3 The Time Derivative

It is the aim of this lecture to define a derivative operator on a suitable Lo-space, which
will be used as the derivative with respect to the temporal variable in our applications. As
we want to deal with Hilbert space-valued functions, we start by introducing the concept
of Bochner-Lebesgue spaces, which generalises the classical scalar-valued L,-spaces to
the Banach space-valued case.

3.1 Bochner—Lebesgue Spaces

Throughout, let (2,3, 1) be a o-finite measure space and X a Banach space over the
field K € {R,C}. We are aiming to define the spaces L,(u; X) for 1 < p < oo. This is the
space of (equivalence classes of) measurable functions attaining values in X, which are
p-integrable (if p < o0), or essentially bounded (if p = o) with respect to the measure
. We begin by defining the space of simple functions on Q with values in X and the
notion of Bochner-measurability.

Definition. For a function f: Q@ — X and z € X we set

Apa = {2},

A function f: Q — X is called simple if f[Q] is finite and for each =z € X \ {0} the
set Ar, belongs to ¥ and has finite measure. We denote the set of simple functions by

S(p; X). A function f: Q — X is called Bochner-measurable if there exists a sequence
(fn)nen in S(u; X) such that

falw) = flw) (n— o0)
for p-ae. w € Q. If p is absolutely continuous with respect to Lebesgue measure on
Q = R? we will just write S(R%; X).
Remark 3.1.1. (a) It is easy to check that S(u; X) is a vector space and an S(u;K)-
module; that is, for f € S(u; X) and g € S(u; K) we have g - f € S(u; X).

(b) If f: @ — X is Bochner-measurable, then [|f(-)||y: @ — R is p-measurable. In-
deed, since

1Ol = T [1fa()llx

for p-a.e. w € Q and a sequence (fy,)nen in S(p; X), it suffices to show that || f(-)| x
is measurable for all n € N. The latter follows since Ay, N Ay, = @ for x # y and

thus
I£aOlx = D lzlx-1a;,

Iefn[Q]
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3 The Time Derivative

is a real-valued simple function.

(c) If one deals with arbitrary measure spaces, the definition of simple functions has
to be weakened by allowing the sets Ay, to have infinite measure. However, since
in the applications to follow we only work with weighted Lebesgue measures, we
restrict ourselves to o-finite measure spaces.

Definition (Bochner—Lebesgue spaces). For p € [1, 00] we define
Lp(; X) ={f:Q— X; f Bochner-measurable, || f(-)||y € Ly(1)},

as well as
Ly(p; X) = Lp(p; X) o,

where ~ denotes the usual equivalence relation of equality p-almost everywhere.

Proposition 3.1.2. Let p € [1,00]. Then

ess-supyeq [f(Wllx, ¥ p= oo,

|W|:{@ﬂﬂ@ﬁmmm; .

defines a seminorm on L,(1; X) where ||f|]p = 0if and only if f = 0 p-a.e. Consequently,
|[l, defines a norm on Lp(u; X). Moreover, (Ly(p; X),||*ll,) is a Banach space and if
X = H is a Hilbert space, then so too is Lo(p; H) with the scalar product given by

<ﬁ@y=/U@%ﬂwmdmw (f.9 € La(ys; H)).

Q

Proof. We just show the completeness of L,,(u; X). Let (fn)nen be a sequence in L, (u; X)
such that Y2 || fall, < co. We set

gn(w) = [[fu(W)]| (n € Nyw € Q).

Then (gn)nen is a sequence in Ly(u) such that 2%, [|gnll, < co. By the completeness
of Ly,(p) we infer that
oo
giZZZE:gn
n=1

exists and is an element in L,(p). In particular, g(w) < oo for p-a.e. w € Q and thus,

Do lfa@lx =D gnw) < o0
n=1 n=1

for p-a.e. w € Q. By the completeness of X we can define

f@) =" falw)
n=1
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3 The Time Derivative

for p-a.e. w € Q. We need to prove that f € L,(p; X) and that Zﬁzl fo— fin Ly(p; X)
as k — oo. For this, it suffices to prove that

D fa € Ly X) and Y f, — 0 in Ly(u; X) as k — oo. (3.1)
= n=k

Indeed, this would imply both that f — 2221 fn € Lp(p; X) and the desired convergence
result. We prove for p < 0o and p = oo separately.

First, let p = co. For each n € N we have f,, € Loo(p; X) and thus || fn(w)]| x < |[fall
for all w € Q\ N,, and some null set N, C 2. We set N := UZO:1 N,, which is again a
null set. For k € N and w € Q\ N we then estimate

<@y < Zufnuoo,
n=k

X

which yields (3.1).

Now, let p < co. For k € N we estimate

0o P v p
/< w) ) dp(w) /(Z || fr (w Hx> dp(w)
n==k X Q

Q
= / A@@(ZIW HX> dp(w)

Q

N

RSl

p
= lim_ /(lefn IIX) dp(w)
< hm Zan” ZanH]ﬂ
n==k

where we have used monotone convergence in the third line. This estimate yields (3.1).
O

We now want to define an X-valued integral for functions in L;(u; X); the so-called
Bochner-integral. To do this, we need the following density result.

Lemma 3.1.3. The space S(u; X) is dense in Ly(u; X) for p € [1,00).

Proof. Let f € Ly(p; X). Then there exists a sequence (fy)nen in S(p; X) such that
fa(w) = f(w) for all w € Q\ N for some null set N C Q. For n € N we define the set

Iy ={w e Q; | fa(wlx <2f(W]x} €,

and set f, = fol;. Then f, € S(p; X) and we claim that fa(w) — f(w) for all
w € Q\ N. Indeed, if f(w) =0 then f,(w) = 0 also and the claim follows. If f(w) # 0,

26



3 The Time Derivative

then there is some ng € N such that ||f,(w)|y < 2| f(w)|x for n > ng, and hence
W € (Nysng In- Consequently fy(w) = fn(w) — f(w). By dominated convergence, it now

follows that /
Q

Folw) = J@)|[' duw) 50 (n = o0),

which proves the claim. O

Proposition 3.1.4. The mappmﬂ
/ dp: S(p; X) € Li(p; X) = X
Q

[ Z €T U(Af,x)

zeX

is linear and continuous, and thus has a unique continuous linear extension to Li(u; X),
called the Bochner-integral. Moreover,

/fdu

and for A€ X, f € Li(u; X) we set

/Afdui:/ﬂf-llAdu-

Proof. We first show linearity. Let f,g € S(u; X) and A € K. We then compute

<l (f € Ln(w; X)),

/()\f—i—g dM—Zw AN frg) = Zm-u U (Afy N Agary)

reX reX yeX
= Z Z T w(Apy N Agaxy)
rzeX yeX
_ZZAy MAfymAgm )\y +ZZ IE—)\y AfyﬂAgﬂc Ay)
yeX zeX zeX yeX
:/\Zy'ﬂ (Aﬁym U Ag,zv—w) —i—Zz‘u U Apy N Ag:
yeX zeX zeX yeX

ZA/fdqu/gdu,
Q Q

where we have used the fact that all occuring unions and sums are finite. In order to
prove continuity, let f € S(u; X). We estimate

H/Qfd“H = || D wuAre)| < D lxlxn(Are) = / > llzlixta,, du
X

zef[Q] zef[Q] ze f[Q]

!Note that the sum is indeed finite and all summands are well-defined if we set Ox - co = Ox.
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3 The Time Derivative

_ / 1FO)llx d = £
Q

The remaining assertions now follow from Lemma by continuous extension (see

Corollary [2.1.5)). O

The next proposition tells us how the Bochner-integral of a function behaves if we com-
pose the function with a bounded or closed linear operator first. For what follows, let
X' := L(X,K) denote the dual space of X.

Proposition 3.1.5. Let f € L1(u; X), Y Banach space.

(a) Let Be L(X,Y). Then Bo f € Li(p;Y) and

/QBofd,u:B/Qfdu.

(b) If Xo € X is a closed subspace and f(w) € Xo for p-a.e. w € Q, then [, fdu € Xo.

(¢) (Theorem of Hille) Let A: dom(A) C X — Y be a closed linear operator and
assume that f(w) € dom(A) for p-a.e. w € Q and that Ao f € Li(u;Y). Then

Jo fdp € dom(A) and
A = Ao .
/Q £ dp /Q fdp

Proof. (a) Let (fn)nen be a sequence in S(u; X) such that f, — f p-a.e. Then Bof,, €
S(p;Y) since
(Bo fu) [ = B[ fal]
is finite and for y € (B o f,)[Q] \ {0} we have that
ABofpy = U A, o €3,
z€B~ [{y}NfnlQ]

and thus, u(Apgof, y) < co. Due to the continuity of B we have that Bo f,, — Bo f
p-a.e., hence B o f is Bochner-measurable. Moreover, ||B o f(-)|ly < [|B|/l[f()]l x,
which yields that Bo f € Li(u;Y). By continuity of both B and [, dpu, it suffices
to check the interchanging property for any f € S(u; X) alone. However, this is
clear, since

/QBofdM:ZBﬂC'M(Af,x):BZQ«"‘M(Af,x):B/QfdM-

zeX zeX

(b) Let 2’ € X' with 2/|x, = 0. It follows from (a) that

x“(/ﬂfd,u) :/Qac’ofdu:(),

and since x’ was arbitrary, it follows that fQ fdu € Xg from the Theorem of
Hahn—Banach.
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3 The Time Derivative

(c) Consider the space Li(u; X x Y). By assumption, it follows that
(f,Aof) e Li(; X xY).

However, (f,Ao f)(w) = (f(w), (Ao f)(w)) € A C X xY for pa.e w €, and
since A is closed we can use (b) to derive that

/Q(f,Aof)dueA. (3.2)

Let 71, w9 be the projection from X x Y to X and Y, respectively. It then follows
from part (a) that

- </Q(f,AOf)du> Z/Qm(f,AOf)duz/Qfdu,

and analogously for my. Using these equalities we derive from 1} that fQ fdu e
dom(A) and that A [, fdu = [, Ao fdpu. O

As a consequence of the latter proposition, we derive the fundamental theorem of calculus
for Banach space-valued functions.

Corollary 3.1.6 (fundamental theorem of calculus). Let a,b € R,a < b and consider
the measure space ([a,b],B([a,b]),\), where B(|a,b]) denotes the Borel-o-algebra of [a, b]
and X is the Lebesgue measure. Let f: [a,b] — X be continuously dzﬁerentmbleﬁ Then

F) = fla)y= [ fax

[a,b]
Proof. Note first of all that continuous functions are Bochner-measurable. Thus, the
integral on the right-hand side is well-defined. Let ¢ € X'. Then po f: [a, b = Kis
continuously differentiable, and (¢ o f)' (t) = (o f’)(t). Using Proposition [3.1.5] (a)
together with the fundamental theorem of calculus for the scalar-valued case we get

¢ </[ ’ f’dA> = /[ ’ (pof) dA=¢(f(b) — ¢ (f(a)) =@ (f(b) - f(a)).
Since this holds for all ¢ € X', the assertion follows from the Theorem of Hahn—Banach.
O]
We conclude this section with a density result, which will be useful throughout the course.

Lemma 3.1.7. Let D C Lo(u) be total in Lo(u) and H a Hilbert space. Then the set
{¢()x; z € H, p € D} is total in La(u; H).

’By this we mean that f is continuous on [a,b], continuously differentiable on (a,b) and f’ has a
continuous extension to [a, b].
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3 The Time Derivative

Proof. Let f € La(p; H) and assume that

<f7 @()‘T)Q =0

for each x € H,p € D. We need to prove that f = 0 for that lin {¢(-)x; z € H, ¢ € D}
is dense in Lo(p; H). First we show that there is a null set N such that f[Q\ N] is
contained in a separable subspace Hy of H. Indeed, let (fn)nen be in S(u; X) where
fa(w) = f(w) for all w € Q\ N for some null set N C Q. As f,[] is finite for every
n € N, we infer that

IO\ N] ST | fal6) = Ho,
neN

which is clearly separable. Let (x,)nen be a dense sequence in Hy. For n € N consider
the function g, = (f(-),zn)y € La(p). We then have that

O s = [ @) ) ) = [ (@)l du(e)
= <fa @(')xn>2 =0,

for each ¢ € D. Since D is total in La(u) it follows that g, (w) = 0 for w € Q\ N,, for
some null set N, C Q. Setting N := |J,,cy Nn U N and using the fact that (2, )nen is
dense in Hy, it follows that f(w) =0 for w € Q \ N, which shows the claim. O

Lemma 3.1.8. Let D C Lo(u) be total in Lo(p), H a Hilbert space, Dy C H total in H.
Then {p(-)x; x € Do, p € D} is total in La(p; H).

Proof. The proof follows upon realising that the set {p(:)z; = € Dy, ¢ € D} is total in
the set {¢(-)x; z € H, p € D}. From here we just apply Lemma [3.1.7] O

3.2 The Time Derivative as a Normal Operator

Now let H be a Hilbert space over K € {R,C}. For v € R and p € [1,00) we define the
measure

o) = [ Pt an

for A in the Borel-o-algebra, B(R), of R. As our underlying Hilbert space for the time
derivative we set
Lo (R; H) := La(pa,v; H).

In the same way we define
Lpy(R; H) = Lp(pwp; H)

for p € [1,00). If H = K we abbreviate L, (R) := L, ,(R;K). We start our considera-
tions with the definition of convolution operators in Ly, (R; H).
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3 The Time Derivative

Lemma 3.2.1. Let k € Ly, (R). We define the convolution operator
kx: Lo, (R; H) — Lo, (R; H)
by
(e 1)) = [ K(s)f(t =)
which exists for a.e. t € R. Then, kx is linear and bounded such that |[kx| < [[k[|., )

Proof. We first prove that s — k(s)f(t—s) € Li1(R; H) for a.e. t € R. The measurability
is clear since k and f are both measurable. Moreover,

/(/ 1) f(t — s HHds>2e_2”tdt
= /R ( /R [k(s) | Ze™ 55 |k(s)| 2e 5 f(t — 8) | o) ds)2 dt
< [([wsreas) (/[ |k<s>e—”snf(t—s)H%Ie—?””—S)ds) at

= &llL, ,m) /|k ’/Hf $)[|Pe ) dte 5 ds
= HkHLLy(R)HfHLQ’V(]R;H)v

which on the one hand proves that

/||k ft—=s)|gds < oo

for a.e. t € R and on the other hand shows the norm estimate. Since the linearity of kx
is clear the proof is done. O

Definition. For v # 0 we define the operator
I,: Ly ,(RyH) — Lo, (R; H)

by

]1[000)*, if v >0,
I, = ’ _
Lo, v <O.

Note that, by Lemma | I, is bounded with ||I,]| < i

V

Remark 3.2.2. For v >0, f € Ly, (R, H) and ¢t € R we have

L (8) = L) * £(1) /ftsds—/ £(s

Analogously, for v < 0, f € Ly, (R, H) and ¢t € R we have

—/toof(s)ds
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3 The Time Derivative

Proposition 3.2.3. Let v # 0. Then I, is one-to-one and C}(R; H), the space of con-
tinuously differentiable, compactly supported functions on R with values in H, is in the
range of I,.

Proof. We just prove the assertion for the case when v > 0. Let f € Lo ,,(R H) satisfy

I,f = 0. In particular, we obtain for all t € R\ N that 0 = I, f(¢) f f(s)ds for
some Lebesgue null set, N C R. Then for a,b € R\ N with a < b and x € H we have
that

<f7 eQV(.)]I[a,b] : $>L2 (R H) = / <f(t)a eQVt]l[a,b] (t) ’ J}>H e_QVt dt

([row),

(b) = (I.f) (a),z) g = 0.

Thus f = 0. Indeed, since R\ N is dense in R, {te’(')]l[a,b] ;a,b e R\N} is total in
Ly, (R). Hence, {62”(')11[%17] ‘x;a,be R\ N,z € H} is total in Lo, (R; H) by Lemma
3.1.7 This proves the injectivity of I,,. Moreover, if ¢ € C!(R; H) then by Corollary
we have

o(t) = / (s)ds = (L) (1) (t€R). 0

—00

Definition. For v # 0 we define the time derivative, 0;,, on Lo, (R; H) by
atﬂj = Il,_l

Note that by Lemma and Proposition [3.2.3] 0, is a closed linear operator for which
CHR; H) C dom(dy,). Since

Ci(R;H) Dlin{yp-2; 0 € CLR), z € H}

we infer that 0, is densely defined by Lemma and Exercise [3.2 Moreover, since
Ly = ¢ for p € CL(R; H) we get that
O = ¢'s

that is, 0;, extends the classical derivative of continuously differentiable functions. We
shall discuss the actual domain of d;, in the next lecture.

Proposition 3.2.4. Let v # 0. Then Dy :=lin{p-x; p € CX(R), z € H} is a core
for Oy,. Here, C°(R) denotes the space of arbitrarily differentiable functions on R with
compact support.

Proof. We first prove that
{¢5peCCR)} (3.3)
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3 The Time Derivative

is dense in Ly, (R). As C(R) is dense in Ly, (R) (see Exercise 3.2)), it suffices to
approximate functions in C2°(R). For this, let f € C°(R). Moreover, we choose ¢ €
C&(R) such that [z =1 and

Rzo, ifv >0,
Rgo, if v <0,

Spth{

where spt ) denotes the support of ¢. For n € N we define 9, (t) = %1/; (%) for t € R.
Notice we still have that ¢, € C°(R) and [ ¢, = 1. We now define

pult) = [ 1(s)as - ([1)] (s (€R)

Then ¢, € C°(R) for each n € N and

o (1) = (1) - ( / f) Ualt) (tER).

Consequently,
e = fllL, @ = '/Rf' ¥l

s 1 t
ol =2 [0 (£)

= i/ﬂQ]w(t)\Qez’mt dt =0 (n— o0)

and since

2

by the support condition imposed on ¥, the density of (3.3) in Lg,(R) follows. By
Lemma B.1.7] we have that

{¢ 29 CPR),x € H}

is total in Lo, (R; H) and so 0y, [Dy] is dense in Lo ,(R; H). Now let f € dom(d;, ) and
€ > 0. By what we have shown above there exists some ¢ € Dy such that

|00 — at,l/f||L2_’V(]R;H) SeE.
Since 8{,,1 = I, is bounded with H@t_yl | < ﬁ, the latter implies that

3
o = FllL,, @) < o

and hence, Dy is indeed a core for 0; ,. O

Finally, we want to compute the adjoint of J;,. For this, we first consider the adjoint of
its inverse, I,,.
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3 The Time Derivative

Lemma 3.2.5. Let v # 0. Then ran(I};) C ran(l,). More precisely, we have
Lf=-Lf+2vl,I,f (f€L(R;H)).

Proof. We just prove this equality for the case v > 0. For f, g € Lo, (R; H) we compute,
using Proposition [3.1.5] that

(8-9) e = [ ([ 590 >He*”m=i@/15ﬂﬁg@»H€”%ww
= [ [ a0 e dras
= /R < £(s), / Oog(t)e2”(s_t) dt>He—2”S ds

_ <f, (eQV(')]l(—oo,O]) * g>

Lo,y (R;H)
so that
I = (V1) *
With the notation a A b := min{a, b} for a,b € R, we thus obtain

2w (I, I f) (t) = 2v / t I'f(s)ds = 2v / t / h F(r)e ) dr ds

tAT
_ 21// f —21/7"/ 21/5 dsdr = / f —2VT 2V(t/\T) dr

/ 1 w+/ )0 dr = (1, £) (8) + (IL) (8)

for t € R, which shows the claim. O
Corollary 3.2.6. For v # 0 the adjoint of Oy, is given by

Of, = =0y + 2v.
In particular, Oy, is a normal operator with Re 0y, = % (M) = .

Proof. Integrating by parts, one obtains

/<at,z/§0(t),1/)(t)> e_Qtht:/ <50/(t),1/1(t)>e_2ytdt
R
/<s0 £) + 201p(t)) e dt

for ¢, € CX(R; H). Since CP(R; H) is a core for 0y, by Proposition [3.2.4] the latter
shows
6t7,, - —8;; + 2v.

To show equality it suffices to prove that dom(9;,) € dom(d;,). The latter inclusion
would follow if ran(I}) C ran([,), but this was already shown in Lemma [3.2.5] so the
claim follows. O
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3 The Time Derivative

Corollary 3.2.7. For v € R the mapping

exp(—vm) : Ly, (R; H) — La(R; H)
[ (e f(1)

is unitary, and for v, # 0 one has

exp(—vm)(8;, — v) exp(—vm) ™" = exp(—pm)(dy — p) exp(—pm) ",

Moreover, the operator

Or0 = exp(—vm)(d;,, — v) exp(—vm)

is skew-selfadjoint for all v #£ 0.
Proof. The proof is left as Exercise [3.5 O

3.3 Comments

Standard references for Bochner integration and related results are 1}, 2].

Considering the derivative operator in an exponentially weighted space goes back (at
least) to Morgenstern [3|, where ordinary differential equations were considered in a
classical setting. In fact, we shall return to this observation in the next lecture when
we devote our study to some implications of the already developed concepts on ordinary
and delay differential equations.

A first occurence of the derivative operator in exponentially weighted L?-spaces can be
found in [5], where a corresponding spectral theorem has been focussed on. We will prove
in a later lecture that the spectral representation of the time-derivative as a multiplication
operator can be realised by a shifted variant of the Fourier transformation — the so-called
Fourier-Laplace transformation.

In an applied context, the time derivative operator discussed here has been introduced
in [4].

Exercises
Exercise 3.1. A sequence (¢y,), in C®(R?) is called a §-sequence, if
(a) ¢n =0forneN,
(b) spt, C [—%, %]d for n € N,
(c) fRd op =1 forn € N.
Let p € C®(R?) with spt C [—1, 1]d, ¢ > 0and [p.¢ = 1. Prove that (¢n), given by

on(x) = nlp(nz) for x € R? n € N defines a d-sequence. Moreover, give an example
for such a function .
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3 The Time Derivative

Exercise 3.2. It is well-known that {1;; I d-dimensional bounded interval} is total in
L2(R?) (note that the linear span of which is a smaller set than S(R?)).

(a) Let ¢ € C°(RY), f € La(R?). Prove that fx¢ € C°(R) with 0% (f x @) = f+0%p
for all a € N¢, where 0% = ot ---05%p. Moreover, prove that spt f x ¢ C
spt f + spt .

(b) Let (¢n)n be a d-sequence and f € Lo(RY). Show that f x ¢, — f in La(R?) as
n — 0.
Hint: Prove that 17 % ¢, — 17 in LQ(]Rd) for all d-dimensional intervals and use

that || f * pnlly < || fl5 (see also Lemma 3.2.1)).
(c) Prove that C2°(R?) is dense in La(R?).

Exercise 3.3. Let a < b, Xp, X1, X2 be Banach spaces, f: (a,b) - Xo and g: (a,b) —
X1 both continuously differentiable, £: Xy x X7 — X5 bilinear and continuous. Prove
that h: (a,b) — X2 given by

h(t) == £(f(t),9(t)) (t € (a,b))
is continuously differentiable with
(t) = L(f'(1),9(t)) + £(f(£),9'(}) (t € (a,b)).

If f,f", 9,9 have continuous extensions to [a,b], prove the integration by parts formula:

b b
/ (1), g(8)) dt = £(F (D), g(b)) — £(F(a), g(a)) — / (F (1), g/ () .

Exercise 3.4. For v # 0, show that ||I, || = ﬁ
Exercise 3.5. Prove Corollary

Exercise 3.6. Let v € R and H be a complex Hilbert space. Prove that o(0d,) C
{it + v; t € R}, where 0, is defined in Corollary .

Hint: For f € dom(0;,),z € C compute Re ((z — 0;,)f, f>L27V(R;H) by using Corollary
For proving the surjectivity of z — 0, for a suitable z, use the formula

ran(z — O,) = ker(2* — 8ZV)L.
Remark: Later we will see that, actually, 0(9;,) = {it +v; t € R}.
Exercise 3.7. Consider the differential equation
(8§V — l) u="1_y.

Since 87, — 1 = (9, — 1) (8, + 1), it follows by Exercise that there is a unique
u € La,(R) solving this equation if v ¢ {—1,1}. Compute these solutions.

Hint: For u € dom(0;,) use the fact that u is necessarily continuous (which we shall
establish in the next lecture).
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