5 The Fourier—Laplace Transformation
and Material Law Operators

In this lecture we introduce the Fourier—Laplace transformation and use it to define
operator-valued functions of J;,; the so-called material law operators. These operators
will play a crucial role when we deal with partial differential equations. In the equations
of classical mathematical physics, like the heat equation, wave equation or Maxwell’s
equation, the involved material parameters, such as heat conductivity or permeability
of the underlying medium, are incorporated within these operators and hence the name
“material law”. We start our lecture by defining the Fourier transformation and proving
Plancharel’s theorem in the Hilbert space-valued case, which states that the Fourier
transformation defines a unitary operator on Lo(R; H).

Throughout, let H be a complex Hilbert space.

5.1 The Fourier Transformation

We start by defining the Fourier transformation on L;(R; H).

Definition. For f € L1(R; H) we define the Fourier transform J? of f by

n . L e—ist s
7(s) '_J%/R fdt (seR).

Lemma 5.1.1 (Riemann-Lebesgue). Let f € Li(R;H). Then f € Cp(R;H) and
limyy) o0 HfA'(t)H — 0. Moreover,

7., < —=tom.

Proof. First, note that fis continuous by dominated convergence and bounded with

171 < gz

This shows that the mapping

Li(R;H) = Cv(R; H) (5.1)
fef
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5 The Fourier—Laplace Transformation and Material Law Operators

defines a bounded linear operator, where Cp(R; H) denotes the space of all bounded
continuous functions on R with values in H. Moreover, for ¢ € C}(R; H) we compute

1 1 .
A —19t dt / —ist, /
o(s) \/ﬁ / Jaris Je e Yl (t) dt
for s # 0 and thus,

limsup [|@(s)]| < limsup

|s]—o00 |s]—o00 ‘ |\/7HSOH1 7

which shows that lims_,o [|§(s)]| = 0. By the facts that CH(R; H) is dense in L1(R; H)
(see Lemma , {f € Co(R; H); limyy 00 || f(t)]] = 0} is a closed subspace of Cy,(R; H)
and the operator in (5.1]) is bounded, the assertion follows. O

It is our main goal to extend the definition of the Fourier transformation to functions
in Ly(R; H). For doing so, we make use of the Schwartz space of rapidly decreasing
functions.

Definition. We define
S(R; H) = {f € C®(R; H); Vn, k € N: (£ 5 f (1)) € Cp(R; H)} ,
to be the Schwartz space of rapidly decreasing functions on R with values in H.

As usual we abbreviate S(R) = S(R; K).
Remark 5.1.2. S(R; H) is a Fréchet space with respect to the seminorms

S(R;H) > f s sup Htkf(”)(t)H (k,n € N).
teR

Moreover, S(R; H) C ﬂpe[l,oo] L,(R;H). Indeed, S(R; H) C Lo(R;H) by definition,
and for p < co we have that

/Hf (t)]” dt /( 1||)pkH(1+|t|)kf(t)det

P 1
<supH1+t ftH /dt<oo
b | OI f e

if we choose k > %

Proposition 5.1.3. Let f € S(R; H). Then .]/C\G S(R; H) and the mapping
SR:H) = SR H), fr ]

is bijective. Moreover, for f,g € L1(R; H) we have that

[ (Fo.9w) = [ (1050 at (52)
Additionally, if f,fe Li(R; H) then
fH=F(t) (teR). (5.3)
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5 The Fourier—Laplace Transformation and Material Law Operators

Proof. By Exercise [5.1] we have

1'(s) \/ﬂ/ —it) _lStf( ) dt —i(t — tf(t))(s) (s € R) (5.4)
and ~ . ~
sf(s) = Nor / (—is)e ™ f(t)dt = —if'(s) (s € R). (5.5)

Using these formulas, one can show that f € S (R; H). Since the bijectivity of the Fourier
transformation on S(R; H) would follow from (5.3, it suffices to prove the formulas (5.2)
and (5.3). Let f,g € Li1(R; H). Then we compute using Proposition and Fubini’s

theorem
f(t),g(t) ) dt = e ! f(s)ds, g(t) ) dt
JRGCYD) /Rr</ )
/ /R mlst (1)) dsdt

- / (f(5),5(~5)) ds,
R

which ylelds For proving formula (5.3)), we consider the function + defined by

v(t) == e~ T for t € R. Clearly, v € S(R). We claim that 5 = . Indeed, we observe

that - solves the initial value problem vy’ 4+ ty = 0 subject to y(0) = 1; if we can show

that % solves the same initial value problem, then their equality would follow from the
2

uniqueness of the solution. First we observe that 7(0) = e T dt=1. Second, we

1
=k
compute using the formulas and (5.5) that

—
~

7(s) = i(t = ty (D) (s) = 17(s) = —s3(s) (s € ).

Altogether, we have shown that 5 solves the same initial value problem as v and hence,
v =7. Let now f € Li(R; H) with f € L1(R; H), a > 0 and € H. Then we compute

([ Fontaneare) = [ (Forateme ) ar= [ (10, (o)) a
_ /R < f(t),\/% /R +(ar)ze it d7“> i
) oL ()
:/R<f(s—at) ) dt = </fs—at dtx>
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5 The Fourier—Laplace Transformation and Material Law Operators

for each s € R, where we have used (5.2) in the first line. Since this holds for all x € H
we get

/ Ft)y(at)e’t dt = / f(s—at)y(t) dt (s €R).
R R

Letting a — 0 in the latter equality, we obtain

/ f(t)eiSt dt = lim / fls—at)y(t) dt (se€R), (5.6)
R R

a—0

where we have used dominated convergence for the term on the left-hand side. In order
to compute the limit on the right-hand side, we first observe that

J

and hence, for each a > 0 the operator

[ 5= a0 dtHds< [ [ 156 = allasa@yac= Uil

Se: Li(R;H) — Li(R; H),
fre (s»—>/Rf(s—at)'y(t) dt)

is bounded by ||v||;. Moreover, since S,ip — ¥(-)||v|l; as a = 0 for ¢ € Cc(R; H), we
infer that

Saf = FO)llly (@—0)

for each f € Li(R; H). Hence, passing to a suitable sequence (ay), in Rso tending to 0,
we get
Tim (Su,0) () > F@Inll, (ae. s €R).

Using this identity for the right-hand side of (5.6)), we get

/R fetat = f(s)ll; (ae. s €R),

and since ||v||; = V27, we derive (5.3)). O

With these preparations at hand, we are now able to prove the main theorem of this
section.

Theorem 5.1.4 (Plancharel). The mapping
F: S(R;H) C Ly(R; H) — Lao(R; H), f = f

extends to a unitary operator on Lo(R; H), again denoted by F, the Fourier transforma-
tion. Moreover, F* = F~1 is given by f — f(—-).

o4



5 The Fourier—Laplace Transformation and Material Law Operators
Proof. Using (5.2) and (5.3]) we obtain that

(7.3),= [ (Fo.aw) at= [ (70.5¢0) a= [ ra.a0) at= (1.0,

for all f,g € S(R; H) and thus, in particular,

11l = 1711l (5.7)
Moreover, dom(F) = ran(F) = S(R; H) is dense in La(R; H) and hence, the assertion
follows by Exercise [5.2] O

Remark 5.1.5. We emphasise that for f € Lo(R; H) the Fourier transform Ff is not
given by the integral expression for L;-functions, simply because the integral does not
need to exist. However, by dominated convergence

1 R
Ff= lim —— O F(t) dt,
f= Jim o /_Re f(t)

where the limit is taken in Lo(R; H).

5.2 The Fourier—Laplace Transformation and its Relation to
the Time Derivative

We now use the Fourier transformation to define an analogue transformation on our
exponentially weighted Lo-type spaces; the so-called Fourier-Laplace transformation.
We recall from Corollary that for v € R the mapping

exp(—vm): Ly, (R; H) — Ly(R; H), f = (t e "' f(t))
is unitary. In a similar fashion, we obtain that
exp(—vm): Ly ,(R;H) = L1(R; H), f+— (t — e_”tf(t))
defines an isometry.
Definition. Let v € R. We define the Fourier—Laplace transformation as
Ly: Loy (R; H) — La(R; H), f s Fexp(—vm)f.

We can also consider the Fourier-Laplace transformation as a mapping from L; , (R; H)
to Cp(R; H); that is,

Ly: L1y(R;H) = Co(R; H), f > Fexp(—vm)f.
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5 The Fourier—Laplace Transformation and Material Law Operators

Remark 5.2.1. Note that £, is unitary as an operator from Lo, (R; H) to Lo(R; H) since
it is the composition of two unitary operators. If not explicitly written otherwise, we
shall use this unitary realisation of £,. For ¢ € L ,(R; H), we have the expression

(L) (0 = = / ~@t+)sp(s5)ds (t € R),

which shows that £, can be interpreted as a shifted variant of the Fourier transformation,
where the real part in the exponent equals v instead of zero.

Our next goal is to show that the Fourier—Laplace transformation provides a spectral
representation of our time derivative, d; ,.

Definition. Let V: R — K be measurable. We define the multiplication-by-V operator
as
V(m): dom(V(m)) C Lo(R; H) — Lo(R; H), [+ (t = V(£)f(1))
with
dom(V(m)) == {f € Lo(R; H) ; (t — V(t) f(t)) € Lao(R; H) } .
In particular, if V' is the identity on R we will just write m instead of id(m) and call it
the multiplication-by-the-argument operator.

Remark 5.2.2. Note that the multipiication—by—V operator is a vector-valued analogue of
the multiplication operator seen in Example 2.4.2) and Example As a consequence
of Example [2 m is selfadjoint. Moreover, when dim(H) > 0, by Example we
have that

o(m) =R.
(Note that both statements generalise in a straight-forward way to the vector-valued
situation.)

Theorem 5.2.3. Let v € R. Then
Oy = L (im+v)L,.
In particular,
0(0ry) ={it+v;teR}.
Proof. We first prove the assertion for v # 0 and show that

IV:£§<_ ! )zu.
m + v

The assertion will then follow by Example |2 Note that 1m+y € L(Ly(R;H)) by
Example 2 and hence, both operators are bounded and defined on the whole of
Ly, (R; H) Thus7 it suffices to prove the equality on a dense subset of Ly, (R; H), like
C.(R; H). We will just do the computation for the case when v > 0. So, let ¢ € C.(R; H)
and compute

(£u10) (1) = <= / ~(t+v)s /_ " () drds = = / / ()8 g o(r) dr
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5 The Fourier—Laplace Transformation and Material Law Operators

1 1 . 1
_ —(it+v)r _
e /R G dr = (£,9) (1)

for t € R. For v < 0 the computation is analogous. In the case when v = 0 we observe
that

Or0 = exp(—vm)(d;,, — v) exp(—vm) ! = exp(—vm)LE(im + v — 1)L, exp(—vm) !

= ﬁs (im)ﬁo . ]

5.3 Material Law Operators

Using the multiplication operator representation of 0;, via the Fourier-Laplace trans-
formation, we can assign a functional calculus to this operator. We will do this in the
following and define operator-valued functions of J; .. The class of functions used for this
calculus are the so-called material laws. We begin by defining this function class.

Definition. A mapping M: dom(M) C C — L(H) is called a material law if

(a) dom(M) is open and M is holomorphic (i.e. complex differentiable; see also Exercise

b-3).

(b) there exists some v € R such that Cres, € dom(M) and

M| = sup [[M(2)] < oo

00,Cre>v
2€CRe>w

Moreover, we set

sp (M) ==inf {v € R; (b) holds}
to be the abscissa of boundedness of M.

Example 5.3.1. (a) Polynomials in 27!: Let n € Ny, Mo, ..., M, € L(H). Then

M(z) =Y z"M, (z€C\{0})
k=0
defines a material law with

sp (M) =

—o00, ifMy=...=M,=0,
0, otherwise.

(b) Series in 27 1: Let (M)gen in L(H) such that 32 | My |r=* < oo for some r > 0.
Then

M(z) =Y 2z"M; (z€C\{0})
k

=0
defines a material law with s, (M) < 7.
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5 The Fourier—Laplace Transformation and Material Law Operators

(c) Exponentials: Let h € R, My € L(H) where My # 0 and set
M (z) = Mye*" (2 € C).
Then M is a material law if and only if 2 < 0. In this case, sy (M) = —oc.

(d) Fourier transforms: Let v € R and k € Ly, (R) with spt k& C R>¢. Then

M(z) = k(2) e k(t)dt (2 € Cresy)

vk

defines a material law with sy, (M) < v.

(e) Fractional powers: Let Mo € L(H), My # 0, a € R and set
M(Z) = Myz™¢ (Z eC \ R§0)7

where we set

0\ "% ._  —a_.—iad _
re =r % (r>0,0¢€(—mm)).
Then M is a material law if and only if & > 0 and

(M) -0 ifa=0,
S pry
b 0 otherwise.

For material laws M we now define the corresponding material law operators in terms of
the functional calculus induced by the spectral representation of J; ,.

Proposition 5.3.2. Let M: dom(M) C C — L(H) be a material law. Then, for
v > sy (M), the operator

M(im +v): Loy(R; H) — Lo(R; H), f = (t = M(it +v)f(t))
18 bounded. Moreover, we set
M () = LyM(im + v)L, € L(La,(R; H))

and obtain
[ M (9|l < [[M]]

Oov(cRc>1/ :

Proof. The proof is clear. O

Example 5.3.3. We now revisit the material laws presented in Example and com-
pute their corresponding operators, M (0, ).

28



5 The Fourier—Laplace Transformation and Material Law Operators

(a) Let n € Ng, My,..., M, € L(H) and
=> "My (zeC\{0}).
k=0
Then, for v > 0, one obviously has
3t zz Z 8t Mk»

due to Theorem

(b) Let (My)ken in L(H) such that "7 [|My|[r—* < oo for some 7 > 0 and

e}

M(z) =) z"M, (z€C\{0}).

k=0

Then, for v > r, one has
M(dy,) Z O i M,
again on account of Theorem [5.2.3]
(c) Let h <0,My € L(H) and
M (z) = Mye*" (2 € C).

Then, for v € R, we have
M(at,zz) = MOT/w

where

Th: LQ,Z/(R; H) — L2,1/(R; H), [ (t = f(t+ h))
Indeed, for ¢ € C.(R; H) we compute

(L MoTnep) (¢ ~U Mop(s + ) ds

m/
_ MO\/TTT /R o) (=R) () ds = M (it + 1) (Lye) (¢)

for all ¢t € R, where we have used Proposition in the second line. Hence,
Mothe = L, M(im + v) Lo = M(0,)p

and since C¢(R; H) is dense in Lo ,(R; H) the assertion follows.
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5 The Fourier—Laplace Transformation and Material Law Operators

(d) Let v € Rand k € Ly ,(R) with sptk C R>g and

M(2) = k(z) e #k(t)dt (2 € Cresy).

“vh

Then, by Exercise [5.4]
M(at#) = kx

for each p > v.
(e) Let My € L(H), o >0 and
M(Z) = Myz™¢ (Z eC \ RSO)-

Then for v > 0 we have

(M(0y)f) (t) = MO/_ m

for each f € Lo, (R; H); see Exercise This formula gives rise to the definition

(t—s)*"f(s)ds (ae. teR) (5.8)

(6{5‘ ) (t) = / F(la)(t —5)*1f(s)ds (te€R),

which is known as the (Riemann—Liouville) fractional integral of order .

Throughout the previous examples, the operator M (9;,) did not depend on the actual
value of v. Indeed, this is true for all material laws. In order to see this, we need the
following lemma.

Lemma 5.3.4. Let p,v € R with p < v, and set U .= {z € C; Rez € (u,v)}. Moreover,
let g: U — H be continuous and holomorphic on U such thatg(l +v),g(i-+p) € Lo(R; H)
and there exists a sequence (Rp)nen in R>g such that R, — oo and

[ lotira+ plldp 0 (0= o). (5.9
m
Then

L0 +p) = Lg(-+v).
Proof. Let t € R. By Cauchy’s integral theorem, we have that

/ g(z)e*tdz =0,
YRn

where g, is the rectangular closed path with corners iR, + p, iR, + v. Thus, we
have that

Rn ' Rn _
i/ g(is + v)elstt 4g — i/ g(is + p)els it dg
i i (5.10)

— —/ g(_an +p)e(—iR7L+p)t dp+/ g(an —I—p)e(iR""‘p)t dp
" n
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Rn 1

YRy,

—R, +

Figure 5.1: Curve vp,,.

Note that the left-hand side of (5.10) is nothing but

V2ri ((L3L1R, r9(i - +2)) (1) = (L5 R, R 9(1 - 1)) (1))

and hence, there is a subsequence of (R,), (which we do not relabel) such that the
left-hand side of (5.10) tends to

V2mi ((Lg(i-+v)) (1) = (Lo +p)) (1)

for almost every t € R as n — oco. As such, all we need to show is that the right-hand
side of (5.10) tends to 0 as n — oo, which obviously follows by (5.9). O

Theorem 5.3.5. Let M: dom(M) C C — L(H) be a material law. Then, for p,v >
sb (M) and f € Lo, (R; H) N Lo ,(R; H), we have

M(Orp)f = M () f-
Moreover, M(0;,) is causal for all v > sy, (M).

Proof. Let p < v. We prove the assertion for f = 1}, - = with a < b and x € H first.
For p € R we compute

1 b . 1 1
L,f) () = — —(it+p)s qg — ——
(L) (8) %/a ze 3= =g

Moreover, we define

(e—(it+p)a . e—(it-i—p)b) T (t c R\ {0})

1 1
= ——=M(2)e- (e =) (zeC 0
02) = =M (=) (2 € Cnezy\ (0]
and prove that g satisfies the assumptions of Lemma First, we note that g is
bounded on Cre>, \ {0}. Indeed, we only need to prove that it is also bounded near 0
provided that p < 0. To that end, we observe
1 — e—%(b—a)

1 e
- za _ ,—zby _ ,—za h— ]
Z(e e ) =¢e . — a (z—0)
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5 The Fourier—Laplace Transformation and Material Law Operators

Thus, g is also bounded near 0. In particular, z = 0 is a removable singularity and, hence,
g can be extended holomorphically to Cre>,. Moreover, for p > p we have that

1
Ajmu+mﬁa:/}mm+mﬁw+/’|Mu+mﬁw

[t]>1

The first term on the right-hand side is finite since ¢ is bounded, while the second term
can be estimated by

. 9 e P erb 1
g(it + p)||“dt < ||M x| —— —— dt < oo.
. Nt o < Ml ol [

This proves that g(i-+p) € La(R; H) for each p > u and hence, in particular, for p = p
and p = v. Finally, for p > u we have that

1

1
i < - -
oG+ DI < =Ml s, ol

(7 +e™) =0 (It =),
which together with the boundedness of g yields (5.9) by dominated convergence. This
shows that ¢ satisfies the assumptions of Lemma, and thus

M(Ow)f = Logli-4v) = L,g(1 - +p) = M(Iu)f.
By linearity, this equality extends to S(R; H) and so,

F:S(R;H) — ﬂ Loy(R; H), f = M(Ou)f

V=L

is well-defined. Moreover, F' is uniformly Lipschitz continuous (with sup,, [|[F"| =
|| M| and hence, the assertions follow from Lemma W

007CR,e>u>

5.4 Comments

The Fourier and the Fourier—Laplace transformation introduced in this chapter are used
to define an operator-valued functional calculus for the time derivative, d;,. This func-
tional calculus can be defined since the Fourier—Laplace transformation provides the
unitary transformation yielding the spectral representation of the time derivative as
multiplication operator. This fact was already noticed in [5], which eventually led to
evolutionary equations in [4].

We emphasise that we have used the fundamental property that both F and £, are
unitary. It is noteworthy that the Fourier transformation is unitary on Lo(R; X) if and
only if X is a Hilbert space, see [3]. In the Banach space-valued case one has to further
restrict the class of functions used to define a functional calculus. For the topic of
functional calculus we refer to the 21st ISem [1] by Markus Haase and to his monograph,
12].
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Exercises

Exercise 5.1. Let (2, %, u) be a measure space, X a Banach space and I C R an open
interval. Let g: I x Q — X such that g(¢,-) € L1(p; X) for each t € I, and define

h:l— X, t— / g(t,w) dp(w).
Q

(a) Assume that g(-,w) is continuous for p-almost every w € 2 and let f € Li(u) such
that
lg(t, Il < f(w) (tel,we)

Prove that h is continuous.

(b) Assume that g(-,w) is differentiable for p-almost every w € Q and let f € Li(u)
such that
10g(t,w)|| < flw) (t€l,weQ).

Prove that A is differentiable with
W0 = [ Ouglt,w) du(e).
Q

Exercise 5.2. Let Hy, H; be two Hilbert spaces and U: dom(U) C Hy — H; linear
such that

e dom(U) is dense in Hy and ran(U) is dense in H;.

e Vo€ dom(U) : [Uzlly, = |2l
Show that U can be uniquely extended to a unitary operator between Hy and Hj.

Exercise 5.3. Let {2 C C be open, X a complex Banach space and f: Q — X. Prove
that the following statements are equivalent:

(i) f is holomorphic.
(ii) For all 2’ € X’ the mapping 2’ o f: Q — C is holomorphic.

(iii) f is locally bounded and z’o f: Q — C is holomorphic for all 2/ € D, where D C X’
is a norming setfl] for X.

(iv) f is analytic, i.e. for each zy € Q there is r > 0 and (ay,), in X with B (z,7) C Q
and

f(z) =) an(z—2)" (z€B(x,r)).
n=0

'D C X' is called a norming set for X, if ||| = sup,/cp\ 0y m@'(mﬂ for each z € X. Note that X’
is norming for X by the Hahn-Banach theorem.
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Assume now that X = L(X1, X2) for two complex Banach spaces X1, Xo, let D1 C X be
dense and Dy C X norming for Xo. Prove that the statements to are equivalent
to

(v) f islocally bounded and Q 3 z — 24 (f(z)(x1)) € C is holomorphic.

Exercise 5.4. Let v € R and k € Ly ,(R). Prove that

L, (k* f) = V2r (Lok) - (Lof)
for f € Lo, (R; H).

Exercise 5.5. Let @ > 0 and define go(t) = Ljg o) (¢)t*"! for ¢ € R. Show that g, €
L;,(R) for each v > 0 and that

(Loga) (1) = \/%F(a)(it o)

Use this formula and Exercise [5.4] to derive (5.8]).
Hint: To compute the Fourier-Laplace transform of g, derive that £, g, solves a first
order ordinary differential equation and use separation of variables to solve this equation.

Exercise 5.6. Let u,v € R with p < v and f € Ly, (R; H) N Ly ,(R; H). Moreover, set

U:={z€C; p<Rez<wv}. Show that f €, ,, L2,(R; H) N Ly ,(R; H) and that

U3z (LReof) (Im2)
is holomorphic.

Exercise 5.7. Let Hy, H; be Hilbert spaces and T': Ly, (R; Hy) — Lo, (R; Hy) linear
and bounded. We call T' autonomous if T't, = 1, T for each h € R (15, denotes the trans-
lation operator defined in Example . Prove that for autonomous 7', the following
statements are equivalent:

(i) T is causal.
(ii) For all f € Lo, (R; Hy) with spt f C [0,00) one has spt T f C [0, c0).
Moreover, prove that for a material law M, the operator M (9, ) is autonomous for each

vV > Sp (M)
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