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Exercise 2.1

Let A C Xy x X1 be an unbounded linear operator. Show that for every linear operator
B C Xy x X; with A C B and dom(B) = Xy, we have that B is not closed.

Proof. We assume that B is closed. Since B is a linear operator and dom(B) = Xj is closed
in Xg then it follows by Lemma 2.1.3 that B is a bounded operator. However, since A C B
and A is unbounded which lead to a contradiction. Therefore, B is not closed. ]

Exercise 2.2
Prove Proposition 2.1.4 and Corollary 2.1.5.

Proposition 2.1.4. Let A € L(Xo, X1), and D C X a dense linear subspace. Then D is
a core for A.

Corollary 2.1.5. Let A: dom(A) C Xy — X; be a densely defined, bounded linear
operator. Then there exists a unique B € L(Xy, X7) with B D A. In particular, we
have B = A and

Ax
1Bl = swp A2l
z€dom(A) H‘TH

z#0

Proof of Proposition 2.1.4. 1. Since AN (D x X1) C A, we have
A< X)) C A
2. We only need to show
AR X X)) o A

which is equivalent to

Aﬁ(DXXl)DA.

3. Take (z,y) € A. For n € N, we have x,, € D such that |z — 2,|| < 1. Therefore,

1(@,y) = (@n, Azp) || = lz — 20| + lly — Aza||
= [z = anll + [|Az — Az, ||
< e = zall + Al [l — 2|

]- n—oo

1+ 4]) == 0.
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Since (zy,, Ax,) € AN D x X7, we get (z,y) € AND x Xj. O

Proof of Corollary 2.1.5. 1. Ezistence. Put B = A (the closure of A in Xy x X7 equipped
with the product topology), we have B O A. We now prove B € L(Xy, X1).
First, we claim B is a linear relation. Indeed, for (z,y), (u,v) € B and X\ € K, we have
A>3 ('rnvyn) — (‘T7y)
A 3 (up,vy) — (u,v)

and

lim (2, + Aup, yn + Avp) = (

lim
n—oo n—oo

= (z+ A,y + ).

(T + Aup), (Yn + Avp))

lim
n—oo

Since (zpn + Aun, yn + Avy,) € A, we have (x + Au,y + Av) € B so B is a linear relation.

Second, we claim B is a linear operator. Assume (0,y) € B then there exists (z,,yn) € A
such that (z,,y,) — (0,y). Thus

y= lim y, = lim Az, = A lim 2, =A0=0
n—00 n—00 n—r00

so B[{0}] = {0}.
Third, we claim dom(B) = X. Take x € X then we have x,, € dom(A), x,, — = since A
is densely defined. Because A is bounded, C' := sup,cdom(a)\{0} % < 00. Observe
n,Mm—00
[Azn — Az < C'llan — || 0

so (Axy) is a Cauchy sequence in X7, hence Ax,, — y for some y € X;. Now, (x,, Azy) — (z,y)
implies (x,y) € B, which concludes that dom(B) = Xj.

Finally, for (z,y) € B, we have (x,,y,) € A that converges to (z,y), so

so |B|| < C. Therefore, B € L(Xo, X1).

Moreover, by construction, B D A, so ||B|| > C. Therefore, we actually have

IBl=C=  sup 1Azl
redom(AN{0} |1zl

1Bzl = llyll = |

lim y, lim Az,| = lim ||Az,| < lim C|z,| = C |||
n—oo n—oo n—oo n—oo

2. Uniqueness. Assume we have B’ € L(Xy, X;) such that B’ O A. We only need to
show B’ = A. Indeed, since dom(A) is dense in X, it is a core for B’ by Proposition 2.1.4.
Therefore,

B/

B’ (B is closed by Lemma 2.1.2)
BN (dom(A) x X1) (definition of core)
A (since B’ D A).
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Exercise 2.3

Let A C Hy x Hy be a relation. Then A* is a linear relation. Moreover, we have

== (A7) = () = @ = () = (@)

Proof. We first show that
AT = {(uvv) € Hl X HO; V(:):,y) €A: <u7y> - <’U,l‘>}

as in Remark 2.2.1. From the definition we have A* := — ((A_I)L> C H; x Hy. Moreover,

one has

{(y,z) € Hy x Ho;V(z,y) € A},

(f‘rl)L = {(h1, ho) € H1 x Ho; ((h1,ho), (y,2)) = (h1,y) + (ho,z) = 0, V(z,y) € A},
{(h1, —ho) € Hi x Ho; ((h1,ho), (y, ) = (h1,y) + (ho,z) =0, ¥(z,y) € A}
{(h1,ho) € Hy x Ho; (h1,y) = (ho, x), V(z,y) € A},

which yields the above statement.

We then prove that A* is a linear relation. Of course, one has A* is a relation in Hy x Hy
by its definition. In order to prove that in fact A* is a linear relation, let (h1, ho), (g1, 90) in
A* and X € K, we aim to show that (h; + Ag1, ho + Ago) € A*. That means we need to prove

(h1 4+ Ag1,y) = (ho + Ago,x) V(z,y) € A.

In fact, the last equality follows directly from (hi,ho), (91,90) in A*. Thus A* is a linear
relation.

Finally, the result follows by step by step:
1. Proof of A* = — ((AL)_1>.
We have
AJ_
-1
(4*)
-((+)7)

2. Proof of A* = ((—A)ﬂ)L.

(hOahl) S HO X Hl; <h03$> + <h17y> = Oa \V/(ﬂf,y) € A}’

{
{(hl,ho) € Hy x Ho; <h0,$> —+ <h1,y> =0, V(x,y) S A},
{

(hlahO) S Hl X H07 <h03$> = <hlay>7 V(IE,y) € A} = A*
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We have

—A={(z,—y) € Ho x H1;¥Y(z,y) € A},
(_A)il = {(-y,%) € Hl X H();V(CU,y) € A}7

((=4)7")" = ((ha. ho) € Hy x Hog {ho.) = (hn.0). ¥(a,0) € A} = A"

3. Proof of A* = (— (A_l))l.

We have
A7l = {(y,z) € Hy x Hy;¥(z,y) € A},
—A7 = {(y,—z) € H; x Hy;¥Y(z,y) € A},
(- (A’l))L = {(h1,ho) € Hy x Ho; (ho, z) = (h1,y), V(z,y) € A} = A™.

4. Proof of A* = ((—A#)_l.
We have

—A={(x,—y) € Hy x Hy;¥(x,y) € A},
(—A)" ={(ho, 1) € Ho x Hy; (ho,x) = (hy,y), ¥(z,y) € A},

(=A%) = (0, ho) € Hy x Hog {ho, ) = {hn,0), ¥(a,9) € A} = A"

5. Proof of A* = (— (AL))_l.

We have
At = {(ho, 1) € Hy x Hy; (ho,x) + (h1,y) = 0, ¥(z,y) € A},
—(A)" = {(ho, —h1) € Hy x Hy; (ho,x) + (h1,y) =0, ¥(z,y) € A},
(— (AL)>_1 = {(=h1,ho) € H1 x Ho; (ho,x) + (h1,y) = 0, V(x,y) € A}
= {(h1,ho) € Hy x Ho; (ho, ) = (h1,y), Y(x,y) € A} = A"

Exercise 2.4

Let A: dom(A) C Hy — Hy be a closed and densely defined linear operator. Show
that for all A € K we have

A€ p(A) <= X" € p(A").
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Proof. 1. Since A is densely defined, A* is a linear operator by Lemma 2.2.7. Moreover,
A* is also closed by definition of *. Thus we can talk about the spectrum of A*.!

2. For any A € K, we use Lemma 2.2.2 to compute

(-7 = (- (0 -a7)

= (-(A—A)*

=\ —anT, (1)
where the last identity follows from Theorem 2.3.2.

3. Now, assume \ € p(A), then (A — A)~! € L(Hp). By Lemma 2.1.2, (A — A)~! is closed.
Moreover, (A — A)~! is densely defined on Hy (in fact, its domain is Hy), so by Lemma 2.2.7
and (1), (\* — A*)~! is a linear operator. Therefore, its operator norm is well-defined and

o = a7 = || (= 7Y (by (1))

= HWH (by Lemma 2.2.8)
= (A - A)~! I (since (A — A)7! is closed)
< 0.

Hence, (\* — A*)~! € L(Hp), or \* € p(A*).

4. Now, assume \* € p(A*). Apply above result
A= X € p(A™) = p(d) = p(A)
since A is closed. O

Exercise 2.5

Let U C Hy x H; satisfy U~! = U*. Show that U € L(Hy, Hy) and that U is unitary,
that is, U is onto and for all x € Hy we have ||Ux||g, = ||z g, -

Proof. 1. Let (z,91), (z,y2) € U, we prove y; = yo (i.e, U is a “function”). We have
(y1,7), (y2,z) € U1 = U*, so by Remark 2.2.1,

WLy, = WL y2) g, = W2 y1) g, = W2 y2) g, = (2, 2) g, - (2)

n fact, if a operator is not closed, its “spectrum” is trivial, i.e, equal to K.
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Therefore,

= (y1 —y2,91 — ¥2)m,
=YL,y g, — YY) g, — W2 ¥1) g, + (Y2, ¥2) g,
=0

(by (2))-

So y1 = yo. Hence, Ux is well-defined (single value) for x € Hy. Moreover, (2) also gives

2
ly1 = w2l

2 2 2
1T, = llll” = |2,

or
Ul gy = M2l g, - (3)

2. We now prove U is linear. For z,y € Hy, A € K, put a = U(x + A\y), b = Ux + \Uy.
Observe that

(Uw,Uz) = (UVw, z) = <U*1Uw,z> = (w,z) VYw,z € Hy,
we have
(a,a) = (a,b) = (b,a) = (b,0) = [|lz + Ay|*.
Thus
lla = bl* = [lall* + [IblI* = (a,b) = (b,a) = 0.
Hence U is linear. From (3), we get U € L(Hy, Hy).

3. Now U is onto by scaling. Indeed, (3) implies that U maps closed set to closed set.
Hence, U is open map, so we have r > 0 such that By, (0,r) C U (Bp,(0,1)). If y = 0,
then U(0) = 0 by linearity. For y € H; \ {0}, we have ﬁr € B, (0,7), so there exists
x € B, (0,1) such that

2
Ux = y T or U< Hny) =y.
2|yl r

Exercise 2.6

Let 6 : C([0,1]) C L2((0,1)) = K, f+— (f) = f(0), where C([0,1]) denotes the set of
K-valued functions on [0, 1]. Show that § is not closable. Compute 0.

First proof. Let Hy = L2((0,1)) and H; = K (R or C), which are Hilbert spaces with the
usual inner products given (g, h) and a - b = ab, respectively, for all g,h € Hy and a,b € K.

Firstly, we shall prove that § is a linear operator from Hy to Hy. Of course, § is a relation
in Hy x Hy. In order to show that ¢ is linear, let (z,y), (u,v) in 6 and A € K, we need to

— 6/g —
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prove that (z + Au,y + Av) € . That means does d(x + Au) = y + Av? In fact, the result
follows by d(z + Au) = (z + Au)(0) = 2(0) + Au(0) = y + \v as both (z,y) and (u,v) in 6. It
implies that ¢ is a linear in Hy x Hy. Let M = {0} C Hy, we consider

0[M] ={h1 € H1;(0,h1) € 6} ={h1 € H1;6(0) =0(0) =0=hy) € 6} = {0}.
Thus, J is a linear operator from Hy to Hi.

Secondly, we will show that ¢ is not closable. Since ¢ is linear relation in Hg X Hy as above
argument. Therefore, by Lemma 2.2.7, it is enough to prove that 6* C H; x Hy is not densely
defined. As in Exercise 2.3 above, one has

5*:{(h1 )EHl XH07< 0 > <h17 >7 (IE,y)E(S}
= {(h1, ho) € Hi x Ho; (ho, ) = (h1,6(x)), Vo € C((0,1])}
= {(h1,ho) € Hy x Ho; (ho,x) = (0)h1, Yz € C([0,1])}.

In particular, since C([0, 1]) is dense in Hy and § is linear then 0* is a linear operator, see
Lemma 2.2.7 again. In fact, it can be seen also by Lemma 2.2.2 (Exercise 2.3 above), 0* is a
linear relation. Moreover, the domain of §*, dom(d*), is given by:

dom(6*) ={k € Hy;3¢ € Hy : (k,0) € §*} (or £ =5%(k))
={ke€ Hy;;3 € Hy: kx(0) = ({,x), Yz € C([0,1])}.

So if k € dom(6*), we have ¢ € Hy such that
kx(0) = (¢, x),Vz € C([0,1)). (4)
Choose z € C2°([0,1]), (4) becomes
= (¢, z),Yx € C([0,1]) (5)
so £ =0 by du Bois-Reymond lemma. Take into account with (4), we have
kx(0) = (0,z) = 0,Vz € C([0,1])

and hence k = 0. Therefore, dom(5*) = {0}, so it is not densely defined in H; = K.

Thirdly, we will compute §. We already showed that dom(6*) = 0 and §* is a linear
operator, so 0* = {(0,0)}. Since ¢ is a linear relation, by using Lemma 2.2.4 and Lemma

_ 1
2.2.2, we know that & = 6 = (§*)* = {(0,0)}" = ((f {(0,0)})*1) — Hy x Hj. O

Second proof. 1. We claim that § = Hy x H; = L3[0,1] x K, where the product space is
equipped with the usual norm

IR = AT, + 1K, f € Laf0, 1],k € K.
To prove this claim, take (f, k) € L2((0,1)) x K and we show that it can be approximated by
(fns fn(0))5Z1 where f, € C([0,1]).

— Ty —
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2. For each n € N, put I, = [1,1] and J,, = [0, 1] . Since C2°(1,,) is dense in Ly(1y), we
have ¢, € C2°(I,,) so that

. (6)

S|

X1, = &nll Ly, <

Define

) én(z), on I,
Jul@) = {—nkaj +k, onJ,

then f, € C([0,1]) (since ¢y, (2) =0 = —nkl + k) and £,(0) = k.

n

3. We prove f, — f in L2((0,1)). First, observe that

(fo— X5, —>%0a.eon [0,1] and (7)
+ |k . Jn
] < A Xl IREaeond e on 0,11 8)
0 on I,

Then
1
=M souy = [ Va= o= [ 1fu= ot [ 1fu= s
1
<ot [ - sPdr oy ©)

1 1
=+ [ U= Do

n—o0

0. (by (7) - (8) and Lebesgue Dominated Convergence Theorem)
Therefore, § = Ly[0,1] x K.

4. From definition, & is not closable if § is not a linear operator. Since (0,1) € § =
Ls((0,1)) x K, we conclude that ¢ is not closable. O

Exercise 2.7

Let C' C C be closed. Provide a Hilbert space H and a densely defined closed linear
operator A on H such that o(A4) = C.

Proof. 1. Since each Hilbert space is isomorphic to a ¢ space, we find our example among
those ¢5’s. Moreover, by Proposition 2.4.1, o(A) is closed, so we only need to construct A
whose eigenvalues form a dense subset of C. Choose H = ¢5(N), let (A,);~; be a dense subset
of C. Put A: dom(A) C l3(N) — ¢2(N), (zp,) = (Anxy), where

dom(A) := {(x,) € la(N): (A\pzp) € la(N)}.

Of course, dom(A) # @ since it contains the standard basis of ¢3(N). Moreover, dom(A) is a
subspace of ¢5(N) thanks to Minkowski inequality. Then it’s obvious to see that A is linear.

78/97
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2. Compute directly

((@n), Alyn)) = (@), Anyn)) = (An2n); (Yn))

so A* is a linear operator with dom(A*) = dom(A), A*(zy,) = (A} zy). By Lemma 2.2.7, A is
densely defined. Similarly, A** is also a linear operator with dom(A**) = dom(A*) = dom(A),
moreover,

A (xn) = A" (Ayzn) = (A 2n) = (Antn) = Alzn).
thus A = A** is closed by definition of .

3. Now, each \,, is an eigenvalue of A since (A, —A)e;,, = 0. Therefore, 0(A) D (A\,)2, =C
since o(A) is closed. Finally, if A ¢ C, then

= a7 = (25 ) € )

since dist(A, C') > 0. Therefore, 0(A) = C. O



