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Manfred Sauter, Stefan Skondric, Stefan Wagner)

Exercise 5.1

Exercise 5.1. Let (Q, X, 1) be a measure space, X a Banach space and I C R an open interval. Let
g: I x Q — X such that g(¢,-) € L1(p; X) for each ¢t € I, and define

h:1— X, tH/g(t,w)du(w).

(a) Assume that g(-,w) is continuous for p-almost every w €  and let f € Li(u) such that
lg@t, W) < flw) (€, we).
Prove that h is continuous.
(b) Assume that g(-,w) is differentiable for p-almost every w € Q and let f € Lq1(u) such that
10eg(t, W)l < flw)  (tel, weq).

Prove that h is differentiable with

"(t) = [ Opg(t,w)du(w).
/

Proof.  (a) Let (tp)nen C I,t, — t. Since g(-,w) is continuous for almost every w € €2, we have
g(tn,w) — g(t,w) for a.e. w € Q. By assumption g(ty, ) € L1(pu, X) Vn € N and ||g(tn,w)||x <
f(w) for a.e. w e Q, Vn € N. Now Lebesgue’s theorem gives us

I(tn ||x—H/ (1) /(twdu H /rgtn,w 9(t, )]l xdu(w) — 0

as n — o0.

(b) By assumption we know that the mapping ¢(-,w) is differentiable for p-a.e. w € Q and g(¢,-) €
Li(u, X)Vt € I. Let (tn)nen, tn — t. It follows for p-a.e. w € Q from the mean value inequality
(or the fundamental theorem of calculus) that

lg(tn, w) — g(t, @)l x <supl|Owg (&, w)|| < fw).
[t — t| cel

As f € Li(p) the theorem of Lebesgue leads to

H/ A0 gt pinte| < /H A ) 802D g0, ) — 0

t—t t—t
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as n — oo and therefore

W) = / Dt w)dp(w).
Q

Exercise 5.2

Let Hy, Hy be Hilbert spaces and U: dom(U) C Hy — H; be linear such that
e dom(U) is dense in Hy and ran(U) is dense in Hy,
o Vz € dom(U) : Uzl g, = ||| m,-

Show that U can be uniquely extended to a unitary operator between Hy and Hj.

Let x € Hy. Since dom(U) C Hy is dense, there exists a sequence (2,)neny C dom(U) such that
xn, — x in Hy. Let € > 0. Since Hy is a Hilbert space, (2, )nen is also a Cauchy sequence. Hence 3
N € N such that

Uzn — Uz, = |U(2n — 2m)ll oy, = |20 — $mHHo <e€ Vn,m > N.

Hence, the limit Uz := lim,_ Uz, € H; exists and is independent of the approximating sequence.
One sees that, by that definition, U: Hy — H, is indeed a linear operator extending U. That
extension is unique as a continuous extension.

Finally, we need to check, that U is unitary, that is, U is onto and for all z € Hy we have
10|y = (12| o -

Let € Hy and (x,,)nen C Ho such that x,, — x in Hy. It holds that

1Uz]| = || lim Uzy|| = lim [|Uzy| = lim ||| = |].
n— oo n—oo n—oo

It remains to show that U is onto. Let y € Hy. Since ran(U) C Hj is dense, there exists (U )nen C
ran(U) such that Uz, — y in Hy. H; being a Hilbert space implies that (Uzy)nen is a Cauchy
sequence in H; and since U is isometric by assumption, we get that (z,,)nen C dom(U) is a Cauchy
sequence in Hy. Hence, there exists x € Hy such that x,, — x in Hg. Therefore lim, .., Uz, = Uz
in H, as before and thus Uz = y.

Exercise 5.3

(i) = (ii) Use linearity and continuity of 2.

(ii) = (iii) X' is a norming set (like in the hint).
(iii) = (1) Let z0 € 2. W.lo.g zop = 0. Define

f(h) = f(0) _ f(k) = f(0)

h,k):= —

for small h,k € C\ {0}. Choose r > 0 s.t. Bo,.(0) C Q and write

M:= sup [[f(z)].
ZGBQT(O)
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Let |h|,|k| < r with h,k # 0 and 2’ € D. Use Cauchy’s integral formula to obtain

(u(h, k), a') = % (£ (), ") = (£(0),27)) = + ((f(k),2") = (f(0),2)) =

Lo ()L (e )

 h—k (f(2),2") .
= /Z|:2r Z(z_h)(z—k)d .

Moreover we have for all z € C with |z| = 2r
|2l 1z = hllz = k| > |2] (|z] = |l)(|2] = [k]) > 2r(2r = r)(2r =) = 2r°.

So we have

h—k M ||« h — k| M|z’
h— k| 'l . _ 1=Kl M2l

/
‘(u(h, k), @ >‘ = o 23 r2

|z|=27
If we use the norming property of D we get

\h — k| M
2
T

[ulh, K[| < 0

as h,k — 0. As a result, f is holomorphic.

(i) = (iv) Let zp € Q. Choose r > 0 s.t. By(z0) C §2 and consider again

M= sup [f(z)].
z€Br(0)

Put
1
0 = L / @
2m |z—zo|=r (Z - ZO)nJrl
for all n € Ny. Note that

1 M
||an\§/ —gg dz=Mr"
27 |z—z0|=r rr

implies that the series >} an(z — 29)" converges absolutely. Since z — (f(z),2’) is holomor-
phic (' € X’ fixed) we know

<f(2’), x,> = an(z — 20)"
n=0

where

(O X R
Sy ", A

27i » (2= zp)ntl

By linearity and continuity we obtain
o
<f(2), .Z'/> = <Z an(z - ZO)nax/>'
n=0

Since X’ separated the points, we get the series representation in X.
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(iv) = (ii) Let zp € C. We have

()2 = 3 {an,a')(z = z0)™

n=0
Hence z — (f(z),2’) is holomorphic for all 2’ € X'.
(i) = (v) If f is holomorphic we obtain by standard computations that
2> (f(2)w1, 7%)
is holomorphic.
(v) = (ili) When proceeding similarly to the proof of implication (iii)=-(i) we obtain the inequality
[h — k| M|z |||z

‘( (h k)xlv >‘ r2
By using the norming property of Dy we get
|h — k| M|z |

and therefore by density of D; and continuity of u(h, k)
|h — k| M
[u(h, k)| < —5—,

which yields that f is holomorphic.

Exercise 5.4

Let v € R and k € L, (R;H) First, we note that it is enough to show the equality for each
fe{e()x:xe HpeCX(R)}. Therefore we have that k, f,k* f € L1, (R; H) and we can use
Remark 5.2.1 to get that for each t € R,

£, (k) (1) = jz? /R e~ 5 (5) ds,
£, (f) (t) = ¢1* / ¢~40)5 £ (5) ds and

Lo (ks f) (t \/%/ ’t+”s</Rk(1:)f(sx)dx>ds.

From this we can now infer for every ¢t € R, that

Lo (ks f) (¢ \/%/ Zt+'f8(/k(x)f(s—x)dx>ds
\/ﬂ// )5 (2 F (5 — @) da ds
:r//e_ S () f (s — 2) ds da
\/% / ~( )T L (2) /R e~ =) £ (s — z)dsda

—(it+v)x ef(it v)(s) s)dsdz
== [ k) [0 (g asa
=L, (k) (t) Lo (k) (t) V2,

which completes this proof.
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Exercise 5.5

Let a,v > 0. Obviously g, is measurable, hence to prove that g, € £1, (R) it suffices to show that

o0
/ [ga (8)| e ds = / s e ds < oo,
R 0

which can be seen by integration by parts.
Since go € L1, (R), we have by Remark 5.2.1 that

1 o —(1t+v)s .a—
h(t) = (Logo) (¢ F/ ~)sg (5)ds = m/o ot a1 g

where h € Cp(R; C). An easy calculation reveals that h is differentiable with

B(t) = ——h(t)

it+ v

and h(0) = \/%F(a)yfa. One checks that the given function is the unique solution to this differential
R'(s) _ —a

equation. So (L,gq) (1) = ﬁf(a)(it%— v)~%. (Alternatively, write ) = siv
to t in order to obtain the solution to the differential equation.)

To prove formula (5.8), let My € L(H),o,v > 0. Since M (0;,) is bounded, it again suffices to
prove the equation for f € {¢(-)x: 2 € H,p € C* (R)}. We then have for almost every ¢t € R

and integrate from 0

(M (Ow) f)(t) = (LM (it +v) Lo f) (1)
— [*

y <a: — My (iz + v)™° \/12? /R e~ (V)8 £ () ds) (t)
1

-z ( 0 (uge) (€.0) V2R ) (0

1
— ﬁMO( (f*ga))( ) = WMO (f*ga) (t)

[ féj)u[m (t—5) (t— )" ds

] Ao

Exercise 5.6

Let p,v € R with p <vand f € Ly, (R; H) N Lo ,(R; H).
1. Let p € (u,v). We claim that f € Ly ,(R; H) N Ly ,(R; H).
Indeed, one has

1£13,, = /R 1F (02" dt
> 0
- /0 Il e™ dt + /ooum)n?ew at

<FIZ,, + IFIZ,,
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So f € Ly ,(R; H). Moreover, by using Hélder’s inequality one obtains

1., = /R LF@)le? dt

o0 0
= [Tl e mtans [yl te vrar
0 oo

0

oo Cof 1/2
< (ot a) " 1 (

1
= \/ﬁ”f“lzz,u

200 ap)*

o0

1
+ \/ﬁllfllm < 0.

So f € Ly ,(R; H).
2. We prove that g: U — H defined by g(z) = (LRe.f)(Im z) is holomorphic. To this end, first
note that since f € Ly, (R; H) one has

1 —ZS
o) = <= [ e reas

Fix z € U and let p := Rez. For all h € C\ {0} in a small neighbourhood of 0 one has

g(2+h)—g(2) 1 / e_hs_l —zs
= e s)ds, 1
k = e 1)
Obviously
lim e_hsi_l — _g
o h B
and
e—hs

-1
PE— S |h|5_
z ‘ <l|s|+e

Suppose |h| < & := 1 min{p — p,v — p}. Then

/R (Is] & €)e=7% ()| ds < oo.

Therefore we can apply Lebesgue’s dominated convergence theorem in (1) to obtain complex differ-
entiability of g at z € U. Hence g is holomorphic. (Note that by Exercise 5.3 it would suffice to test
with functionals, which would allow to use the scalar-valued dominated convergence theorem.)

Exercise 5.7

Exercise 5.7. Let Hy, H; be Hilbert spaces and T': Lo, (R; Hy) — L2, (R; Hy) linear and bounded.
We call T' autonomous if T't, = 17, T for each h € R (75, denotes the translation operator defined in
Example 5.3.3). Prove that for autonomous 7' the following statements are equivalent:

(i) T is causal.
(ii) For all f € Ly, (R; Hy) with spt f C [0,00) one has spt T f C [0, 00).

Moreover, prove that for a material law M, the operator M (0, ) is autonomous for each v > s, (M).
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Proof. Note that T is clearly Lipschitz continuous, since it is a linear and bounded operator.

‘= ¢ Assume that T is causal and let f € Ly, (R; Hp) with spt f C [0, 00). By the causality of T" and
f=0on (—o0,0) we obtain that Tf = 0 on (—o00,0). Hence spt T'f C [0, 00).

‘«<‘Leta € Randlet f,g € Ly, (R, Hy) with f = g on (—00, a]. Then we have spt 7,(f —g) C [0, 00).
So it holds by the assumptions that spt 7,7(f — g) = spt T'(7.(f — ¢g)) C [0,00). This is equivalent to
Tf=Tgon (—o0,al.

Let H be a Hilbert space and M be a material law and let v > s,(M). From Example 5.3.3 (c) we
know that

Lo(mhe)(t) = €T Lo ()(1)
for every t € R and every ¢ € C>°(R, H). Hence

M (it + v)e"™ L, (9)(t) = €T M (it + v) Lo () (2)

M (it +v)e™ VL, ()(t) = "L, LM (it + ) Lo (9)(2)
M (it +v) Ly (Trp) (1) = Lon M (81,) (0) ()
M (8y,)(1hp) () = T M (0r,) (0)(t)

for every t € R and every ¢ € C°(R, H). Since C°(R, H) is dense in Lo (R, H), we see that M (0; )
is autonomous for each v > sp(M). O



