ISem23 EVOLUTIONARY EQUATIONS Phase 1
Homework 1 Thuyen Dang — Houston, USA Oct 16, 2019

Exercise 1.1

Let ¢ € C(R,R). Assume that ¢(t + s) = ¢(t)o(s) for all s,t € R, ¢(0) = 1. Show that
o(t) = e (t € R) for some o € R.

Solution. 1. We claim ¢ > 0. First, ¢(s) = ¢ (% + %) =¢ (%)2 > 0 for s € R. Now for
s,t € R,
1 t
o2 =02 w0 60k =0(3).
Assume that there exists s € R such that ¢(

0=o(s)7" = o

s) =0, then
o) T 0(0) = 1,
which is a contradiction.
2. Now put u(s) = In¢(s) then u is continuous and
u(s +t) = u(s) + u(t)
Thus for any n € Z, this equation implies u(ns) = nu(s) or u(t) = Lu(t). Note thaf

>0 | L = oo, we always have a strictly monotone sequence {nj}pc; C Zsuch that r = > 3%, e

for any r € R. Therefore,

| Y s Y1
u(rs) =w | lim sy — | = lim u Z — | = lim —u(s) = ru(s).
N—o0 1 ng N—o0 1 ng N—o0 1 ng

Choose s = 1, we get u(r) = ru(1). Since r is arbitrary, we conclude that u(t) = u(1)t for all
t € R. Put a = u(1), we get ¢(t) = e for all t € R. O

Exercise 1.2

Let n € N, T: R — R™" continuously differentiable such that T'(s +t) = T'(s)T'(t)
for all t,s € R, T'(0) = I. Show that there exists A € R"*" with the property that
T(t) =4, (t €R).

Solution. 1. Fix t € R. Put A =T"(0), then
T(t+h)—Tt)=T@)T(h) —T(t)T(0) (by semigroup law)

— T(t) (T(h) - T(0))

=T(t) (Ah+ ¢(h)) (T is differentiable)

where %}U%Oash—)O.

2. Divide both sides by h and let h — 0, we get

T'(t) = AT(t)

Together with T/(0) = I, we conclude that T'(t) = e*4 for all t € R. O
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Exercise 1.3

Show that = — u(z) = ﬁ Jgs ﬁf(y) dy satisfies Poisson’s equation, given f €
C(R3).

Solution. 1. Write u(z) = [ps D(x —y) f(y) dy = [ps T(y)f(x —y), where I'(z) == ﬁ\ﬂfl'
Note that u is well-defined since f is bounded, compact support and |[ Br(0) I'(z) dx < oo for
any R > 0. Fix z € R3, by Lebesgue Dominated Convergence Theorem

u(x+te;)—u(x) :/Rsr(y)f(ﬂf—y-l-tez)—f(x—y) dy 1220 /R?)F(x)fm@y) dy

Thus
wr = [ ) e =) dy
R3
Since f € C°(R3), we can proceed similarly to get u € C°°(R?), in particular,
riee = [ T foun o~ )
R3
Therefore,
Bufa) = [ TS ) dy
Thus the problem is solved if we have

| T =) dy = ~f(a). 1)

2. The idea is to isolate the singularity of I'. Fix ¢ > 0,

/ P(y)Af(x —y) dy| < C | D] / I'(y) dy < C=2. (2)
<(0) B:(0)

£

3. Integrating by parts twice,

[ twase-nd= [ TSy dy
B:(0)°

B:(0)°
= —/ VI(y) - Vyf(z —y) dy+ / F(y)g‘f(w —y) do(y)
B-(0)e 9Bc(0) v
= (/ AT(y)f(z —y) dy — / gr(y)f(w =) d(f(y))
B.(0) 9B:(0) 9V
of
+ /E)BE(O) Py)5, (@ —y) do(y)
_ O e — ) do 9 (2 y) do
= | B e [ TS ey )
(since AT' =0 on B.(0)°)
= 1.+ J: (3)
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where v is the inward unit vector on 0B (0), o is the surface measure.

4. Now, for y € 0B:(0),

o \_ oty N(yy_ 1 1 1
ay W) = VL) v < 47T|y|3>< \y|> ir P 4we?  o(0B.(0))
Thus,
__# . o e—0 .
Lo = BB g 1Y) ) @ (1
5. Moreover,
I <19 e [ D) doty) < Cz (5)
-(0)
From (2)—(5), (1) is proved by letting € — 0. O]

Exercise 1.4

Let f € C°(R). Define u(t,x) = f(x +t) for z,t € R. Show that u satisfies the
differential equation dyu = d,u and u(0,x) = f(x) for all z € R.

Solution. Let g(z,t) := x +t then u = f o g. By chain rule

Dru(z0,t0) = ['lg(z0,t0) 0t (wort0) = Flg(@orte) = Flg(wo,t0) 029 (o t0) = Oxti(xo, to).

Exercise 1.5

Let X,Y be Banach spaces, (T),)nen be a sequence in L(X,Y’), the set of bounded
linear operators. If sup {||75|| : » € N} = oo, show that there is z € X and a strictly
increasing sequence (ng) in N such that ||7),, (z)|| — oo.

Solution. Suppose by contradiction that for all x € X and for all strictly increasing sequences
(ng)r in N, we have ||T;,, || doesn’t converge to co. That implies supyey || T, (z)|| < M, for

some 0 < M < oo (if not, one can extract a subsequence ny; such that ‘ Tnkj (x)H — 00). In

particular, for ny = k, we have sup,cy || Tk ()| < co. By Uniformly Boundedness Principle,
we get supgen || Tk|| < oo (contradiction).

O]
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Exercise 1.6

Let n € N. Denote by GL(n;K) the set of continuously invertible n x n matrices. Show
that GL(n;K) c K™*" is open.

Solution. Note that determinant is a continuous function, GL(n;K) = det™}(K \ {0}) is an
open set, since K\ {0} is open. O

Exercise 1.7

Let n € N. Show that ®: GL(n;K) > A — A~ € K™ is continuously differentiable.
Compute ®’.

Solution. 1. Fix A € GL(n;K). For any H € GL(n;K), Exercise 1.6 ensures that if [t| > 0
small enough, we have A + tH € GL(n; K).

2. Now,
O(A+tH) - d(A) = (A+tH)' — A1
— (AT +tA7'H) - A
= (I —tB)~ 1A— — A7 (where B:== —A"'H)
=[I-tB)"'—1]A7! (6)

3. Choose 0 < |t| < %min{l, ||BH_1} then [[tB]| < 1, and we have

(I—-tB) ' =I1+tB+ (tB)*+ -+ (tB)"

where the right hand side converges uniformly in ¢. Thanks to the uniform convergence, we
can rearrange

(I—tB) ' —I=tB+(tB)?*+-- -+ (tB)" +---
=tB[I+tB+ (tB)*+- -+ (tB)" +---]
=tB(I —tB)™! (7)

Note that |[I —tB|| > [|I|| = [[tB|| > 1 — % = 3, (7) gives

(= By~ — 1| = |t | B = tB) | < 3 Lyl =% o (8)

4. Substitute (7) into (6), and divide both sides by ¢,

D(A+tH) — d(A)
t

t—0

=B(I—-tB)'A™! =5 BA'=_A'HAT! (9)

here we use the limit (8).
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5. Put

D®: GL(n;K) — L(GL(n;K))

<D<I>(A): GL(n;K) — GL(n;K))

Ar— H s _AlHAT

The fact that D®(A) € L(GL(n;K)) (i.e, it is a bounded linear operator on GL(n; K)) follows
directly from D®(A)(H) = —A"'HA™L.

Now we prove D®: GL(n; K) — L(GL(n;K)) is continuous. For A, B, H € GL(n;K),
|-AT'HA+ B'HB7!|| < |[[(A' =B YH(-A™' =B Y|+ |[AT'H(B™ = A7H)]|
+][(At =B HHAT!|
< [H| AT = BT (A7 + B +2[|A7])

Thus,
1D2(4) — De(B)l| = Sup 1D2(A)(H) — DS(B)(H)]
= sup |-A"'HA+ B 'HB™|
1H =1

— _ _ _ _ A
<fat =BT (At + B+ 2flaTl) 5o

Therefore, ® is continuous differentiable and ®'(A)(H) = —A"1HA™! for A, H € GL(n; K).
U



