11 Exponential Stability of Evolutionary
Equations

In this lecture we study the expomnential stability of evolutionary equations. Roughly
speaking, exponential stability of a well-posed evolutionary equation

(Gm,M(Gt,l,) + A) U=F

means that exponentially decaying right-hand sides F' lead to exponentially decaying
solutions U. The main problem in defining the notion of exponential decay for a solution
of an evolutionary equation is the lack of continuity with respect to time, so a pointwise
definition would not make sense in this framework. Instead, we will use our exponentially
weighted spaces Lo, (R; H), but this time for negative v, and define the exponential
stability by the invariance of these spaces under the solution operator associated with
the evolutionary equation under consideration.

11.1 The Notion of Exponential Stability

Throughout this section, let H be a Hilbert space, M : dom(M) C C — L(H) a material
law and A: dom(A) C H — H a skew-selfadjoint operator. Moreover, we assume that
there exist vy > sp (M) and ¢ > 0 such that

RezM(z) 2 ¢ (2 € CRrezuy)-

By Picard’s theorem Theorem we know that for v > 1 the operator

S, = (FryM(B:,) + A) "' € L(La, (R; H))

is causal and independent of the particular choice of v. We now define the notion of
exponential stability.

Definition. We call the solution operators (S,),>y, erponentially stable with decay rate
po > 0 if for all p € [0, pp) and v > 1y we have

SyF €Ly p(R;H) (FeLyy(RiH)N Ly —p(R; H)).

Remark 11.1.1. We emphasise that the definition of exponential stability does not mean
that the evolutionary equation is just solvable for some negative weights. Indeed, if we
consider H = C; A = 0 and M(z) = 1 for z € C we obtain that the corresponding
evolutionary equation

O U=F (11.1)

135



11 Exponential Stability of Evolutionary Equations

is well-posed for each v # 0. However, we also place a demand for causality on our
solution operator. Thus, we only have to consider parameters v > 0. We obtain the
solution U by .
U(t) :/ F(s)ds.
—0o0
As it turns out, the problem is not exponentially stable. Indeed, for F':= 1] €
Myer L2, (R) the solution U is given by

0 ift<0,
Ult)y=<t ifo<t<1,
1 ift>1,

which does not belong to the space Ly _,(R) for any p > 0.

We first show that the aforementioned notion of exponential stability also yields a point-
wise exponential decay of solutions if we assume more regularity for our source term

F.

Proposition 11.1.2. Let (S, ).y, be exponentially stable with decay rate pg > 0, v > 1y,
p €10,p0) and F' € dom(0;,) Ndom(0;,—,). Then U := S, F is continuous and satisfies

Ut)e’ -0 (t— o0).

Proof. We first note that 0y ,F = 0;_,F by Exercise [I1.1l Moreover, since S, is a
material law operator (i.e., S, = S(0;,,) for some material law S) we have

Suaty g 8t7VSV'
Thus, in particular, we have
St/at,uF = at,l/SI/F = 8t,l/U;

that is, U € dom(0;,,). Moreover, since 0y, F = 0 —,F € La_,(R; H), we infer also
U,0;,,U € La_,(R;H) by exponential stability. By Exercise this yields U €
dom(0,—,) with 0; —_,U = 0;,U. The assertion now follows from the Sobolev embedding

theorem (Theorem and Corollary [4.1.3]). O

11.2 A Ciriterion for Exponential Stability of Parabolic-type
Equations

In this section we will prove a useful criterion for exponential stability of a certain class of
evolutionary equations. The easiest example we have in mind is the heat equation with

homogeneous Dirichlet boundary conditions, which can be written as an evolutionary
equation of the form (cf. Theorem [6.2.3)

(o 0) 70 o) o ) ()= ()
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11 Exponential Stability of Evolutionary Equations

in Ly, (R; H), where H = Lo(2) ® L2(Q)¢ with Q C R? open, and a € L(L2(2)?) with
Rea > ¢
for some ¢ > 0 which models the heat conductivity, and v > 0.

Theorem 11.2.1. Let Hy, Hy be Hilbert spaces and C: dom(C) C Hy — Hi a densely

defined closed linear operator which is boundedly invertible. Moreover, let My € L(Hy)
be selfadjoint with

Moy = co

for some ¢y > 0 and My: dom(M;) C C — L(Hy) be a material law satisfying s, (M1) <
—p1 for some p1 > 0 and

Jde1 > 0Vz € Cres—p, : Re Mi(2) 2 1.

Then

S, = (8@” (J‘go 8) + <8 M (()&fw)) + (g _OC*>>_1 € L(La, (R; Hy ® Hy))

for each v > 0. Moreover, for all vy > 0 the family (S,)u>y, is exponentially stable with
decay rate po = min {pr,er/ (1M 2, IOl }

OO,(CRe> —p

In order to prove this theorem we need a preparatory result.

Lemma 11.2.2. Assume the hypotheses of Theorem|11.2.1 Then for each z € Cres—_p,
the operator

zMy 0 0o —-C* "
= : -
T(z) ( 0 Ml(z)> + <C 0 ) dom(C) x dom(C*) C Hy® Hy — Hy ® H;
1s boundedly invertible. Moreover,

sup HT(z)*lH < 0

ZG(CRegfp
for each p < pg.

Proof. Let z € Crex—, for some p < pg. We note that M;(z) is boundedly invertible
with || M1(z)7|| < 1/e (see Proposition [6.2.2(b)) and (C*)~' = (C™')* € L(Hy, Hy)
(see Lemma and Lemma 2.2.8)). Let f € Hp, g € H;. We first show that a pair
(u,v) € Hy x Hj satisfies (u,v) € dom(T'(z)) and T'(z)(u,v) = (f,g) if and only if
u € dom(C) and

(2(CT)IMoCT 4 My ()71 Cu = (C7) 7 [ + Ma(2) g, (11.2)
Mi(z)v =g — Cu. '
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11 Exponential Stability of Evolutionary Equations

Assume first that (u,v) € dom(7T'(z)) and T'(2)(u,v) = (f,g). Then we have
2Mou — C*v = f,
Mi(z)v + Cu = g.

Using that M;(z) is invertible, we derive

zMou — C* My (2) (g — Cu) = f,
which in turn implies
(2(C*) ' MoC™ + My (2) ") Cu = (C*) ™ f + Mi(2) g
On the other hand, if (u,v) is given by then we have
v=DM(2)"Hg = Cu) = My(2)"'g + 2 (C*) ™ Mou — (C*) " f = Mi(2) g
= (C") " (zMou — f),

and hence, v € dom(C*) with zMyu — C*v = f. Thus indeed T'(z)(u,v) = (f, g).
We now inspect the operator S(z) == z(C~1)*MoC~ + M;(z)~! € L(H;). By Proposi-
tion for x € Hi we estimate

Re (z,S(2)z) = Re (C™ 12, 2MoyC™'z) 4+ Re (z, My(2) ')

_112 2 C1 2
> —p|[Moll[|C7H| 12| +m”x”

C1 —112 2
= — pl|Mo||||C .
(HM1H2 pIMoll[C7H]7) Il

Oov(CRe>—p1

Since p < po and by the definition of pg we infer that p > 0. Hence, S(z) is boundedly
invertible with
157" <

==

We now set
u=C1S(z) 1 ((C*) ' f + Mi(2)'g) € dom(C),
vi= Mi(2)" g — Cu).

By the first part of the proof we have that (u,v) is the unique solution of T'(z)(u,v) =
(f,g). Moreover, we can estimate

1 1
lull < [[C7H= (@) + —llgll ), and
H 1

1 1 1 1
ol < =gl + Icul) < = (llgl + = (€71 + —lal)).
ol < Z gl + lIcull) < — (gl M(H( ) A - lgll)
which proves that T'(z) is boundedly invertible with
sup HT(z)*lH < 00. O

2€ELRe>—p

138



11 Exponential Stability of Evolutionary Equations
Proof of Theorem [11.2.1 Let H := Hy ® Hy. We set

M(z) = (J‘go 0 1(z)> ( € dom(My) \ {0}).

Let v > 0. Then
Vz € CRresy : RezM(2) > min{veg, ¢1}

and hence, the first assertion of the theorem follows from Theorem [6.2.1]
Let now F' € Ly ,(R; H) N Ly _,(R; H) for some v > 0 and 0 < p < pg. We need to show

—1
_ My 0 0 0 0 —C* ,
U= (at’” ( 0 0) + (0 Ml(at,u)> i (C 0 )) F& Lo (R H).

For n € N we set F), == Ip__ I € L2, (R; H) N La,,(R; H) and

—1
._ M, 0\ (0 0 0 —C
Up = (%(O 0)+<0 Ml(at,y>)+(c ¢ )) F

Then U, € Ly, (R>_y; H) by causality. We claim that U,, € Lo _,(R>_,; H) for each
n € N. In order to show the claim, we note

-1
B Mo 0 0 0 0o -C*
TnUn = <at’” ( 0 o) " <0 Ml(at,y)> i <C 0 >> o

and 7_,F, € Ly _,(R>0; H) by assumption. Hence, Corollary yields L1_,F, €
H2(CRe>—p; H). Let T(-) be as in Lemma Since T(-)~! has a bounded ana-
lytic extension to Cres—,, we obtain T()Lr ,F, € Ha(CRre>—p; H). Since 7_,U, €
L2’V(R>O;H) and

(L'T_nUn)(z) = T(Z)_l(ﬁT_nFn)(Z) (2 € CRre>v),

we conclude that 7_,U,, € La _,(R>0; H) by Corollary[8.1.3| Thus, U,, € Lo _,(R>_y; H).
Since F;, — F'in L ,(R; H) by dominated convergence, we obtain U,, = U in Ly, (R; H)
by the continuity of the solution operator. So we just need to prove that (Up)nen also
converges in Lo _,(R; H). Let m,n € N. Since £_, is unitary from Ly _,(R;H) to
Ly(R; H), we estimate
1Un = Unllp, _, = 1£-pUn = L_pUnll,
= HT(im —p) 'L ,F, — T(im — ,0)_1£,meHL2
SCONL—pFn - ‘C—meHL2 =C|F - FmHLgy,pa

where C' = sup.ccp,._, HT(Z)_1H. Since also F,, = F in Lo _,(R; H), (Up)nen is a
Cauchy-sequence in Ly _,(R; H) and hence, U € Ly _,(R; H). O
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11 Exponential Stability of Evolutionary Equations

11.3 Three Exponentially Stable Models for Heat
Conduction
The Classical Heat Equation

We recall the classical heat equation (cf. Theorem [6.2.3) on an open subset Q C R?
consisting of two equations, the heat-flux balance

o0 +divg=f

and Fourier’s law
q= —agrad®f,

where f is a given source term and a € L(L2(Q2)?) is an operator modelling the heat
conductivity of the underlying medium. We will impose Dirichlet boundary conditions
which will be incorporated in our equation by replacing the operator grad by grad, in
Fourier’s law (cf. Section [6.1)).

In order to apply Theorem we need that grad, is boundedly invertible in some
sense. This can be shown using Poincaré’s inequality.

Proposition 11.3.1 (Poincaré inequality). Let Q C R be open and contained in a strip;
that is, there exist e € R? with |le|| =1 and a,b € R, a < b such that

0 C {:cG]Rd;a< (e, x) <b}.
Then for each u € dom(grad,) we have

[l () < (b= a)llgradg ul L, q)e-

Proof. Without loss of generality, let e = (1,0, ...,0). Recall that, by definition, CZ°(2)
is a core for grad,. Thus, it suffices to prove the assertion for functions in C°(f2).
Let o € CX(Q). We identify o with its extension by 0 to the whole of R?. By the
fundamental theorem of calculus, we may compute

p(x) :/ op(s,a2,...,xa)ds (z€Q).

Hence, by the Cauchy—Schwarz inequality and Tonelli’s theorem

SR

</Q(b—a)/a (Glgo(s,xg,...,xd))stdw:(b—a)2/9|61<p(x)|2dx

< (b — a)?||grad, SOH%Q(Q)fh

2
dx

1
/ (s, xa, ..., xq)ds
a
b

which shows the assertion. O
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11 Exponential Stability of Evolutionary Equations

Corollary 11.3.2. Under the assumptions of Proposition |11.5.1] the operator grad, is
one-to-one and ran(grad,) is closed.

Proof. The injectivity follows immediately from Poincaré’s inequality. To prove the
closedness of ran(grady), let (ug)pen in dom(grad,) with gradyuz — v in Lo(Q)¢ for
some v € Ly(Q)?. By Poincaré’s inequality, we infer that (uy)ren is a Cauchy-sequence
in Ly(€2) and hence convergent to some u € Ly(2). By the closedness of grad, we obtain
u € dom(grad,) and v = grady u € ran(grady). O

We need another auxiliary result which is interesting in its own right.
Lemma 11.3.3. Let H be a Hilbert space and V. C H a closed subspace. We denote by
w:V - H, zx—=x

the canonical embedding of V' into H. Then vyij,: H — H 1is the orthogonal projection
on V and tj;uy: V. — V is the identity on V.

Proof. The proof is left as Exercise [11.2] O

We now come to the exponential stability of the heat equation. First, we need to for-
mulate both the heat-flux balance and Fourier’s law as a suitable evolutionary equation.
For doing so, we assume that  C R? is open and contained in a strip. Then ran(grad,)
is closed by Corollary [[1.3.2] It is clear that we can write Fourier’s law as

q= —agrad, 0 = _abran(grado)bjan(grado) grad 0.

Hence, defining ¢ == gand a =1 € L(ran(gradg)), we arrive

at

* * aL
ran(grad) ran(grad, ) “‘ran(grad)

q — 75L:an(grad0) grado 0
Moreover, since ran(grad,)* = ker(div), we derive from the heat-flux balance
=010 +divg = 00 + diV tran(grad,)d

and hence, assuming that @ is invertible, we may write both equations with the unknowns
(0, q) as an evolutionary equation in Ly, (R; H) for v > 0, where H = Lo(§2)@®ran(grad,).
This yields

1 0 0 0 0 div lran(grad,) 0 _ f

For notational convenience, we set

C:=1 grad,: dom(grady) C Lo(£2) — ran(grady). (11.4)

*
ran(grad)

Lemma 11.3.4. Let Q C R? be open and contained in a strip and C as above. Then C
is densely defined, closed and boundedly invertible. Moreover

* .
C* = —div Lran(grado)'

141



11 Exponential Stability of Evolutionary Equations

Proof. The proof is left as Exercise [[1.3] O

Proposition 11.3.5. Let Q C R be open and contained in a strip, a € L(L2(Q)?), and
c1 > 0 such that
Rea > ¢;.

Then a = Ljan(arado)abran(grado) 15 boundedly invertible and the solution operators associ-

ated with are exponentially stable.

Proof. For x € ran(grad,) we have

Re <1‘, Eil'>ran(grad0) = Re <Lran(grad0)x7 aLran(grad0)$>L2(Q)d
2 2
= ClHLran(grado)xHLQ(Q)d = Cle”ran(gradO)’
and thus, @ is boundedly invertible. Hence, (11.3)) is an evolutionary equation of the form
considered in Theorem [11.2.1) with My :== 1, My(z) == a ! for 2 € C and C given by
11.4). Since Rea~! > ”2#, Theorem |11.2.1{is applicable and we derive the exponential
stability. O

The Heat Equation with Additional Delay

Again we consider the heat equation, but now we replace Fourier’s law by
q = —ay grady § — as7_p, grady 0

for some operators aj,as € L(L2(2)?) and h > 0. As above, we assume that Q C

d . . . . . ~ N. —
R“ is open and contained in a strip. We may introduce q = L;‘an(grado)q and a; =
[’;kan(grado)aj[’ran(grado) € L(Lo(2)%) for j € {1,2}. Moreover, we assume that there exists
¢ > 0 such that

Rea; > c.

By Lemma there exists 19 > 0 such that the operator a; + as7_p is boundedly
invertible in Lo, (R;ran(grady)) and its inverse is uniformly strictly positive definite
for each v > 1y. Hence, we may write the heat equation with additional delay as an
evolutionary equation of the form

10\ (0 0 0 —C\\ [0\ _(f
(6 0+ 6 @) e )@ -0) o
with C' given by (11.4).

Proposition 11.3.6. Let Q C R¢ be open and contained in a strip, h > 0, ai,as €
L(L2(2)%), and ¢ > 0 such that
Rea; > ¢

and |laz|| < c¢. Then the solution operators (Sy)y>y, associated with are exponen-
tially stable.
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11 Exponential Stability of Evolutionary Equations

Proof. Note that ||az|| < [Jaz|| < ¢. We choose

1 c
0<pr < —log——.
h = laz|]
Then we estimate for z € Cres—p,
~ ~ —zh Uy p1h 2
Re(z, (@ + e ™)a) > (e @l el g,

By the choice of p;, we infer ¢ := (¢ — ||az|[e”*") > 0. Hence,
My(2) == (@) +d2e ™) (2 € Cres_py)
is well-defined and satisfies
ReMi(z) 2 c1 (2 € CRe>—p,)

for some c¢; > 0 by Proposition [6.2.2] Thus, Theorem [11.2.1]is applicable and yields the
exponential stability of (L1.5]). O

A Dual Phase Lag Model
In this last variant of heat conduction, we replace Fourier’s law by
(14 540:)q = (1 4 s90) grad, 0,

where s4, 59 > 0 are the so-called “phases” (cf. Section where a different type of dual
phase lag model is studied). The latter equation can be reformulated as

(1+ 540) (1 + 398t,1/)71q = grad, 0

for v > 0. Assuming that Q C R? is open and contained in a strip, and defining
q = L;‘an(grado)q, the dual phase lag model may be written as

(3G )6 o) (2N =) o

with C' given by ([11.4)).

Proposition 11.3.7. Let Q C R? be open and contained in a strip, vy > 0. Moreover, let
sg > sq > 0. Then the solution operators (Sy,),>y, associated with are exponentially
stable.

Proof. Again, we note that (11.6)) is of the form considered in Theorem [11.2.1] with
My =1 and

L +sg2
o 1+ Sz

Mi(z) (= € C\ {-5,"}).

Setting p = z—z < 1 we compute

(1—p) 1+sgRez
frd = — 7> - .
Re M;(z) = Re <u+ A+ (1—p) 3 spef 2 F (2 € Cres_y;1)

Thus, Theorem [11.2.1]is applicable and hence, the claim follows. O
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11 Exponential Stability of Evolutionary Equations

11.4 Comments

The results of this lecture are based on the results obtained in [8, Section 2|. There,
Laplace transform techniques are used to characterise the exponential stability of evol-
utionary equations in a slightly more general setting. Moreover, besides parabolic-type
equations, also hyperbolic-type equations are considered, such as the damped wave equa-
tion or the equations of visco-elasticity.

The exponential stability of partial differential equations is a well-studied field. In par-
ticular, in the framework of Cy-semigroups, where the exponential stability is defined
via pointwise estimates due to the continuity of solutions, several results are known. We
just mention Datko’s theorem [4] (see also |2, Theorem 5.1.2]), which states that a Cp-
semigroup is exponentially stable if and only if the solution operator associated with the
equation

(8t,u + A) U=F

leaves L,(R>o; H) invariant for some (or equivalently all) p € [1,00). As it turns out,
the latter is equivalent to the invariance of Ly _,(R; H) for some p > 0 and thus, our
notion of exponential stability coincides with the usual one used in the theory of Cpy-
semigroups. Another important theorem on the exponential stability of Cy-semigroups
on Hilbert spaces is the Theorem of Gearhart—Priif [7] (see also [5, Chapter 5, Theorem
1.11]), where the exponential stability of a Cy-semigroup is characterised in terms of the
resolvent of its generator.

Besides the exponential stability, which is the only type of stability studied so far within
the current framework, different kinds of asymptotic behaviours were considered for Cp-
semigroups. We just mention the celebrated Arendt—Batty—Lyubich—Vu theorem [1, 6]
on strong stability of Cp-semigroups or the Theorem of Borichev—Tomilov [3| on the
polynomial stability of Cy-semigroups on Hilbert spaces.

Exercises

Exercise 11.1. Let H be a Hilbert space, v,p € R and v € Ly 1oc(R; H). Prove the
following statements:

(a) If u € dom(0,) Ndom(dy,,) then O u = O pu.
(b) If v € dom(9;,,) such that w, 0y, u € Lo ,(R; H) then v € dom(0;).
Exercise 11.2. Prove Lemma [[1.3.3

Exercise 11.3. Let Hy, H; be Hilbert spaces and A: dom(A) C Hy — H; a densely
defined closed linear operator. Moreover, we assume that A has closed range. Show that
the adjoint of the operator L:an(A)Ai dom(A) C Hy — ran(A) is given by A%tan(a). If
additionally A is one-to-one, show that L;‘an( A)A is boundedly invertible.
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11 Exponential Stability of Evolutionary Equations

Exercise 11.4. Let Q C R? be open and contained in a strip. We consider the heat
conduction with a memory term given by the equations

O 0+ divg = f,
q = (1 — kx)grad, 0, (11.7)

where k € L1 _,, (R>; R) for some p; > 0 with

/Oo|k:(t)dt< 1.
0

Write (11.7)) as a suitable evolutionary equation and prove that this equation is expo-
nentially stable.

Exercise 11.5. Let A € C™*" for some n € N and consider the evolutionary equation
(O + A)U = F.

Prove that the solution operators associated with this problem are exponentially stable
if and only if A has only eigenvalues with strictly positive real part.

Exercise 11.6. Let Q C R be open.

(a) Let ¢ € C(Q)?. Prove Korn’s inequality

2
lgrad @;|7, (qya-
1

d
2
||Grad<P”L2(Q)gan‘f >

1
24

j
(b) Use Korn’s inequality to prove that for u € La(92)? we have
u € dom(Gradg) <= Vje{l,...,d}: u; € dom(grady).
Moreover, show that in either case
1 d
5 > llgradg w17, gy < [|Gradg “”iQ(Q)g;rg <D lgrady ull7, qye-
j=1 Jj=1

(¢) Let now £ be contained in a strip. Prove that Gradg is one-to-one and has closed
range.

Exercise 11.7. Let Q C R? open and a € L(Ly(Q)9) with Rea > ¢ > 0.

(a) Let v > 0 and f € Ly, (R; La(€2)). Moreover, assume that €2 is contained in a strip
and define a = Lyan(grady ) ran(grady) - L€t 0 € Ly, (R; La(2)), ¢ € Lo, (R; La(2)%)

satisfy
10 0 0 0 div 0N _ (f
(o 0)+ 6 ) (e, ) ()= 0)
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and 6 € Ly, (R; La(R2)), ¢ € Lo, (R;ran(grady)) satisfy

1 0 0 0 0 div lran(grad,) 0 _ f
(6 0) (0 #0) * (g 57 (6) = ()

Show that (6, L;‘an(grado)q) = (6,q).

(b) Let © be bounded and consider the evolutionary equation

(o 0) (0 o) 07) ()= )

Show that the associated solution operators are not exponentially stable.
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