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Exercise 8.1. Let A C Ry be a set with an accumulation point in Rsg. Prove that
{(z—e); X € A} is a total set in Ly (Rx).
Hint: Use that the set is total if and only if

Vf € Loo(Rxp): (V)\ € A: e Mf(r)dr=0= f = 0) .

R20

Solution. Let f € Lo(R>0) such that for all A € A: e M f(x)dz =0.

=
R;O

Let v > 0. Then f € Ly, (R>). By Corollary 8.1.3, the mapping

(L)) = (Lronf)(ImA) = jz? /OOO ¢ f(@)dz, A€ Creow,

is holomorphic in Cres,. Let Ag be an accumulation point of A in Rsg. By choosing
v such that 0 < v < Ag, Cre>y N A admits an accumulation point in Rsg. Moreover,
(Lf) holomorphic in Cres, N A and, (Lf)(A) = 0 for all A\ € Cres, N A. Hence, by
the identity principle we obtain that (L£f)(A) = 0 for all A € Cre>,. By injectivity of
Laplace transform we infer that f = 0.

Exercise 8.2. Let M: dom(M) € C — L(H) be a material law. Moreover, let
v > sp(M). Show that lim,,,+ M(im + p) = M(im + v) where the limit is meant
in the strong operator topology on Lo(R; H).

Solution. Recall that the operator M(im + v) : Lo(R; H) — Lo(R; H); f — (t —
M (it + v)f) is a bounded operator on La(R; H) (see Proposition 5.3.2).
Let f € Lo(R; H) and p > v. Then

|M (i + p) f — M (im + ) |7, (g.ar) = /R 1M (it + p) f(t) — M (it +v) f(1)[|Fdt.
By continuity of the map Cgres, 3 2+ M(z), we have, for almost every ¢ € R

Xim MG+ p)F(8) — M (it + 1) F(0) 11 =0,



and
M (it + p) f (D)l < Moo Cpes, 1 ()] -

Thus, by dominated convergence theorem we obtain that
Xim |V (i ) — MG+ 1) | g = 0.
hence the assertion follows.

Exercise 8.3. Prove the uniqueness statement in Theorem 8.2.1.

Solution. Let M, Ms: Cresy, — L(H) holomorphic and bounded such that
Tl, = Ml(&g,,,) = M2(8t’y), Yv > .

Let us show that M; = My. Since M;(0:,) = M3(0:,) for all v > vy, by using the
definition of M} (0;,), k = 1,2, and the fact that £, is unitary, we get

M (im + v) = My(im + v), Vv > .

The last equality means that for f € La(R; H) we have

M (it + v) f(t) = Ma(it + v) f(¢), Vv >y and a.e tin R.
In particular, for f =1, (m)y, a <band y € H arbitrarily chosen, we get

M (it + v)y = Mas(it + v)y, Vv >y, and a.e tin (a,b).
By continuity, we deduce that the equality holds for all ¢t € (a,b). That is

M (it + v)y = Ma(it + v)y, Vv >y, Vt € (a,b).
Since a and b are arbitrary in R, we obtain
M (z)y = Ma(2)y, Vz € CRresyy, VY € H.

Therefore, My (z) = Ma(z) for all z € Cresyy. i-€., M1 = M.

Exercise 8.4. Give an example of a continuous and bounded function Creso — L(H)
such that the corresponding operator M (0;,) is not causal for any v > 0.

Solution. Let v > 0 and g : Creso — C, z — g(z2) := %.

Now consider M : Creso — L(H);z — M(z) := g(z)Ig. Note that g is a continuous
(not holomorphic) and bounded function. Then, M is continuous and bounded.

As in Exercise 5.7., one can prove that M(0;,) is autonomous. Then, by the same

exercise: M (0, ) is not causal if and only if, there exists fo € L2, (R, H) such that



sptfo C [0, +00) but spt M(0,) f € [0, 400).
Let z € H, we define fo(t) := 1g_,(t)x. By definition we have

M(at,u)fO(t) = E;M(it + V)['VfO(t)a vt € R.

Next, we calculate L, fy.

(Lyfo)(t) : \/%/fo e 4)s 4

1t+l/ sx dS
\/ 271' /
x
\/271- it +v°
Thus, M (it + v)(L, fo)(t) = \/;tz A Finally,
I
N 1 v
M(0s) fo(t) = L, <mw> x
%euwtnx,

Hence, spt M (8y,,) fo € [0, +00) .

Exercise 8.5. Prove the following distributional variant of the Paley-Wiener theorem:
Let vy > 0, k € N, f: Cresy, — C, and set h(z) := Zikf(z) for z € Cresy,. We assume
that h € Ha(CRresy,; C). For v > vy we define the distribution u: C2°(R) — C by

w() = (L5h(i-+v), (97,) ) (¥ € CZ(R; 0)).

LQ,V(]R;(C)

Prove that spt v C R(, where
sptu = R\U{U C R open ; Vi € CZ(U;C) : u(¢) = 0},
What is u if f = 1CR9>VO?

Solution. Let v > vy. It suffices to prove that for all ¢ € C°(R¢; C) we have u(y)) = 0.
Indeed, let ¢ € C°(R<o; C), by Corollary 3.2.6. we have that

dom(9y;,) = dom(0;,) and f, = —0y,, + 2v.

Using Newton’s binomial formula we obtain

M-

<
Il
o

(08, = (=04 + 20)F = (’“) (—1)93], () (20)"

J

(5) vt

N

<
Il
o

I



Then

“(‘Z’):Zk:(%)(—l)j( 2v)"~ <£*h( +v), ¢<J>>

=0 J L3, (R;C)

Since h € Ha(CRre>wyy; C), by Corollary 8.1.3, there exists g € La,,(Rx0; C) such that
L,9(:) = h(i-+v) forall v > 1. Since sptg C Rso and spty¥) C R, for j =
0,1,...,k, then

v =3 () o), o

Jj=0

Hence the assertion follows. Now, for f = Lcges,, we have

0= (& (o) @),
=:<gk,(0*y)‘¢>

Loy (RC)
k1

where gk(t) =V 2WW1R20.

have

Note that by Corollary 3.2.6 and Theorem 5.2.3 we

07" = L;(—im +v)FL, = (0f,)*.

By Proposition 4.1.1, we can easily check that g € dom((?éf;l) (but g, ¢ dom(df,)) and
af,, gk = V2mlr_,. Then we deduce that

u@) = (0l e Oh), = VI (MR B ) ) = VETUO)

L, (R,C

Hence u = v27dy.

Exercise 8.6. Let g € La(R),a > 0 such that sptg C [~a,a]. Show that f := Fg
extends to a holomorphic function f: C — C with f(it) = f(¢) for each ¢ € R such that

30 >0Vz e C: )f(z)‘ < CetlRe?],

Solution. Consider the function

f(z) =

ds

= (LRe.g)(Imz), forall z € C.

By Corollary 8.1.3, the mapping Cre>y, 2 2 — f(z) is holomorphic for all v € R, since
g € Ly ,(R) for all v € R. Hence C 3 z — f(2) is holomorphic and we have

Iy 1 ez s 1 ezla “ ezla
Fel| < o= [ e lgtolas < et [ jg(o)as = camete,



1 a
V2r J_q

where the constant C is equal to

lg(s)|ds. By definition of Fourier transform

we have f(it) = f(t) for all t € R.

Exercise 8.7. Let f : C — C be holomorphic such that
(a) IC > 0,a >0z € C: |f(z)| < CelRezl
(b) f(i-) € La(R).
Prove that g := F* f(i-) satisfies spt g C [—a, a].
Hint: Apply Theorem 8.1.2 to the function h : Cresg — C given by

20 f(2)

h =
(2) =e P

(Z € CRe>0), (1)

to derive that spt g C R>_,.
Note: The assertion even holds true if one replaces condition (a) by

3C > 0,a>0Vz € C:|f(2)] < Ce?l?.

Solution. We will apply Theorem 8.1.2 to the function h given by (1). Next, we verify
that h € Ha(Cre=o; C). Let p > 0, we have

. 2 1
/|h(it+p)]2dt:/e_2ap|£(lt+2p)| dt§02/2 .

where the last inequality holds from the condition (a), then

1
h ) = h(it 2dt<02/ dt < oo,
[l i) = s J e a0 [ < oo

which implies that h € Ha(Cre>0;C). Then, by Theorem 8.1.2, there exists a unique
¢ € Ly(R>0; C) such that h(i-+v) = L,p(-) for all v > 0. Therefore, by definition of
L, and (1) we have
—({+v)a f(l ’ "H/) _ —mv .
e ol GRS IO

and then

—va f(1+V) _ —mv
€ m = f(Ta(e ‘P)) ),

since e"*F(g)(-) = F(7ag)(-). By dominated convergence theorem we have 7,(e "™ ) —

Tap in L2(R) with v | 0. On the other hand, the continuity of Fourier transform on
L3(R) yields that F(7,(e ™™ p)) — F(7a) in L?(R), and then

1) _
i +1

F(rap)(*) (equality in L*(R)).

1
By definition of g we have f(i-) = F(g), and by the fact that - o= Fle M o00) () ()
1 .
we deduce that

F(rap) = F(gxe Tjg0)(+))-



Then, by the injectivity of Fourier transform we have

t
pla+t) = e_t/ g(s)e®ds for almost all t € R.

—00

Using the the fact that spt o C R>¢ and the continuity of the map ¢ — /t g(s)e®ds,
we get . -
/ g(s)e’ds =0 for all t < —a.
—00
Then
/ g(s)e*ds =0 for all Borel set A C (—o0, —a),
A

which implies that g = 0 on (—o0, —a). Hence, spt g C R>_,. It remains to prove that
spt g C Rg,, for this aim we apply Theorem 8.1.2 to the function A : Cresg — C given
by

() im oz 1)

h(z) =€ 1 (Z € CRe>0)>

where f(z) = f(—z). It is casy to see that f satisfies (a) and (b). By the same arguments
above we obtain that sptg C R>_,, where g := F*(f(—i-)), and the definition of F*
allows to deduce that g(-) = g(—-). Finally, spt g C Re,.



