, M) is called regular if o(My, M;) # C.

The main problem in solving an initial value problem of the form (10.2) is that one
cannot expect a solution for each initial value Uy € C™ as the following simple example
shows.

11 (10 )
0 0>,M1—<0 1) and let Uy € C=. We assume that

there exists a solution U: R — C2 satisfying (10.2); that is,

Example 10.1.3. Let My = (

Ui(t) + Us(t) + Ur(t) =0 (¢t >0),

The second and third equation yield that the second coordinate of Uy has to be zero.
Then, for Uy = (x,0) € C? the unique solution of the above problem is given by

U(t) = (Ui(t), Us(t)) = (we™,0) (¢t =0).

Definition. We call an initial value Uy € C" consistent for (10.2)), if there exists v > 0
and U € C(Rx0;C") N L2, (R>0; C™) such that (10.2) holds. We denote the set of all
consistent initial values for ((10.2) by

IV(My, My) == {Uy € C"; Uy consistent} .

Remark 10.1.4. Tt is obvious that IV(My, M7) is a subspace of C". In particular, 0 €
IV (Mo, My).

It is now our goal to determine the space IV (M, M1). One possibility for doing so uses
the so-called quasi- Weierstrafi normal form.
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Proposition 10.1.5 (quasi-Weierstraf normal form). Assume that (Mo, M) is regular.
Then there exist invertible matrices P, (QQ € C™*" such that

Pine=(g y). Pane=(g 7).

where C € CF*k and N € C=R*x(=k) for some k € {0,...,n}. Moreover, the matriz
N is nilpotent; that is, there exists £ € N such that N = 0.

Proof. Since (My, M) is regular we find A € C such that AMy + M; is invertible. We
set P := (AMp + M;)~! and obtain

Mo, = PiMo = (AMy + M)~ Mo,
My = PiMy = (AMy + M) ' My =1 — AMo ;.

Let now Py € C"*" such that

_ J 0
MO’Q = PQMOJPQ 1 = <0 N)

for some invertible matrix J € C¥** and a nilpotent matrix N € C(*=*)*(1—k) (yse the
Jordan normal form of My here). Then

- 1-XJ 0
MLQ = P2M171P2 L= ( > .

0 1— AN

Now, by the nilpotency of N, the matrix (1-— AN ) is invertible by the Neumann series.

We set .
J- 0
;%_(() u—xﬁ>0

1 0 J1=X 0
P3M072 = <O (1 _ )\N)lj\?) s and P3M1,2 = ( 0 1> .

Note that (1 — )\N)_IN is nilpotent, since the matrices commute and N is nilpotent.
Thus, the assertion follows with N := (1 — AN)™'!N, C := J' =\, P = P3P,Py, and
Q=Prt o

and obtain

It is clear that the matrices P, (), C and N in the previous proposition are not uniquely
determined by My and M;. However, the size of N and C as well as the degree of
nilpotency of N are determined by My and M; as the following proposition shows.

Proposition 10.1.6. Let P,Q € C"*™ be invertible such that

PinQ= (g y). Pame=(5 1),

where C € CH*k N e C=R)*(=k) for some k € {0,...,n}, and N is nilpotent. Then
(Mo, My) is regular and
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(a) k is the degree of the polynomial z — det(zMy + My).

(b) Nt =0 if and only if

sup
|z|=r

2 My + Ml)le < 00

for one (or equivalently all) r > 0 such that B (0,7) O o(Moy, M1).
Proof. First, note that

z+C 0

1
0 N+ 1) = Jot P der g (tEFC) (€0,

1
det(ZMO+M1) = m det (

Hence, (My, M) is regular and
k = degdet((-) + C) = degdet((-) Moy + M),
which shows [(&)] Moreover, we have p(My, M) = p(—C) and

(z4+C)7t 0

)P (= € p(Mo, M),

and hence, for r > 0 with B (0,r) 2 o(Mp, M) we have

sup ||(zMo + M) < Ky |Sl‘1p [(zN+1)7!|
z|z2r

|21

for some Ky = 0, since supj,>, H(z + C)—1H < oo. Now let £ € N such that N = 0.

Then
/-1

Z(_l)kzszk

k=0

(=N +1)7" = < Kolo T (12l 2 7)

for some constant Ko > 0 and thus,
|(zMo + M) 7Y < KiEl2[" (|2] = 7).

Assume on the other hand that

sup ||z (2 My + Ml)_lH < 0o

|z|>r

for some ¢ € N and r > 0 with o(My, M1) C B (0,7). Then there exist I?l,]’?z > 0 such
that

_ +C)! 0 ~ - = -
|(zN +1) 1H < H((z 0 ) (zN—i—l)_l)H <K1H(ZMO+M1) IH < Kolz|!

123
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for all z € C with |z| > r. Now, let p € N be minimal such that N? = 0. We show that
p < £ by contradiction. Assume p > £. Then we compute

p—1

o 1 “ap—t—1 _ 1 k, k—€ \rk+p—t—1
0= nhﬁngo W(nN +1)7°'N = nan;O kzo(—l) n" "N
/-1 p—1
o Ve, k=L arkdp—E—1 | (_1\arp—1 . _1\k, k= ark+p—t—1
_71113;02( 1)knk—tN + (-1)'N +7}Ln302(1)n N
k=0 k=(+1
— (_1)ZNp71
which contradicts the minimality of p. O

Theorem 10.1.7. Let (Mg, My) be regular and P,Q € C" " be chosen according to
Proposition|10.1.5. Let k = degdet((-)My + My). Then

IV(My, M) = {Uo eC™; O U, e CF x {0}}.

Moreover, for each Uy € IV(My, My) the solution U of is unique and satisfies
U € C(Rsp; C™") N CY(Rsg; C") as well as

MyU'(t) + MpU(t) =0 (t > 0),
U(0+) = Uo.

Proof. Let C € CF*F and N e C"=k)*("=k) he nilpotent as in Proposition [10.1.5, Ob-
viously U is a solution of lh if and only if V = Q~'U is continuous on Rsq and

solves
1 0 cC 0
(&;V <O N> + <0 1)) V=0 on (0,00), (10.3)

V(0+) = Q Uy = Vj.
Clearly, if Q'Uy = (z,0) € C* x {0} then V by V(t) := (e~*“z,0) for ¢t > 0 is a solution
of (10.3)) for v > 0 large enough. On the other hand, if V given by V(¢) = (V4 (t), Va(t)) €
CF x C"* (t > 0) is a solution of (10.3)) then we have
Ot yNVa+Vo=0 on (0,00).
Since N is nilpotent, there exists £ € N with N* = 0. Hence,
N (t) = =N719, ,NVa(t) = 0, NVa(t) = 0 (t > 0),

which in turn implies 0, N*~1V2 = 0 on (0,00). Using again the differential equation,
we infer N“2V5(t) = 0 for t > 0. Inductively, we deduce Va(t) = 0 for t > 0 and by

continuity V5(0+) = 0 which yields Vo = Q~'Uy € C* x {0}. The uniqueness follows
from Proposition [10.2.7| below. O
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10.2 The infinite-dimensional Case

Let now My, My € L(H). Again, it is our aim to determine the space of consistent initial
values for the problem

(10.4)

(at,l,MU + Ml) U=0 on (0, OO) N
U(O-i-) = U().

Here, consistent initial values are defined as in the finite-dimensional setting:

Definition. We call an initial value Uy € H consistent for (10.4), if there exist v > 0
and U € C(Rxo; H) N L2, (R>0; H) such that (10.4) holds. We denote the set of all
consistent initial values for ((10.4) by

IV(My, My) = {Uy € H ; Uy consistent} .
Before we try to determine IV (Mp, M;) we prove a regularity result for solutions of (10.4)).

Proposition 10.2.1. Let v > 0, Uy € H and U € C(Rxo; H) N Ly, (Rx0; H) be a
solution of . Then Mo(U — 1g,,Uy) € H,(R; H) and

O Mo (U — g, Up) + MU = 0.

Proof. Let ¢ € HLX(R;H) and (n,)nen be a sequence in C'(R) satisfying sptn, C
[1/n,00), nn =1 on [2/n,00) and |7, < 1, |7/l < 2n for each n € N. We define
©On = o, € HY(R; H) and note that spt ¢, C Rq for each n € N. Using spt U C Rxg
and the equality

(07 ,)Mn = (=0t @)+ 200N = =@M +2v0n = — (o) +en, +2ven = 0F ,on+en),,

we compute
<M0U7 62V90>L2’1, = nh—%lo <M0U7 (az:,/@) 77n>L2’V = nh—{glo <M0U7 aZu‘Pn + <P7741>L2’V

= lim (<8t7,,M0U, 90">L271, + (MU, 410777/’L>L2’V)

n—0o0

= lim ((—MlU, en)r,, T (MoU, 907’7/1>L2,u)

n—oo

= (=MU¢)p,, + lim (MoU, 8077%>L27U :

In order to determine the last limit, we compute

= lim
n—oo

lim |(Mo(U = Lo Uo)s 1),

n—o0

/On <M0(U(t) — Uo), (p(t)>L27y n;l(t)e—Qut dt

[N

n—o0

< lim Qn/on ‘(Mo(U(t) —Uo),0(t))1,,

=0,
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since the integrand is continuous on R3¢ and vanishes at 0. Thus

Jim (MoU, gny,)p, = lim (g MoUo, onr)

n—00
= li - ! —2ut
= Jm [ (MU, p(0,(0) 1, ¢t
n—oo J »

= (L., Molo, 97,0) 1,
where we used integration by parts and Corollary Summarising, we have shown
(MoU.0;,0),, = (=MrU, @)y, + (LrseMolo, Ofu) , - (9 € Hy(R; H)),
and hence, Mo(U — 1r.,Up) € H,(R; H) with
Oty Mo(U — 1g_,Up) + M U = 0. O

We now come back to the space IV(Mp, M7). Since we are now dealing with an infinite-
dimensional setting, we cannot use normal forms to determine IV (M, M;) without dra-
matically restricting the class of operators. Thus, we follow a different approach using
so-called Wong sequences.

Definition. We set
IVo=H

and for k € Ny we set
Vi1 = M M [IVy]].

The sequence (IVy)gen, is called the Wong sequence associated with (M, M).

Remark 10.2.2. By induction, we infer IV, C IV}, for each k € Ny.

As in the matrix case, we denote by
p(Mo, My) == {z € C; (zMo+ My)~' € L(H)}
the resolvent set of (Mo, My).
Lemma 10.2.3. Let k € Ng. Then:
(a) Myi(zMy+ My)~ My = My(zMg + M1)~ M, for each z € p(My, My).
(b) (zMo + M1) ' Mo[IVy] C IViyq for each z € p(My, My).

(c¢) If x € IVy we find x1,...,xk41 € H such that for each z € p(My, My) \ {0}

k
_ 1 1 1 _
(ZM() + Ml) 1M0.T = ;I‘ + E W.xg + F(ZMO + Ml) 11’k+1.
(=1
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(d) If p(Mo, M) # @ then M, [Mo[TV]] € TViy1-

Proof. The proof of the statements|(a)| to are left as Exercise[10.6] We now prove[(d)]
If £ = 0 there is nothing to show. So assume that the statement holds for some k£ € Ny and
let # € My [Mo [IVi31]]. Since IV C IV, we infer @ € M ' [My [IVi]] € Vi
by induction hypothesis. Hence, we find a sequence (wy,)nen in IVgy1 with w,, — x. Let
now z € p(Mo, M1). Then, by[(b)} we have (zMo + M;) ™' Mow, C IV42 for each n € N
and hence, (zMj + Ml)_lMox € IVy9. Moreover, since Mz € My [IVkH], we find a
sequence (Yn)nen in Vg1 with Moy, — Mjz. Setting now z,, :== (zMg+ M)~ zMox +
(zMg + My)~ Moy, € IV, o (where, again, we have used for n € N, we derive

2 = (2Mo + M)~ 2 Moz + (Mo + M)~ Moy, = = — (:My + My) ™" (Myiz — Moys)
S

as n — oo and thus, z € IVgo. ]

The importance of the Wong sequence becomes apparent if we consider solutions of
(110.4)).

Lemma 10.2.4. Assume that p(Mo, M) # @. Let v > 0 and U € Ly, (Rx0; H) N
C(Rx0; H) be a solution of . Then U(t) € Nen, IVk for each t > 0.

Proof. We prove the claim, U(t) € IV, for all t > 0 and k € Ny, by induction. For £ =0
there is nothing to show. Assume now that U(t) € IV for each ¢ > 0 and some k € Ny.
By Proposition [10.2.1] we know that

Oty Mo(U — g, Up) + M1U =0
and thus, in particular,
t
MyU (t) — MyUy +/ MiU(s)ds=0 (t>0).
0
Let now ¢t > 0 and h > 0. Then we infer
t+h
MoU(t+ ) — MoU(#) + M, / U(s)ds = 0
t

and hence,

t+h - .
/ U(S) ds € MflMo[IVk] - IVk+1
t

by Lemma Since U is continuous, the fundamental theorem of calculus yields
U(t) € IVg41, which yields the assertion. O

In particular, the space of consistent initial values has to be a subspace of ﬂkeNo IVi. We
now impose an additional constraint on the operator pair (My, M), which is equivalent
to being regular in the finite-dimensional setting (cf. Proposition [10.1.6)).
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Definition. We call the operator pair (Mg, M;) regular if there exists vy > 0 such that
(a) Cresy, C p(Mp, M), and

(b) there exist C' > 0 and ¢ € N such that for all z € CRres, we have ||(zMo+M;) 7! || <
Oz

Moreover, we call the smallest ¢ € N satisfying the index of (Mo, M;), which is
denoted by ind (Mo, My).

Remark 10.2.5. Note that for matrices My and M; the index equals the degree of nilpo-
tency of N in the Weierstrafs normal form by Proposition [10.1.6

From now on, we will require that (My, M;) is regular. First, we prove an important
result on the Wong sequence in this case.

Proposition 10.2.6. Let (My, M;) be regular, k € Ng, and k > ind(My, M;). Then
Vi = IVina(ato, 00)-

Proof. We show that IV, = IV, for each k > ind(My, M;). Since the inclusion “D”
holds trivially, it suffices to show IVy C IVi,1. For doing so, let k > ind(My, M) and
x € IVg. By Lemma [10.2.3{(c)| we find x1,...,25+1 € H such that

k
_ 1 1 1 _
(zMo + M)~ ' Myz = Py Z et W(ZMO + M) gy
=1

for each z € Cresy,- Since k > ind(Mo, M), we derive
2(zMg + M) ' Moz — 2 (Rez — o0),

and since the elements on the left-hand side belong to IV, by Lemma [10.2.3(b)| the
assertion immediately follows. O

We now prove that in case of a regular operator pair (M, M;) the solution of (10.4) for
a consistent initial value Uy is uniquely determined.

Proposition 10.2.7. Let (Mg, My) be reqular, Uy € IV(My, My), and v > 0. Then the
solution U € C(Rxo; H) N Loy (Rx0; H) of is unique. In particular

(L,U)(8) = ((it + p)Mo + M1) "' MUy (a.e. t € R)
for each p > max{v,vp}.
Proof. By Proposition We have My(U — 1g_,Uo) € H,(R; H) and

8t,,,M0(U — ]I]R}OUO) + MU = 0.

128



10 Differential Algebraic Equations

Applying the Fourier-Laplace transformation, £,, for p > max{v, g} the latter yields

(it + p) Mo (L,U (t) — o i on) +ML,U(t) =0 (ae teR)

which in turn yields
LU(t) = ((it + p) Mo+ M) ' MUy (ae. t € R)
and, in particular, proves the uniqueness of the solution. O

Remark 10.2.8. The formula in Proposition |10.2.7| shows that U € Lg,,(R; H) for all
solutions U of ([10.4) for a consistent initial value Uy and hence, we also have My(U —
Ir.,Uo) € H, (R; H).

One interesting consequence of the latter proposition is the following.

Corollary 10.2.9. Let (Mo, My) be regular. Then the operator My: IV(Moy, M1) — H
18 1njective.

Proof. Let Uy € IV(My, M) with MyUy = 0. By Proposition [10.2.7, the solution U of
(10.4) with U(0+) = Uy satisfies

LU(t) = ((it + p) Mo+ M)~ MU = 0
and hence, U = 0, which in turn implies Uy = U(0+) = 0. O
We now want to determine the space IV(My, M7) in terms of the Wong sequence.

Proposition 10.2.10. Let (My, My) be regular. Then
Wind(mo,ar) € IV(Mo, M1) € IVinaoae, i)

Proof. The second inclusion follows from Lemma and Proposition [10.2.6] Let now
Uy € IVind(Mo,Ml) and set

V(z) = (zMo + M1) ' MoUy (2 € CResuy)-

1
V2m
Let k := ind(My, M;). By Lemma [10.2.3(c)| we find z1,..., 2541 € H such that

k
1 1 1 1 1
Viz) = — <U() + E et (zMy + M) $k+1> (2 € CRe>uyp)-
+1 0
Vom \ 2 = z

In particular, we read off that V' € Ha(CRresyy; H) and hence, by the Theorem of Paley—
Wiener (more precisely by Corollary [8.1.3)) there exists U € Lo, (R>o; H) such that

(LU)(t) =V(it+p) (ae tER, p> 1p).
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Moreover,

k
1 1 1 1 1
_ Uy = — E - — (zMoy + M e>u
2V (2) mUQ T < 4 sze + o (zMy + M) xk+1> (z € Cre>wp)

and hence (z — 2V (z %UO) 2(Cre>uy; H) as well. Since
1
(‘C at P(U ]lR>0U0 ) = lt + p) (‘C’PU) (t) - EUO
1
= (it+p)V(it+p) — —=U ae. teR, p>1y),
(it + p)V (i p)\/%O( p > 1)

we infer U —1g_,Up € H,}O (R; H) and, thus, U —1g_,Up is continuous by Theorem .
Hence, U € C(Rxo; H) and since sptU C Ry we derive U(0+) = Up. Finally, by the
definition of V'

1 1
My 2V (2) — —Uy | = ———=Mo(zMo + M) *M Uy = — M,V € CResug)s
0<z (2) Nors o) NoT o(zMo + My)™ MUy 1V(2) (2 € Cre>w)

where we have used Lemma|10.2.3 in the second equality. Hence,
815’1,0M0(U — 1R20Ug) + MU = O,
from which we see that U solves (10.4)). O

Finally, we treat the case when IV (My, M) is closed.

Theorem 10.2.11. Let (Mg, My) be regular and IV (Mo, My) closed. Then the operator
S: IV(My, My) — C(Rso; H), which assigns to each initial state, Uy € IV(My, M), its
corresponding solution, U € C(Rxo; H), of is bounded in the sense that

Shn: IV(MQ,Ml) —>C([O,n];H), Uy HSUO’[O,n]
s bounded for each n € N.

Proof. By Proposition [10.2.10| we infer that IV (Mo, M) = IV with k == ind(Mo,Ml)
Let v > 1y > 0. By Proposition [10.2.7] and Corollary [8.1.3] there exists C' > 0 such that

H ty 20 Lo (Rx>o;H) H2(Cre>u; H H 0 OHH

for each Uy € IV(My, M), where we have used the regularity of (Mo, M) and

H(Z = Z_1M0U0>HH2((CRe>V§H) - \/j‘MOUO”H

In particular, S: IV(My, M) — H_l(ﬁ,ffy) is bounded. Since Ly, (R>o; H) < H~(f )
continuously, we infer that S: IV(Mo, M1) — Lo, (R>0; H) is bounded by the closed
graph theorem. Hence, also

Sp: IV(Mo, My) = Lo([0,n]; H), Uy — SUolon)

= H <z — z*k(zMO + Ml)flMoU()) ’

is bounded for each n € N and since C([0,n]; H) < La([0,n]; H) continuously, we infer
that S, is bounded with values in C([0,n]; H) again by the closed graph theorem. [
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Remark 10.2.12. The variant of the closed graph theorem used in the proof above is the
following: Let X,Y be Banach spaces and Z a Hausdorff topological vector space (e.g. a
Banach space) such that Y < Z continuously. Let T : X — Z be linear and continuous
with T[X] C Y. Then T' € L(X,Y). Indeed, by the closed graph theorem it suffices to
show that T': X — Y is closed. For doing so, let (x,), be a sequence in X with x,, — x
and Tx, — y for some x € X,y € Y. Then Tz, — Tz in Z by the continuity of T" and
Tz, — y in Z be the conitnuous embedding. Hence, y = Tx and thus, T is closed.

10.3 Comments

The theory of differential algebraic equations in finite dimensions is a very active field.
The main motivation for studying these equations comes from the modelling of electrical
circuits and from control theory (see e.g. [2]). The main reference for the statements
presented in the first part of this lecture is the book by Kunkel and Mehrmann [3]. Of
course, also in the finite dimensional case Wong sequences can be used to determine the
consistent initial values. For instance, in [1| the connection between Wong sequences and
the quasi-Weierstrak normal form for matrix pairs is studied. Of course, the theory is not
restricted to linear and homogeneous problems. Indeed, in the non-homogeneous case it
turns out that the set of consistent initial values also depends on the given right-hand
side.

The theory of differential algebraic equations in infinite dimensions is less well studied
than the finite-dimensional case. We refer to |7], where the theory of Cp-semigroups
is used to deal with such equations. Moreover, we refer to [5, 4], where sequences of
projectors are used to decouple the system. Moreover, there exist several references in
the Russian literature, where the equations are called Sobolev type equations (see e.g.
[6]). The results on infinite dimensional problems presented here are based on [9, 10, §].
In [9] the focus was on systems with index 0 with an emphasis on exponential stability
and dichotomy.

We also add the following remark concerning the result in Theorem[10.2.11] By Corollary
[10.2.9 we know that My: IV(Mo, My) — H is injective. If IV (Mo, M) is closed, it follows
that the operator C: dom(C) C IV(My, My) — IV(My, M) given by

dom(C') == {Up € IV (Mo, M1); MUy € Mo [IV(Mo, M1)]},
CUy = My * MUy (Up € dom(C))

is well-defined and closed. Using this operator, C', Theorem states that if
IV (Mjy, M) is closed then —C' generates a Cy-semigroup on IV (M, M;). The precise
statement can be found in [8, Theorem 5.7]. Moreover, C' is bounded if IViyq(as,,ar,) 18
closed (cf. Exercise [10.7)).

Exercises

Exercise 10.1. Let My, M; € C™*" such that (My, M) is regular and define the Wong
sequence (IV;)jen, associated with (Mg, M7). Moreover, let P,Q € C**", C € Chxk
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and N € C(»=R)x(»=k) he a5 in the quasi-WeierstraR normal form for (My, M;) with
N nilpotent (cf. Proposition [10.1.5). We decompose a vector z € C" into ¥ € C*F and
7 € C" % such that x = (Z,7). Prove that

:cGIVjﬁa__EEraan (7 € Np).
Moreover, show that for each z € p(My, M) we have
IV; = ran ((zMo + M) "' Mo)’  (j € Ny).

Exercise 10.2. Let E € C"*". We set k := ind(E, 1), where 1 denotes the identity
matrix in C"*". A matrix X € C"*" is called a Drazin inverse of E if the following
properties hold:

o« EX = XE,
o« XEX = X,
° XEIH—I — Ek’

Prove that each matrix £ € C™*™ has a unique Drazin inverse.
Hint: For the existence consider the quasi-Weierstraf form for (F,1).

Exercise 10.3. Let My, My € C"*™ with (My, My) regular and MyM; = M; M. Denote
by MP the Drazin inverse of My (see Exercise [10.2). Prove:

(a) My My = M Mg,
(b) ran M My = IV (My, M),
(c) For all Uy € IV(My, M) the solution U of is given by
Ut) = e ™MIMigry (¢ > 0).
Exercise 10.4. Let My, My € C™*" with (My, M;) regular. Prove that there exist two
matrices £, A € C"*" with (E, A) regular and EA = AF such that
o IV(E, A) = IV(My, M),

e U solves the initial value problem (10.2]) for the matrices My, M; if and only if U
solves the initial value problem (|10.2)) for the matrices E, A with the same initial
value Uy € IV(My, My).

Exercise 10.5. We consider the following electrical circuit (see Figure with a
resistor with resistance R > 0, an inductor with inductance L > 0 and a capacitor with
capacitance C' > 0. We denote the respective voltage drops by vg, vy, and vo. Moreover,
the current is denoted by 7. The constitutive relations for resistor, inductor and capacitor
are given by

Ri = vp,

132



References

ve

g

VR

NV

Figure 10.1: Electrical circuit

Li/ =L,

Cvp =1,
respectively. Moreover, by Kirchhoff’s second law we have
vp +vc +vr =0.

Write these equations as a differential algebraic equation and compute the index and
the space of consistent initial values. Moreover, compute the solution for each consistent
initial value for R=2and C =L = 1.

Exercise 10.6. Prove the assertions [(a)| to in Lemma [10.2.3
Exercise 10.7. Let My, M, € L(H).

(a) Assume that p(My, M) # &. Prove that for each k € N the space IV}, is closed if
and only if My [IV_4] is closed.

(b) Assume that (Mo, M) is regular with ind(Mo, M1) > 1. Prove that if IVi,q(ar,an)
is closed then the operator
M0|Ivind(AIO,A11) : IVin(Mo,Ml) — Mo [IVin(Mo,Ml)—l}

is an isomorphism.
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11 Exponential Stability of Evolutionary
Equations

In this lecture we study the expomnential stability of evolutionary equations. Roughly
speaking, exponential stability of a well-posed evolutionary equation

(Gm,M(Gt,l,) + A) U=F

means that exponentially decaying right-hand sides F' lead to exponentially decaying
solutions U. The main problem in defining the notion of exponential decay for a solution
of an evolutionary equation is the lack of continuity with respect to time, so a pointwise
definition would not make sense in this framework. Instead, we will use our exponentially
weighted spaces Lo, (R; H), but this time for negative v, and define the exponential
stability by the invariance of these spaces under the solution operator associated with
the evolutionary equation under consideration.

11.1 The Notion of Exponential Stability

Throughout this section, let H be a Hilbert space, M : dom(M) C C — L(H) a material
law and A: dom(A) C H — H a skew-selfadjoint operator. Moreover, we assume that
there exist vy > sp (M) and ¢ > 0 such that

RezM(z) 2 ¢ (2 € CRrezuy)-

By Picard’s theorem Theorem we know that for v > 1 the operator

S, = (FryM(B:,) + A) "' € L(La, (R; H))

is causal and independent of the particular choice of v. We now define the notion of
exponential stability.

Definition. We call the solution operators (S,),>y, erponentially stable with decay rate
po > 0 if for all p € [0, pp) and v > 1y we have

SyF €Ly p(R;H) (FeLyy(RiH)N Ly —p(R; H)).

Remark 11.1.1. We emphasise that the definition of exponential stability does not mean
that the evolutionary equation is just solvable for some negative weights. Indeed, if we
consider H = C; A = 0 and M(z) = 1 for z € C we obtain that the corresponding
evolutionary equation

O U=F (11.1)
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is well-posed for each v # 0. However, we also place a demand for causality on our
solution operator. Thus, we only have to consider parameters v > 0. We obtain the
solution U by .
U(t) :/ F(s)ds.
—0o0
As it turns out, the problem is not exponentially stable. Indeed, for F':= 1] €
Myer L2, (R) the solution U is given by

0 ift<0,
Ult)y=<t ifo<t<1,
1 ift>1,

which does not belong to the space Ly _,(R) for any p > 0.

We first show that the aforementioned notion of exponential stability also yields a point-
wise exponential decay of solutions if we assume more regularity for our source term

F.

Proposition 11.1.2. Let (S, ).y, be exponentially stable with decay rate pg > 0, v > 1y,
p €10,p0) and F' € dom(0;,) Ndom(0;,—,). Then U := S, F is continuous and satisfies

Ut)e’ -0 (t— o0).

Proof. We first note that 0y ,F = 0;_,F by Exercise [I1.1l Moreover, since S, is a
material law operator (i.e., S, = S(0;,,) for some material law S) we have

Suaty g 8t7VSV'
Thus, in particular, we have
St/at,uF = at,l/SI/F = 8t,l/U;

that is, U € dom(0;,,). Moreover, since 0y, F = 0 —,F € La_,(R; H), we infer also
U,0;,,U € La_,(R;H) by exponential stability. By Exercise this yields U €
dom(0,—,) with 0; —_,U = 0;,U. The assertion now follows from the Sobolev embedding

theorem (Theorem and Corollary [4.1.3]). O

11.2 A Ciriterion for Exponential Stability of Parabolic-type
Equations

In this section we will prove a useful criterion for exponential stability of a certain class of
evolutionary equations. The easiest example we have in mind is the heat equation with

homogeneous Dirichlet boundary conditions, which can be written as an evolutionary
equation of the form (cf. Theorem [6.2.3)

(o 0) 70 o) o ) ()= ()
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in Ly, (R; H), where H = Lo(2) ® L2(Q)¢ with Q C R? open, and a € L(L2(2)?) with
Rea > ¢
for some ¢ > 0 which models the heat conductivity, and v > 0.

Theorem 11.2.1. Let Hy, Hy be Hilbert spaces and C: dom(C) C Hy — Hi a densely

defined closed linear operator which is boundedly invertible. Moreover, let My € L(Hy)
be selfadjoint with

Moy = co

for some ¢y > 0 and My: dom(M;) C C — L(Hy) be a material law satisfying s, (M1) <
—p1 for some p1 > 0 and

Jde1 > 0Vz € Cres—p, : Re Mi(2) 2 1.

Then

S, = (8@” (J‘go 8) + <8 M (()&fw)) + (g _OC*>>_1 € L(La, (R; Hy ® Hy))

for each v > 0. Moreover, for all vy > 0 the family (S,)u>y, is exponentially stable with
decay rate po = min {pr,er/ (1M 2, IOl }

OO,(CRe> —p

In order to prove this theorem we need a preparatory result.

Lemma 11.2.2. Assume the hypotheses of Theorem|11.2.1 Then for each z € Cres—_p,
the operator

zMy 0 0o —-C* "
= : -
T(z) ( 0 Ml(z)> + <C 0 ) dom(C) x dom(C*) C Hy® Hy — Hy ® H;
1s boundedly invertible. Moreover,

sup HT(z)*lH < 0

ZG(CRegfp
for each p < pg.

Proof. Let z € Crex—, for some p < pg. We note that M;(z) is boundedly invertible
with || M1(z)7|| < 1/e (see Proposition [6.2.2(b)) and (C*)~' = (C™')* € L(Hy, Hy)
(see Lemma and Lemma 2.2.8)). Let f € Hp, g € H;. We first show that a pair
(u,v) € Hy x Hj satisfies (u,v) € dom(T'(z)) and T'(z)(u,v) = (f,g) if and only if
u € dom(C) and

(2(CT)IMoCT 4 My ()71 Cu = (C7) 7 [ + Ma(2) g, (11.2)
Mi(z)v =g — Cu. '
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Assume first that (u,v) € dom(7T'(z)) and T'(2)(u,v) = (f,g). Then we have
2Mou — C*v = f,
Mi(z)v + Cu = g.

Using that M;(z) is invertible, we derive

zMou — C* My (2) (g — Cu) = f,
which in turn implies
(2(C*) ' MoC™ + My (2) ") Cu = (C*) ™ f + Mi(2) g
On the other hand, if (u,v) is given by then we have
v=DM(2)"Hg = Cu) = My(2)"'g + 2 (C*) ™ Mou — (C*) " f = Mi(2) g
= (C") " (zMou — f),

and hence, v € dom(C*) with zMyu — C*v = f. Thus indeed T'(z)(u,v) = (f, g).
We now inspect the operator S(z) == z(C~1)*MoC~ + M;(z)~! € L(H;). By Proposi-
tion for x € Hi we estimate

Re (z,S(2)z) = Re (C™ 12, 2MoyC™'z) 4+ Re (z, My(2) ')

_112 2 C1 2
> —p|[Moll[|C7H| 12| +m”x”

C1 —112 2
= — pl|Mo||||C .
(HM1H2 pIMoll[C7H]7) Il

Oov(CRe>—p1

Since p < po and by the definition of pg we infer that p > 0. Hence, S(z) is boundedly
invertible with
157" <

==

We now set
u=C1S(z) 1 ((C*) ' f + Mi(2)'g) € dom(C),
vi= Mi(2)" g — Cu).

By the first part of the proof we have that (u,v) is the unique solution of T'(z)(u,v) =
(f,g). Moreover, we can estimate

1 1
lull < [[C7H= (@) + —llgll ), and
H 1

1 1 1 1
ol < =gl + Icul) < = (llgl + = (€71 + —lal)).
ol < Z gl + lIcull) < — (gl M(H( ) A - lgll)
which proves that T'(z) is boundedly invertible with
sup HT(z)*lH < 00. O

2€ELRe>—p
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11 Exponential Stability of Evolutionary Equations
Proof of Theorem [11.2.1 Let H := Hy ® Hy. We set

M(z) = (J‘go 0 1(z)> ( € dom(My) \ {0}).

Let v > 0. Then
Vz € CRresy : RezM(2) > min{veg, ¢1}

and hence, the first assertion of the theorem follows from Theorem [6.2.1]
Let now F' € Ly ,(R; H) N Ly _,(R; H) for some v > 0 and 0 < p < pg. We need to show

—1
_ My 0 0 0 0 —C* ,
U= (at’” ( 0 0) + (0 Ml(at,u)> i (C 0 )) F& Lo (R H).

For n € N we set F), == Ip__ I € L2, (R; H) N La,,(R; H) and

—1
._ M, 0\ (0 0 0 —C
Up = (%(O 0)+<0 Ml(at,y>)+(c ¢ )) F

Then U, € Ly, (R>_y; H) by causality. We claim that U,, € Lo _,(R>_,; H) for each
n € N. In order to show the claim, we note

-1
B Mo 0 0 0 0o -C*
TnUn = <at’” ( 0 o) " <0 Ml(at,y)> i <C 0 >> o

and 7_,F, € Ly _,(R>0; H) by assumption. Hence, Corollary yields L1_,F, €
H2(CRe>—p; H). Let T(-) be as in Lemma Since T(-)~! has a bounded ana-
lytic extension to Cres—,, we obtain T()Lr ,F, € Ha(CRre>—p; H). Since 7_,U, €
L2’V(R>O;H) and

(L'T_nUn)(z) = T(Z)_l(ﬁT_nFn)(Z) (2 € CRre>v),

we conclude that 7_,U,, € La _,(R>0; H) by Corollary[8.1.3| Thus, U,, € Lo _,(R>_y; H).
Since F;, — F'in L ,(R; H) by dominated convergence, we obtain U,, = U in Ly, (R; H)
by the continuity of the solution operator. So we just need to prove that (Up)nen also
converges in Lo _,(R; H). Let m,n € N. Since £_, is unitary from Ly _,(R;H) to
Ly(R; H), we estimate
1Un = Unllp, _, = 1£-pUn = L_pUnll,
= HT(im —p) 'L ,F, — T(im — ,0)_1£,meHL2
SCONL—pFn - ‘C—meHL2 =C|F - FmHLgy,pa

where C' = sup.ccp,._, HT(Z)_1H. Since also F,, = F in Lo _,(R; H), (Up)nen is a
Cauchy-sequence in Ly _,(R; H) and hence, U € Ly _,(R; H). O
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11 Exponential Stability of Evolutionary Equations

11.3 Three Exponentially Stable Models for Heat
Conduction
The Classical Heat Equation

We recall the classical heat equation (cf. Theorem [6.2.3) on an open subset Q C R?
consisting of two equations, the heat-flux balance

o0 +divg=f

and Fourier’s law
q= —agrad®f,

where f is a given source term and a € L(L2(Q2)?) is an operator modelling the heat
conductivity of the underlying medium. We will impose Dirichlet boundary conditions
which will be incorporated in our equation by replacing the operator grad by grad, in
Fourier’s law (cf. Section [6.1)).

In order to apply Theorem we need that grad, is boundedly invertible in some
sense. This can be shown using Poincaré’s inequality.

Proposition 11.3.1 (Poincaré inequality). Let Q C R be open and contained in a strip;
that is, there exist e € R? with |le|| =1 and a,b € R, a < b such that

0 C {:cG]Rd;a< (e, x) <b}.
Then for each u € dom(grad,) we have

[l () < (b= a)llgradg ul L, q)e-

Proof. Without loss of generality, let e = (1,0, ...,0). Recall that, by definition, CZ°(2)
is a core for grad,. Thus, it suffices to prove the assertion for functions in C°(f2).
Let o € CX(Q). We identify o with its extension by 0 to the whole of R?. By the
fundamental theorem of calculus, we may compute

p(x) :/ op(s,a2,...,xa)ds (z€Q).

Hence, by the Cauchy—Schwarz inequality and Tonelli’s theorem

SR

</Q(b—a)/a (Glgo(s,xg,...,xd))stdw:(b—a)2/9|61<p(x)|2dx

< (b — a)?||grad, SOH%Q(Q)fh

2
dx

1
/ (s, xa, ..., xq)ds
a
b

which shows the assertion. O
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11 Exponential Stability of Evolutionary Equations

Corollary 11.3.2. Under the assumptions of Proposition |11.5.1] the operator grad, is
one-to-one and ran(grad,) is closed.

Proof. The injectivity follows immediately from Poincaré’s inequality. To prove the
closedness of ran(grady), let (ug)pen in dom(grad,) with gradyuz — v in Lo(Q)¢ for
some v € Ly(Q)?. By Poincaré’s inequality, we infer that (uy)ren is a Cauchy-sequence
in Ly(€2) and hence convergent to some u € Ly(2). By the closedness of grad, we obtain
u € dom(grad,) and v = grady u € ran(grady). O

We need another auxiliary result which is interesting in its own right.
Lemma 11.3.3. Let H be a Hilbert space and V. C H a closed subspace. We denote by
w:V - H, zx—=x

the canonical embedding of V' into H. Then vyij,: H — H 1is the orthogonal projection
on V and tj;uy: V. — V is the identity on V.

Proof. The proof is left as Exercise [11.2] O

We now come to the exponential stability of the heat equation. First, we need to for-
mulate both the heat-flux balance and Fourier’s law as a suitable evolutionary equation.
For doing so, we assume that  C R? is open and contained in a strip. Then ran(grad,)
is closed by Corollary [[1.3.2] It is clear that we can write Fourier’s law as

q= —agrad, 0 = _abran(grado)bjan(grado) grad 0.

Hence, defining ¢ == gand a =1 € L(ran(gradg)), we arrive

at

* * aL
ran(grad) ran(grad, ) “‘ran(grad)

q — 75L:an(grad0) grado 0
Moreover, since ran(grad,)* = ker(div), we derive from the heat-flux balance
=010 +divg = 00 + diV tran(grad,)d

and hence, assuming that @ is invertible, we may write both equations with the unknowns
(0, q) as an evolutionary equation in Ly, (R; H) for v > 0, where H = Lo(§2)@®ran(grad,).
This yields

1 0 0 0 0 div lran(grad,) 0 _ f

For notational convenience, we set

C:=1 grad,: dom(grady) C Lo(£2) — ran(grady). (11.4)

*
ran(grad)

Lemma 11.3.4. Let Q C R? be open and contained in a strip and C as above. Then C
is densely defined, closed and boundedly invertible. Moreover

* .
C* = —div Lran(grado)'
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11 Exponential Stability of Evolutionary Equations

Proof. The proof is left as Exercise [[1.3] O

Proposition 11.3.5. Let Q C R be open and contained in a strip, a € L(L2(Q)?), and
c1 > 0 such that
Rea > ¢;.

Then a = Ljan(arado)abran(grado) 15 boundedly invertible and the solution operators associ-

ated with are exponentially stable.

Proof. For x € ran(grad,) we have

Re <1‘, Eil'>ran(grad0) = Re <Lran(grad0)x7 aLran(grad0)$>L2(Q)d
2 2
= ClHLran(grado)xHLQ(Q)d = Cle”ran(gradO)’
and thus, @ is boundedly invertible. Hence, (11.3)) is an evolutionary equation of the form
considered in Theorem [11.2.1) with My :== 1, My(z) == a ! for 2 € C and C given by
11.4). Since Rea~! > ”2#, Theorem |11.2.1{is applicable and we derive the exponential
stability. O

The Heat Equation with Additional Delay

Again we consider the heat equation, but now we replace Fourier’s law by
q = —ay grady § — as7_p, grady 0

for some operators aj,as € L(L2(2)?) and h > 0. As above, we assume that Q C

d . . . . . ~ N. —
R“ is open and contained in a strip. We may introduce q = L;‘an(grado)q and a; =
[’;kan(grado)aj[’ran(grado) € L(Lo(2)%) for j € {1,2}. Moreover, we assume that there exists
¢ > 0 such that

Rea; > c.

By Lemma there exists 19 > 0 such that the operator a; + as7_p is boundedly
invertible in Lo, (R;ran(grady)) and its inverse is uniformly strictly positive definite
for each v > 1y. Hence, we may write the heat equation with additional delay as an
evolutionary equation of the form

10\ (0 0 0 —C\\ [0\ _(f
(6 0+ 6 @) e )@ -0) o
with C' given by (11.4).

Proposition 11.3.6. Let Q C R¢ be open and contained in a strip, h > 0, ai,as €
L(L2(2)%), and ¢ > 0 such that
Rea; > ¢

and |laz|| < c¢. Then the solution operators (Sy)y>y, associated with are exponen-
tially stable.
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11 Exponential Stability of Evolutionary Equations

Proof. Note that ||az|| < [Jaz|| < ¢. We choose

1 c
0<pr < —log——.
h = laz|]
Then we estimate for z € Cres—p,
~ ~ —zh Uy p1h 2
Re(z, (@ + e ™)a) > (e @l el g,

By the choice of p;, we infer ¢ := (¢ — ||az|[e”*") > 0. Hence,
My(2) == (@) +d2e ™) (2 € Cres_py)
is well-defined and satisfies
ReMi(z) 2 c1 (2 € CRe>—p,)

for some c¢; > 0 by Proposition [6.2.2] Thus, Theorem [11.2.1]is applicable and yields the
exponential stability of (L1.5]). O

A Dual Phase Lag Model
In this last variant of heat conduction, we replace Fourier’s law by
(14 540:)q = (1 4 s90) grad, 0,

where s4, 59 > 0 are the so-called “phases” (cf. Section where a different type of dual
phase lag model is studied). The latter equation can be reformulated as

(1+ 540) (1 + 398t,1/)71q = grad, 0

for v > 0. Assuming that Q C R? is open and contained in a strip, and defining
q = L;‘an(grado)q, the dual phase lag model may be written as

(3G )6 o) (2N =) o

with C' given by ([11.4)).

Proposition 11.3.7. Let Q C R? be open and contained in a strip, vy > 0. Moreover, let
sg > sq > 0. Then the solution operators (Sy,),>y, associated with are exponentially
stable.

Proof. Again, we note that (11.6)) is of the form considered in Theorem [11.2.1] with
My =1 and

L +sg2
o 1+ Sz

Mi(z) (= € C\ {-5,"}).

Setting p = z—z < 1 we compute

(1—p) 1+sgRez
frd = — 7> - .
Re M;(z) = Re <u+ A+ (1—p) 3 spef 2 F (2 € Cres_y;1)

Thus, Theorem [11.2.1]is applicable and hence, the claim follows. O
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11 Exponential Stability of Evolutionary Equations

11.4 Comments

The results of this lecture are based on the results obtained in [8, Section 2|. There,
Laplace transform techniques are used to characterise the exponential stability of evol-
utionary equations in a slightly more general setting. Moreover, besides parabolic-type
equations, also hyperbolic-type equations are considered, such as the damped wave equa-
tion or the equations of visco-elasticity.

The exponential stability of partial differential equations is a well-studied field. In par-
ticular, in the framework of Cy-semigroups, where the exponential stability is defined
via pointwise estimates due to the continuity of solutions, several results are known. We
just mention Datko’s theorem [4] (see also |2, Theorem 5.1.2]), which states that a Cp-
semigroup is exponentially stable if and only if the solution operator associated with the
equation

(8t,u + A) U=F

leaves L,(R>o; H) invariant for some (or equivalently all) p € [1,00). As it turns out,
the latter is equivalent to the invariance of Ly _,(R; H) for some p > 0 and thus, our
notion of exponential stability coincides with the usual one used in the theory of Cpy-
semigroups. Another important theorem on the exponential stability of Cy-semigroups
on Hilbert spaces is the Theorem of Gearhart—Priif [7] (see also [5, Chapter 5, Theorem
1.11]), where the exponential stability of a Cy-semigroup is characterised in terms of the
resolvent of its generator.

Besides the exponential stability, which is the only type of stability studied so far within
the current framework, different kinds of asymptotic behaviours were considered for Cp-
semigroups. We just mention the celebrated Arendt—Batty—Lyubich—Vu theorem [1, 6]
on strong stability of Cp-semigroups or the Theorem of Borichev—Tomilov [3| on the
polynomial stability of Cy-semigroups on Hilbert spaces.

Exercises

Exercise 11.1. Let H be a Hilbert space, v,p € R and v € Ly 1oc(R; H). Prove the
following statements:

(a) If u € dom(0,) Ndom(dy,,) then O u = O pu.
(b) If v € dom(9;,,) such that w, 0y, u € Lo ,(R; H) then v € dom(0;).
Exercise 11.2. Prove Lemma [[1.3.3

Exercise 11.3. Let Hy, H; be Hilbert spaces and A: dom(A) C Hy — H; a densely
defined closed linear operator. Moreover, we assume that A has closed range. Show that
the adjoint of the operator L:an(A)Ai dom(A) C Hy — ran(A) is given by A%tan(a). If
additionally A is one-to-one, show that L;‘an( A)A is boundedly invertible.
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11 Exponential Stability of Evolutionary Equations

Exercise 11.4. Let Q C R? be open and contained in a strip. We consider the heat
conduction with a memory term given by the equations

O 0+ divg = f,
q = (1 — kx)grad, 0, (11.7)

where k € L1 _,, (R>; R) for some p; > 0 with

/Oo|k:(t)dt< 1.
0

Write (11.7)) as a suitable evolutionary equation and prove that this equation is expo-
nentially stable.

Exercise 11.5. Let A € C™*" for some n € N and consider the evolutionary equation
(O + A)U = F.

Prove that the solution operators associated with this problem are exponentially stable
if and only if A has only eigenvalues with strictly positive real part.

Exercise 11.6. Let Q C R be open.

(a) Let ¢ € C(Q)?. Prove Korn’s inequality

2
lgrad @;|7, (qya-
1

d
2
||Grad<P”L2(Q)gan‘f >

1
24

j
(b) Use Korn’s inequality to prove that for u € La(92)? we have
u € dom(Gradg) <= Vje{l,...,d}: u; € dom(grady).
Moreover, show that in either case
1 d
5 > llgradg w17, gy < [|Gradg “”iQ(Q)g;rg <D lgrady ull7, qye-
j=1 Jj=1

(¢) Let now £ be contained in a strip. Prove that Gradg is one-to-one and has closed
range.

Exercise 11.7. Let Q C R? open and a € L(Ly(Q)9) with Rea > ¢ > 0.

(a) Let v > 0 and f € Ly, (R; La(€2)). Moreover, assume that €2 is contained in a strip
and define a = Lyan(grady ) ran(grady) - L€t 0 € Ly, (R; La(2)), ¢ € Lo, (R; La(2)%)

satisfy
10 0 0 0 div 0N _ (f
(o 0)+ 6 ) (e, ) ()= 0)

145



References

and 6 € Ly, (R; La(R2)), ¢ € Lo, (R;ran(grady)) satisfy

1 0 0 0 0 div lran(grad,) 0 _ f
(6 0) (0 #0) * (g 57 (6) = ()

Show that (6, L;‘an(grado)q) = (6,q).

(b) Let © be bounded and consider the evolutionary equation

(o 0) (0 o) 07) ()= )

Show that the associated solution operators are not exponentially stable.
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12 Boundary Value Problems and
Boundary Value Spaces

This lecture is devoted to the study of inhomogeneous boundary value problems. For
this, we shall reformulate the boundary value problem again into a form which fits within
the general framework of evolutionary equations. In order to have an idea of the type of
boundary values which make sense to study, we start off with a section that deals with
the boundary values of the functions in the domain of the gradient operator defined on
a half space in R? (for d = 1 we have Ly(R9™1) = K).

12.1 The Boundary Values of H!(R? ! x R.)

In this section we let Q := R4 x Ryg and f € H'(Q); our aim is is to make sense of the
function R4~! 5 ¥ +— f(¥,0). Note that this makes no sense if we only assume f € La()
since R9~! x {0} = 99 is a set of (d-dimensional) Lebesgue-measure zero. However, if
we assume f to be weakly differentiable, something more can be said and the boundary
values can be defined by means of a continuous extension of the so-called trace map. In
order to properly formulate this, we need the following density result.

Theorem 12.1.1. The set D = {¢: @ = K; I € C°(RY): ¢|o = ¢} is dense in the
space H ().

We will need a density result for H'(R9) first.
Lemma 12.1.2. C*(RY) is dense in H'(RY).

Proof. Let f € H'(RY). We first show that f can be approximated by functions with
compact support. For this let ¢ € C°(R?) with the properties 0 < ¢ < 1, ¢ = 1 on
B(0,1/2) and ¢ =0 on R\ B(0,1). For all kK € N we put ¢y := ¢(-/k) and f .= ¢ f €
L2(R%). Then f; has support contained in B [0, k]. The dominated convergence theorem
readily implies that fy — f in La(R?) as k — oco. Next, let 1 € C°(R%)? and compute
for all k € N

— (o, dive)) = — (pf,dive)) = — (f, ¢p divey) = — (f, div (¢x¥)) — (grad éx) - )
— — {fudiv (@) + {F grad o, 0) = ((grad o+ Flsrad 6)(/0),0 ).

which shows that f;, € dom(grad) = H'(R?) and grad f; = (grad f)gbk—l—%f (grad @) (-/k).
From this expression of grad f;, we observe grad fr — grad f in Lo(R?%)¢ by dominated
convergence. Hence, fr — f in dom(grad).
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12 Boundary Value Problems and Boundary Value Spaces

To conclude the proof of this lemma, it suffices to revisit Exercise . For this, let (¢x)x in
C>®(R%) be a d-sequence. Then, by Exercise we infer ¢y x f — f in Ly(R%) as k — oo
and hence, by Exercise it follows also that grad (¢ * f) = ¢y * grad f — grad f
(note the component-wise definition of the convolution). A combination of the first part
of this proof together with an estimate for the support of the convolution (see again
Exercise yields the assertion. O

Proof of Theorem[12.1.1} Let f € H'(2). The approximation of f by functions in D is
done in two steps. First, we shift f in the negative eg-direction to avoid the boundary,
and then we convolve the shifted f to obtain smooth approximants in D.

Let f € Lo(R?) be the extension of f by zero. Put eq = (0jd)jeq1,..ay, the d-th unit
vector. Then for all 7 > 0 we have Q 4 7e4 C Q and, thus by Exercise we deduce
fr=f(-+7eq)la — fin H'(Q) as 7 — 0. Thus, it suffices to approximate fr for 7 > 0.
Let 7 > 0 and let (1), in C°(RY) be a d-sequence. Then ¢y * f(- + Teq) € H(R?), by
Exercise Define fj, ; = (z/;k*f(-+red))\g. Then we obtain that fr, — frin H'(Q)
as k — oo. Indeed, the only thing left to prove is that grad fx, — grad f, in Lo(Q)?
as k — oo. For this, we denote by g the extension of grad f by 0. Since g € Lo(R%)?
it suffices to show that grad fi, = 9, * g on Q for all large enough k € N, where
gr = g(- + Teq). Let k> L. Then for all z € Q and y € sptyy, C [—1/k, 1/k]* we infer
r—y+T1eq € Q. In particular, f(-—y+7eq) € HY(Q) and grad f(-—y+7eq) = g(-—y+Teq).
Take n € C*(Q)? and compute

horsdivi) ey == [ [l =)ty + rea)” dycivn(e) da

Q

= —/Q g Vre(y) f(x —y + Teq)* dy divn(x) dz

— _/ / dz/;k(y)f(x—y+76d)*dydivn(x)dm
Q J[=1/k1/k]

—— [ =y e diva) o dy
[~1/k,1/k]

= [ ) e~y e e dy
[(—1/k,1/k]
= (g * gran>L2(Q)d .

As iy * f( + 1eq) € HY(R?), we conclude the proof using Lemma [12.1.2] O

With these preparations at hand, we can define the boundary trace of H'(Q).

Theorem 12.1.3. The operator

v: D C HY(Q) — Ly(RI)
fe RS 3 f(7,0)
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12 Boundary Value Problems and Boundary Value Spaces

is continuous, densely defined and, thus, admits a unique continuous extension to H'(Q)
again denoted by v. Moreover, we have

1
17l gy ma—1y < (QHfHLQ(Q)HgfadeLg(Q)d>2 <l (f € HY(Q)).

Proof. Note that v is densely defined by Theorem [12.1.1| TLet f € C®(R%) and ¥ € R? 1.
Let R > 0 be such that spt f C B (0, R). Then

R
Lo r@orar= [ [Cai@araa = [ (1) @)+ 0uf @)f(e) da

0
< 2||f||L2(Q)||grad fHLg(Q)d‘

The remaining inequality follows from 2ab < a? + b2 for all a,b € R. O

Except for one spatial dimension, where the boundary trace can be obtained by point
evaluation, the boundary trace v does not map onto the whole of Ly(R%!). Hence, in
order to define the set of all possible boundary values for a function in H! one uses a
quotient construction: we set

H'PZR&Y = {yf; fe HI(Q)}

and endow H'/2(R41) with the norm

L1 /2qgay = 08 {lgls s 0 € B0 = 77}
It is not difficult to see that HY/2(R4~1) is unitarily equivalent to (ker~)’, where the
orthogonal complement is computed with respect to the scalar product in H*(€). Thus,
H'2(R%1) is a Hilbert space.

12.2 The Boundary Values of H(div,R%! x R.g)

Let Q := R% ! x Ryg. There is also a space of corresponding boundary traces for the
divergence operator. Similar to the boundary values for the domain of the gradient
operator, H'(2), the boundary trace for H(div)-vector fields rests on a density result.
The proof can be done along the lines of Theorem [12.1.1]and will be addressed in Exercise
123

Theorem 12.2.1. D? is dense in H(div, Q).

Equipped with this result, we can describe all possible boundary values of H(div, (). It
will turn out that vector fields in H (div, 2) have a well-defined normal trace. Hence, the
projection onto the last component in the following theorem.
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12 Boundary Value Problems and Boundary Value Spaces

Theorem 12.2.2. The operator
!/
rn: DL C H(div, Q) — (H1/2(Rd—1)) — HU2(RIY)
q— (]Ral_1 S% —qd(f,())),

is demnsely defined, continuous with norm bounded by 1 and has dense range. Thus Yy
admits a unique extension to H(div,Q) again denoted by ~,. Here, —qq is the negative
of the d-th component of q pointing into the outward normal direction of Q) and —qq is
identified with the linear functional

Hl/z(Rd) > ’Yf = <_Qd('70)77f>L2(Rd*1) :

Moreover, for all f € dom(grad) and q € dom(div) we have

(f,diva) + (grad f,q) = (Vf", @) g2 g1/ (12.1)

We will denote the unique extension of v, again by .

Proof. Let f € D and ¢ € D?. Then integration by parts yields

(Fdivg) + Grad foa) = [ divtas®) = [ (@00 @)= Gia)eqs, ) 8

Ra-1
= —/Rd1 V490 = (Vs @) py ey -

Hence,

|0, 900} ooy | < lall a1 1

Since D is dense in H'(€), the inequality remains true for all f € H*(Q). Thus,

< lall g Ml (F € H'(Q)).

Computing the infimum over all g € H'(Q) with vg = +f, we deduce

’<’}’f7 7HQ>L2(R<1*1)

’<7f7’7HQ>L2(Rd*1) < HQHH(div)H'YfHH1/2(Rd*1) (f € Hl(Q))

Therefore y,q € H-/2(R) and ||yaql|g-1/2 < 9]l 7 (aivy> Which shows continuity of

Yn. It is left to show that -, has dense range. For this, take vf € HY2(R* 1) for some
f € HY(Q) such that

v /f, ’7n9>L2(]Rd*1) =0
for all g € D?. Next, take § € C®°(R% 1) and ¢ € C®(R) with (0) = 1. Then we set
g: Q2 (%,2) = —eqg(T)(Z) € D? and note that v,g = §. Hence
<’Yf7 §>L2(Rd*1) =0 (5 € CCOO(Rdil))

Thus, vf = 0, which implies that the range of v, is dense as H'/?(R%1) is a Hilbert
space. The remaining formula follows by continuously extending both the left- and right-
hand side of the integration by parts formula from the beginning of the proof. Note that

for this, we have used both Theorem [12.1.1] and Theorem [12.2.1 O
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12 Boundary Value Problems and Boundary Value Spaces

Corollary 12.2.3. Let f € HY(Q), q € H(div,Q). Then f € dom(grad,) if and only if
vf =0 and q € dom(divg) if and only if yng = 0.

Proof. We only show the statement for q. The proof for f is analogous. If ¢ € dom(divy),
then there exists a sequence (¢, ), in C°(2)¢ such that v, — ¢ in H(div, Q) as n — oo.
Thus, by continuity of ~,, we infer 0 = ¥, — Yq. Assume on the other hand that
¢ € dom(div) with v,¢ = 0. Using (12.1)), we obtain for all f € dom(grad)

(divg, f) + (g, grad f) = 0.
This equality implies that ¢ € dom(grad®) = dom(— divy) and — divg g = — div ¢, which

shows the remaining assertion. O

The remaining part of this section is devoted to showing that the continuous extension
of 4, maps onto H~Y/2(R4~1). For this we require the following observation, which will
also be needed later on.

Proposition 12.2.4. Let U C R pe open. Then
Ho(div, U)* o) = {g e H(div,U); divg € H(U), ¢ = graddivg} .

Proof. Let ¢ € H(div,U). Then ¢ € Ho(div,U) #@v.0) if and only if for all r €
Hy(div,U) we have

0 =", @) p(aiv,ry = @) pyya + {divr, diva) ) = (1 @) e + (divor, diva) g, ) -
The latter, in turn, is equivalent to divg € dom(divy) = dom(grad) = H(U) and
—grad div g = divgydivg = —q. O
Theorem 12.2.5. ~, maps onto H~'/2(R4"1). In particular, we have

HQHH(div,ﬂ) < H’YnQHHfW(Rd—l)
for all ¢ € Ho(div, Q)#w@iv0),

Proof. By Theorem [12.2.2]it suffices to show that v, has closed range. For this, it suffices
to show that there exists ¢ > 0 such that

]l zraiv,0) < Cllmall g-1/2@a-1)

for all g € ker(yy iLH(diV’Q). By Corollary [12.2.3] we obtain ker(y,) = Ho(div, ). Hence,

by Proposition|12.2.4, we deduce that g € ker(qy,)-#@v.2) if and only if ¢ € dom(grad div)
and ¢ = graddiv¢. So, assume that ¢ € dom(grad div) with ¢ = graddiv¢. Then ([12.1)
applied to ¢ € dom(div) and f = div ¢ € dom(grad) yields

(v div q,fynq>H1/2’H_1/2 = (div q,div q) + (q,grad div q) = (div q,divq) + (q,q)

2
= HqHH(div,Q)7

where we used grad divg = q. Hence
2 . .
HQHH(div,Q) < Iy div gl grszllmgl -1z < Hleqqu(Q)||"YnQHH—1/2

= HQHH(div,ﬂ)H’YnQHH—l/z
where we again used that grad div g = ¢. This yields the assertion. ]
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12.3 Inhomogeneous Boundary Value Problems

Let Q := R 1 xR. . With the notion of traces we now have a tool at hand that allows us
to formulate inhomogeneous boundary value problems. We shall address other boundary
value problems in the exercises. Here we focus on the scalar wave type equation for given
Neumann data § € H~/2(R%1). More precisely, for the material law M : dom(M) C
C — L(L2(Q) x Ly(Q)?) with s, (M) < 1 for some vy € R satisfying the positive
definiteness condition in Theorem that is, there exists ¢ > 0 such that for all
2 € CRe>y, we have RezM (z) > ¢. For v > vy we want to solve

(i D)) =
grad 0 q 0

mq(t,) =9 on 99 for all t € R.

Let us reformulate this problem. Let ¢ € C°°(R) such that 0 < ¢ < 1 with ¢ = 1 on
[0,00) and ¢ = 0 on (—o0, —1]. We define the function g: (¢ +— ¢(t)g € H12RI) €
Moo L2.v(R; H~'2(R% 1)) and consider

0 div v 0
<8t,yM(3t,u) + (grad 0 )) (q) - <0> on £, (12.2)

Tmq(t) = g(t) for all + > 0.
instead.

Theorem 12.3.1. Let v > max{wy,0},v # 0. Then admits a unique solution

o i(man( (5, )

Proof. We start with the existence part. By Theorem [12.2.5 we find G e H(div, ) such
that 7G = g; set G := ¢(-)G € H3(R; H(div,2)). Consider the following evolutionary
equation

(&,VM((%,V) 4 <gr(; . dig(])) (:f) — 0, M(3r) <_OG> 4 (‘ aw G) |

Note that the right-hand side is in H2(R; Lo () x Lo(Q)%). By Theorem we obtain

()= (oo (s 57)) (s (%) + (C5))

€ HA(R; Ly(Q) x Ly()h) N Ly, (R; dom( (gr(; 1 d(i)v))).

Indeed, since the solution operator commutes with J;, and the right-hand side lies in

H?2, it even follows that <1;> € H2(R; Ly(Q) x Ly(2)%). From the equality
0 divg u\ 0 —divG
(8 45)) () (1) (4
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12 Boundary Value Problems and Boundary Value Spaces

it follows that

(i) € H} (R; dom((groad digo))>.
Also, we deduce that

(st (s 6)) () = o)

Since r € HL(R;dom(divy)), by Corollary [12.2.3|and Theorem we obtain
T ((r+G)(t) = wmG(t) = g(t) (t€R).
Hence, (u,r + G) solves (12.2).

Next we address the uniqueness result. For this we note that a straightforward compu-
tation shows

(1) = (s (g *57)) (o (55) - (5°)

which coincides with the formula for (u,r + G). O]

The upshot of the rationale exemplified in the proof is that inhomogeneous boundary
value problems can be reduced to an evolutionary equation of the standard form with
non-vanishing right-hand side. Of course the treatment of inhomogeneous Dirichlet data
works along similar lines.

12.4 Abstract Boundary Data Spaces

Of course inhomogeneous boundary value problems can be addressed for other domains
Q) than the half space R4~ x R+. Classically, some more specific properties need to be
imposed on the description of the boundary 9€). In this section, however, we deviate from
the classical perspective in as much as we like to consider arbitrary open sets  C R<,
For this we introduce
BD(div) = {q € H(div,); divq € dom(grad), grad divgq = ¢},
BD(grad) = {u € H'(Q); gradu € dom(div), divgradu = u}.

By Proposition [12.2.4] and Exercise these spaces are closed subspaces of H(div, )
and H'(Q), respectively, and therefore Hilbert spaces. Indeed,

BD(div) = Hy(div, Q)J—H(div,m

and
BD(grad) = Hg (Q)" 1@,

Now, we are in a position to solve inhomogeneous boundary value problems, where the
trace mappings v and 7y are replaced by the canonical orthogonal projections mpp(grad)
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12 Boundary Value Problems and Boundary Value Spaces

and TRp(div) respectively; see Exercise We devote the rest of this section to describe
the relationship between the classical trace spaces introduced before and the BD-spaces.
In the perspective outlined here, there is not much of a difference between Neumann
boundary values and Dirichlet boundary values. The next result is an incarnation of
this.

Proposition 12.4.1. We have
grad[BD(grad)] € BD(div) and div[BD(div)] C BD(grad).
Moreover, the mappings

gradgp : BD(grad) — BD(div),
u +— grad u

and

divgp: BD(div) — BD(grad),
q+— divg

are unitary and gradip = divpp.

Proof. Let ¢ € BD(grad). Then grad ¢ € H(div,Q?) and divgrad¢ = ¢. This implies
divgrad ¢ € dom(grad) and graddivgrad ¢ = grad ¢, which yields grad ¢ € BD(div).
Thus, gradgp is defined everywhere; interchanging the roles of grad and div, we obtain
divpp is also defined everywhere. We infer divpp gradgp = 1gp(grad) and gradgp divep =

IBp(div) and thus gradpp is bijective with grad]g}) = divpp. It remains to show that
gradgp preserves the norm. For this we compute

grad ¢, grad ¢) H(div)
grad ¢, grad @), + (div grad ¢, div grad D) 1,9

grad ¢, grad ) ,(gya + (0: d) 1,,(q)

>d0m (grad) — <¢’ ¢>BD(grad) )

(gradpp ¢, gradgp ¢>BD(dw

{
=
=
= (¢,

which implies that gradpp is unitary. Hence, divpp = gradgllj = gradgp. O

It is also possible to show an ‘integration by parts’ formula analogous to (12.1)) for the
abstract situation:

Proposition 12.4.2. Let uw € H(Q) and q € H(div,Q). Then

(div g, u) () + (¢, grad ) 1, )a = (dIVBD TBD(div) ¢ TBD (grad) ¥ B (graa)

= <7T BD(div)4> gradpp ™ BD(grad)u>BD(div) )

154



12 Boundary Value Problems and Boundary Value Spaces

Proof. We decompose u = ug + u1 and q¢ = qo + q1 with ug € H(Q), g0 € Hop(div, ),
U1 = TBD(grad)¥ a0d q1 = TRp(div)¢- Then we obtain

(div g, U>L2(Q) + (g, grad U)LQ(Q)EI

= (div0 90, 1), )+ {diV a1, 1) 1, ) + (0, Brad u) , pa + (g1, grad ), gya

= {90, —gradw) , ()a + {div g1, u) 1, () + (g0, grad u) ., gya + {q1, grad u) 1, ()

= (div g1, u0) 1, ) + (div i, u1) 1, ) + (g1, grad uo) 1, (g)a + (q1, grad ur) 1, )a

= (g1, — grady uo) 1, gy + (div g, u1) 1, q) + (@1, grady uo) 1, gy + (g1, grad ur) 1, oy
= (div ¢, u1>L2(Q) + (q1, grad U1>L2(Q)d

=

div ¢, u1>L2(Q) + (grad div ¢, grad u1>L2(Q)d = (div ¢y, u1>BD(grad) .

The remaining equality follows from the unitarity of gradgp and grad]g]g = divgp by

Proposition [12.4.1] O

In view of Proposition (although being the same mapping up to a unitary trans-
formation) the proper replacement of ~, appears to be divgp TBD(div) instead of just
TBD(div). Next, we show the equivalence of the trace spaces for the half space and the
abstract ones introduced in this section.

Theorem 12.4.3. Let Q := R¥! x Roo. Then v|pp(graa) : BD(grad) — HY2(R4-1)
and Yu|Bp(aiv) : BD(div) — H=Y2(RI1YY are unitary mappings.

Proof. We begin with ~v,. We have shown in Theorem @ that 'yn\BD(div) is continuous
and in Theorem it has been shown that ('yn]BD(div))_‘ is continuous. Also the two
norm inequalities have been established.

The injectivity of 7|pp(graq) follows from kery = H(Q) by Corollary . All that
remains simply relies upon recalling that H/2(R%1) is isomorphic to (ker~)™ with the
orthogonal complement computed in H'(£2). O

12.5 Robin Boundary Conditions

The classical Robin boundary conditions involve both traces, the Dirichlet trace v and
the Neumann trace ,. To motivate things, let us again have a look at the case (2 =
R9~! x R-(. We consider the boundary condition for given ¢ € H(div,Q) and u € H'(Q)

Mg + iyu =0,
in the sense that
(Mg U>H—1/2(Rd—1),H1/2(Rd71) = (‘i’Y%U>L2(Rd71) (ve H1/2(Rd71))-

Note that this is an implicit regularity statement as y,q € Lo(R?"1) is representable
as an Lo(R?1) function. The next result asserts that an evolutionary equation with a
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0 div
rad O
into the setting rendered by Theorem In other words:

spatial operator of the type <g with the above Robin boundary condition fits

Theorem 12.5.1. Let Q@ = R x Ryg. Then the operator A: dom(A) C Ly(Q)4+! —

La(Q)4! with A C ( 0 d1v> with domain
grad 0

dom(A) = {(u,q) € H () x H(div,Q); g +iyu =0}
is skew-selfadjoint.

Proof. Let (u,q), (v,r) € H'(2) x H(div,Q). Then, by (12.1) we obtain

(o ) () <>> () (e )0

= (divg, v) + (gradu, 7) + (u, divr) + (¢, grad v) = (g, 70) + (Yu, Yar) -
If, in addition, (u,q) € dom(A), we obtain

SOROIR(HRERYIO)

= (@, V) + (Y, W) = — (v, Y0) + (yu, 1) = (yu,iyv) + (yu, Wr)
= (yu,iyv 4+ r) .

Since for every u € D, we find ¢ € D? such that (u,q) € dom(A),
v[D] C {yu; 3¢ € H(div,Q): (u,q) € dom(A)}.
Thus, the set on the right-hand side is dense in H'/2(R?1). This in turn implies that
(v,7) € dom(A*) if and only if iyv+~,7 = 0, and in this case we have A*(v,r) = —A(v, 7).
This implies that A is skew-selfadjoint. O
Next, one could argue that in the case for arbitrary €2, the condition
ITBD (grad)® + diVBD TBD(div)¢ = 0 (12.3)

amounts to a generalisation of the Robin boundary condition just considered. However,
this is not true as the following proposition shows.

Proposition 12.5.2. Let u € H*(Q),q € H(div,Q). Moreover, we set k: BD(grad) —
Ly (R¥YY with kv = yv for v € BD(grad). Then ynq + ivu = 0 if and only if

divep TBp(div)¢ + Ik KTBD(grad) ¥ = 0.
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Proof. We first observe that kmpp(graq)w = yw for each w € H(Q).
Assume now that v,q + iyu = 0 and let v € BD(grad). Then we compute, using
Proposition [12.4.2| and (12.1])

<iH*H7TBD(grad)u’U>BD(grad) = <i/€7TBD(grad)u, RU>L2(RH)
= (7w, Y0) L, (ma-1)
= <—(’YnQ)*v’YU>H—1/2(Rd—l),Hl/z(Rd—g
= (=divq,v)p,q) + (—¢ gradv) g
= (— divBp TBD(Aiv) 4> U>BD(grad) ;
which proves one of the asserted implications.

Assume now that divep Tp(qiv)q +iK"KTBD (grad)t = 0 and let v € HY2(R41). We take
w € HY(Q) with yw = v and compute

(m@)" V) 172 a1y, m1/2 a1y = (div g, w) 1, ) + (¢, grad w) )

=
<d1VBD WBD(dw)q » TBD(grad) >BD(grad)
= (K" KTBD (grad) U TBD(grad) w>BD (grad)
= (—iKTBD(grad)Us HWBD(grad)w>L2(Rd 1)
= (—iyu, 'Yw>L2(]Rd 1y

which shows the remaining implication. O

12.6 Comments

The concept of abstract trace spaces has been introduced in [4] in order to study a
multi-dimensional analogue for port-Hamiltonian systems. Also concerning differential
equations at the boundary (so-called impedance type boundary conditions), the concept
of abstract boundary value spaces has been employed, see [5].

A comparison between abstract and classical trace spaces has been provided in [3] 6]
particularly concerning H 1/ 2(R?-1). A good introduction for trace mappings for more
complicated geometries can be found e.g. in [1|. The trace operator can also be suit-
ably established for H (curl, 2)-regular vector fields given that € is a so-called Lipschitz
domain, see [2].

Exercises

Exercise 12.1. Let ¢ € C°(R?), f € Ly(R?). Show that

¢*f::cH>/Rd¢(x—y)f(y)dy
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belongs to H'(RY) and that grad (¢ * f) = (grad ¢) * f. If, in addition, f € H'(R?) =
dom(grad), then grad(¢ x f) = ¢ = grad f, where the convolution is always taken com-
ponent wise.

Exercise 12.2. Let Q C R? be open. Let f € Lo(Q) and denote by fe Ly(R?) the
extension of f by zero. Let v € R%, 7 > 0 and define f, = f(- + 7v)|q.

(a) Show that fr — fin L2(Q) as 7 — 0.

(b) Let now f € HY(Q) and Q + 7v C Q for all 7 > 0. Show that f, — f in H}(Q) as
T — 0.

Exercise 12.3. Prove Theorem [2.2.11

Exercise 12.4. Let © C R? be open, M: dom(M) C C — L(L2(Q) x Ly(Q)?) with
sp (M) < vy for some vy € R, ¢ > 0 such that for all z € Cre>,, we have RezM (z) > ¢,
v > max{rp,0} and v # 0. Show that there exists a unique

(o) (R4 7))

s (2 ) ()-) =0
grad 0 q 0

TBD(grad)V(t) = ¢(t) f for all t € R,

satisfying

for some bounded ¢ € C*°(R) with infspt ¢ > —oco and f € BD(grad).

Exercise 12.5. Let Q = R4 xR- (. Show that there exists a continuous linear operator
E: HY(Q) — HY(R?) such that E(¢)|q = ¢.

Exercise 12.6 (Korn’s second inequality). Let Q@ = R?! x R.,. Using Exercise
show that there exists ¢ > 0 such that for all ¢ € H'(2)? we have

16l g1 (ye < € (Hd)”LQ(Q)d + [|Grad ¢||L2(Q)dXd) :

Thus, describe the space of boundary values of dom(Grad).
Hint: Prove a corresponding result for Q = R? first after having shown that C°(R?)4
forms a dense subset of both H'(Q)? and dom(Grad).

Exercise 12.7. Let Q C R? be open. Compute BD(curl) := Hy(curl, Q)1# 1.9 and
show that curl: BD(curl) — BD(curl) is well-defined, unitary and skew-selfadjoint.
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13 Continuous Dependence on the
Coefficients |

The power of the functional analytic framework for evolutionary equations lies in its
variety. In fact, as we have outlined in earlier lectures, it is possible to formulate many
differential equations in the form

In this lecture we want to use this versatility and address continuity of the above expres-
sion (or more precisely of the solution operator) in M (9;). To see this more clearly, fix
F and take a sequence of material laws (M,),. We will address the following question:
what are the conditions or notions of convergence of (M), to some M in order that
(Up)n with U, given as the solution of

converges to U, which satisfies
(OeM(0y) + A)U = F7?

In the first of two lectures on this subject, we shall specialise to A = 0; that is, we
will discuss ordinary differential equations with infinite-dimensional state space. To be-
gin with, we address the convergence of material laws pointwise in the Fourier-Laplace
transformed domain and its relation to the convergence of material laws evaluated at the
time derivative.

13.1 Convergence of Material Laws

Throughout, let H be a Hilbert space. We briefly recall that a sequence (T,), in L(H)
converges in the strong operator topology to some T' € L(H) if for all x € H we have

Tox — Tz (n— 00).

(T},)n is said to converge in the weak operator topology to T € L(H) if for all z,y € H
we have
(v, Toz) = (y, Tx)  (n— o0).

We denote the set of material laws on H with abscissa of boundedness less than v € R
by
M(H,v) :={M: dom(M) — L(H); M material law,sy, (M) < v}.
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13 Continuous Dependence on the Coefficients I

Definition. Let v € R. A sequence (M,,)nen in M(H,v) is called bounded if

sup M| o, < 00

Theorem 13.1.1. Let v € R, (M,), in M(H,v) be bounded. Assume that for all
2z € CRresy the sequence (My(z))n converges in the weak operator topology. Then there
exists a unique M € M(H,v) with My (0;,) — M(0;,) as n — oo in the weak operator
topology and M, (z) — M(z) in the weak operator topology for all z € Cres,.

If, in addition, (M, (2))n converges in the strong operator topology for all z € Cres,, then,
as n — 00, My(0,) = M(0r) and My(z) — M(2) in the strong operator topology for
all z € Cresy.

Proof. We start with existence of M. For z € Cres, denote by M(z) the weak operator
topology limit of (My(2))n. Let 29 € Cresy, 7 € (0,Rezp —v). For z,y € H, by
Cauchy’s integral formula, we deduce

_ L (9, Mu(2)z)
{y, Mn(20)2) = 5~ /BB(W) i 4z (nEN).

Using boundedness of (M,,),, Lebesgue’s dominated convergence theorem yields

M )= — AL dz.
<y’ (ZO) > 2mi /(‘98(z0,r) 2= 20 ‘

Since
[y, M(2)z)|| < [lz||[ly]] sup [Mnlloo cposy (2 € Cresv), (13.1)
ne

(y, M(-)z) is holomorphic in a neighbourhood of zy. By Exercise we obtain that
M: Cresy — L(H) is a material law. In fact, the estimate even implies that
M € M(H,v). The convergence statement M,(im + v) — M(({m + v) as n — oo
(for both the weak and the strong operator topology) follows easily from Lebesgue’s
dominated convergence theorem. The corresponding statement for (My(0;))n is then
implied by Fourier—Laplace transformation.

For the uniqueness statement, let N € M(H, v) with M, (im+v) — N(im+v) in the weak
operator topology. Then, N(im + v) = M (im + v) and therefore N (it + v) = M (it + v)
for almost every ¢ € R; thus N and M coincide on a set with an accumulation point,
which implies N = M on Cgresy- O

Remark 13.1.2. In Theorem [13.1.1] if H is separable, it suffices to assume that (M, (z)),
converges only for z belonging to a countable subset of Cre~, with an accumulation point
in Cresy. An adapted statement can be shown for non-separable Hilbert spaces as well.
The next statement is essential for the convergence statement for ordinary differential
equations.

Proposition 13.1.3. Let (T},), be a sequence in L(H) converging in the strong operator
topology to some T € L(H) with 0 € MN,en p(Th), sup,en || T Y| < oo and ran(T) € H
dense. Then T is continuously invertible and (T, '), converges to T—1 in the strong
operator topology.
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Proof. We set K = sup,,cn HT; IH We show that T is continuously invertible first. For
this, let x € H. Then

lz|l = HT I xH K||Tyz|| — K||Tz| (n— ).

Hence, T is one-to-one and it follows that ran(7") C H is closed. Hence, 0 € p(T'). For
x € H we conclude

T e = T || = || T, NT = T)T 2| | < K|(T = TW)T 2| = 0 (n—o00). O

We are now in the position to obtain the first result on continuous dependence.

Theorem 13.1.4. Let v € R, (M,),, a bounded sequence in M(H,v), ¢ > 0 such that
for all n € N and z € Cre>, we have

RezM,(z) = ¢

[f (M,(2))n converges in the strong operator topology for all z € Cres, then there exists
M € M(H,v) with RezM(z) > ¢ for all z € Cres, and

(Ot M (Dr)) ™ = (920 M(Dr)) ™
in the strong operator topology.

Proof. By Theorem [13.1.1} we find M € M(H,v) such that M, (z) — M(z) in the strong
operator topology for all z € Cres,. Let z € Cresy. Then RezM(z ) > ¢ and hence
zM (z) is continuously invertible. Since 0 € (,cy p(2My(2)) and |[(zMy(2)) Y| < 1/c

we deduce by Proposition |13.1.3|applied to T}, = zM,(z) that (2Mp(2)) 71 (zM( )t
in the strong operator topology. By Theorem [13.1.1, we infer (8t,,,Mn(8t’l,))_l —

(at,,,M(at,,,))‘l in the strong operator topology. d

13.2 A Leading Example

We want to illustrate the findings of the previous section with the help of an ordinary
differential equation. Also, we shall provide an argument on the limitations of the theory
presented above. Let (€, 3, 1) be a finite measure space.

Note that for V' € Lo (p) with associated multiplication operator V(m) as in Example

and Example we have that
M: z+— 142"V (m) € L(La())
is a material law with s, (M) < 0. The corresponding evolutionary equation is given by
O pu+V(m)u = f.

We want to study sequences of material laws of this form; that is, material laws induced
by sequences (V,,)n in Loo(p). First, we provide the following characterisation of the
convergence of multiplication operators.
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13 Continuous Dependence on the Coefficients I

Proposition 13.2.1. Let (Vy,), in Loo(p) and V € Loo(p). Then the following state-
ments hold.

(a) Vi(m) — V(m) in L(La(p)) if and only if V,, =V in Loo(p).

(b) Vi(m) — V(m) in the strong operator topology of L(Lo(w)) if and only if (Vi) is
bounded in Loo(p) and V,, — V in Li(p).

(c¢) Vo(m) — V(m) in the weak operator topology of L(La(p)) if and only of V,, — V
in the weak* topology o (Loo(p), L1(1)).

Proof. As a preparation, we claim that ||V, ) = [IV(m)|lyp,q) for V€ Loo(n).
Indeed, for f € La(p) we have

V) fll ) = IVOFOll ey S TV L1110

and therefore ||V (m)|[11, ) < VL () To show the reverse inequality, for € > 0 we

let Q. = (|V])~ [[HlfuLx(M g,oo)} and f = Lg,. Then [|f]l,,(, = #(2:)"/2 > 0 and

V() fll ) = VOOl ) 2 UV L) = Nl o)

Hence, [[V/(m)l| 7,00 2= IVIIL, g — &

- (a)| This is a dlrect consequence of the preparation above.

[(b)] Assume V,, — V in Ly(p) and that (V;,), is bounded in Loo(pt). Then (V,, — V), is
also bounded in Lo (1). For f € Loo(pt) € La(p) we obtain

Vi) = V)1 = [ Ve~ VI
2
< sup Vi =Vl oll£13 ) [ V= VId =0,

Since Loo(pt) is dense in Lo(p) and (V,(m) — V(m)), is bounded by the preparation
above, we obtain V,(m) — V(m) in the strong operator topology of L(La(u)).

Now, let V,(m) — V(m) in the strong operator topology of L(La(x)). Then (V,(m)),
is bounded in L(L2(u)) by the uniform boundedness principle. The preparation above
yields boundedness of (V,,), in Lo (i). Moreover, since 1o € Lao(u), we deduce V,, =
Vo(m)lg — V(m)lg = V in La(u). Since La(p) embeds continuously into Lq(u) we
obtain V,, — V in Ly ().

The assertion follows easily upon realising that ¢ € Li(u) if and only if there exists
Y1,v2 € La(p1) such that ¢ = ¥1¢a. O

With the latter result at hand together with the results in the previous section, we easily
deduce the next theorem on continuous dependence on the coefficients.

Theorem 13.2.2. Let (V) in Loo(p) be bounded, V € Loo(u), and Vi, =V in Li(p).
Then there exists v > 0 such that

(e + Vi(m)) ™" = (9, + V(m))
in the strong operator topology of L(LQ,V(R; Lg(,u))).

-1

163



13 Continuous Dependence on the Coefficients I

Note that the convergence statement can be improved, see Exercise [13.3

Proof. By Proposition [13.2.1(b)| we obtain V;,(m) — V(m) in the strong operator topo-
logy of L(L2(p)). Note that for v > 14 sup,ey [|Val 1 () We have

Re(z+ Vy(m)) > 1 (2 € Cresy,n € N).
Now Theorem [13.1.4] yields the assertion. O

In Theorem we did assume strong convergence of the sequence of multiplication
operators (V,,(m)),. A natural question to ask is whether the stated result can be
improved to (V;,),, converging in the weak* topology o (Leo (1), L1(1t)) only. The answer
is neither ‘yes’ nor ‘no’, but rather ‘not quite’, as we will show in the following. We
start with a result on weak™® limits of scaled periodic functions, which will serve as the
prototypical example for a sequence converging in the weak™ topology of L.

Theorem 13.2.3. Let f € Loo(R%) be [0,1)%periodic, i.e.
fe+k)=f (kez?).

Then

f(n) — ) f(x) daelpa
[0,1)

in the weak® topology o (Loo(R), L1(RY)) as n — oco.

Proof. Without loss of generality, we may assume f[o 1) f(x)dx = 0. By the density

of simple functions in L;(R?%) and the boundedness of (f(n-)), in Lo (R?), it suffices to
show

/ f(nz)de -0 (n — o0)
Q

for Q = [a,b] == [a1,b1] X ... X [ag,bg] where a = (ay,...,aq),b = (by,...,bg) € R By
translation and the periodicity of f we may assume a = 0. Thus, it suffices to show

fnx)der =0 (n — o0)
(0,0]

for all b € (0,00)%. So, let b= (by,...,bg) € (0,00)%. Let n € N. Then we find z € N¢
and ¢ € [0, 1)d such that nb =z + (. We compute

(nz)dx
[0,]
L[ f@)a
= — x)dz
= J0,nb]

1 / 1
= — flx)dx + / f(x)de.
nd [0,21]%[0,nb2] X ...x[0,nbg] nd (21,21+¢1] % [0,mb2] X ... X [0,nbg]
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13 Continuous Dependence on the Coefficients I

We now estimate

1 1
il fyds| < o | ()] do
n (21,21+<1]><[O,TLbQ}X...X[O,nbd} n (21,2:14-(1}X[O,an]X...X[O,nbd}
<,
<~ dz| £l
1% (0,1)x [0,nb2] x....x [0,mbg] Loo(u)
1
= —ba o ball fll -
Continuing in this manner and using z; < nb; for all j € {1,...,d}, we obtain
fluw)ds| < ol [ fla)da| + Sy
[07b] ~ 7,ld [07z] n le Loo

Since f is [0, 1)d—periodic and z € N? we observe

d
z)dz = z/ f(z)dz = 0.
jgl " Ty

[0,2]
Thus,
1l 4 p
f TLSU . Z — ||f”LOC ()’
[0,b] n j=1
which tends to 0 as n — oo. O]

Remark 13.2.4. Note that Theorem [13.2.3] also yields
fln) — f(z)dzlq
(0,1)¢

in the weak* topology o (Leo(), L1(Q)) for all measurable subsets Q C R? with non-zero
Lebesgue measure.

We now present an example which shows that weak® convergence of (V},),, does not yield
the result of Theorem I3.2.2]

Example 13.2.5. Let (2,3, 1) = ((0,1),B((0,1)), A[(0,1)). For n € N let V, be given
by Vp(z) := sin(2wnz) for x € (0,1). Then, by Theorem [13.2.3] we obtain V,, — 0 in
0(Loo((0,1)),L1((0,1))) as n — oo. Let v > 1. Then (d;, 4+ V,(m)) is continuously
invertible as an operator in La, (R; L2((0,1))). Let /€ C(]0,1]) and denote f: (t,z) —
Ig,, (t)f(x). Then f € Ly, (R; Ly((0,1))). The solution u, € Lo, (R; La((0,1))) of

(8,571, + Vn(m))un = f

is given by the variations of constants formula; that is,

Un(t, ) = Lo 00 (t)/o exp(—(t — s) sin(2mnz)) dsf(z) (teR,z e (0,1)).
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13 Continuous Dependence on the Coefficients I

Thus, if a variant of Theorem [13.2.2| were true also in this case, (uy,), needs to converge
(in some sense) to the solution u of

at,uu = f,

which is given by
u(t,x) = Loy ()tf () (t € R,z € (0,1)).
However, by Theorem [13.2.3] for z € (0,1) we deduce

/0 exp(—(t — s)sin(27nz)) ds — / —(t—s))ds (n— o0)

in 0(Loo((0,1)),L1((0,1))) for each ¢ > 0, where

1
J(s) = /0 exp(ssin(2rz))dz (s € R)

denotes the 0-th order modified Bessel function of the first kind, cf. |1, p. 9.6.19].
Moreover, for ¢ € C°(R), A € B((0,1)) and using domianted convergence we obtain

(tn; OLA) 1, (RsLa((0,1)))

_ / - / 1 / exp(—(t — 5) sin(2rna)) dsF(@)La(e) dap(t)e 2 dt

—>/ // —(t—s) dsf(:c)]lA(x)dxgp(t)e_Qtht

(@ 01A) 1y, (RiLa((0,1)))
with .
(t.0) = Lo (1) | J(-(t~5)dsf(a) (€ R € (0,1))
0
Since (up)n is bounded in Lo, (R; L2((0,1))) and {pl4; A € B((0,1)), ¢ € C(R)} is
total in Lo, (R; L2((0,1))) by Lemma we infer u, — @ weakly in La,, (R; L2((0,1)))

as n — 0o. In particular, u # u. Furthermore, @ is not of the form

/0 exp(—(t — s)f/(az)) dsf(x)

for some V € Lo ((0,1)) and hence, we cannot hope for u to satisfy an equation of the
type _
(Orp + V(m))u = .

As we shall see next, in the framework of evolutionary equations it is possible to derive
an equation involving suitable limits of (V,,), and f as a right-hand side.
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13.3 Convergence in the Weak Operator Topology

In this section, we address linear ordinary differential equations with inifinite-dimensional
state space. The main theorem that will serve to compute the limit equation satisfied by
u in Example [13.2.5| reads as follows.

Theorem 13.3.1. Let H be a Hilbert space, (By)n be a bounded sequence in L(H) and
v > sup,en |Ball. Then ((8r, + Ba)™'), converges in the weak operator topology of
L(L2,(R; H)) if and only if for all k € N the sequence (BF), converges in the weak
operator topology of L(H). In either case, we have

(O + Ba)™ = > (-op)) o)

o]
k=

o

in the weak operator topology of L(Ls,,(R; H)), where C, € L(H) denotes the weak limit
of (BF), for k€ N and Cy == 1y.

Remark 13.3.2. In the situation of Theorem , let BX — O} in the weak operator
topology for all k € N. Let L := sup,cy || Bnl|, v > 2L, and f € Ly, (R; H). By Theorem
[13.3.1] if (0, + Bn)un = f for all n € N, then (uy), converges weakly in Lo, (R; H) to
some element u € Lo ,(R; H). In order to determine the differential equation satisfied by
u, we make the following observations: by weak convergence,

|G| < lim int HB,’; < IF.
n—oo

Hence, we infer that

> (-0)"C
k=1
converges in L(Lg ,(R; H)) and

<1

> (=0)
k=1

Hence, since Cyp = 1y we deduce that Z;‘;O(—a,; ,})ka is boundedly invertible by the
Neumann series. Thus, we obtain

00 -1 00 -1
f=0, (Z(—%j)’“%) U=0, <1H + Z(—@TJ)’“Ck> u

k=0 k=1
oo 00 ¢ 0o ) l
=0y (- Z(—aﬁi)k@) U=+ <— Z(—a;,})’“ck> .
/=0 k=1 /=1 k=1

Before we prove Theorem [13.3.1| we revisit Example [13.2.5]
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Example 13.3.3 (Example [13.2.5 continued). By Theorem [13.1.1] we need to compute
the limit of (sin®(27n-)), in the weak* topology of Lo ((0,1)) for all £ € N. By Theorem

13.2.3 we obtain for all £k € N

1 (2m)!2
lim sink(27m-) = / sink(27r§) dél o1y = {(W?m)
0

Lo,1), k= 2m for some m € N,
n—00 0, k odd,

in 0(Lso((0,1)),L1((0,1))). Hence, u, — u weakly, where @ satisfies

l
JU 2 om 2m)
e (— > o ol f
(=1 m=1 :

for v > 2 by Remark [13.3.2

Proof of Theorem [13.53.1. Before we prove the equivalence, we make some observations.
Since v > sup,cy ||Bn| = L, by a Neumann series argument we deduce that w, =

(8“, + Bn)flf satisfies

o
_ koo
Up = Z(—@t,l}Bn) 8t’1,1 .
k=0
The series 2;10(—8;;3”)’“8;3 is absolutely convergent in L(Ls,(R;H)). Also note

that for M,,: Cresr 3 2 — Y peo(—2Bn)*L we have M, € M(H,v).
Assume now that (BF), converges in the weak operator topology to some Cj for all
k € N. It then follows, as n — oo,

00 k
Ma(z) = S (-i) Cis = M(2) (2 € Cres)
k=0

in the weak operator topology, where the series on the right-hand side converges in L(H)
since

|Cell < lim inf HB]; <LF (keN).

Moreover, since v > L, the sequence (M,), is bounded in M(H,v) and thus, M €
M(H,v) and
My (8t) = M ()

in the weak operator topology by Theorem [I3.1.1]

Now, we assume that ((8,5,1, + Bn)_l)n converges in the weak operator topology. Then
(M, (0,1))n converges in the weak operator topology. Let k& € N. We need to show
that for all ¢,1 € H the sequence (<¢, B,’fL@D>H)n is convergent to some number cj g 4 as
n — oo. The Riesz representation theorem then yields the existence of Cj € L(H) with
(0, Cp) = crpu- So, let ¢,9p € H. Moreover, we consider the functions m,, and h,
given by

ma(z) =3 (—2)"z <¢, 35¢>H (neN,ze B(0,1/L))

k=0
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13 Continuous Dependence on the Coefficients I

and

<1/ 1\"
n = 7Mn = -\ - < 7Bk > ’ e .

hn(2) = (¢, Mpn(2)¥) g gz( Z) 6 By)  (n €N,z € Cresr)

Clearly, m,, and h,, are holomorphic on their respective domains for each n € N and the

sequences (my), and (hy,), are uniformly bounded on compact subsets (in other words
they form normal families). Moreover,

mn(z) = hnG) (= € B(1/(2L),1/(2L)),n € N).

We aim to show that the coefficients of the power series of m,, converge as n tends to
infinity. The proof will be done in two steps. In step 1, we will prove that the sequence
(hn)n converges to a holomorphic function h: Cre~z — C uniformly on compact sets.
Then, in the second step, we will use this to deduce that (my,), also converges uniformly
on compact sets and prove the assertion with the help of Cauchy’s integral formula.
Step 1: By unitary equivalence, (M, (im + v)),, converges in the weak operator topology
of L(Ly2(R; H)). For f,g € L2(R) we thus obtain that

((fs hn(m 4 1)9) 1, (), = (D M (i + 1) 99) 1, iy )

is convergent. Thus, using Ly(R) - Lo(R) = L1 (R), we obtain that

n—o0

U: L1(R) > u— lim </ hy (it + v)u(t) dt) eK
R
defines a linear functional, which is continuous, since

sup sup || My (it + v)| g7y = sup || Mn (im + V)| 11, ;1)) < 00
neN teR neN

by the uniform boundedness principle. Hence, since L1(R)" = Lo (R), we find a unique
I € Loo(R) with

lim [ Ay (it + v)u(t) dt = / h(t)u(t)dt (u e Li(R)).
By Montel’s theorem (see |3, Theorem 6.2.2]), we find a subsequence (hy, )ken 0f (hp)nen
such that h,, — h as k — oo uniformly on compact subsets of Cresy, for some analytic
function h: Cresz — C. In particular, we obtain

lim [ F, (it + 1) (8) df = / h(it + )t dt (€ Co(R))
k—oco JRr R

by dominated convergence and hence, h(it + v) = h(t) for almost every ¢ € R. By
continuity of the function h, the equality holds for each ¢ € R. The proof of step 1 would
be finished, if we could show that we do not have to pass to a subsequence. Assume for
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13 Continuous Dependence on the Coefficients I

a contradiction that h, # h uniformly on compacts. Then we find a subsequence (hy,, )i
of (hy)n, a compact set K’ C Cresy, and € > 0 such that

Vg = hlloeior =€ (k€ N). (13.2)

Applying Montel’s theorem to the latter subsequence, we can again choose a subsequence
which converges uniformly in compact subsets to an analytic function h: Cre>1 — C.
As above, one obtains that h(1t +v) = h(t ) for all ¢ € R and hence, by the identity
theorem we obtain h = h which contradicts . This completes the proof of step 1.
Step 2: By what we have shown in Step 1, the sequence (my,)pen converges pointwise
on B(1/(2L),1/(2L)). Since (my)y, is also uniformly bounded on compact subsets of
B(0,1/L), we derive that (my,), converges uniformly on compact subsets of B(0,1/L)
by Vitali’s theorem (see |3, Theorem 6.2.8]). Choosing 0 < r < 1/L, we thus obtain by
Cauchy’s integral formula

BE —1)k .
<¢’ ”w> 2#1/0)3(0 Zk+2 dz

Thus (BF),, converges in the weak operator topology as n — oc. O

13.4 Comments

The problems discussed here are contained in |7, [5] for both the weak and the strong
operator topology. The case of differential-algebraic equations has been invoked as well.
The appearance of memory effects; that is, the occurence of higher order integral op-
erators due to a weak convergence of the coefficients has been first observed by Tartar
and can, for instance, be found in [4]. The limit equation, however, is described by a
convolution term rather than a power series of integral operators. It is, however, possible
to reformulate these resulting equations into one another, see [6].

The last characterisation of weak convergence in Theorem was formulated for the
first time in [2].

Exercises

Exercise 13.1. Let (V},), in Loo(R?) and V € Lo (RY). Characterise convergence of
V,(m) — V(m) in the strong operator topology of L(Lz(R?)) in terms of convergence of
(Vi)n similar to as was done in Proposition [13.2.1

Exercise 13.2. Show that there exists an unbounded sequence (V},), in Lo ((0,1)) and
V € Loo((0,1)) with V, — V in L1((0,1)).

Exercise 13.3. Let (€2, %, 1) be a finite measure space, (V,,), a bounded sequence in
Loo(p) and assume that V;, — V in Li(p) for some V' € Loo(p). Show that there exists
v > 0 such that

(Ot + Vi (m)) ™ = (Bp + V(m)) ™

in the strong operator topology of L(La, (R; La(p)), H} (R; La())).
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Exercise 13.4. Let D = {[n+1/2,n+ 1] ; n € Z}, V,, .= 1p(n-). For suitable v > 0
compute the limit of
((at,y + Vn<m))_l)n

in the weak operator topology of L, (R; L2((0,1))).

Exercise 13.5. Let H be a Hilbert space, ¢ > 0 and ¢ < B,, = B} € L(H) for all n € N.
Characterise, in terms of convergence of (By,), in a suitable sense, that

(G Ba) ™),

converges in the weak operator topology. In the case of convergence, find its limit and a
sufficient condition for which there exists a B € L(H) such that

(at,szn)_l — (8t,1/B)_1

in the weak operator topology.

Exercise 13.6. Let H be a Hilbert space. Show that By = {T € L(H); |T| <1}
is a compact subset under the weak operator topology. If, in addition, H is separable,
show that By ) is also metrisable under the weak operator topology.

Exercise 13.7. Let H be a separable Hilbert space, (T},), in L(H) bounded. Show that
there exists a subsequence (75, )i of (1)), a material law M: dom(M) — L(H) and
v > 0 such that given f € Ly, (R; H) and (ug)y in Lo, (R; H) with

at,uuk + Tnkuk =f (k € N)?
we deduce that (ug)r converges weakly to some u € Lo, (R; H) with the property that
at,,,M(at,,,)u = f

References

[1] M. Abramowitz and I. A. Stegun. Handbook of mathematical functions with for-
mulas, graphs, and mathematical tables. Vol. 55. National Bureau of Standards
Applied Mathematics Series. For sale by the Superintendent of Documents, U.S.
Government Printing Office, Washington, D.C., 1964, pp. xiv+1046.

[2] R. Picard, S. Trostorff and M. Waurick. ‘Well-posedness via Monotonicity. An
Overview’. In: Operator Semigroups Meet Complex Analysis, Harmonic Analysis
and Mathematical Physics. Operator Theory: Advances and Applications. Vol. 250.
2015, pp. 397-452.

[3] B. Simon. Basic complex analysis. A Comprehensive Course in Analysis, Part 2A.
American Mathematical Society, Providence, RI, 2015, pp. xviii+641.

[4] L. Tartar. The general theory of homogenization. Vol. 7. Lecture Notes of the Unione
Matematica Italiana. A personalized introduction. Springer-Verlag, Berlin; UMI,
Bologna, 2009, pp. xxii+470.

171



[5]

References

M. Waurick. ‘G-convergence of linear differential equations’. In: Journal of Analysis
and its Applications 33.4 (2014), pp. 385-415.

M. Waurick. ‘Limiting Processes in Evolutionary Equations - A Hilbert Space
Approach to Homogenization.” http://nbn-resolving.de/urn:nbn:de:bsz:14-qucosa-
67442. Dissertation. Technische Universitét Dresden, 2011.

M. Waurick. ‘On the continuous dependence on the coefficients of evolutionary
equations’. http://arxiv.org/abs/1606.07731. Habilitation. Technische Universitét
Dresden, 2016.

172



14 Continuous Dependence on the
Coefficients Il

This lecture is concerned with the study of problems of the form
(8t,VMn(at,u) +A)U,=F

for a suitable sequence of material laws (M,),, when A # 0. The aim of this section will
be to provide the conditions required for convergence of the material law sequence to
imply the existence of a limit material law M such that the limit U = lim,, o U,, exists
and satisfies
(Opy M (0r) +A)U = F.

Additionally, for material laws of the form M,,(0;,) = Mo —1-3{1,1 M; ;, it will desirable to
have the respective limit material law satisfy M (0 ,) = Mo+ 8;;]\/[1 for some My, M, €
L(H). This cannot be expected (as we have seen in the guiding example in the previous
lecture) if A is a bounded operator, the Hilbert space H is infinite-dimensional, and the
material law sequence only converges pointwise in the weak operator topology. It will
turn out, however, that if A is “strictly unbounded” then a suitable result can hold, even
if we only assume weak convergence of the material law operators.

14.1 A Convergence Theorem

The main convergence theorem of this lecture will be presented next.

Theorem 14.1.1. Let H be a Hilbert space, v € R, (M), in M(H,v) and M €
M(H,v). Assume there exists ¢ > 0 such that for all n € N we have

RezMy(z) =2 ¢ (2 € CRresy).

Let A: dom(A) C H — H be skew-selfadjoint and assume that dom(A) < H is compact.
If M, (2) — M(z) as n — oo in the weak operator topology for all z € Cres,, then

(00 My (D) + A) = (B, M (Dr,) + A)

in the strong operator topology of L(L2 ., (R; H)).

For the proof of this theorem, we need a lemma first.
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Lemma 14.1.2. Let H be a Hilbert space, A: dom(A) C H — H skew-selfadjoint, ¢ > 0,
(T)n in L(H) with ReT,, > c and alln € N, and T € L(H). Assume dom(A) — H
compactly and T,, — T in the weak operator topology. Then 0 € (), .y p(T+A)Np(T+A)
and

(T + A = (T+A)"!
in the norm topology of L(H).

Proof. From ReT, > c it follows that 0 € p(T,, + A) (n € N) and (T, + A)71), is
bounded in L(H). Moreover, since

AT, + At =1-T,(T, + A)~*

for all n € N, it follows that ((T,, + A)~')  is also bounded in L(H,dom(A)) by the
boundedness of (T},), in L(H). Due to the convergence of (T},), to T, it follows that
ReT > ¢, and thus, (T+ A)~! € L(H,dom(A)). Before we come to a proof of the desired
result, we will prove an auxiliary observation.

Claim: for all (f,,), in H weakly converging to f, we have (T,, + A) ' fo = (T + A" f
in the norm topology of H.

For proving the claim, let (f,), in H be weakly convergent to some f. Consider u, =
(T, + A)~ fnu. Then (uy)y, is bounded in dom(A), since ((T;, + A)~"),  is bounded in
L(H,dom(A)) and (fy), is bounded in H. Hence, there exists a subsequence (uy, )
which weakly converges to some u in dom(A). Since dom(A) < H compactly, we infer
Up, — w in the norm topology of H. Hence, in the equality

Tnkunk + Aunk = fnk’

as Ty, — T in the weak operator topology and u,, — u in H, we may let k — oo and
obtain for the weak limits
Tu+ Au = f;

that is, u = (T + A)_1 f. Having identified the limit, a contradiction argument (here a
so-called ‘subsequence argument’) concludes that (u, ), itself converges weakly in dom(A)
and strongly in H to u. Thus, the claim is proved.

Next, assume by contradiction that ((Tn +A)_1)n does not converge in operator norm to
(T + A)_l. Then we find an € > 0 and a strictly increasing sequence of integers, (ny)x,
and a sequence of unit vectors (fy, )r in H such that

H(Tnk + A)ilfnk - (T+ A>_1 fnk 2 E. (14-1)

By possibly taking another subsequence, we may assume without loss of generality
that (fy,), converges weakly to some f € H. By the claim proved above, we deduce
(T + A fr, = (T+A) " fand (T+ A fo, — (T+ A" £, both in the norm
topology of H as k — oo. Thus, we may let & — oo in (14.1), and obtain the desired
contradiction. O
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Proof of Theorem [1/.7.1 By Theorem [13.1.1] it suffices to show that for all z € Cres,
(zMp(2) + A" = (zM(2) + A" (n— o)

in the strong operator topology. This, however, follows from Lemma [14.1.2] applied to

T, = zM,(2). ]

Remark 14.1.3. Note that we only used convergence in the strong operator topology in the
proof of Theorem However, the assertion in Lemma [14.1.2]is about convergence
in the norm topology. The reason that we cannot assert the convergence claimed in
Theorem in the norm topology is that the compact embedding of dom(A) — H
only works locally for fixed z, and not uniformly in z. This situation can, however, be
rectified. We refer to Exercise for this.

14.2 The Theorem of Rellich and Kondrachov

In order to apply Theorem [14.1.1] we need to provide a setting where the condition on
the compactness of the embedding is satisfied. In fact, it is true that H'(£2) embeds com-
pactly into Lo(Q) given Q C R? is bounded and has ‘continuous boundary’ [1, Theorem
7.11]. In this lecture, we restrict ourselves to a proof of a less general statement.

A preparatory result needed to prove the compact embedding theorem is given next.

Proposition 14.2.1. Let I C R be an open, bounded, non-empty interval. Then the
mapping HY(R) > f — f|r € H'(I) is well-defined, continuous and onto. Moreover,
there exists a continuous right inverse H'(I) — H(R).

For the proof of this proposition, we need an auxiliary result first.

Lemma 14.2.2. Let Q C RY be open and connected. Moreover, let v € HY(Q) with
gradu = 0. Then u is constant.

We leave the proof of this lemma as Exercise [14.2]

Proof of Proposition[1{.2.1. The mapping H*(R) — H!(I), f — f|r is readily confirmed
to be continuous. It remains to prove that it is onto. Let I = (a,b), u € H(I) and

define the function v by
t
:/ Ju(s)ds (t € (a,b)).

Clearly, v € La((a,b)) and we compute for each ¢ € C((a,b))

() /</ Du(s ) ) dt = // 1) dt du(s)* d

—(0U, ) 1, (b)) -
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This shows v € H'((a, b)) with v = du. Hence, by Lemma [14.2.2] there exists a constant
¢ € C with u = ¢+ v. We now define f by

0 ift<a—1lort>b+1,
ct+c(l—a) ifa—1<t<a,

ft) = .
u(t) ita<t<b,

(c+vd)t+ (c+vd)(1—-b) ifb<t<b+1.

We then easily see that f € H'(R) and clearly flap) = u. In order to see that u > f
is continuous, we need to establish that the value ¢ depends continuously on w. From
the equality v = ¢ 4 v and the continuity of v it follows that ¢ = u(a+). Hence, we
need to establish that this point evaluation is continuous. For this, take ¢ € C*°(R)
with 0 < ¢ < 1, ¢(z) = 1 for all x < a and spt¢ € (—o0,b). It is then not difficult to
see that H'((a,b)) > w — ¢w € H'((a,00)) is continuous. Thus, by Theorem [12.1.3]
the evaluation at the boundary (i.e. at a) is well-defined and continuous. The assertion
follows. O

Theorem 14.2.3. Let I C R be an open bounded interval. Then H'(I) < Ls(I)
compactly.

Proof. By Proposition [14.2.1) we find a continuous mapping E: H'(I) — HY(R) such
that for all w € HY(I), E(u)|; = u. Moreover, by Exercise the mapping H*(R) —
C'2(R) is continuous. Thus,

HYI) B HY(R) — CY2(R) — CV2(1),

is a composition of continuous mappings, where the last mapping is the restriction to
I. Since CY2(I) — C(I) compactly by the Arzela-Ascoli Theorem, and C(I) < Ly (I)
continuously, we infer H'(I) < Lo(I) compactly. O

We now have the opportunity to study the limit behaviour of a periodic mixed type
problem.

Example 14.2.4 (Highly oscillatory problems). Let si,s2: R — [0,1] be 1-periodic,
measurable functions. Then for v > 0, we set

s (éky <81<gm) 32(2”11)) " <1 ) S(l)(nm) 1— sg(nm)> + <§0 g)) 1,

where 0 = div and Jy = grad, are regarded as operators in Ly((0,1)) with respective

domains H((0,1)) and H}((0,1)). Then, by Theorem [14.2.3} the operator A = <§ (g)
o
satisfies the assumptions of Theorem [14.1.1] Moreover, Theorem [13.2.3| implies that the

remaining assumtions of Theorem [14.1.1] are satisfied. Hence, we deduce that (S("))n

converges in the strong operator topology of Lo, (R; Lo ((0, 1))) to the limit
s 0 1—[ls 0 0 a\)
at,z/ 0 1 1 + 0“1 1 + < ) .

0 fO S9 0 1— fO S9 aO 0
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Next, we aim to provide an application to more than one spatial dimension. For this, we
will also need a corresponding compactness statement. This is the subject of the rest of
this section.

Theorem 14.2.5 (Rellich-Kondrachov). Let Q@ C R? be open and bounded. Then
H}(Q) < La(Q) compactly.

Proof. Without loss of generality (by shifting and shrinking of Q and extending by 0),
we may assume that Q = (0, 1)d. We carry out the proof by induction on the spatial
dimension d. The case d = 1 has been dealt with in Theorem [14.2.3l Assume the
statement is true for some d — 1. Using that C2°((0,1)%) is dense in HE((0, 1)%), we infer
the continuity of the injection

R: H(%((O> 1)d) - Hl (R§ LQ((O> 1)d_1)) N L2 (R; H(%((()? l)d_1)>
¢ (t (we d(tw))),

where we identify ¢ with its extension to R? by 0. The range space is endowed with the
usual sum scalar product.

Let (¢n)n be a weakly convergent null-sequence in H((0, 1)d). In particular, (R¢y),, is
bounded in H'(R; La((0, l)d_l)) and hence, it is also bounded in C(R; Lo (0, 1)d_1) by

Theorem (and Corollary 4.1.3)); that is,

sup _ 1@t 41, < 00, 14.2
A LCRI N RIS (14.2)

Let f € La((0,1)* ). Then (¢, f)n given by
Gn it (Pnlt, ), f>L2((071)'1*1)

is a weakly convergent null-sequence in H'((0,1)). We obtain by Theorem that
¢ns — 0 in Ly((0,1)) as n — oo. By separability of L((0,1)* ") we find D C
Ls((0,1)1) countable and dense, a subsequence (again labeled by n) and a null-set
N C R such that ¢y (t) — 0 for all t € R\ N and f € D as n — co. By (14.2), we
deduce ¢, f(t) = 0 forallt € R\ N and f € Ly((0, 1% 1) as n — oo, or, in other words,
dn(t,-) — 0 weakly in Ly((0,1)%") for each t € R\ N as n — co.

Next, we show that there exists a null set N C N; C R such ¢, (¢,-) — 0 in Ly((0,1)%1)
for all t € R\ Ny. For this, since (Rgn)n in La(R; Hj((0, 1)d_1)) is bounded, we find
a null set N C N; C R such that (¢,(t,-)), is bounded in H&((O,l)d_l) for all t €
R\ Ny. Let t € R\ Ny. Then there exists a further subsequence (¢, (¢,))r which
converges weakly in HZ((0,1)"!). By the induction hypothesis, (¢, (t,-))n, converges
strongly in La((0,1)%™"), and since we have already seen that it is a weak null-sequence
in Ly((0,1)%71), we derive &n,(t,-) = 01in La((0, 1)), By a subsequence argument we
derive that

O (tv ) —0

in Ly((0,1)% ) for all t € R\ Ny.
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Now, for n € N we deduce

1
2 2
1Dnll 7, 0.1)%) :/0 lén(t M2, (0.1y2-1) 4 = 0,

where we have used dominated convergence, which is possible due to ((14.2)). O

14.3 The Periodic Gradient

In this section we investigate the gradient on periodic functions on R?. Throughout, we
set Y :=[0,1).

Definition (Periodic Gradient). We define

(V) = {olys ¢ € CXRY, o(-+k) = ¢ (k € 2%)}

and
grady o, : Ceo(Y) C Lo(Y) = La(Y)?
¢ — grad ¢.
Moreover, we set divy == — gradaioo and grady == — diva‘ = grady .

Remark 14.3.1. The operators just introduced can easily be shown to lie between the
operator realisations we have introduced in earlier lectures. Indeed, it is easy to see that

divg C divy and grad, C grad
and, consequently, we also have
grady C grad and divy C div.

The corresponding domains for the operators grady and divy will be denoted by Hﬁl(Y)
and Hy(div,Y’), respectively.
For the next results, we define the periodic extension operator. For ¢ € La(Y)™ we put

Ope(x + k) == ¢(x)
for almost every x € Y and all k € Z¢.

We start with the following two observations.

Lemma 14.3.2. Let f € Ly(Y) and (pp)r be a 5-sequence in C°(RY) (cf. Evercise .
Define
fr = (o * foe)ly (k€ N).

Then fr € C{°(Y) for each k € N and fr — f in Lo(Y) as k — oo.
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Proof. Tt follows as in Exercise that pg * fpe is in C°°. Moreover, one easily sees that
Pk * fpe 18 [0, 1)%periodic, and hence, f; € Cye(Y) for each k € N. For the convergence
we observe

(Pr * (Ly+ 5,1 fre) ) (2) = fr(z) (z €Y,k €N).

Moreover, by Exercise we have pi * (Lypo,1)fpe) = Ly4B(0,1)fpe in Ly(RY) as
k — oo, and thus,

Jk= (Pk * (]1Y+B(0,1)fpe)) ly — (]1Y+B(0,1)fpe)|Y =f (k—o00) in Ly(Y). O
Lemma 14.3.3. CﬂOO(Y)d is a core for divy and divy W = div W for each ¥ € CﬁOO(Y)d.
Proof. First we note that CB’O(Y)d C dom(divy) and divy ¥ = divV¥ for ¥ € CQ’O(Y)d.
To see this, for ¢ € C°(Y), ¥ € C’B’O(Y)d we compute

(grad ¢, W) (yya = /Y (grad (), ¥ (x))ga dz = — /ch(a:)*div U(z)dx

= <¢7 —div \II>L2(Y)

by integration by parts (note that the boundary values cancel out due to the periodicity
of ¢ and ¥). Now, let ¢ € dom(divy) and (px)x be a d-sequence in C°(R?). For k € N
we define

@ = (Pr * dpe) |y

and obtain ¢ € C°(Y) and g — ¢ in Ly(Y)? as k — oo by Lemma m It is
left to show that divg, — divyq in La(Y) as k — oo. For doing so, we show that
div g, = (pk * (divy q)pe) |y, which would then yield the assertion again by Lemma .
So, let k € N'and ¢ € C{°(Y). We compute

(qk, grad @) 1, (yya = /Y < /R , Pr(¥)dpe(r — ) dy, grad ¢($)>Kd dz
— [, 4) [ ool — ), grad () s dady
R4 Y
~ [o00) [ ane@). (erad el + s vy
R4 Y-y
- / ) / (a(), (grad B)pe(x + ))ga dzdy
R4 Y
- / () / (a(), (grad dpe(- +4)) (@) e dz dy
R4 Y
- / ou(v) / (divy (&), Syl + 9} dedy
R4 Y

—— [ o) [ iy el — 1), 6la)) s dody
R4 Y+y

= — ((on * (divi )pe) I+ 6) 1, vy

where we have used perodicity as well as ¢pe(- +y) € CP°(Y). O
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Proposition 14.3.4. Let Q C R% be open, bounded, u € Hﬁl(Y) and q¢ € Hy(div,Y).
Then upelo € HY(Q), qpela € H(div, Q) and

grad (upe|q) = (gradﬁ u)pe lo and div (gpeln) = (divy q)pe Q-
Proof. Let first ¢ € C°(Y). Then by definition ¢, € C* (R%) and we easily see

grad ¢pe = (grad ¢)pe = (grady ¢)pe.

Moreover, since  is bounded, we infer ¢pe € H'(2). By definition of Hﬁl(Y) we find
a sequence (¢g)keN in C’&’O(Y) such that ¢ — u in Ly(Y) and grady ¢ — grad;u in
Ly(Y)?% as k — co. Since

LQ(Y) — LQ(Q), f —> fpe

is bounded due to the boundedness of €2, we also derive ¢;pe — Upe in Lo(Q2) and
(grady ¢k )pe — (grad; u)pe in Ly(2)¢ as k — oco. By what we have shown above, we infer

grad ¢, pe = (grady ¢r)pe — (grady u)pe (kb — 00)

in Ly(Q)4, and thus, upe € H'(Q) with graduye = (gradyu)pe by the closedness of
grad. The proof for ¢ follows by the same argument with Lemma [14.3.3|as an additional
resource. O

The extension result just established yields the following compactness statement.

Theorem 14.3.5 (Rellich-Kondrachov II). The embedding Hﬁl(Y) — Ly(Y) is compact.

Proof. Let (¢p)n be a bounded sequence in Hjj1 (Y). Let Q C R? be open and bounded

such that Y C Q. By Propositionm, we deduce that (¢, pe|),, is bounded in H'(Q).
Let ¢ € C2°(2) with » =1 on Y. Then (¥ pe),, is bounded in Hj(£2). By Theorem
, we find an Lo (2)-convergent subsequence. This sequence also converges in La(Y).
Since ¥ = 1 on Y, we obtain the assertion. O

Next, we provide a Poincaré-type inequality for the periodic gradient.

Proposition 14.3.6. There exists ¢ > 0 such that for all u € Hﬁl(Y)

U—/U
Y Ly y)

< [|grad; | ,, (ya-
2

In particular, ran(grady) C Ly(Y)® is closed, ker(grady) = lin{1y } and the operator
grady : Hﬁl Y)n{ly}t — ran(grady)
s an isomorphism.

Proof. The proof is left as Exercise [[4.4] O

180



14 Continuous Dependence on the Coefficients I1

We are now in a position to formulate the particular example we have in mind. Problems
of this type with highly oscillatory coefficients are also referred to as so-called homogen-
isation problems. We refer to the comments section for more details on this.

Example 14.3.7 (Homogenisation problem for the wave equation). Let ¢ > 0, a: R? —
K% be bounded, measurable, a(z) = a(x)* > ¢ for all x € R?. Furthermore, assume
that a is [0,1)%periodic. Let v > 0, f € Ly, (R; Ly(Y)) and for n € N consider the
problem of finding u, € L2, (R; L2(Y")) such that

3zyun — divy a(nm) grady u, = f. (14.3)

We have already established that there exists a uniquely determined solution, u,. Em-

ploying the same trick as in Section we rewrite (14.3) using v, = 0y, up, the
canonical embedding ¢4: ran(grady) < Ly(Y)? as well as g, = —tpa(nm)uge; grady uy to

obtain
1 o 0 divy ¢4 v\ _ ([
(2o Gantrm)™) * Coama, ") ()= ()

Note that we have used that (L&“a(nm)Lﬁ): ran(grady) — ran(grady) is continuously in-
vertible and strictly positive definite (uniformly in n); see Proposition [11.3.5] Also note

that L&"a(nm)bﬁ is self-adjoint. As in Exercise |[11.3| we see that (Lg gradﬁ) = —divy .

Thus, the operator

(n) 1 0 0 diVﬂ Ly -
"= v -1 *
5 %, 0 <Lga(nm)bﬁ> + <Lﬂ grady 0 >

is well-defined and bounded in Ly, (R; Lo(Y) x ran(gradﬂ)). We aim to find the limit of

(8(),, as n — oco. For this, we want to apply Theorem [14.1.1] We readily see using
Theorem and Exercise that

_ 0 divy ¢y
o 1 grady 0

satisfies the assumptions in Theorem [14.1.1f Thus, it is left to analyse ((Lga(nm)bﬁ)_l)
This is the subject of the next section. For this reason, we define

ay, = (Lga(nm)Lﬁ)_l (n € N).

14.4 The Limit of (a,),

In this section, we shall apply our earlier findings to higher-dimensional problems. Again,
we fix Y := [0,1)? as well as ty: ran(grady) — L2(Y)?, the canonical embedding. Before
we are able to present the central result of this section, we need a preliminary result.
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Lemma 14.4.1. Let ¢ > 0, a: RY — K% be measurable, bounded and [0, 1)d—pem’0dic
such that Rea(z) > c for each x € RY. Let ¢ € K. Then there exists a unique v € La(Y)?
with v — & € ran(grady) and a(m)v € ker(divy).

Proof. Take w € Hﬁl(Y) such that

* -1 * *
grady w = —uy (Lﬁa(m)bﬁ) yya(m)é = —yantza(m)é.

This is possible, since the right-hand side belongs to ran(gradﬁ) by definition. We put
v = gradyw + §. Then v — § € ran(grady) and we have

yya(m)v = tza(m) (gradyw +¢) = tya(m) (—LﬁanLB‘a(m)g +€)
= —ya(m)yanta(m)é + tya(m)é = 0.

The latter gives a(m)v € ran(grady)" = ker(divg). For the uniqueness, we assume
v € ran(grad,) with a(m)v € ker(divy). Then

(tga(m)ey)izv = tja(m)v =0,
which implies v = 0 since ¢fa(m)ey is invertible. Thus v = 0. O

The previous result induces the linear mapping
. ed d
Ahom : K BfH/aveK,
Y

where v € Ly(Y)? is the unique vector field from Lemma [14.4.1

Remark 14.4.2. We gather some elementary facts on apom-

(a) If a(z) = a(z)* for each z € R? then af, = apom. Indeed, let ¢,¢ € K and
ve,vc € La(Y)? be the corresponding functions according to Lemma Then
there exist we, w¢ € dom(grady) with ve — & = grady we and v; — ¢ = grad; we. We
compute

(anoms, Qe = | ((ave) (y),ve(y) — grad; we(y))ya dy

{(ave) (), ve(®)a dy — /Y ((ave) (4), grady we (1)) g dy

(ve(w). (av) (1) dy — {ave, grad, we),

(ve(y), (ave) (¥))ga dy

(grady we(y) + &, (ave) () ga dy

I

<£7 (QUC) (y)>Kd dy = <§7 ahomC>Kd .
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(b) apom is strictly positive definite. As above, one shows

Re (€, Ghom€)s = Re /Y (ve(y), (ave) () o dy > loell2, e (€ € K

and since the right-hand side is strictly positive if £ # 0 by Lemma [[4.4.1] we
derive the assertion.

The construction of apem now allows us to formulate the main result of this section.
Theorem 14.4.3. Let a: R — K9 be measurable, bounded, and [0,1)%-periodic. As-
sume there exists ¢ > 0 such that Rea(x) > ¢ for all x € R%. Then
X -1 ¥ -1
a, = (Lﬁa(nm)au) — (Lﬁahomaﬁ) =! Opom (N — 00)
in the weak operator topology of L(ran(grady)).

The proof of Theorem [14.4.3| requires some more preparation. One of the results needed
is a variant of Theorem [13.2.3|for Lo(Y'). However, it will be beneficial to finish Example
[4.3.7 first.

Example 14.4.4 (Example [14.3.7] continued). The operator sequence (S(™),, converges
in the strong operator topology of L(La,, (R; La(Y) x ran(gradﬁ))) to the following limit

—1
1 0 0 divy ¢4
(at’” (0 ahom> + (Lﬁ* grady 0 )) '

Lemma 14.4.5. Let f: R? — K be measurable and [0, 1)d—peri0dic. Let Q C R? be open,
bounded and assume f|y € La(Y). Then

fo) = ([ 1)t
weakly in La(2) as n — oo.

Proof. Due to the boundedness of ) we find a finite set I C Z¢ such that Q C (Jcp k+Y.
Thus, by periodicity, it suffices to restrict our attention to the case when 2 =Y. First
of all we show that (f(n-)), is a bounded sequence in Lo(Y"). For this, we compute

1 1
J s ar == [ irway= St [ 1w ay = 17150,

where we used periodicity again. This chain of equalities also shows with the help of a
density argument, that it suffices to assume f|y to be a simple function. Note that in
this case f € Loo(RY).

Finally, we note that by Theorem

10900 ([ irg) o)

Lo(Y)

for each g € La(Y') C L1(Y'), which implies the desired assertion. O
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Lemma 14.4.6. Let (gn)n and (ry), be weakly convergent sequences in a Hilbert space
H with weak limits q,r € H, respectively. Moreover, let X C H be a closed subspace and
t: X — H the canonical embedding. If

qn € X for each n € N and (J*ry,),, is strongly convergent in X,
then
Jim (s ) g = (1, 0) gy -

Proof. Since ¢* : H — X is continuous it is also weakly continuous, and thus,

Uy = ' (n— 00)
strongly in X. For n € N we compute

<Tn>Qn>H = (Tn, LL*Qn>H = <L*Tn7L*Qn>X — (L7, L*Q>X-

Since X is a closed subspace, it is also weakly closed and thus ¢ € X which yields

(') x = (1 a)y - O
The next theorem is a version of the so-called ‘div-curl lemma’.

Theorem 14.4.7. Let (¢,)n and (ry,), be weakly convergent sequences in Ly(Y)® to some
q,7 € Lo(Y)?, respectively. If

qn € ran(grady) for each n € N and (L;Tn)n is strongly convergent in ran(grady)

then

/ (@), 4n (2)) o H(2) dz — / (@), 4(2))ge S(z) dz
Y Y
for all p € CP(Y) as n — oo.

Proof. Let ¢ € C°(Y), n € N. Since ¢, € ran(grady), we find a unique w, € Hﬁl(Y)
with w, € {Iy}+ = ker(gradﬁ)J— such that

gradﬁ Wy, = Qp.

Moreover, since grady: Hﬁl(Y) Nn{ly}+ — ran(grady) is an isomorphism by Proposi-
tion we infer that (wy,), is a weakly convergent sequence in Hﬁ1 (Y) and denote
its weak limit by w € Hﬂl(Y). By Theorem we deduce w, — w strongly in
Ly(Y)%. Moreover, note that (¢wy), weakly converges to ¢w in Hﬁl(Y) In particular,
grady (pwn) — grady (¢pw) weakly in Ly(Y)2. For n € N, we compute

/Y (rn (@), gn (%)) ga d(2) Az = (T, @) () = (rn, (grad, w”)¢>L(Y)d

= <7«m gradﬁ<¢w”)>L(Y)d — <rn, W, gradﬁ ¢>L2(Y)d .
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Now, the first term on the right-hand side of this equality tends to <7" grad, (¢w) >L v

by Lemma [14.4.6| applied to X = ran(gradﬁ), which is closed by Proposition (14.3.6]

The second term tends to <r w grady ¢> La(v)d ., by strong convergence of (wy,), and weak

convergence of (r,,), in La(Y)9. Thus, we obtain
/Y <’f’n(ZL‘), qn('r»Kd (Z)(:E) dz — <7", gradﬁ(d)w)>L2(y)d - <T, w gradﬁ ¢>L2(Y)d
- [ @) a@hmadta)da (n o). 0

We will apply the latter theorem to the concrete case when r, = a(nm)g, for a given
measurable, bounded and [0, 1)%periodic function a: RY — K44 with a(z) = a(z)* for
almost every € R?, in order to determine the weak limit of (a(nm)gy)n.

Lemma 14.4.8. Let a: R4 — K% pe measurable, bounded and [0,1)%-periodic with
a(z) = a(x)* for almost every x € R Let (g,), and (a(nm)g,), be weakly convergent
m Lg(Y)d to some q and r, respectively. Moreover, assume

qn € ran(grady) for each n € N and (Lga(nm)qn)n is strongly convergent in ran(grady).

Then r = apom(-

Proof. Let ¢ € K% and choose v € Lo(Y)? according to Lemma [14.4.1} that is, v — £ €
ran(grady) and a(m)v € ker(divy). For n € N, we define vy, := vpe(n-) € L2(Y)?. Next,
let g € C3°(Y). Then we compute

<a(nm)vn,gradﬂg>L2(Y)d = /Y <a(n$)vpe(n$),gradﬁg(a:)>Kd dx

= <a Y)vpe(y), (grady g) (y/n))ga dy

- n% / )y 0) e 9 )) 0

In order to compute the last integral, we employ Lemma|[14.3.3]to find a sequence (¢ )ren
in C’B’O(Y)d such that ¢ — a(m)v and divy ¢, — 0 as k — oo in Ly(Y)? and Lo(Y),
respectively. The latter implies (¢r)pe — a(m)vpe and div(dr)pe = (divy dp)pe — 0
as k — oo in Lg(nY)d and Lo(nY') for each n € N, respectively, where we have used
Proposition Thus, we obtain with integration by parts (note that the boundary
terms vanish due to the periodicity of ¢y and g)

(alnm)vn, grady ), 0 = o (a(m)ope, (3rad g(-/m) gy

_ 1 lim <(¢k)pe,(gradg(‘/n))>L2(nY)d

Y
1 . .
T a1 klggo (div(¢x)pe g('/n)>L2(nY) =0
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Since C¢°(Y) is a core for grady, we infer that a(nm)uv, € ran(grady)* and hence,

tya(nm)v, =0 (n € N).

Moreover, we have a(nm)v, — fY av = apomé weakly in Lo(Y) as n — oo by Lemma

14.4.5| Thus, by Theorem [14.4.7| applied to ¢, and r, := a(nm)v,, we deduce that for
all p € C°(Y)

lim | (a(nz)vn(2), gn())ga P(x) dz = / {anom¢, 4(7))a ¢() dz.

On the other hand, v,, — (fY U)]ly = {1y weakly in Ly(Y') as n — oo by Lemma [14.4.5]
where [, v = ¢ follows from v — £ € ran(grad;). Thus, we can apply Theorem [14.4.7| to

qn ‘= vp and 1, = a(nm)g, and obtain for all ¢ € C(Y)

lim [ (a(nz)vn(z),qn(x))ge ¢(z)dz = lim [ (vn(x), a(ne)gn(z))ge H(x) da

- / (&, 7(2)) e H(a)
Y

Thus, we have

/ (@homE, 4(2)) e $(z) dz = / (607(2)) o B(x) da
Y Y
for each ¢ € C°(Y'). Hence, we infer

<£>T($)>Kd = <ahom£7Q($)>Kd = <£aahomQ(ZE)>Kd
for almost every x € Y. Since the latter holds for each £ € K¢ we deduce r = anomq. O

Proof of Theorem[14.4.3. Let n € N and for u € ran(grady) we put g, = a,u. We
need to show that (g¢,), weakly converges to apomu. For this, we choose subsequences
(without relabeling) such that both (g,),, and (a(nm)gy), weakly converge to some ¢
and r, respectively. By definition, we have ¢,, € ran(grady) and ¢fa(nm)g, = u for each
n € N. Hence, by Lemma we deduce anomq = 7. As ran(grady) is closed, it is also
weakly closed, and hence, ¢ € ran(grady). Thus, we have

L;ahombﬂq = La‘r,

or equivalently
q = Ohom!47-

Now, since u = (ja(nm)g, — ;v weakly, we infer

q = OhomU.

A subsequence argument now yields the claim. O
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14.5 Comments

The theory of finding partial differential equations as appropriate limit problems of par-
tial differential equations with highly oscillatory coefficients is commonly referred to as
‘homogenisation’. The mathematical theory of homogenisation goes back to the late
1960s and early 70s. We refer to 2| as an early monograph wrapping up the available
theory to that date.

The usual way of addressing homogenisation problems is to look at static (i.e. time-
independent) problems first. The corresponding elliptic equation is then intensively stud-
ied. Even though it might be hidden in the derivations above, the ‘study of the elliptic
problem’ essentially boils down to addressing the limit behaviour of a, as n — oco; see
[6L {L5]. Consequently, generalisations of the periodic case have been introduced. The
periodic case (and beyond) is covered in |2, 4]; non-periodic cases and corresponding
notions have been introduced in [12, 11| and, independently, in |9} §].

An important technical tool to obtain results in this direction is the div-curl lemma
or the notion of ‘compensated compactness’. In the above presented material, this is
Theorem [I4.4.7} the main difficulty to overcome is that of finding a limit of a product
((gn,7n)),, of weakly convergent sequences (qy), , (), in L2(2)? for some open  C R3.
It turns out that if (curlg,), and (divry), converge strongly in an appropriate sense,
then [, (¢n,7n) ¢ converges to the desired limit for all ¢ € C°(Q). In Theorem
the curl-condition is strengthened in as much as we ask ¢, to be a gradient, which results
in curlg, = 0. The div-condition is replaced by the condition involving La‘, which can in
fact be shown to be equivalent. The restriction to periodic boundary value problems is
a mere convenience. It can be shown that the arguments work similarly for non-periodic
boundary conditions, and even with the same limit.

There are many generalisations of the div-curl lemma. For this, we refer to [3]| (and the
references given there) and to the rather recently found operator-theoretic perspective,
with plenty of applications not solely restricted to the operators div and curl, see [14,
10].

The way of deriving the homogenised equation (i.e. the limit of a,) is akin to some
derivations in [13| |4]. Further reading on homogenisation problems can also be found in
these references. The first step of combining homogenisation processes and evolutionary
equations has been made in [16] and has had some profound developments for both
quantitative and qualitative results; see 18| |7, 5, 17].

Exercises

Exercise 14.1. Under the same assumptions of Theorem [14.1.1] show

— 0.

1 —1\ 5-1
|(@A @)+ 4) " = (3, M @) + 4) ) o7 L(La.w (B H))

Exercise 14.2. Let Q C R? be open and € > 0. We define the set

Q. = {z € Q; dist(x,00) > e} .
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(a) Let (¢r)ren in CX(R?) be a d-sequence (cf. Exercise and u € HY(Q). We
identify each function on § by its extension to R? by 0. Prove that for k& € N large
enough, ¢y, * u € H' () with

grad(¢g *x u) = ¢y * gradu on Q..

(b) Use [(a)] to prove Lemma [14.2.2

Exercise 14.3. Prove the ‘subsequence argument’: Let X be a topological space and
(xn)n a sequence in X. Assume that there exists x € X such that each subsequence of
(xn)n has a subsequence converging to x. Show that z, — x as n — oc.

Exercise 14.4. Let Hy, H; be Hilbert spaces and C': dom(C) C Hy — H; be a closed
linear operator such that dom(C) < Hy compactly. Let BPrercyr : Ho — Ho denote the
orthogonal projection onto the closed subspace ker(C)t. Prove that there exists ¢ > 0
such that

Vu € dom(C) : HPker(C)iu

Apply this result to prove Proposition [14.3.6

Exercise 14.5. Let Hy, H; be Hilbert spaces. Let C': dom(C) C Hy — H;j be closed
and densely defined. Assume that dom(C)Nker(C)* < Hy compactly. Show that, then,
dom(C*) Nker(C*)* < Hj compactly.

|, <clCuly,.

Exercise 14.6. Let v > 0, Q = [0, l)d, s € Loo(R) be 1-periodic, 0 < s < 1, and a as in
Example [14.3.7] Show that (w,), in Lg, (R; Ly(Y)) satisfying

8,527Vs(nm)un + Oy (1 = s(nm))up, — divy a(nm) grady up, = f

for some f € Lo, (R;La(Y)) is convergent to some u € Lo, (R; La(Y')). Which limit
equation is satisfied by u?

Exercise 14.7. Let (ay,), be a null-sequence in [0, 1] and let a be as in Example [14.3.7]

Show
Oy 0\ [ 0 divy -
0 Opan tygrady 0
. Oy O (. 0 divy ¢y
0  Opom L gradﬁ 0

in the strong operator topology. Show that if f € Ly _,(R; La(Y) ), where Lyo(Y) | =
{gb eLy)Y); [y o= 0} for some small enough p > 0, we have

-1
Ot 0 0 divy ¢y f '
<< 0 ah0m> + (Lg grad, 0 0 €Ly, (R, Ly () x ran(gradﬁ)).
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