
8 Causality and a Theorem of Paley and

Wiener

In this lecture we turn our focus back to causal operators. In Lecture 5 we found out that
material laws provide a class of causal and autonomous bounded operators. In this lecture
we will present another proof of this fact, which rests on a result which characterises
functions in L2 with support contained in the non-negative reals; the celebrated Theorem
of Paley and Wiener. With the help of this theorem, which is interesting in its own right,
the proof of causality for material laws becomes very easy. At a �rst glance it seems
that holomorphy of a material law is a rather strong assumption. In the second part
of this lecture, however, we shall see that in designing autonomous and causal solution
operators, there is no way of circumventing holomorphy.
In the following, let H be a Hilbert space.

8.1 A Theorem of Paley and Wiener

We start with the following lemma, for which we need the notion of locally integrable
functions. We de�ne

L1,loc(R;H) := {f ; ∀K ⊆ R compact : 1Kf ∈ L1(R;H)}
= {f ; ∀ϕ ∈ C∞c (R) : ϕf ∈ L1(R;H)} .

Lemma 8.1.1. Let f ∈ L1,loc(R;H). Then we have f ∈ L2(R>0;H) if and only if

f ∈
⋂
ν>0 L2,ν(R;H) with supν>0 ‖f‖L2,ν(R;H) <∞. In the latter case we have that

‖f‖L2(R>0;H) = lim
ν→0+

‖f‖L2,ν(R;H) = sup
ν>0
‖f‖L2,ν(R;H).

Proof. Let f ∈ L2(R>0;H) and ν > 0. Then we estimate

�
R
‖f(t)‖2He−2νt dt =

�
R>0

‖f(t)‖2He−2νt dt 6
�
R>0

‖f(t)‖2H dt = ‖f‖2L2(R>0;H),

which proves that f ∈ L2,ν(R;H) with ‖f‖L2,ν(R;H) 6 ‖f‖L2(R>0;H) for each ν > 0.

Moreover, ‖f‖L2,ν(R;H) → ‖f‖L2(R>0;H) as ν → 0 by monotone convergence and since

clearly ‖f‖L2,ν(R;H) 6 ‖f‖L2,µ(R;H) for 0 < µ 6 ν we obtain

‖f‖L2(R>0;H) = lim
ν→0+

‖f‖L2,ν(R;H) = sup
ν>0
‖f‖L2,ν(R;H).
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8 Causality and a Theorem of Paley and Wiener

Assume now that f ∈
⋂
ν>0 L2,ν(R;H) with C := supν>0 ‖f‖L2,ν(R;H) < ∞. We �rst

prove that spt f ⊆ R>0. For doing so, let a < b < 0. Then we estimate for ν > 0

b�

a

‖f(t)‖H dt =

b�

a

‖f(t)‖He−νteνt dt 6 ‖f‖L2,ν(R;H)

 b�

a

e2νt dt

1/2

6 ‖f‖L2,ν(R;H)

√
e2νb − e2νa

2ν
6 Ceνb

√
b− a.

Since the right-hand side tends to zero as ν →∞, we infer that f = 0 on [a, b] and thus
spt f ⊆ R>0. Moreover, for n ∈ N and ν > 0 we estimate

n�

0

‖f(t)‖2 dt =

n�

0

‖f(t)‖2e−2νte2νt dt 6 e2νn‖f‖2L2,ν(R;H) 6 C2e2νn.

Letting ν → 0 we infer
n�

0

‖f(t)‖2 dt 6 C (n ∈ N)

and hence, by monotone convergence, we derive that f ∈ L2(R>0;H).

For the proof of the Paley�Wiener theorem we need a suitable space of holomorphic
functions on the right half-plane, the so-called Hardy space H2(CRe>ν ;H), which we
introduce in the following.

De�nition. For ν ∈ R we de�ne the Hardy space

H2(CRe>ν ;H) :=

g : CRe>ν → H ; g holomorphic, sup
ρ>ν

�

R

‖g(it+ ρ)‖2H dt <∞


and equip it with the norm ‖·‖H2(CRe>ν ;H) de�ned by

‖g‖H2(CRe>ν ;H) := sup
ρ>ν

�

R

‖g(it+ ρ)‖2H dt

 1
2

.

We are now able to prove the Theorem of Paley�Wiener, [4]. We mainly follow the proof
given in [5, 19.2 Theorem].

Theorem 8.1.2 (Paley�Wiener). Let g ∈ H2(CRe>0;H). Then there exists a unique

f ∈ L2(R>0;H) such that

Lνf = g(i ·+ν) (ν > 0).

Moreover, ‖f‖L2(R>0;H) = ‖g‖H2(CRe>0;H).
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8 Causality and a Theorem of Paley and Wiener

ρ 1
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γ

Figure 8.1: Curve γ.

Proof. For ν > 0 we set gν := g(i·+ν) ∈ L2(R;H) and fν := F∗gν ∈ L2(R;H). Moreover,
we set f := e(·)f1. We �rst prove that f ∈

⋂
ν>0 L2,ν(R;H) with supν>0 ‖f‖L2,ν(R;H) <

∞. For doing so, let a > 0, ρ > 0 and x ∈ R. Applying Cauchy's integral theorem to the
function z 7→ ezxg(z) and the curve γ, as indicated in Figure 8.1, we obtain

0 = i

a�

−a

e(it+1)xg(it+ 1) dt−
1�

ρ

e(ia+κ)xg(ia+ κ) dκ (8.1)

− i

a�

−a

e(it+ρ)xg(it+ ρ) dt+

1�

ρ

e(−ia+κ)xg(−ia+ κ) dκ.

Moreover, since

�

R

∥∥∥∥∥∥
1�

ρ

e(±ia+κ)xg(±ia+ κ) dκ

∥∥∥∥∥∥
2

H

da 6
�

R

∣∣∣∣∣∣
1�

ρ

∣∣∣e(±ia+κ)x
∣∣∣2 dκ

1�

ρ

‖g(±ia+ κ)‖2H dκ

∣∣∣∣∣∣da
6

∣∣∣∣∣∣
1�

ρ

e2κx dκ

∣∣∣∣∣∣
∣∣∣∣∣∣

1�

ρ

�

R

‖g(±ia+ κ)‖2H da dκ

∣∣∣∣∣∣
6

∣∣∣∣� 1

ρ
e2κx dκ

∣∣∣∣|1− ρ|‖g‖2H2(CRe>0;H) <∞,

we infer that
(
a 7→

� 1
ρ e(±ia+κ)xg(±ia+ κ) dκ

)
∈ L2(R;H) and thus, we �nd a sequence

(an)n∈N in R>0 such that an →∞ and

1�

ρ

e(±ian+κ)xg(±ian + κ) dκ→ 0

as n → ∞. Hence, using (8.1) with a replaced by an and letting n tend to in�nity, we
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8 Causality and a Theorem of Paley and Wiener

derive that

an�

−an

e(it+1)xg(it+ 1) dt−
an�

−an

e(it+ρ)xg(it+ ρ) dt→ 0 (n→∞).

Noting that for each µ > 0 we have

an�

−an

e(it+µ)xg(it+ µ) dt =
√

2πeµxF∗(1[−an,an]gµ)(x) (x ∈ R)

and that 1[−an,an]gµ → gµ in L2(R;H) as n→∞, we may choose a subsequence (again
denoted by (an)) such that

0 = lim
n→∞

 an�

−an

e(it+1)xg(it+ 1) dt−
an�

−an

e(it+ρ)xg(it+ ρ) dt


= lim
n→∞

(√
2πexF∗(1[−an,an]g1)(x)−

√
2πeρxF∗(1[−an,an]gρ)(x)

)
=
√

2π
(
exf1(x)− eρxfρ(x)

)
for almost every x ∈ R. Hence, f = e(·)f1 = exp(ρm)fρ for each ρ > 0 and thus,

�

R

‖f(t)‖2He−2ρt dt =

�

R

‖fρ(t)‖2H dt <∞

which shows f ∈
⋂
ρ>0 L2,ρ(R;H) with

sup
ρ>0
‖f‖L2,ρ(R;H) = sup

ρ>0
‖fρ‖L2(R;H) = sup

ρ>0
‖gρ‖L2(R;H) = ‖g‖H2(CRe>0;H).

Thus, f ∈ L2(R>0;H) with ‖f‖L2(R>0;H) = ‖g‖H2(CRe>0;H) by Lemma 8.1.1. Moreover,

Lνf = F exp(−νm)f = F exp(−νm) exp(νm)fν = Ffν = gν = g(i ·+ν)

for each ν > 0, which shows the claim.

Corollary 8.1.3. Let ν ∈ R. Then the mapping

L : L2,ν(R>0;H)→ H2(CRe>ν ;H)

f 7→
(
z 7→ (LRe zf) (Im z)

)
is a surjective isometry. In particular, H2(CRe>ν ;H) is a Hilbert space.
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8 Causality and a Theorem of Paley and Wiener

Proof. We �rst prove that the mapping is well-de�ned. For f ∈ L2,ν(R>0;H) we have
that

(
t 7→ e−ρtf(t)

)
∈ L1(R>0;H) ∩ L2(R>0;H) for all ρ > ν and thus,

(Lf) (it+ ρ) = (Lρf) (t) =
1√
2π

∞�

0

e−(it+ρ)sf(s) ds (t ∈ R, ρ > ν).

Hence, Lf : CRe>ν → H is holomorphic (cf. Exercise 5.6). Moreover, by Lemma 8.1.1

sup
ρ>ν
‖Lf(i ·+ρ)‖L2(R;H) = sup

ρ>ν
‖Lρf‖L2(R;H) = sup

ρ>ν
‖f‖L2,ρ(R;H) = sup

ρ>0

∥∥e−ν·f
∥∥
L2,ρ(R;H)

=
∥∥e−ν·f

∥∥
L2(R;H)

= ‖exp(−νm)f‖L2(R;H) = ‖f‖L2,ν(R;H),

which proves that L is well-de�ned and isometric. Let now g ∈ H2(CRe>ν ;H) and de�ne
g̃(z) := g(z + ν) for z ∈ CRe>0. Then g̃ ∈ H2(CRe>0;H) and thus, Theorem 8.1.2 yields
the existence of f̃ ∈ L2(R>0;H) with

g(i ·+ρ) = g̃(i ·+ρ− ν) = Lρ−ν f̃ = Lρ
(
eν·f̃

)
(ρ > ν).

Hence, setting f := eν·f̃ ∈ L2,ν(R>0;H), we obtain Lf = g.

We can now provide an alternative proof of Theorem 5.3.5 by proving causality with the
help of the Theorem of Paley�Wiener.

Proposition 8.1.4. Let M : dom(M) ⊆ C → L(H) be a material law. Then for ν >
sb (M) we have M(∂t,ν) ∈ L(L2,ν(R;H)) and M(∂t,ν) is causal and autonomous (see

Exercise 5.7).

Proof. Let ν > sb (M). Then M : CRe>ν → L(H) is bounded and holomorphic on
CRe>ν . Hence, by unitary equivalence, M(∂t,ν) ∈ L(L2,ν(R;H)). Moreover, M(∂t,ν) is
autonomous by Exercise 5.7. Thus, for causality it su�ces to check that sptM(∂t,ν)f ⊆
R>0 whenever f ∈ L2,ν(R>0;H). So let f ∈ L2,ν(R>0;H). Then Lf ∈ H2(CRe>ν ;H) by
Corollary 8.1.3 and since M is bounded and holomorphic on CRe>ν , we infer also that(

z 7→M(z) (Lf) (z)
)
∈ H2(CRe>ν ;H).

Again by Corollary 8.1.3 there exists g ∈ L2,ν(R>0;H) such that

Lg(z) = M(z) (Lf) (z) (z ∈ CRe>ν).

Thus, in particular
Lρg = M(im + ρ)Lρf (ρ > ν).

Since f, g ∈ L2,ν(R>0;H) we infer that Lρg → Lνg and Lρf → Lνf in L2(R;H) as ρ→ ν
by dominated convergence. Moreover, M(im + ρ)→M(im + ν) strongly on L2(R;H) as
ρ→ ν (cf. Exercise 8.2). Hence, we derive

Lνg = M(im + ν)Lνf,

and thus, g = M(∂t,ν)f which shows the causality.
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8 Causality and a Theorem of Paley and Wiener

8.2 A Representation Result

In this section we argue that our solution theory needs holomorphy as a central property
for the material law. The main theorem of this section reads as follows:

Theorem 8.2.1. Let ν0 ∈ R and let T ∈ L(L2,ν0(R;H)) be causal and autonomous.

Then T |L2,ν0∩L2,ν has a unique extension Tν ∈ L(L2,ν(R;H)) for each ν > ν0 and there

exists a unique M : CRe>ν0 → L(H) holomorphic and bounded such that Tν = M(∂t,ν)
for each ν > ν0.

We start with the following lemma.

Lemma 8.2.2. Let f ∈ L2(R>0;H) and z ∈ CRe>0 such that for each h > 0

f(t+ h) = e−zhf(t) (a.e. t ∈ R>0).

Then f ∈ L1(R>0;H) and

f(t) = e−ztz

∞�

0

f(s) ds (a.e. t ∈ R>0).

Proof. We compute

∞�

0

‖f(t)‖H dt =

∞∑
n=0

n+1�

n

‖f(t)‖H dt =

∞∑
n=0

1�

0

‖f(t+ n)‖H dt

=

∞∑
n=0

1�

0

∣∣e−zn∣∣‖f(t)‖H dt 6 ‖f‖L2(R>0;H)

∞∑
n=0

e−Re z·n <∞,

and thus, f ∈ L1(R>0;H). We de�ne the function F : R>0 → H by F (t) :=
�∞
t f(r) dr.

Then F is continuous and

F (t) =

∞�

t

f(r) dr =

∞�

0

f(t+ r) dr = e−ztF (0) (t ∈ R>0).

Hence, F is continuously di�erentiable with F ′(t) = −ze−ztF (0). We will prove that
F ′(t) = −f(t) for almost every t ∈ R>0, which then yields the assertion. For doing so,
for ϕ ∈ C∞c (R>0;H) we compute

∞�

0

〈
F ′(t), ϕ(t)

〉
H

dt = −
∞�

0

〈
F (t), ϕ′(t)

〉
H

dt = −
∞�

0

〈 ∞�
t

f(r) dr, ϕ′(t)

〉
H

dt

= −
∞�

0

〈
f(r),

r�

0

ϕ′(t) dt

〉
H

dr =

∞�

0

〈−f(r), ϕ(r)〉H dr.

Since F ′, f ∈ L2(R>0;H) and C∞c (R>0;H) is dense in L2(R>0;H) we derive F ′ = −f ,
which completes the proof.
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8 Causality and a Theorem of Paley and Wiener

Remark 8.2.3. The formula F ′ = −f also follows from Lebesgue's di�erentiation theorem
(cf. [5, Theorem 7.7] or [1, Corollary 2.13]), which, however, we do not want to prove
here.

With this lemma at hand, we are able to prove the following theorem, which will be the
key argument in the proof of Theorem 8.2.1.

Theorem 8.2.4. Let T ∈ L(L2(R;H)) be causal and autonomous. Then there exists

M : CRe>0 → L(H) holomorphic and bounded such that

(LTf) (z) = M(z) (Lf) (z) (f ∈ L2(R>0;H), z ∈ CRe>0).

Proof. For z ∈ CRe>0 and y ∈ H we de�ne

gz,y(t) := 1R>0
(t)e−zty (t ∈ R).

Then gz,y ∈ L2(R>0;H). We have that(
1R>0

(m)τhgz,y
)

(t) = 1R>0
(t)gz,y(t+ h) = e−zhgz,y(t)

for each h > 0. Moreover, since T is assumed to be causal, we have that 1R60
(m)T =

1R60
(m)T1R60

(m) and thus,

1R>0
(m)T1R>0

(m) = T1R>0
(m)− 1R60

(m)T1R>0
(m) = T1R>0

(m).

Taking adjoints, we derive that 1R>0
(m)T ∗1R>0

(m) = 1R>0
(m)T ∗. Using that T ∗ is also

autonomous, for each h > 0 we compute

1R>0
(m)τh1R>0

(m)T ∗gz,y = 1R>0
(m)1R>−h(m)T ∗τhgz,y = 1R>0

(m)T ∗τhgz,y

= 1R>0
(m)T ∗1R>0

(m)τhgz,y = e−zh1R>0
(m)T ∗gz,y.

In other words, for each h > 0

1R>0
(t+ h) (T ∗gz,y) (t+ h) = e−zh1R>0

(t) (T ∗gz,y) (t) (a.e. t ∈ R>0),

that is, 1R>0
(m)T ∗gz,y satis�es the assumption of Lemma 8.2.2 and thus,

(T ∗gz,y) (t) = e−ztz

∞�

0

(T ∗gz,y) (s) ds (a.e. t ∈ R>0). (8.2)

For z ∈ CRe>0 we de�ne the mapping

L(z) : H → H

y 7→ z

∞�

0

(T ∗gz,y) (s) ds.
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8 Causality and a Theorem of Paley and Wiener

Then L(z) is linear, and by (8.2) for y ∈ H we obtain

T ∗gz,y(t) = e−ztL(z)y (a.e. t ∈ R).

Therefore,

∥∥1R>0
(m)T ∗gz,y

∥∥2

L2(R;H)
=

∞�

0

‖(T ∗gz,y) (t)‖2H dt =

∞�

0

∣∣e−zt∣∣2‖L(z)y‖2H dt

= ‖L(z)y‖2H
1

2 Re z
.

Hence,

‖L(z)y‖H =
√

2 Re z
∥∥1R>0

(m)T ∗gz,y
∥∥
L2(R;H)

6
√

2 Re z‖T ∗‖‖gz,y‖L2(R;H) = ‖T‖‖y‖H ,

which proves that L(z) ∈ L(H) with ‖L(z)‖ 6 ‖T‖ for each z ∈ CRe>0. Let now
f ∈ L2(R>0;H). Then Tf ∈ L2(R>0;H) by causality and for y ∈ H, z ∈ CRe>0 we
compute

〈y, (LTf) (z)〉H =
1√
2π

〈
y,

∞�

0

e−zt (Tf) (t) dt

〉
H

=
1√
2π

∞�

0

〈
e−z

∗ty, (Tf)(t)
〉
H

dt

=
1√
2π
〈gz∗,y, Tf〉L2(R;H) =

1√
2π
〈T ∗gz∗,y, f〉L2(R;H)

=
1√
2π

〈
e−z

∗(·)L(z∗)y, f
〉
L2(R;H)

= 〈L(z∗)y, (Lf) (z)〉H

= 〈y, L(z∗)∗ (Lf) (z)〉H .

Hence, setting M(z) := L(z∗)∗ ∈ L(H) for z ∈ CRe>0, we derive

(LTf) (z) = M(z) (Lf) (z) (z ∈ CRe>0, f ∈ L2(R>0;H)).

Since ‖M(z)‖ = ‖L(z∗)‖ 6 ‖T‖ for z ∈ CRe>0, we obtain the boundedness ofM . We now
prove the holomorphy of M . For doing so, we apply the latter formula to f =

√
2πg1,y

for y ∈ H. Then (Lf)(z) = 1
z+1y for z ∈ CRe>0 and hence,

M(z)y = (z + 1) (LTf) (z) (z ∈ CRe>0).

Since the right-hand side is holomorphic by Corollary 8.1.3, M(·)y is holomorphic for
each y ∈ H and thus, M is holomorphic by Exercise 5.3.

We can now prove our main result of this section.

Proof of Theorem 8.2.1. We just prove the existence of a function M . The proof of its
uniqueness is left as Exercise 8.3.
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8 Causality and a Theorem of Paley and Wiener

We �rst prove the assertion for ν0 = 0. So, let T ∈ L(L2(R;H)) be causal and autonom-
ous. According to Theorem 8.2.4 we �nd M : CRe>0 → L(H) holomorphic and bounded
such that

(LTf) (z) = M(z) (Lf) (z) (f ∈ L2(R>0;H), z ∈ CRe>0).

Let now ϕ ∈ C∞c (R;H) and set a := inf sptϕ. Then τaϕ ∈ L2(R>0;H), and for ν > 0
we compute

LνTϕ = Lντ−aTτaϕ = e−(im+ν)aLνTτaϕ = e−(im+ν)aM(im + ν)Lντaϕ
= M(im + ν)Lνϕ. (8.3)

The latter implies

‖Tϕ‖L2,ν(R;H) = ‖LνTϕ‖L2(R;H) = ‖M(im + ν)Lνϕ‖L2(R;H) 6 ‖M‖∞,CRe>0
‖ϕ‖L2,ν(R;H)

and hence, T |C∞c (R;H) has a unique continuous extension Tν ∈ L(L2,ν(R;H)). Using (8.3)
we obtain

Tν = L∗νM(im + ν)Lν = M(∂t,ν)

by approximation.
Let now ν0 ∈ R. Then the operator

T̃ := e−ν0mT eν0m ∈ L(L2(R;H))

is causal and autonomous as well. Thus, T̃ |C∞c (R;H) has continuous extensions T̃ρ ∈
L(L2,ρ(R;H)) for each ρ > 0 and there is M̃ : CRe>0 → L(H) holomorphic and bounded

such that T̃ρ = M̃(∂t,ρ) for each ρ > 0. Using T |C∞c (R;H) = eν0mT̃ |C∞c (R;H)e
−ν0m, we

derive that T |C∞c (R;H) has the unique continuous extension Tν = eν0mT̃ν−ν0e−ν0m ∈
L(L2,ν(R;H)) for each ν > ν0 and

LνTν = Lνeν0mT̃ν−ν0e−ν0m = Lν−ν0 T̃ν−ν0e−ν0m = M̃(im + ν − ν0)Lν−ν0e−ν0m

= M̃(im + ν − ν0)Lν .

Hence,
Tν = M(∂t,ν)

for the holomorphic and bounded function M given by M(z) := M̃(z − ν0) for z ∈
CRe>ν0 .

8.3 Comments

The stated Theorem of Paley and Wiener is of course not the only theorem characterising
properties of the support of L2-functions in terms of their Fourier or Laplace transform.
For instance, a similar result holds for functions having compact support, see e.g. [5,
19.3 Theorem] and Exercise 8.7. These theorems provide a nice connection between L2-
functions and spaces of holomorphic functions in the form of the so-called Hardy spaces.
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8 Causality and a Theorem of Paley and Wiener

In this lecture we just introduced the Hardy space H2 and it is not surprising that there
are also the Hardy spaces Hp for 1 6 p 6∞. We refer to [2] for this topic.
The representation result presented in the second part of this lecture was originally
proved by Fourès and Segal in 1955, [3]. In this article the authors prove an analogous
representation result for causal operators on L2(Rd;H), where causality is de�ned with
respect to a closed and convex cone on Rd. The quite elementary proof for d = 1 presented
here is due to Weiss in 1991, [6].

Exercises

Exercise 8.1. Let Λ ⊆ R>0 be a set with an accumulation point in R>0. Prove that
{
(
x 7→ e−λx

)
; λ ∈ Λ} is a total set in L1(R>0).

Hint: Use that the set is total if and only if

∀f ∈ L∞(R>0) :

∀λ ∈ Λ :

�

R>0

e−λxf(x) dx = 0⇒ f = 0

 .

Exercise 8.2. Let M : dom(M) ⊆ C → L(H) be a material law. Moreover, let ν >
sb (M). Show that limρ→ν+M(im + ρ) = M(im + ν) where the limit is meant in the
strong operator topology on L2(R;H).

Exercise 8.3. Prove the uniqueness statement in Theorem 8.2.1.

Exercise 8.4. Give an example of a continuous and bounded function M : CRe>0 →
L(H) such that the corresponding operator M(∂t,ν) is not causal for any ν > 0.

Exercise 8.5. Prove the following distributional variant of the Paley�Wiener theorem:
Let ν0 > 0, k ∈ N, f : CRe>ν0 → C, and set h(z) := 1

zk
f(z) for z ∈ CRe>ν0 . We assume

that h ∈ H2(CRe>ν0 ;C). For ν > ν0 we de�ne the distribution u : C∞c (R)→ C by

u(ψ) :=
〈
L∗νh(i ·+ν), ∂∗t,νψ

〉
L2,ν(R;C)

(ψ ∈ C∞c (R;C)).

Prove that sptu ⊆ R>0, where

sptu := R \
⋃
{U ⊆ R open ; ∀ψ ∈ C∞c (U ;C) : u(ψ) = 0} .

What is u if f = 1CRe>ν0
?

Exercise 8.6. Let g ∈ L2(R), a > 0 such that spt g ⊆ [−a, a]. Show that f := Fg
extends to a holomorphic function f̃ : C→ C with f̃(it) = f(t) for each t ∈ R such that

∃C > 0 ∀z ∈ C : |f(z)| 6 Cea|Re z|.

Exercise 8.7. Let f : C→ C be holomorphic such that

(a) ∃C > 0, a > 0 ∀z ∈ C : |f(z)| 6 Cea|Re z|,

103



References

(b) f(i·) ∈ L2(R).

Prove that g := F∗f(i·) satis�es spt g ⊆ [−a, a].
Hint: Apply Theorem 8.1.2 to the function h : CRe>0 → C given by

h(z) := e−za
f(z)

z + 1
(z ∈ CRe>0)

to derive that spt g ⊆ R>−a.
Note: The assertion even holds true if one replaces condition (a) by

∃C > 0, a > 0 ∀z ∈ C : |f(z)| 6 Cea|z|.
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