Exercises of Chapter 9

Exercise 9.1. Let Hy be a Hilbert space, T € L(Hy) and H-Y(T) = dom(T)’. (Note
that dom(T') is equipped with the graph norm.) Then H Y(T*) = H-Y(T) = H|.

Proof. In Chapter 9.2 the dual space is defined as H' := {¢ : H — K; ¢ linear and bounded}.
From Lemma 2.2.8 of Chapter 2 we get T* € L(Hy), hence dom(7T™) is defined on the
whole space Hy. Furthermore, the continuity of 7" and T™* implies the equivalence of the
graph norms and the || - || g,-norm on Hy. Therefore, we have

H Y T* = H YT) = H).
O

Exercise 9.2. Let Hy, Hy be Hilbert spaces such that Hy — Hj is continuous with dense
range. Then H{ — H|, is continuous with dense range as well.

Proof. By our assumption there exists a one-to-one and continuous operator T : Hy —
H, with dense range. We will show that 77 : H| — H{, f — f o T, defines a one-to-
one and continuous operator with dense range. Note that T” is defined, because T is a
continuous operator. The fact that 7" is a linear operator follows immediately from the
equipped linear structure of dual spaces. To prove that 7" is one-to-one, let f,g € H]
with 77 f = T'g. Since T has dense range and f, g are continuous, f o T = g o T implies
f = g. Next we will show that 7" is continuous. It is true that we have || foT|| < || f||I|T]|,
because T and f are continuous operators. Therefore, we have || T'|| < ||T|| < oc.

Finally, we prove that 7" has dense range. Let z” € H{ with z”(h) = 0 for all
h € ran(T"). The reflexivity of Hilbert spaces gives an x € Hy with h(z) = 2”(h) for all
h € H|. For every f € H{ we have 0 = 2”(foT) = f(Tx). The theorem of Hahn-Banach
implies Tz = 0. The operator T is one-to-one. Therefore, z = 0. It follows that z” = 0.
The theorem of Hahn-Banach implies ran(7") = Hj,. O

Exercise 9.3. Let Hy be a Hilbert space, A € L(Hy). Assume that T : dom(T') C Hy —
Hy is densely defined and closed with 0 € p(T) and T~'A = AT~} Jr]l_lBT_l for some
bounded B € L(Hy). Then A admits a unique continuous extension, A € L(HY(T*)).

Proof. Firstly, we take a look at T*. Since T is a densely defined and closable linear
operator, it follows from Lemma 2.2.7, 2.2.2 and Remark 2.2.3 that T* is a densely
defined and closed linear operator. As a result of the observation in the beginning of
Chapter 2.2, dom(T*) is equipped with the graph scalar form. Thus, dom(7™*) — Hy
is clearly a continuous embedding with dense range. Applying Fzercise 9.2. and noting
H=YT*) = dom(T*)" (Ez. 9.1), it follows that H} < H~'(T*) is a continuous embed-
ding with dense range as well. This implies that A : Hy & Hy C H-1(T*) — H-Y(T*) is
a densely defined linear operator. So, it suffices to show that A is continuous. For this,



let ¢ € Hy and compute for all ¢ € dom(7T™)

%\ — * (*) — *
(A0)(9)] = (A, @)y | = [(Ad, (T*) ' T*q) iz, | = (T~ Ad, T*q) iy |
asm. _ _ _ * CS _ _ _ "
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with (x) : (T*)~" = (T71)*, T7' € L(Ho) and (x%) = | T%qllm, < [lallaom(r+)-
By definition of the operator norm, this means:

1AG ]| -1y < (JAN+ ITHIBIDIT 6L, -
Invoking Lemma 9.2.7
1T~ ¢y < ellTor (T )| 1wy with ¢ >0,
we get

1AG N zr-1¢r+) < LA+ 1T HIBIDIT-1(T~ )11 (7).

Because T_1(T1¢) is simply the embedding of ¢ in H~!(T*), the statement follows.
O

Exercise 9.4. Let Hy be a Hilbert space, N : dom(N) C Hy — Hy be a normal operator;
that is, N is densely defined and closed and N*N = NN*. Then we have H '(N) =
H~Y(N*). In particular, we have H="(dy,) = H(0},) for every v € R.

Notation. In the following we denote the graph scalar product of N by (-, ) n.

Proof. Firstly, we show that (dom(N*N), || - ||x) is dense in (dom(N), || - || ). For this,
we show the surjectivity of the operator I + N*N. We remember that N* = {(—y,x) :
(z,y) € N*}. One easily sees that (N*)* = {(~y,z) : (x,y) € N} = M. Hence, we
have Hy x Hy = N* @& M. Thus for z € Hy we find z € dom(NV) and y € dom(/N*) such
that
(0,2) = (y, N*y) + (=Nuw,z) = (y = No, Ny + z)
and therefore we obtain Nz = y € dom(N*), x € dom(N*N) and z = = + N*y =
(I + N*N)z. Consequently, I + N*N is surjective.
Let now y € dom(N) with (x,y)ny = 0 for all z € dom(N*N). Then we have

(y,(I + N*N)z) = (y,z) + (Ny, Nz) = (y,z)n =0

for all z € dom(N*N). Since ran(/ + N*N) = Hjy, we obtain y = 0. Therefore,
dom(N*N)* = {0} and thus (dom(N*N),| - ||y) is dense in (dom(N),| - ||v). By
replacing N with N*, one analogously proves the density of (dom(NN*),| - ||n+) in
(dom(N™), |[ - [[n=)-



By assumption we have
|Nal> = (N*Na,a) = (NN*a,2) = | Nz
and, therefore,
[zl v = [/l (%)

for all z € dom(N*
conclude that (dom(

N) = dom(NN*). By (%) and the density results from above we
N), |- llwv) = (dom(N¥), [| - [|n+) and thus
HY(N)=dom(N) = dom(N*) = H }(N*).

Since 9, is a normal operator, we particularly have H=1(d;,) = H *1(82‘7 ,) for every
veR. g

Exercise 9.5. Let H be a Hilbert space and T : dom(T) C H — H be densely defined
and closed with 0 € p(T). Then T~ : (H,||T~!-||) — H has a unique isometric bijective

extension
/\/

TV (H, T ) > H

where (+) denotes the completion. Moreover, T_1 0T~ is an isomorphism. In particular,

-_ ~—

H=HT*) = (H,||T7 ).

Proof. Since T=1: (H,||T~!||) — H is obviously isometric and ran(7~!) = dom(7T) is
dense in H, we can extend 7! uniquely to an isometric isomorphism

—_—— —

T-1:(H,|T7'|) > H.

By Lemma 9.2.7 T_1 : H — H~'(T*) is an isomorphism which implies that

—_——

ToyoT=1: (H,|T7"|) = H-Y(T™)
is an isomorphism. O

Exercise 9.6. Let Hy be a Hilbert space and T : dom(T) C Hy — Hy be a densely
defined, closed linear operator with 0 € p(T). For n € N we define H*(T) := dom(T")
and H=(T) = H~Y(T"). Because of Hy = H| via the Riesz isomorphism, H*(T) can
mean Hy or H|,. Let F C Hy. For n € N we define F* = {(x,)n,, © € F}.
(a) We have that 1d : H*Y(T) — HYT) and 1d’' : H=4(T) — H~*"%(T) are conti-
nuous embeddings with dense range for all £ > 0 and k € N.
(b) We have that D = ),y dom(T™) is dense in H(T) for all £
be dense. We have that F* C H~Y(T) is dense (Note that F*

{<$7 '>H0|dom(T€)v x € ]:} - H_E(T)')

0. Let F - HO

>
C H=YT) means



(¢c) We have that T : H*Y(T) — HY(T) is a topological isomorphism and
T : dom(T)* C H YT*) - H*Y(T"),
<x? '>HO = <T:I:7 '>H07

can be extended to a topological isomorphism for all £ > 0.

Proof. For part (a) it suffices to prove that Id : H**(T) — HY(T) and 1d' : H=Y(T) —
H—*~1(T) are continuous embeddings with dense range for all £ > 0. The composition of
finitely many continuous embeddings with dense range is a continuous embedding with
dense range itself. Since H*(T) C H*(T), the identity operator Id : H**1(T) — H*(T)
is defined. We note that Id is one-to-one and linear. We show the continuity of Id. In
the case £ = 0 we have ||z|| g, < [|2| g1 (r) for all x € H!(T). Additionally, we have

(HE(T), |7 ) ~ {4(T) (1)

HHO

for all £ > 0, because 0 € p(T) implies the equivalence of the involved norms. Further-
more, for ¢ > 0 we have HT%HHO < HT_1HHT£+1m||HO for all x € H*(T). Hence,
Id is continuous. To show that Id has dense range, let £ > 0 and z € H*(T). Then
Tz € Hy. There exists a sequence (2,,)nen € dom(T)N with lim, e Hxn — T%HHO =0.
Furthermore, T~%x,, € H**1(T) for all n € N and

lim |TT = T2 |y, = Tim |z, — T'|, = 0.

Hence, Id has dense range. Furthermore, Exercise 9.2 implies that Id’ : H _E(T) —
H~*"1(T) is a continuous embedding with dense range.

We show that D is dense in H*(T) for all £ > 0. Let m > 0 and 2 € H™(T). We will
construct a sequence, which, on the one hand, is a Cauchy sequence in HY(T) for all
¢ > 0. On the other hand, its limit is supposed to be arbitrarily close to = in H™(T).
Let € > 0 and K := max {1, ||77!||}. We have already proved that H™*!(T) is dense
in H™(T). Using (1), we find an o1 € H™(T) with ||[T™"z — Tz |, < R
Recursively, we find an z,,,1 € H™ " (T) with

€

HTm+n1:n — Tm+n:zn+1”H0 < W

for all n € N. For every £ > 0 the sequence (xn)anaX{m+17g} is a Cauchy sequence in
(HY(T), ||T*-||) or, equivalently, in H*(T), because for all n > max{1,{—m} and k € N
we have

n+k—1
70— Tkl gy € S 1T~ Tapa],
p=n
n+k—1 n+k—1

< > HT*leer—fHTerpxp—Tm+p$p+1HH0g > 7227};”1 <e
p=n p=n



Every HY(T) is a Hilbert space and thus y, = lim, o 2, € H*(T). We have proved
that the identity operator Id : H*t!1 — H* is continuous. In particular, we have

Yor1 = lim z, = Id( lim xn) = lim Id(zy,) = ye.
n—oo

n—oo n—oo
This implies yo = yy for all £ > 0 and yg € D. Let ¢ := x. Then
N-1
1T"a =Ty < > T 20 = T @nsallay + 1T 28 = Tyl 1y
n=0

Since imy o0 [T 2N — T™y||H, = 0, we have

oo o

€

IT™2 = T™ylly < NT" w0 — T ana |l < ngemil =€
n=0 n=0

With (1) it follows that y is arbitrary close to x in H*(T).

To prove that F* is dense in H*(T) for £ > 0, one has to keep part (a) in mind.
Since F is the image of F* C H|, under the Riesz isomorphism, we see that F* C H|,
is dense. The embedding Id" : H — H~%(T) is continuous with dense range and thus
F* C HY(T) is dense for £ > 0.

We prove that T : HTY(T) — HYT) is a topological isomorphism for all £ > 0.
Since T is an operator with 7—! € L(Hy) by assumption, T is one-to-one. And for
xr € HYT) the pre-image of z under T is T 'z € H*Y(T). Let 2 € H*'(T). Then
HTZTQZHHO = HTHleHO. Therefore,

7 (HTLIT ) = (DT )

is an isometric isomorphism. With (1) it follows that 7" : H**Y(T) — H*(T) is a topolo-
gical isomorphism.

Finally, we prove the last assertion that is

T : dom(T)* C H Y(T*) — H*~1(T™),
<‘T7 '>HO = <T$7 '>H07

can be extended to a topological isomorphism for all £ > 0. We note that 7" is a li-
near operator. Because T™ is a densely defined, closed operator with 0 € p(7*) and
dom(T) C Hy is dense, we infer with part (b) that dom(T)* C H~(T*) is den-
se. Therefore, 7" is densely defined. Let (z,)m,, (v, )m, € dom(T)* with (T'z,-)g, =
(Ty, Y, on dom ((T*)“1). Then (Tz — Ty, ), = 0 on dom ((T*)**'). The density of
dom ((T*)**) C Hy implies Tz = Ty. The operator T is one-to-one and thus z = y. In
particular, we have (z,) g, = (y, )i, on dom ((T*)*) and the operator 7" is one-to-one.
Furthermore, the range of 7" is H) C H—*'(T*) and thus dense. With (1) we obtain

(HE @), )| ) = BT @)



for all £ > 0. Let (x,-)m, € dom(T)*. We have

sup (Tz,y) | = sup (&, T*y) | =  sup  [{2,T*2)m,l-
yEH T (T™), yEH T (T™), z€H(T),
I(T)**yl<1 I(T)* tyll<1 I(T*)*2lI<1

This implies that the operator
/ /
T . (HZ(T*)’ H(T*)é . HH> N <H€+1(T*), H(T*)f-i-l . HH)

can be extended to an isometric isomorphism. In particular, with (2) it follows that
T : HY(T*) — H~*~1(T*) can be extended to a topological isomorphism. O

In the following we will prove the second assertion of Exercise 9.7 and a slightly diffe-
rent result compared to the first assertion of Exercise 9.7. After proving the alternative
version of Exercise 9.7 we will explain why this version also completes the proof of
Theorem 9.3.2.

Exercise 9.7. Let H be a Hilbert space.

(a) Let A : dom(A) C H — H be closed and C' : dom(C) C H — H. Assume that
w, A € p(C) are contained in the same connected component of p(C) and

(I —C)TAC A(uI — )7L

Then we have (A — C)™*A C AN — C)~ L.

(b) Letv,e > 0. Then we have (1+€0,) 1 — lp,,®;m) and (1+68§‘7V)*1 = 11, (r;H)
in the strong operator topology as € — 0.

Proof. (a) Let Z be the connected component of p(C') which contains p. To prove the
assertion of (a), we show that M = {n € Z : (nI — C)~tA C A(nl — C)~'} is open
and closed in Z. Firstly, we prove that M is open. For this, let 179 € M and define
r:=||(noI — C)7||71. Let n € B(no,r). By the definition of M we have

<Z(770 —m)*((moI ~ c>1)’°“)Ax =AY (=) ((nel =) a

k=0 k=0

for all n € N and all x € dom(A). Moreover, it follows from the proof of Proposition
2.4.1 that B(ng,r) C p(C) and

S (o —m)* (ol — €)1

k=0

is a power series which converges in the operator norm and equals (nI —C)~!. Therefore,
since A is closed, for every x € dom(A) we conclude that (nI — C)~ 'z € dom(A) with
A(nI —C)™tz = (nI — C)~1Az. Hence, we have (nl —C)~1A C A(nI — C)~L. Therefore,



since € Z due to the connectedness of B(ng,r) and 1y € Z, we obtain n € M and thus
B(ng,r) € M. This implies that M is open in Z.

To prove the closedness of M in Z, let (n,)nen be a sequence in M with n, - n € Z
as n — oo and x € dom(A). Then we have

(] — C) LAz = A(n,I — C) '

for all n € N. Since the left-hand side converges to (nI — C)"'Az and (n,I — C)~ 'z
converges to (nI —C) "'z due to the continuity of the mapping p(C) > v +— (vI—C)~! €
L(H) (cf. Proposition 2.4.1), it follows from the closedness of A that (nI — C)™lz €
dom(A) with

Al —C) o = (nI — C) ' Ax.
Hence, we have (nI — C)™1A C A(nl — C)~! and, therefore, n € M. This implies the
closedness of M in Z.

Since Z is a connected space and M is open and closed in Z, we have M € {(), Z}. By
assumption we have yu € M and thus M = Z. Therefore, we obtain

M —-0)tAc AN —-C) L

(b) Firstly, we show that (1 + €d;,)"! — 11, (r;z) in the strong operator topology as
€ — 0. For this, we observe that

_ . . 1 s 1 .
(1+€dp,) ™ = (L2 +e(im +v))L,)" ' = LV<1 —|—e(im—|—u)>£y (%)

by Theorem 5.2.3. Let f € Lg,(R; H). For t € R we have

1 1
<1 + e(im + u))ﬁyf(t) 1y e(it+v)

as € — 0. Furthermore, we have

H <1—|—e(i1rn—|—1/)>£l’f(t) — L, f(t)

2

Lyf(t) = L, f(t)

2

1 9 2
<2 iy | 16O + 21,0
2 (g ) 160
<AIL DI

for all t € R. Since L, f € Lo(R; H), it follows by the dominated convergence theorem
that

1
(1 — U)>£Vf S Lf



in Ly(R; H) as € — 0. By () and the boundedness of £} we then have
(L+€bry) ' f = LiLf=f

in Ly, (R; H) as € — 0. Therefore, it follows that (1+€d;,)"! — 1, ,(r;m) in the strong
operator topology as ¢ — 0.

By similar arguments one proves that we have (1 + €y J)t—=1 Lo, (R;H) In the strong
operator topology as € — 0. For this, note that

(1+ed5,) " = z;( ! )z:,,

1+e(—im+v)
by Corollary 3.2.6 and Theorem 5.2.3. O

We will now discuss why this alternative version of Exercise 9.7 completes the proof
of Theorem 9.3.2.

Remark. The version of Exercise 9.7 on page 118 is about proving Lemma 9.3.3. The
second statement of Lemma 9.3.3 equals part (b) of from above and is applied in lines
10 and 11 of the proof of Theorem 9.3.2. For n € N let T,,, A and v as in the proof of
Theorem 9.3.2. The first statement of Lemma 9.3.3 is used to show that T,,A C AT, for
all n € N. By applying part (a) from above we can also conclude that T,,A C AT, as
follows:

Let n € N. We consider the connected set M := {z € C : Rez < v}. Note that
—n € M and 0 € M. Therefore, since 0(0;,) = {it + v : t € R} by Theorem 5.2.3
and thus M C p(9;,), the elements 0 and —n are contained in the same connected
component of p(d;,). Since A is closed by Exercise 6.1 and we have

0, AC Ao,
by Proposition 3.1.5(c), we obtain
(—n—0) TAC A(—n —0pp) !
by applying Exercise 9.7(a). This implies

TyA=—n(—n—08,)"AC —nA(—n—0;,)"" = AT,.



