12 Boundary Value Problems and
Boundary Value Spaces

This lecture is devoted to the study of inhomogeneous boundary value problems. For
this, we shall reformulate the boundary value problem again into a form which fits within
the general framework of evolutionary equations. In order to have an idea of the type of
boundary values which make sense to study, we start off with a section that deals with
the boundary values of the functions in the domain of the gradient operator defined on
a half space in R? (for d = 1 we have Ly(R9™1) = K).

12.1 The Boundary Values of H!(R? ! x R.)

In this section we let Q := R4 x Ryg and f € H'(Q); our aim is is to make sense of the
function R4~! 5 ¥ +— f(¥,0). Note that this makes no sense if we only assume f € La()
since R9~! x {0} = 99 is a set of (d-dimensional) Lebesgue-measure zero. However, if
we assume f to be weakly differentiable, something more can be said and the boundary
values can be defined by means of a continuous extension of the so-called trace map. In
order to properly formulate this, we need the following density result.

Theorem 12.1.1. The set D = {¢: @ = K; I € C°(RY): ¢|o = ¢} is dense in the
space H ().

We will need a density result for H'(R9) first.
Lemma 12.1.2. C*(RY) is dense in H'(RY).

Proof. Let f € H'(RY). We first show that f can be approximated by functions with
compact support. For this let ¢ € C°(R?) with the properties 0 < ¢ < 1, ¢ = 1 on
B(0,1/2) and ¢ =0 on R\ B(0,1). For all kK € N we put ¢y := ¢(-/k) and f .= ¢ f €
L2(R%). Then f; has support contained in B [0, k]. The dominated convergence theorem
readily implies that fy — f in La(R?) as k — oco. Next, let 1 € C°(R%)? and compute
for all k € N

— (o, dive)) = — (pf,dive)) = — (f, ¢p divey) = — (f, div (¢x¥)) — (grad éx) - )
— — {fudiv (@) + {F grad o, 0) = ((grad o+ Flsrad 6)(/0),0 ).

which shows that f;, € dom(grad) = H'(R?) and grad f; = (grad f)gbk—l—%f (grad @) (-/k).
From this expression of grad f;, we observe grad fr — grad f in Lo(R?%)¢ by dominated
convergence. Hence, fr — f in dom(grad).
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12 Boundary Value Problems and Boundary Value Spaces

To conclude the proof of this lemma, it suffices to revisit Exercise . For this, let (¢x)x in
C>®(R%) be a d-sequence. Then, by Exercise we infer ¢y x f — f in Ly(R%) as k — oo
and hence, by Exercise it follows also that grad (¢ * f) = ¢y * grad f — grad f
(note the component-wise definition of the convolution). A combination of the first part
of this proof together with an estimate for the support of the convolution (see again
Exercise yields the assertion. O

Proof of Theorem[12.1.1} Let f € H'(2). The approximation of f by functions in D is
done in two steps. First, we shift f in the negative eg-direction to avoid the boundary,
and then we convolve the shifted f to obtain smooth approximants in D.

Let f € Lo(R?) be the extension of f by zero. Put eq = (0jd)jeq1,..ay, the d-th unit
vector. Then for all 7 > 0 we have Q 4 7e4 C Q and, thus by Exercise we deduce
fr=f(-+7eq)la — fin H'(Q) as 7 — 0. Thus, it suffices to approximate fr for 7 > 0.
Let 7 > 0 and let (1), in C°(RY) be a d-sequence. Then ¢y * f(- + Teq) € H(R?), by
Exercise Define fj, ; = (z/;k*f(-+red))\g. Then we obtain that fr, — frin H'(Q)
as k — oo. Indeed, the only thing left to prove is that grad fx, — grad f, in Lo(Q)?
as k — oo. For this, we denote by g the extension of grad f by 0. Since g € Lo(R%)?
it suffices to show that grad fi, = 9, * g on Q for all large enough k € N, where
gr = g(- + Teq). Let k> L. Then for all z € Q and y € sptyy, C [—1/k, 1/k]* we infer
r—y+T1eq € Q. In particular, f(-—y+7eq) € HY(Q) and grad f(-—y+7eq) = g(-—y+Teq).
Take n € C*(Q)? and compute

horsdivi) ey == [ [l =)ty + rea)” dycivn(e) da

Q

= —/Q g Vre(y) f(x —y + Teq)* dy divn(x) dz

— _/ / dz/;k(y)f(x—y+76d)*dydivn(x)dm
Q J[=1/k1/k]

—— [ =y e diva) o dy
[~1/k,1/k]

= [ ) e~y e e dy
[(—1/k,1/k]
= (g * gran>L2(Q)d .

As iy * f( + 1eq) € HY(R?), we conclude the proof using Lemma [12.1.2] O

With these preparations at hand, we can define the boundary trace of H'(Q).

Theorem 12.1.3. The operator

v: D C HY(Q) — Ly(RI)
fe RS 3 f(7,0)
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12 Boundary Value Problems and Boundary Value Spaces

is continuous, densely defined and, thus, admits a unique continuous extension to H'(Q)
again denoted by v. Moreover, we have

1
17l gy ma—1y < (QHfHLQ(Q)HgfadeLg(Q)d>2 <l (f € HY(Q)).

Proof. Note that v is densely defined by Theorem [12.1.1| TLet f € C®(R%) and ¥ € R? 1.
Let R > 0 be such that spt f C B (0, R). Then

R
Lo r@orar= [ [Cai@araa = [ (1) @)+ 0uf @)f(e) da

0
< 2||f||L2(Q)||grad fHLg(Q)d‘

The remaining inequality follows from 2ab < a? + b2 for all a,b € R. O

Except for one spatial dimension, where the boundary trace can be obtained by point
evaluation, the boundary trace v does not map onto the whole of Ly(R%!). Hence, in
order to define the set of all possible boundary values for a function in H! one uses a
quotient construction: we set

H'PZR&Y = {yf; fe HI(Q)}

and endow H'/2(R41) with the norm

L1 /2qgay = 08 {lgls s 0 € B0 = 77}
It is not difficult to see that HY/2(R4~1) is unitarily equivalent to (ker~)’, where the
orthogonal complement is computed with respect to the scalar product in H*(€). Thus,
H'2(R%1) is a Hilbert space.

12.2 The Boundary Values of H(div,R%! x R.g)

Let Q := R% ! x Ryg. There is also a space of corresponding boundary traces for the
divergence operator. Similar to the boundary values for the domain of the gradient
operator, H'(2), the boundary trace for H(div)-vector fields rests on a density result.
The proof can be done along the lines of Theorem [12.1.1]and will be addressed in Exercise
123

Theorem 12.2.1. D? is dense in H(div, Q).

Equipped with this result, we can describe all possible boundary values of H(div, (). It
will turn out that vector fields in H (div, 2) have a well-defined normal trace. Hence, the
projection onto the last component in the following theorem.
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12 Boundary Value Problems and Boundary Value Spaces

Theorem 12.2.2. The operator
!/
rn: DL C H(div, Q) — (H1/2(Rd—1)) — HU2(RIY)
q— (]Ral_1 S% —qd(f,())),

is demnsely defined, continuous with norm bounded by 1 and has dense range. Thus Yy
admits a unique extension to H(div,Q) again denoted by ~,. Here, —qq is the negative
of the d-th component of q pointing into the outward normal direction of Q) and —qq is
identified with the linear functional

Hl/z(Rd) > ’Yf = <_Qd('70)77f>L2(Rd*1) :

Moreover, for all f € dom(grad) and q € dom(div) we have

(f,diva) + (grad f,q) = (Vf", @) g2 g1/ (12.1)

We will denote the unique extension of v, again by .

Proof. Let f € D and ¢ € D?. Then integration by parts yields

(Fdivg) + Grad foa) = [ divtas®) = [ (@00 @)= Gia)eqs, ) 8

Ra-1
= —/Rd1 V490 = (Vs @) py ey -

Hence,

|0, 900} ooy | < lall a1 1

Since D is dense in H'(€), the inequality remains true for all f € H*(Q). Thus,

< lall g Ml (F € H'(Q)).

Computing the infimum over all g € H'(Q) with vg = +f, we deduce

’<’}’f7 7HQ>L2(R<1*1)

’<7f7’7HQ>L2(Rd*1) < HQHH(div)H'YfHH1/2(Rd*1) (f € Hl(Q))

Therefore y,q € H-/2(R) and ||yaql|g-1/2 < 9]l 7 (aivy> Which shows continuity of

Yn. It is left to show that -, has dense range. For this, take vf € HY2(R* 1) for some
f € HY(Q) such that

v /f, ’7n9>L2(]Rd*1) =0
for all g € D?. Next, take § € C®°(R% 1) and ¢ € C®(R) with (0) = 1. Then we set
g: Q2 (%,2) = —eqg(T)(Z) € D? and note that v,g = §. Hence
<’Yf7 §>L2(Rd*1) =0 (5 € CCOO(Rdil))

Thus, vf = 0, which implies that the range of v, is dense as H'/?(R%1) is a Hilbert
space. The remaining formula follows by continuously extending both the left- and right-
hand side of the integration by parts formula from the beginning of the proof. Note that

for this, we have used both Theorem [12.1.1] and Theorem [12.2.1 O
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12 Boundary Value Problems and Boundary Value Spaces

Corollary 12.2.3. Let f € HY(Q), q € H(div,Q). Then f € dom(grad,) if and only if
vf =0 and q € dom(divg) if and only if yng = 0.

Proof. We only show the statement for q. The proof for f is analogous. If ¢ € dom(divy),
then there exists a sequence (¢, ), in C°(2)¢ such that v, — ¢ in H(div, Q) as n — oo.
Thus, by continuity of ~,, we infer 0 = ¥, — Yq. Assume on the other hand that
¢ € dom(div) with v,¢ = 0. Using (12.1)), we obtain for all f € dom(grad)

(divg, f) + (g, grad f) = 0.
This equality implies that ¢ € dom(grad®) = dom(— divy) and — divg g = — div ¢, which

shows the remaining assertion. O

The remaining part of this section is devoted to showing that the continuous extension
of 4, maps onto H~Y/2(R4~1). For this we require the following observation, which will
also be needed later on.

Proposition 12.2.4. Let U C R pe open. Then
Ho(div, U)* o) = {g e H(div,U); divg € H(U), ¢ = graddivg} .

Proof. Let ¢ € H(div,U). Then ¢ € Ho(div,U) #@v.0) if and only if for all r €
Hy(div,U) we have

0 =", @) p(aiv,ry = @) pyya + {divr, diva) ) = (1 @) e + (divor, diva) g, ) -
The latter, in turn, is equivalent to divg € dom(divy) = dom(grad) = H(U) and
—grad div g = divgydivg = —q. O
Theorem 12.2.5. ~, maps onto H~'/2(R4"1). In particular, we have

HQHH(div,ﬂ) < H’YnQHHfW(Rd—l)
for all ¢ € Ho(div, Q)#w@iv0),

Proof. By Theorem [12.2.2]it suffices to show that v, has closed range. For this, it suffices
to show that there exists ¢ > 0 such that

]l zraiv,0) < Cllmall g-1/2@a-1)

for all g € ker(yy iLH(diV’Q). By Corollary [12.2.3] we obtain ker(y,) = Ho(div, ). Hence,

by Proposition|12.2.4, we deduce that g € ker(qy,)-#@v.2) if and only if ¢ € dom(grad div)
and ¢ = graddiv¢. So, assume that ¢ € dom(grad div) with ¢ = graddiv¢. Then ([12.1)
applied to ¢ € dom(div) and f = div ¢ € dom(grad) yields

(v div q,fynq>H1/2’H_1/2 = (div q,div q) + (q,grad div q) = (div q,divq) + (q,q)

2
= HqHH(div,Q)7

where we used grad divg = q. Hence
2 . .
HQHH(div,Q) < Iy div gl grszllmgl -1z < Hleqqu(Q)||"YnQHH—1/2

= HQHH(div,ﬂ)H’YnQHH—l/z
where we again used that grad div g = ¢. This yields the assertion. ]
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12 Boundary Value Problems and Boundary Value Spaces

12.3 Inhomogeneous Boundary Value Problems

Let Q := R 1 xR. . With the notion of traces we now have a tool at hand that allows us
to formulate inhomogeneous boundary value problems. We shall address other boundary
value problems in the exercises. Here we focus on the scalar wave type equation for given
Neumann data § € H~/2(R%1). More precisely, for the material law M : dom(M) C
C — L(L2(Q) x Ly(Q)?) with s, (M) < 1 for some vy € R satisfying the positive
definiteness condition in Theorem that is, there exists ¢ > 0 such that for all
2 € CRe>y, we have RezM (z) > ¢. For v > vy we want to solve

(i D)) =
grad 0 q 0

mq(t,) =9 on 99 for all t € R.

Let us reformulate this problem. Let ¢ € C°°(R) such that 0 < ¢ < 1 with ¢ = 1 on
[0,00) and ¢ = 0 on (—o0, —1]. We define the function g: (¢ +— ¢(t)g € H12RI) €
Moo L2.v(R; H~'2(R% 1)) and consider

0 div v 0
<8t,yM(3t,u) + (grad 0 )) (q) - <0> on £, (12.2)

Tmq(t) = g(t) for all + > 0.
instead.

Theorem 12.3.1. Let v > max{wy,0},v # 0. Then admits a unique solution

o i(man( (5, )

Proof. We start with the existence part. By Theorem [12.2.5 we find G e H(div, ) such
that 7G = g; set G := ¢(-)G € H3(R; H(div,2)). Consider the following evolutionary
equation

(&,VM((%,V) 4 <gr(; . dig(])) (:f) — 0, M(3r) <_OG> 4 (‘ aw G) |

Note that the right-hand side is in H2(R; Lo () x Lo(Q)%). By Theorem we obtain

()= (oo (s 57)) (s (%) + (C5))

€ HA(R; Ly(Q) x Ly()h) N Ly, (R; dom( (gr(; 1 d(i)v))).

Indeed, since the solution operator commutes with J;, and the right-hand side lies in

H?2, it even follows that <1;> € H2(R; Ly(Q) x Ly(2)%). From the equality
0 divg u\ 0 —divG
(8 45)) () (1) (4
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12 Boundary Value Problems and Boundary Value Spaces

it follows that

(i) € H} (R; dom((groad digo))>.
Also, we deduce that

(st (s 6)) () = o)

Since r € HL(R;dom(divy)), by Corollary [12.2.3|and Theorem we obtain
T ((r+G)(t) = wmG(t) = g(t) (t€R).
Hence, (u,r + G) solves (12.2).

Next we address the uniqueness result. For this we note that a straightforward compu-
tation shows

(1) = (s (g *57)) (o (55) - (5°)

which coincides with the formula for (u,r + G). O]

The upshot of the rationale exemplified in the proof is that inhomogeneous boundary
value problems can be reduced to an evolutionary equation of the standard form with
non-vanishing right-hand side. Of course the treatment of inhomogeneous Dirichlet data
works along similar lines.

12.4 Abstract Boundary Data Spaces

Of course inhomogeneous boundary value problems can be addressed for other domains
Q) than the half space R4~ x R+. Classically, some more specific properties need to be
imposed on the description of the boundary 9€). In this section, however, we deviate from
the classical perspective in as much as we like to consider arbitrary open sets  C R<,
For this we introduce
BD(div) = {q € H(div,); divq € dom(grad), grad divgq = ¢},
BD(grad) = {u € H'(Q); gradu € dom(div), divgradu = u}.

By Proposition [12.2.4] and Exercise these spaces are closed subspaces of H(div, )
and H'(Q), respectively, and therefore Hilbert spaces. Indeed,

BD(div) = Hy(div, Q)J—H(div,m

and
BD(grad) = Hg (Q)" 1@,

Now, we are in a position to solve inhomogeneous boundary value problems, where the
trace mappings v and 7y are replaced by the canonical orthogonal projections mpp(grad)
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12 Boundary Value Problems and Boundary Value Spaces

and TRp(div) respectively; see Exercise We devote the rest of this section to describe
the relationship between the classical trace spaces introduced before and the BD-spaces.
In the perspective outlined here, there is not much of a difference between Neumann
boundary values and Dirichlet boundary values. The next result is an incarnation of
this.

Proposition 12.4.1. We have
grad[BD(grad)] € BD(div) and div[BD(div)] C BD(grad).
Moreover, the mappings

gradgp : BD(grad) — BD(div),
u +— grad u

and

divgp: BD(div) — BD(grad),
q+— divg

are unitary and gradip = divpp.

Proof. Let ¢ € BD(grad). Then grad ¢ € H(div,Q?) and divgrad¢ = ¢. This implies
divgrad ¢ € dom(grad) and graddivgrad ¢ = grad ¢, which yields grad ¢ € BD(div).
Thus, gradgp is defined everywhere; interchanging the roles of grad and div, we obtain
divpp is also defined everywhere. We infer divpp gradgp = 1gp(grad) and gradgp divep =

IBp(div) and thus gradpp is bijective with grad]g}) = divpp. It remains to show that
gradgp preserves the norm. For this we compute

grad ¢, grad ¢) H(div)
grad ¢, grad @), + (div grad ¢, div grad D) 1,9

grad ¢, grad ) ,(gya + (0: d) 1,,(q)

>d0m (grad) — <¢’ ¢>BD(grad) )

(gradpp ¢, gradgp ¢>BD(dw

{
=
=
= (¢,

which implies that gradpp is unitary. Hence, divpp = gradgllj = gradgp. O

It is also possible to show an ‘integration by parts’ formula analogous to (12.1)) for the
abstract situation:

Proposition 12.4.2. Let uw € H(Q) and q € H(div,Q). Then

(div g, u) () + (¢, grad ) 1, )a = (dIVBD TBD(div) ¢ TBD (grad) ¥ B (graa)

= <7T BD(div)4> gradpp ™ BD(grad)u>BD(div) )
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Proof. We decompose u = ug + u1 and q¢ = qo + q1 with ug € H(Q), g0 € Hop(div, ),
U1 = TBD(grad)¥ a0d q1 = TRp(div)¢- Then we obtain

(div g, U>L2(Q) + (g, grad U)LQ(Q)EI

= (div0 90, 1), )+ {diV a1, 1) 1, ) + (0, Brad u) , pa + (g1, grad ), gya

= {90, —gradw) , ()a + {div g1, u) 1, () + (g0, grad u) ., gya + {q1, grad u) 1, ()

= (div g1, u0) 1, ) + (div i, u1) 1, ) + (g1, grad uo) 1, (g)a + (q1, grad ur) 1, )a

= (g1, — grady uo) 1, gy + (div g, u1) 1, q) + (@1, grady uo) 1, gy + (g1, grad ur) 1, oy
= (div ¢, u1>L2(Q) + (q1, grad U1>L2(Q)d

=

div ¢, u1>L2(Q) + (grad div ¢, grad u1>L2(Q)d = (div ¢y, u1>BD(grad) .

The remaining equality follows from the unitarity of gradgp and grad]g]g = divgp by

Proposition [12.4.1] O

In view of Proposition (although being the same mapping up to a unitary trans-
formation) the proper replacement of ~, appears to be divgp TBD(div) instead of just
TBD(div). Next, we show the equivalence of the trace spaces for the half space and the
abstract ones introduced in this section.

Theorem 12.4.3. Let Q := R¥! x Roo. Then v|pp(graa) : BD(grad) — HY2(R4-1)
and Yu|Bp(aiv) : BD(div) — H=Y2(RI1YY are unitary mappings.

Proof. We begin with ~v,. We have shown in Theorem @ that 'yn\BD(div) is continuous
and in Theorem it has been shown that ('yn]BD(div))_‘ is continuous. Also the two
norm inequalities have been established.

The injectivity of 7|pp(graq) follows from kery = H(Q) by Corollary . All that
remains simply relies upon recalling that H/2(R%1) is isomorphic to (ker~)™ with the
orthogonal complement computed in H'(£2). O

12.5 Robin Boundary Conditions

The classical Robin boundary conditions involve both traces, the Dirichlet trace v and
the Neumann trace ,. To motivate things, let us again have a look at the case (2 =
R9~! x R-(. We consider the boundary condition for given ¢ € H(div,Q) and u € H'(Q)

Mg + iyu =0,
in the sense that
(Mg U>H—1/2(Rd—1),H1/2(Rd71) = (‘i’Y%U>L2(Rd71) (ve H1/2(Rd71))-

Note that this is an implicit regularity statement as y,q € Lo(R?"1) is representable
as an Lo(R?1) function. The next result asserts that an evolutionary equation with a

155



12 Boundary Value Problems and Boundary Value Spaces

0 div
rad O
into the setting rendered by Theorem In other words:

spatial operator of the type <g with the above Robin boundary condition fits

Theorem 12.5.1. Let Q@ = R x Ryg. Then the operator A: dom(A) C Ly(Q)4+! —

La(Q)4! with A C ( 0 d1v> with domain
grad 0

dom(A) = {(u,q) € H () x H(div,Q); g +iyu =0}
is skew-selfadjoint.

Proof. Let (u,q), (v,r) € H'(2) x H(div,Q). Then, by (12.1) we obtain

(o ) () <>> () (e )0

= (divg, v) + (gradu, 7) + (u, divr) + (¢, grad v) = (g, 70) + (Yu, Yar) -
If, in addition, (u,q) € dom(A), we obtain

SOROIR(HRERYIO)

= (@, V) + (Y, W) = — (v, Y0) + (yu, 1) = (yu,iyv) + (yu, Wr)
= (yu,iyv 4+ r) .

Since for every u € D, we find ¢ € D? such that (u,q) € dom(A),
v[D] C {yu; 3¢ € H(div,Q): (u,q) € dom(A)}.
Thus, the set on the right-hand side is dense in H'/2(R?1). This in turn implies that
(v,7) € dom(A*) if and only if iyv+~,7 = 0, and in this case we have A*(v,r) = —A(v, 7).
This implies that A is skew-selfadjoint. O
Next, one could argue that in the case for arbitrary €2, the condition
ITBD (grad)® + diVBD TBD(div)¢ = 0 (12.3)

amounts to a generalisation of the Robin boundary condition just considered. However,
this is not true as the following proposition shows.

Proposition 12.5.2. Let u € H*(Q),q € H(div,Q). Moreover, we set k: BD(grad) —
Ly (R¥YY with kv = yv for v € BD(grad). Then ynq + ivu = 0 if and only if

divep TBp(div)¢ + Ik KTBD(grad) ¥ = 0.
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Proof. We first observe that kmpp(graq)w = yw for each w € H(Q).
Assume now that v,q + iyu = 0 and let v € BD(grad). Then we compute, using
Proposition [12.4.2| and (12.1])

<iH*H7TBD(grad)u’U>BD(grad) = <i/€7TBD(grad)u, RU>L2(RH)
= (7w, Y0) L, (ma-1)
= <—(’YnQ)*v’YU>H—1/2(Rd—l),Hl/z(Rd—g
= (=divq,v)p,q) + (—¢ gradv) g
= (— divBp TBD(Aiv) 4> U>BD(grad) ;
which proves one of the asserted implications.

Assume now that divep Tp(qiv)q +iK"KTBD (grad)t = 0 and let v € HY2(R41). We take
w € HY(Q) with yw = v and compute

(m@)" V) 172 a1y, m1/2 a1y = (div g, w) 1, ) + (¢, grad w) )

=
<d1VBD WBD(dw)q » TBD(grad) >BD(grad)
= (K" KTBD (grad) U TBD(grad) w>BD (grad)
= (—iKTBD(grad)Us HWBD(grad)w>L2(Rd 1)
= (—iyu, 'Yw>L2(]Rd 1y

which shows the remaining implication. O

12.6 Comments

The concept of abstract trace spaces has been introduced in [4] in order to study a
multi-dimensional analogue for port-Hamiltonian systems. Also concerning differential
equations at the boundary (so-called impedance type boundary conditions), the concept
of abstract boundary value spaces has been employed, see [5].

A comparison between abstract and classical trace spaces has been provided in [3] 6]
particularly concerning H 1/ 2(R?-1). A good introduction for trace mappings for more
complicated geometries can be found e.g. in [1|. The trace operator can also be suit-
ably established for H (curl, 2)-regular vector fields given that € is a so-called Lipschitz
domain, see [2].

Exercises

Exercise 12.1. Let ¢ € C°(R?), f € Ly(R?). Show that

¢*f::cH>/Rd¢(x—y)f(y)dy
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belongs to H'(RY) and that grad (¢ * f) = (grad ¢) * f. If, in addition, f € H'(R?) =
dom(grad), then grad(¢ x f) = ¢ = grad f, where the convolution is always taken com-
ponent wise.

Exercise 12.2. Let Q C R? be open. Let f € Lo(Q) and denote by fe Ly(R?) the
extension of f by zero. Let v € R%, 7 > 0 and define f, = f(- + 7v)|q.

(a) Show that fr — fin L2(Q) as 7 — 0.

(b) Let now f € HY(Q) and Q + 7v C Q for all 7 > 0. Show that f, — f in H}(Q) as
T — 0.

Exercise 12.3. Prove Theorem [2.2.11

Exercise 12.4. Let © C R? be open, M: dom(M) C C — L(L2(Q) x Ly(Q)?) with
sp (M) < vy for some vy € R, ¢ > 0 such that for all z € Cre>,, we have RezM (z) > ¢,
v > max{rp,0} and v # 0. Show that there exists a unique

(o) (R4 7))

s (2 ) ()-) =0
grad 0 q 0

TBD(grad)V(t) = ¢(t) f for all t € R,

satisfying

for some bounded ¢ € C*°(R) with infspt ¢ > —oco and f € BD(grad).

Exercise 12.5. Let Q = R4 xR- (. Show that there exists a continuous linear operator
E: HY(Q) — HY(R?) such that E(¢)|q = ¢.

Exercise 12.6 (Korn’s second inequality). Let Q@ = R?! x R.,. Using Exercise
show that there exists ¢ > 0 such that for all ¢ € H'(2)? we have

16l g1 (ye < € (Hd)”LQ(Q)d + [|Grad ¢||L2(Q)dXd) :

Thus, describe the space of boundary values of dom(Grad).
Hint: Prove a corresponding result for Q = R? first after having shown that C°(R?)4
forms a dense subset of both H'(Q)? and dom(Grad).

Exercise 12.7. Let Q C R? be open. Compute BD(curl) := Hy(curl, Q)1# 1.9 and
show that curl: BD(curl) — BD(curl) is well-defined, unitary and skew-selfadjoint.

158



References

References

1]
2]

W. Arendt et al. Form methods for evolution equations, and applications. 18th
Internet Seminar. 2015.

A. Buffa, M. Costabel and D. Sheen. ‘On traces for H(curl, 2) in Lipschitz do-
mains’. In: J. Math. Anal. Appl. 276.2 (2002), pp. 845-867.

A. ter Elst, G. Gorden and M. Waurick. ‘The Dirichlet-to-Neumann operator for
divergence form problems’. In: Annali di Matematica Pura ed Applicata (2018).
Accepted.

R. Picard, S. Trostorff and M. Waurick. ‘On a Comprehensive Class of Linear
Control Problems’. In: IMA Journal of Mathematical Control and Information 33.2
(2016), pp. 257-291.

R. Picard et al. ‘On Abstract grad-div Systems’. In: Journal of Differential Equa-
tions 260.6 (2016), pp. 4888-4917.

S. Trostorff and M. Wehowski. ‘Well-posedness of non-autonomous evolutionary
inclusions’. In: Nonlinear Anal. 101 (2014), pp. 47-65.

159



