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Exercise 1.1: Let ¢ € C(R,R). Assume that V(¢,s) € R?, ¢(t + s) = ¢(t)d(s) and ¢(0) = 1.
Show that there exists o € R such that Vt € R, ¢(t) = et

Proof. We provide an analysis-synthesis proof of the result using a density argument.
e Analysis : Let ¢ € C(R,R) be such that ¢(0) = 1 and V(t,s) € R, ¢(t + 5) = ¢(t)¢(s).

> We first remark that )
o-o(ied)- () e

1=¢(0) = ¢(1—1) = p(1)p(—1),

Since

we deduce that
6(1) > 0 and ¢(—1) = p(1) . 1)
> Let n € N. Then
on)=o(1+1+...4+1)=9¢(1)".
n times

In the same way, using (1), we have :

Hence

Let (p,q) € Z x N*. We remark that

so we deduce that

Hence

Vo € Q,¢(x) = ¢(1)" = "M@ = oo,
By density of Q in (R, |-|) and since the applications t — ¢(t) and t — e** are both continuous on R, we have :
Vt € R, ¢(t) = ™. (2)
e Synthesis : Conversly, let ¢ be an application defined by (2). Then ¢ € C(R,R) and satisfies
$(0) =¢’ =1

and
W(t5) € R?,6(t + 5) = e*(H) = 2110 = e = g(t)g(s).
(|

Exercise 1.2 : Let n € N. Let T € C'(R, M,,(R)) such that V(t,s) € R2, T(t +s) = T(#)T(s) and T(0) = I,.
Show that there exists A € M,,(R) such that V¢ € R, T'(t) = e*4.



Proof. Let T € CY(R, M, (R)) satisfying :
V(t,s) € R®,T(t+s) = T(t)T(s) 3)

and T(0) = I,.
We differentiate (3) with respect to ¢ and find :

Y(t,s) € R, T'(t + s) = T'(t)T(s).
In particular, for ¢ = 0, we have, setting A = T'(0) € M,(R) :
Vs € R, T'(s) = AT (s).

Thus T satisfies the Cauchy problem
T = AT,
T0)=1,.
Applying the linear Cauchy-Lipschitz theorem, we find that :

Vs € R, T(s) = 4.

Exercise 1.3 : Let f € C°(R3,R). We consider the application u from R? to R defined by
Vo € R3 u(z) = i/ Lf(y) dy
A Jgs |z =y
Show that u satisfies Poisson’s equation Au = —f.

Proof. We can describe u as u(x) = (f x g)(z) where g(x) := i~ . Since g € L}, _(R3) and f € C?(R?), by the
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theory of convolution, then u € C?(R?). Furthermore, we also have
Bu(e) = (Af +9)(w) = | Af(w - y)aly) dy.
-

Our goal is to prove that Au = f. Since g blows up at 0, we will seperate the domain R? into two domains : a
neighborhood of 0 and its complement in R3. Let ¢ > 0, we have

Au(z) = / Af(a —y)gly)dy + / Af(z —y)g(y) dy,
B(0s¢) R3\ B(0s¢)

where B(0;¢) := {x € R3: |z| < e}
The integral on the ball B(0;¢) can be estimated by

/ Af(z —y)g(y)dy
B(0se)

< IS ooy / l9()| dy
B(0;¢)

€
£
:C/ rdr
0
2
€
=05,

where C' is a constant. In the above estimate, we used spherical coordinates to compute the integral on the ball
B(0;¢).

Next, we will try to make the integral on the complement of B(0;¢) come closer to f(x) when ¢ is small enough.
To do that, first, we need to use integration by parts (twice) to make f appear in the integral :

/ Af(x—y)gly)dy = / 9V f(x—y) N(y)dS(y) — / Vyf(x—y)-Vg(y)dy
R3\ B(0;¢) 9B(0;¢) R3\ B(0;¢)

= [ o, SOV =) NS~ [ e ) Vo) N sty

OB(0;¢)

T / @ —y)- Agly)dy,
R3\ B(0¢)

where N is the inward pointing normal vector of dB(0;€).
We have the following three estimates corresponding to the three above integrals :



/ o)V (@ —y) Ny) dS@) < [VF] e / 9(y)dS(y) < Cs.
9B(0;¢) 0

B(0;e)

2. Since Vg(y) = 4_—71% and N(y) = —; = —£ on 9B(0;¢), it leads to

1 1
flx—y)Vgly) - N(y) dS(y) = —/ fle=y)dS(y) = m5——=7 f(y)dS(y).
/63(0;5) Ame? Jop(0e) |0B(x5€)| JoB(wie)
Here OB(0;¢) denotes the surface area of the ball B(0;¢). By the continuity of f at x, we deduce that

. 1
il—% |0B(;€)| Jop(w:e) fw)d5G) = f().

3. For y # 0, by straightward computation,

A()—_ 6_2+8_2+6_2 i
T = \o2 " 02 " 0Z) Tyl

w (55) 0 () * 3 (58))
oy <|y|3 dy2 \ |yI? dys \ |y

-
1 (Iyl3 +3uilyl | Iyl +3uslyl | —lyl’ +3y§|y|>
™

|yl |yl |yl

_ L _3+i>
A \ [yl [yl
0

Therefore, we obtain
[ te-w-Agy)dy=0.
R3\ B(0;¢)

For the above reasons, by taking the limit € — 0, we can conclude that

Au(z) = —f(x).

Exercise 1.4 : Let f € C°(R,R). We consider the application u from R? to R defined by
V(t,r) € R?, u(t,z) = f(z +1).
Show that u satisfies the differential equation 0,u = d;u and show that Vo € R, u(0,2) = f(z).

Proof. w and f have the same regularity.
Using the chain rule, we have :

Y(t,x) € R?, Quu(t,z) =1 x f'(x +t) = dyult, ).
We also have :
Vo € Ryu(0,2) = f(x +0) = f(z).
Exercise 1.5 : Let X and Y be two Banach spaces. Let (T,)nen € L(X,Y)YN. We assume that

sup ||TnHL(X,Y) = +4-o00.
neN

Show that there exists € X and a strictly increasing sequence (ny)reny € NV such that ||T,,, x|y W oo
—+o0

Proof. The result to prove is exactly the contrapositive of Banach-Steinhauss theorem. O

Exercise 1.6 : Let n € N. We denote by GL,,(K) the set of invertible matrices of order n.
Show that GL,(K) is an open subset of M, (K).



Proof. We remark that :
GL,(K) = det ™ (K*).

Since the application det : M, (K) — K is continuous on M, (K) because polynomial in the coefficients of the
matrix looking at the definition

VM = (mij)i<ij<n € M (K),det(M) = > (o) [[ mion)
ce6, 1=1

and K* is an open subset of K, we deduce that GL,,(K) is an open set of M, (K). O

Exercise 1.7 : Let n € N. We consider the application ® from GL,(K) to M, (K) defined by
VA€ GL,(K),®(A) = AL

Show that ® is continuously differentiable and compute its differential application at every point of GL,,(K).

Proof. We equip M,,(K) with a norm of algebra || - || .
o > We first compute the differential of ® at I,,.
Let H € M, (K) be such that || H |< 1. Then the series Z (—1)*H* is absolutely convergent in the Banach
(k=0)
space (M, (K),|| - ||) so convergent. We denote by S its sum.
Then S satisfies :
S(I,+H)=1I,=(I,+H)S.
So I, + H € GLn(K) and (I, + H)! = 8.
Thus, we deduce that ® is differentiable at I,, and d®(I,)H = —H because

+oo
Oy +H)= (I, +H) =) (-V)'H =L, —H+O(| H|*) = (L) —H+o(| H ). (4)
k=0

> We now compute the differential of ® at a general point in GL,,(K).

Let A € GL,(K). Let H € M, (K) such that A+ H € GL,(K) (which is possible since GL, (K) is open) and
| A=1H ||< 1.

Then using (4), we have :

P(A+H)=(A+H)' = (A(l, + /rlH))‘1 =L, +ATH) A = A7 AT 'HA v o(|H||).
=®(A)

Thus, the application ® is differentiable at A and we have :
dP(AVH = —A'HA™L.

e Let (A, B) € (GL,(K))*. Let H € M,(K). Then :

| dD(A)H — d®(B)H | | A=\ HA=' — B-\HB"! ||
| (A =B HA"'+ B™'H (A~' - B™Y)

A= =B (FAT [+ 1 BT I H |

VAl

So

dP(A) — dd(B
I (A) ( )HL(J\LL(K))HA_?IT_>0

i.e. ® is of class C1. O



