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1 Introduction

This chapter is intended to give a brief introduction as well as a summary of the course
to be presented throughout the semester. We shall highlight some of the main ideas and
methods behind the theory and will also aim to provide some background on the main
concept, which will be the central object of study in the forthcoming weeks: the notion
of so-called

Evolutionary Equations

dating back to Picard in the seminal paper [Pic09]; see also [PM11, Chapter 6].
Another expression used to describe the same thing (and in order to distinguish the
concept from evolution equations) is that of evo-systems. Before going into detail on
what we think of when using the term evolutionary equations, we shall look into a
seemingly similar class of equations first.

1.1 Evolution Equations

The term evolution equation is commonly referred to as a (partial) differential equation
involving time. This is a well developed concept that can be found, for example, in the
standard references [EN00; HP57; Paz83]. Before addressing a solution strategy for these
kinds of problems we mention some examples. We shall revisit these examples again in
the course later. One of the main examples of evolution equations, in the sense to be
discussed in this section, is the heat equation in its second order form. More precisely,

0l(t,x) = AO(t,xz), (t,x) € (0,00) x £,
0(0,z) = 0o (z), x €€,

where Q C R? is some open set, and A = 2?21 8; is the usual Laplacian carried out with
respect to the ‘z-variables’ or ‘spatial variables’, and 6 is a given initial heat distribution
and 0 is the unknown (scalar-valued) heat distribution. The above heat equation is also
accompanied with some boundary conditions for 0(¢,z) which are required to be valid
for all t > 0 and x € 09).

We shall explain one way of solving this problem. To this end we make a detour to the
theory of ordinary differential equations. Let us consider an n X n-matrix A with entries
from the field K of complex or real numbers, C or R, and address the system of ordinary
differential equations
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for some given initial datum, ug € K™. In this case, we know that there exists a unique
solution. This solution can be computed with the help of the so-called matrix exponential

tA S (tA)k nxn
e —z;) I ek

in the form
u(t) = ey,

As it turns out, this u is continuously differentiable and u satisfies the above equation.
We note in particular that etAyy — eP4uy = ug as t — 0+ and that eltts)A — gtAgsA T
a way, to obtain the solution for the system of ordinary differential equations we need to
construct (et4);>o. This is the same idea behind the process for obtaining a solution for
the aforementioned heat equation.

Indeed, given a suitable Banach space X one aims to construct a so-called Cy-semigroup,
(T'(t))t=0, that is, for all ¢ > 0, T'(¢) is a bounded linear operator acting in X, T'(t) €
L(X), and the following conditions are satisfied

(a) semigroup law: T'(0) = I and T'(t + s) = T'(t)T'(s) for all £, s > 0,
(b) strong continuity: for all x € X, lim;_,0+ T'(t)x = .

For instance in the case of X = Ly(£2), it is possible to construct such a family (7'(¢))>o,
written as (et®);>0, satisfying the just mentioned criteria. For every 6y € Ly(Q) this
Co-semigroup provides a function 0: t — e!*fy € Ly(Q) which satisfies the above heat
equation in a certain generalised sense. It is then an a posteriori question as to which
additional conditions, for example on 6y, need to be imposed in order to assure that 6
solves the above heat equation as it stands.

In the abstract setting of Cp-semigroups, the orbit u: ¢ — T'(t)z for some = € X then
satisfies the equation

{u’(t) = Bu(t), t>0, (1.1)

u(0) =2z

provided that x € {y € X ; By = limy 04 %(T(t)y —y)eX exists}. It can be shown
that B is uniquely determined. B is called the generator of the Cy-semigroup (7'(t))¢>o0.
The Cy-semigroup and the generator are in direct correspondence to each other. In
applications, given some operator B the task is to find a Cyp-semigroup such that Bx =
limy 04 §(T(t)x — z) for all z € X where either the left-hand side or the right-hand side
is well-defined. In other words, the question is whether a given operator B is actually
the generator of a Cp-semigroup.

Note that in the case of the heat equation, the Cp-semigroup is also known as the fun-
damental solution or Green’s function of the problem considered; in the abstract setting,
(T'(t))=0 is the fundamental solution of (1.1).

As we have seen, Cy-semigroups focus on initial value problems. Moreover, the heat
equation (as a partial differential equation) above is viewed as an ordinary differential
equation with values in an infinite-dimensional state space X. While the left-hand side
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of the equation is always of the same form, the complexity of the problem class is stored
in the choice of X and the operator B (and, naturally, its domain of definition).

In the literature, explicit initial value problems like that of the ODE system or the
heat equation are gathered under the umbrella term evolution equation. It has become
customary to refer to any problem where Cy-semigroups play a fundamental role as an
evolution equation. This is particularly the case when X is infinite-dimensional. Then,
arguably, the study of Cp-semigroups is the study of fundamental solutions (or abstract
Green’s functions) associated to a certain class of initial value problems for (partial)
differential equations. A solution theory, that is, the proof for existence, uniqueness
and continuous dependence on the data, is then contained in the construction of the
fundamental solution in terms of the ingredients of the equation. More precisely, in the
case of the ODE above, the fundamental solution is constructed in terms of A and in case
of the heat equation, the fundamental solution is constructed in terms of (a particular
realisation of) A as an (unbounded) operator in X. We emphasise that there is some
bias towards the temporal direction in the theory of Cpy-semigroups in the sense that
Cy-semigroups impose continuity in time while this is in general not assumed for the
spatial directions.

1.2 Time-independent Problems

The construction of fundamental solutions is also a valuable method for obtaining a
solution for time-independent problems, see, e.g., [Eva9d8|. To see this, let us consider
Poisson’s equation in R?: Given f € C2°(R?) we want to find a function u: R® — R with

the property that
—Au(z) = f(z) (z€R3).

It can be shown that w given by

1 1
A7 Js |z —

u(z) f(y)dy

is well-defined, twice continuously differentiable and satisfies Poisson’s equation; cf. Ex-
ercise |1.3] Note that x — ﬁlx\ is also referred to as the fundamental solution or Green’s
function for Poisson’s equation. The formula presented for w is the convolution with
the fundamental solution. The formula used to define u also works for f being merely
bounded and measurable with compact support. In this case, however, the pointwise
formula of Poisson’s equation cannot be expected to hold anymore, simply because f
is well-defined only up to a set of measure 0. Thus, only a posteriori estimates under
additional conditions on f render u to be twice continuously differentiable (say) with
Poisson’s equation holding for all z € R3. However, similar to the semigroup setting, it is
possible to generalise the meaning of —Aw = f. Then, again, the fundamental solution
can be used to construct a solution for Poisson’s equation for more general f.

The situation becomes different when we consider a boundary value problem instead of
the problem above. More precisely, let 2 C R3 be an open set and let f € Lo(Q). We
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then need to ask whether there exists u € La(€2) such that

—Au=f, onf{,
u=0, on 0f.

Notice that the task of just (mathematically) formulating this equation, let alone estab-
lishing a solution theory, is something that needs to be addressed. Indeed, we emphasise
that it is unclear as to what Aw is supposed to mean if u € Ly(Q2), only. It turns out
that the problem described is not well-posed in general. In particular — depending on the
shape of Q and the norms involved — it might, for instance, lack continuous dependence
on the data, f.

In any case, the solution formula that we have used for the case when = R? does not
work anymore. Indeed, only particular shapes of {2 permit to construct a fundamental
solution; see [Eva98, Section 2.2|. Despite this, when Q is merely bounded, it is still
possible to construct a solution, u, for the above problem. There are two key ingredients
required for this approach. One is a clever application of Riesz’s representation theorem
for functionals in Hilbert spaces and the other one involves inventing ‘suitable’ interpret-
ations of Au in © and v = 0 on 0. Thus, the method of ‘solving’” Poisson’s equation
amounts to posing the correct question, which then can be addressed without invoking
the fundamental solution. With this in mind, one could argue that the setting makes the
problem solvable.

1.3 Evolutionary Equations

The central aim for evolutionary equations is to combine the rationales from both the
Cy-semigroup theory and that from the time-independent case. That is to say, we wish
to establish a setting that treats time-independent problems as well as time-dependent
problems. At the same time we need to generalise solution concepts. We shall not aim
to construct the fundamental solution in either the spatial or the temporal directions.
The problem class will comprise of problems that can be written in the form

(OM(D) + A)U=F

where U is the unknown and F' the known right-hand side. Furthermore, A is an (un-
bounded, skew-selfadjoint) operator acting in some Hilbert space that is thought of as
modelling spatial coordinates; 0; is a realisation of the (time-)derivative operator and
M(9;) is an analytic, bounded operator-valued function M, which is evaluated at the
time derivative. In the course of the next chapters, we shall specfiy the definitions and
how standard problems fit into this problem class.

Before going into greater depth on this approach, we would like to emphasise the key dif-
ferences and similarities which arise when compared to the derivation of more traditional
solution theories that we outlined above.

Since the solution theory for evolutionary equations will also encapsulate time-indepen-
dent problems, we cannot just focus on initial value problems but rather on inhomogen-
eous problems. As we do not want to require the existence of any fundamental solution
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we will also need to introduce a generalisation of the concept of a solution. Indeed, con-
tinuity in the form of the existence of a Cy-semigroup, or variants thereof, will neither
be shown nor be expected. Moreoever, we shall see that both 0; and A are unbounded
operators with M (09;) being a bounded operator. Thus, we need to make sense of the
operator sum of the two unbounded operators ;M (9;) and A, which, in general, cannot
be realised as being onto but rather as having dense range, only.

A post-processing procedure will then ensure that for more regular right-hand sides, F,
the solution U will also be more regular. In some cases this will, for instance, amount
to U being continuous in the time variable. In this way, phrased in similar settings,
Co-semigroup theory may be viewed as a regularity theory for a subclass of evolutionary
equations. We shall entirely confine ourselves within the Hilbert space case though.
In this sense, the solution theory to be presented will be, in essence, an application of
the projection theorem (similar to time-independent problems). In our case, however,
there will not be as much of a regularity bias as there is in Cy-semigroup theory or in
abstract ODEs with an (infinite-)dimensional state space. In fact, the projection theorem
is applied in a Hilbert space, which combines both spatial and temporal variables.

The operator M () is thought of as carrying all the ‘complexity’ of the model. This
is different to Cp-semigroups, where this complexity is put on to the (domain of the)
generator. What we mean by complexity will become more apparent when we discuss
some examples.

Finally, let us stress that A being ‘skew-selfadjoint’ is a way of implementing first order
systems in our abstract setting. In fact, deviating from classical approaches, we shall
focus on first order equations in both time and space. This is also another change in
perspective when compared to classical approaches. As classical treatments might em-
phasise the importance of the Laplacian (and hence Poisson’s equation) and variants
thereof, evolutionary equations rather emphasise Mazwell’s equations as the prototypical
PDE. This change of point of view will be illustrated in the following section, where we
address some classical examples.

1.4 Particular Examples and the Change of Perspective

Here we will focus on three examples. These examples will also be the first to be read-
dressed when we discuss the solution theory of evolutionary equations in a later chapter.
In order to simplify the current presentation we will not consider boundary value prob-
lems but solely concentrate on problems posed on = R3. Furthermore, we shall dispose
of any initial conditions.

Maxwell’s Equations

The prototypical evolutionary equation is the system provided by Maxwell’s equations.
Maxwell’s equations consist of two equations describing an electro-magnetic field, (E, H),
subject to a given certain external current, J,

OweE +0F —curl H = —J,
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O¢puH + curl E = 0.

We shall detail the properties of the material parameters ¢, u, and o later on. For the
time being it is safe to assume that they are non-negative real numbers and that they
additionally satisfy that u(e + o) > 0. Now, in the setting of evolutionary equations, we
gather the electro-magnetic field into one column vector and obtain

(@ )+ (0 0) lan 75) ()= ()

We shall see later that we obtain an evolutionary equation by setting

(g O —1({o 0 (0 —curl
M(0y) = (0 M>+at <0 0) and A = <Cur1 0 >

A formulation that fits well into the Cy-semigroup setting would be, for example,

aEﬁsO_l —0 curlE+€0_l—J

"\H) \0 n —curl 0 H 0 p 0 )’
provided that ¢ > 0. The inhomogeneous right-hand side (—1.J,0) can then be dealt
with by means of the variation of constants formula, which is the incarnation of the

convolution of (—%J, 0) with the fundamental solution in this time-dependent situation.
Thus, in order to apply semigroup theory, the main task lies in showing that

— %0 é curl
—Lecurl 0

H

is the generator of a Cy-semigroup.

A different formulation needs to be put in place if € = 0. The situation becomes even
more complicated if € and o are bounded, non-negative, measurable functions of the
spatial variable such that € + ¢ > ¢ for some ¢ > 0. In the setting of evolutionary
equations, this problem, however, can be dealt with. Note that then one cannot expect
F to be continuous with respect to the temporal variable unless J is smooth enough.

Wave Equation

We shall discuss the scalar wave equation in a medium where the wave propagation
speed is inhomogeneous in different directions of space. This is modelled by finding
u: R x R? — R such that, given a suitable forcing term f: R x R? — R (again we skip
initial values here), we have

O?u — divagradu = f,

where a = a' € R3*3 is positive definite; that is, (€,a€)ps > 0 for all £ € R\ {0}. In
the context of evolutionary equations, we rewrite this as a first order problem in time
and space. For this, we introduce v := dyu and q := —a grad u and obtain that

(o )+ laa 0)) ()= 6)
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1 0 0 div
M(0y) = (0 a1> and A = <grad 0 >

yield a corresponding formulation. A semigroup formulation would work again by mul-

tiplying through by <(1) 0

Thus,

Let us mention briefly that it is also possible to rewrite the wave equation as a first order
system in time only. For this, a standard ODE trick is used: one simply sticks with the
additional variable v = 0yu and obtains that

(0) = (aeema o) (2)+ (0),

In this formulation the ‘complexity’ of the model is contained in the operator

0 1
divagrad 0/°

One would then have to show that this operator is the generator of a Cy-semigroup.

Heat Equation
We have already formulated the semigroup perspective of the heat equation
040 — divagradf = Q,

in which we have added a heat source Q and a conductivity a = a' € R3*3 being positive
definite. Here, again, we reformulate the heat equation as a first order system in time
and space to end up (again setting ¢ := —a grad ) with

(o o)+ (0 2 (ea 5)) ()= (0)

In the context of evolutionary equations we then have that

(1 0\, ,1/0 O (0 div
M(dy) = (0 O>+at (0 a_1> and A = (grad o>'

The advantage of this reformulation is that it becomes easily comparable to the first
order formulation of the wave equation outlined above. For instance it is now possible
to easily consider mixed type problems of the form

<at (é <1—2>a-1>+<8 sa0—1>+<gr(;d dév>>(2>:(§>’

with s: R — [0,1] being an arbitrary measurable function. In fact, in the solution
theory for evolutionary equations, this does not amount to any additional complication
of the problem. Models of this type are particularly interesting in the context of so-called
solid-fluid interaction, where the relations of a solid body and a flow of fluid surrounding
it are addressed.
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1.5 A Brief Outline of the Course

We now present an overview of the contents of the following chapters.

Basics

In order to properly set the stage, we shall begin with some background operator the-
ory in Banach and Hilbert spaces. We assume the readers to be acquainted with some
knowledge on bounded linear operators, such as the uniform boundedness principle, and
basic concepts in the topology of metric spaces, such as density and closure. The most
important new material will be the adjoint of an operator, which need not be bounded
anymore. In order to deal with this notion, we will consider relations rather than oper-
ators as they provide the natural setting for unbounded operators. Having finished this
brief detour on operator theory, we will turn to a generalisation of Lebesgue spaces. More
precisely, we will survey ideas from Lebesgue’s integration theory for functions attaining
values in an infinite-dimensional Banach space.

The Time Derivative

Banach space-valued (or rather Hilbert space-valued) integration theory will play a fun-
damental role in defining the time derivative as an unbounded, continuously invertible
operator in a suitable Hilbert space. In order to obtain continuous invertibility, we
have to introduce an exponential weighting function, which is akin to the exponential
weight introduced in the space of continuous functions for a proof of the Picard—Lindel6f
theorem. It is therefore natural to discuss the application of this operator to ordinary
differential equations. In particular, we will present a Hilbert space solution theory for
ordinary differential equations. Here, we will also have the opportunity to discuss ordin-
ary differential equations with delay and memory. After this short detour, we will turn
back to the time derivative operator and describe its spectrum. For this we introduce
the so-called Fourier—Laplace transformation which transforms the time derivative into
a multiplication operator. This unitary transformation will additionally serve to define
(analytic and bounded) functions of the time derivative. This is absolutely essential for
the formulation of evolutionary equations.

Evolutionary Equations

Having finished the necessary preliminary work, we will then be in a position to provide
the proper justification of the formulation and solution theory for evolutionary equa-
tions. We will accompany this solution theory not only with the three leading examples
from above, but also with some more sophisticated equations. Amazingly, the considered
space-time setting will allow us to discuss (time-)fractional differential equations, partial
differential equations with delay terms and even a class of integro-differential equations.
Withdrawing the focus on regularity with respect to the temporal variable, we are en
passant able to generalise well-posedness conditions from the classical literature. How-
ever, we shall stick with the treatment of analytic operator-valued functions M only.
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Therefore, we will also include some arguments as to why this assumption seems to be
physically meaningful. It will turn out that analyticity and causality are intimately re-
lated via both the so-called Paley—Wiener theorem and a representation theorem for time
translation invariant causal operators.

Initial Value Problems for Evolutionary Equations

As it has been outlined above, the focus of evolutionary equations is on inhomogeneous
right-hand sides rather than on initial value problems. However, there is also the pos-
sibility to treat initial value problems with the approach discussed here. For this, we
need to introduce extrapolation spaces. This then enables us to formulate initial value
problems as inhomogeneous equations. We have to make a concession on the structure of
the problem, however. In fact, we will focus on the case when M(d;) = My + 9; ' M for
some bounded linear operators My, M, acting in the spatial variables alone. The initial
condition will then read as (MoU) (0+) = MoUp. Hence, one might argue that the initial
condition U(0+) = Up is only assumed in a rather generalised sense. This is due to the
fact that My might be zero. However, for the case A = 0 we will also discuss the initial
condition U(0+) = Up, which amounts to a treatment of so-called differential-algebraic
equations in both finite- and inifinite-dimensional state spaces.

Properties of Solutions and Inhomogeneous Boundary Value Problems

Turning back to the case when A # 0 we will discuss qualitative properties of solutions
of evolutionary equations. One of which will be exponential decay. We will identify a
subclass of evolutionary equations where it is comparatively easy to show that if the
right-hand side decays exponentially then so too must the solution. This is the proper
replacement in our setting for the notion of exponential stability from Cpy-semigroups.
If the right-hand side is smooth enough we obtain that U(t), the solution of the evolu-
tionary equation at time ¢, decays exponentially if ¢ — co. Furthermore, we will frame
inhomogeneous boundary value problems in the setting of evolutionary equations. The
method will require a bit more on the regularity theory for evolutionary equations and a
definition of suitable boundary values. In particular, we shall present a way of formulat-
ing classical inhomogeneous boundary value problems for domains without any boundary
regularity.

Properties of the Solution Operator

In the final part, we shall have another look at the advantages of the problem formulation.
In fact, we will have a look at the notion of homogenisation of differential equations. In
the problem formulation presented here, we shall analyse the continuity properties of the
solution operator with respect to weak operator topology convergence of the operator
M (). We will address an example for ordinary differential equations (when A = 0) and
one for partial differential equations (when A # 0). It will turn out that the respective
continuity properties are profoundly different from one another.
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1.6 Comments

The focus presented here on the main notions behind evolutionary equations is mostly
in order to properly motivate the theory and highlight the most striking differences in
the philosophy. There are other solution concepts (and corresponding general settings)
developed for partial differential equations; either time-dependent or without involving
time.

There is an abundance of examples and additional concepts for Cy-semigroups for which
we refer to the aforementioned standard treatments again. There is also a generalisation
to problems that are second order in time, e.g., u” = Au, where u(0) and «'(0) are given.
This gives rise to cosine families of bounded linear operators which is another way of
generalising the fundamental solution concept, see, for example, [Sov66).

The main focus of all of these equations is to address initial value problems, where the
(first /second) time derivative of the unknown is explicit.

With a focus on static, that is, time-independent partial differential equations, the notion
of Friedrichs systems is also concerned with a way of writing many PDEs from math-
ematical physics into a common form, see [Fri54; [Fri58]. A time-dependent variant of
constant coefficient Friedrichs systems are so-called symmetric-hyperbolic systems, see
e.g. [BS07]. In these cases, whether the authors treat constant coefficients or not, the
framework of evolutionary equations adds a profound amount of additional complexity
by including the operator M (0).

The treatment of time-dependent problems in space-time settings and addressing corres-
ponding well-posedness properties of a sum of two unbounded operators has also been
considered in [DG75| with elaborate conditions on the operators involved. In their stud-
ies, the flexibility introduced by the operator M (0;) in our setting is missing, thus the
time derivative operator is not thought of having any variable coefficients attached to it.

Exercises

Exercise 1.1. Let ¢ € C(R,R). Assume that ¢(t + s) = @(t)o(s) for all t,s € R,
#(0) = 1. Show that ¢(t) = e** (t € R) for some a € R.

Exercise 1.2. Let n € N, T: R — R™*"™ continuously differentiable such that T'(t+s) =
T(t)T(s) for all t,s € R, T(0) = I. Show that there exists A € R"*" with the property
that T'(t) = ' (t € R).

Exercise 1.3. Show that = — u(z) = & [ps m—iy‘f(y) dy satisfies Poisson’s equation,
given f € C°(R?).

Exercise 1.4. Let f € C°(R). Define u(t,z) := f(z + t) for z,t € R. Show that u
satisfies the differential equation 0yu = Oyu and u(0,z) = f(z) for all z € R.

Exercise 1.5. Let X,Y be Banach spaces, (T}, )nen be a sequence in L(X,Y), the set
of bounded linear operators. If sup {|| 75| ; » € N} = oo, show that there is z € X and a
strictly increasing sequence (ny); in N such that ||T5,, z|| — oo.

10
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Exercise 1.6. Let n € N. Denote by GL(n;K) the set of continuously invertible n x n
matrices. Show that GL(n; K) C K™*™ is open.

Exercise 1.7. Let n € N. Show that ®: GL(n;K) 3 A — A~ € K™*" is continuously
differentiable. Compute @’
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2 Unbounded Operators

We will gather some information on operators in Banach and Hilbert spaces. Throughout
this chapter let Xy, X1, and X5 be Banach spaces and Hy, Hy, and Hs be Hilbert spaces
over the field K € {R, C}.

2.1 Operators in Banach Spaces

The main difference of continuous linear operators, that is,

B
L(Xo,X;) =4 B: Xg — X;; B linear, |B|| ;= sup | Bz || < 00
zexo\{oy |1

(with the usual abbreviation L(X) := L(Xp, X)) and the set of uncontinuous or un-
bounded linear operators is that the latter only need to be defined on a subset of Xj.
In order to define unbounded linear operators, we will first take a more general point of
view and introduce (linear) relations. This perspective will turn out to be the natural
setting later on.

Definition. A subset A C Xy x X7 is called a relation in Xy and X;. We define the
domain, range and kernel of A as follows

dom(A) ={x € Xo; Iy € X1: (x,y) € A},
ran(A) ={y € X1; 3z € Xo: (z,y) € A},
ker(A) :={z € Xo; (z,0) € A}.
The image, A[M], of a set M C Xy under A is given by
AM] ={ye X1;3Fx e M: (z,y) € A}.
A relation A is called bounded, if for all bounded M C X the set A[M] C X; is bounded.

For a given relation A we define the inverse relation
A= {(y,2) € X1 x Xo; (z,y) € A}.

A relation A is called linear, if A C Xy x X7 is a linear subspace. A linear relation A is
called linear operator or just operator from Xg to Xy, if

A[{0}] ={y € X1; (0,y) € A} = {0}

In this case, we also write

A: dom(4) C Xo — Xy

to denote a linear operator from Xg to X;. Moreover, we shall write Az = y instead of
(x,y) € A in this case. A linear operator A, which is not bounded, is called unbounded.

12



2 Unbounded Operators

For completeness, we also define the sum, scalar multiples, and composition of relations.

Definition. Let A C Xg x X7, B C Xo x X7 and C C X7 x X5 be relations, A € K.
Then we define

A+ B ={(z,y+w) € Xo x X1; (z,y) € A, (z,w) € B},
A = {(fL’,Ay) GX() XXI; (xay) EA}?
CA={(z,2) € Xox Xo; Iy € X;: (z,y) € A, (y,2) € C}.

For a relation A C Xy x X7 we will use the abbreviation —A := —1A (so that the minus
sign only acts on the second component). We now proceed with topological notions for
relations.

Definition. Let A C Xy x X; be a relation. A is called densely defined, if dom(A) is
dense in Xy. We call A closed, if A is a closed subset of the direct sum of the Banach
spaces Xg and X;. If A is a linear operator then we will call A closable, whenever
A C X x X is a linear operator.

Proposition 2.1.1. Let A C Xy x X be a relation, C € L(X2, Xo) and B € L(Xo, X1).
Then the following statements hold.

(a) A is closed if and only if A=' is closed. Moreover, we have (A)~! = A-1L.
(b) A is closed if and only if A+ B is closed;
(¢c) if A is closed, then AC' is closed.

Proof. Statement (a) follows upon realising that Xy x X1 3 (z,y) — (y,z) € X1 x Xp is
an isomorphism.

For statement (b), it suffices to show that the closedness of A implies the same for
A+ B. Let ((xn,yn)), be a sequence in A+ B convergent in Xy x X; to some (z,y).
Since B € L(Xy, X1), it follows that ((zp,yn — Bxy)),, in A is convergent to (x,y — Bx)
in Xy x X;. Since A is closed, (z,y — Bzx) € A. Thus, (z,y) € A+ B.

For statement (c), let ((wn,¥n)), be a sequence in AC convergent in X» x X; to some
(w,y). Since C is continuous, (Cwy),, converges to Cw. Hence, (Cwy,yn) — (Cw,y)
in Xo x X; and since (Cwn,yn) € A and A is closed, it follows that (Cw,y) € A.
Equivalently, (w,y) € AC, which yields closedness of AC. O

We shall gather some other elementary facts about closed operators in the following. We
will make use of the following notion.

Definition. Let A: dom(A) C Xy — X; be a linear operator. Then the graph norm of

A is defined by dom(A) 3 z — ||z|| , == \/||z]|* + || Az|*.

Lemma 2.1.2. Let A: dom(A) C Xg — X be a linear operator. Then the following
statements are equivalent:

(i) A is closed.

13



2 Unbounded Operators

(ii) dom(A) equipped with the graph norm is a Banach space.

(iii) For all (xy)n in dom(A) convergent in Xo such that (Axy), is convergent in X
we have lim,_,o z,, € dom(A) and Alimy,_,o0 Ty = limy, o0 Azy,.

Proof. For the equivalence (i)<(ii), it suffices to observe that dom(A) > x — (x, Ax) €
A, where dom(A) is endowed with the graph norm, is an isomorphism. The equivalence
(i)« (iii) is an easy reformulation of the definition of closedness of A C X x Xj. O

Unless explicitly stated otherwise (e.g. in the form dom(A) C Xy, where we regard
dom(A) as a subspace of Xj), for closed operators A we always consider dom(A) as a
Banach space in its own right; that is, we shall regard it as being endowed with the graph
norm.

Lemma 2.1.3. Let A: dom(A) C Xy — X be a closed linear operator. Then A is
bounded if and only if dom(A) C Xy is closed.

Proof. First of all note that boundedness of A is equivalent to the fact that the graph
norm and the Xp-norm on dom(A) are equivalent. Hence, the closedness and bounded-
ness of A implies that dom(A) C Xy is closed. On the other hand, the embedding

v+ (dom(A), [[-]] o) = (dom(A), -]l x, )

is continuous and bijective. Since the range is closed, the open mapping theorem implies
that +~! is continuous. This yields the equivalence of the graph norm and the Xy-norm
and, thus, the boundedness of A. O

For unbounded operators, obtaining a precise description of the domain may be difficult.
However, there may be a subset of the domain which essentially (or approximately)
describes the operator. This gives rise to the following notion of a core.

Definition. Let A C Xy x X;. A set D C dom(A) is called a core for A provided

Aﬂ(DXXl):A.

Proposition 2.1.4. Let A € L(Xy,X1), and D C Xq a dense linear subspace. Then D
is a core for A.

Corollary 2.1.5. Let A: dom(A) C Xy — X; be a densely defined, bounded linear
operator. Then there exists a unique B € L(Xo, X1) with B D A. In particular, we have
B = A and

Ax
1Bl=  sup AL
z€dom(A),z#£0 H‘TH

The proofs of Proposition and Corollary are asked for in Exercise
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2 Unbounded Operators

2.2 Operators in Hilbert Spaces

Let us now focus on operators on Hilbert spaces. In this setting, we can additionally
make use of scalar products (-, -), which in this course are considered to be linear in the
second argument (and anti-linear in the first, in the case when K = C).
For a linear operator A: dom(A) C Hy — H; the graph norm of A is induced by the
scalar product

(z,y) = (z,y) + (Az, Ay),

known as the graph scalar product of A. If A is closed then dom(A) (equipped with the
graph norm) is a Hilbert space.

Of course, no presentation of operators in Hilbert spaces would be complete without the
central notion of the adjoint operator. We wish to pose the adjoint within the relational
framework just established. The definition is as follows.

Definition. For a relation A C Hy x H; we define the adjoint relation A* by
A* = — ((Ail)J_> C H; x Hy,

where the orthogonal complement is computed in the direct sum of the Hilbert spaces
H, and Hy; that is, the set Hy x Hg endowed with the scalar product ((x,y), (u, U)) >

<$7U>H1 + <y,U>H0-
Remark 2.2.1. Let A C Hy x Hy. Then we have

A" = {(u,v) € Hy x Ho; V(z,y) € A: (u,y) gy, = <v,x)H0}.
In particular, if A is a linear operator, we have
A* = {(u,v) € Hy x Hy; Vo € dom(A) : (u, Ax) g = (v,2)y, }-

Lemma 2.2.2. Let A C Hg X Hy be a relation. Then A* is a linear relation. Moreover,
we have

w == (7)) == ()= ()

The proof of this lemma is left as Fxercise 2.3

Remark 2.2.3. Let A C Hy x Hy. Since A* is the orthogonal complement of —A~!, it
follows immediately that A* is closed. Moreover, A* = (Z)* since A+ = (Z)L.

Lemma 2.2.4. Let A C Hy x Hy be a linear relation. Then
A= (A" = A.

Proof. We compute using Lemma [2.2.2
em e (@) ) - n
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2 Unbounded Operators

Theorem 2.2.5. Let A C Hy x Hy be a linear relation. Then
ran(A)" = ker(A*) and Tan(A*) = ker(A4)*.

Proof. Let u € ker(A*) and let y € ran(A). Then we find x € dom(A) such that
(x,y) € A. Moreover, note that (u,0) € A*. Then, we compute

<u7y>H1 = <07x>H0 =0.

This equality shows that ran(A)" D ker(A*). If on the other hand, u € ran(A)* then
for all (z,y) € A we have that

O = <U, y>H1 ’
which implies (u,0) € A* and hence u € ker(A*). The remaining equation follows from
Lemma together with the first equation applied to A*. O

The following decomposition result is immediate from the latter theorem and will be
used frequently throughout the text.

Corollary 2.2.6. Let A C Hyg x Hy be a closed linear relation. Then
Hy =tan(A) @ ker(A*) and Hy=ker(A) ®ran(A4").
We will now turn to the case where the adjoint relation is actually a linear operator.

Lemma 2.2.7. Let A C Hy x Hy be a linear relation. Then A* is a linear operator if
and only if A is densely defined. If, in addition, A is a linear operator, then A is closable
if and only if A* is densely defined.

Proof. For the first equivalence, it suffices to observe that
A*[{0}] = dom(A)*. (2.1)

Indeed, A being densely defined is equivalent to having dom(A)* = {0}. Moreover,
A* is an operator if and only if A*[{0}] = {0}. Next, we show (2.I). For this, apply
Theorem to the linear relation A~!. One obtains (ran A~!)* = ker(A~!)*. Hence,
(dom(A))+ = ker(A*)~! = A*[{0}], which is . For the remaining equivalence, we

need to characterise A being an operator. Using Lemma and the first equivalence,
we deduce that A = (A*)* is a linear operator if and only if A* is densely defined.  [J

Remark 2.2.8. Note that the statement “ A* is an operator if A is densely defined” asserted
in Lemma is also true for any relation. For this, it suffices to observe that
is true for any relation A C Hy x Hy. Indeed, let A C Hy x Hy be a relation; define
B :=lin A. Then dom(B) = lindom(A). Also, we have

A= —(AH)1 = (BYHY ! = B~
With these preparations, we can write

dom(A)* = (lindom(4))* = dom(B)* = B*[{0}] = A"[{0}],
where we used that holds for linear relations.
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2 Unbounded Operators

Lemma 2.2.9. Let A C Hy x Hy be a linear relation. Then A € L(Hy, Hy) if and only
if A* € L(Hy, Ho). In either case, ||A*|| = HZH

Proof. Note that A € L(Hy, Hy) implies that A is closable and densely defined. Thus,
by Lemma A* is a densely defined, closed linear operator. For u € dom(A*) we
compute using Lemma [2.2.4

A*u, u, Az —
sei\{0} Nzl ceH\{0} ]l

yielding [|A*]] < HZH On the one hand, this implies that A* is bounded, and on the
other, since A* is densely defined we deduce A* € L(Hy, Hy) by Lemma The other

implication (and the other inequality) follows from the first one applied to A* instead of
A using A = A. O

We end this section by defining some special classes of relations and operators.

Definition. Let H be a Hilbert space and A C H x H a linear relation. We call A
(skew-)Hermitian if A C A* (A C —A*). We say that A is (skew-)symmetric if A is
(skew-)Hermitian and densely defined (so that A* is a linear operator), and A is called
(skew-)selfadjoint if A = A* (A = —A*). Additionally, if A is densely defined, then we
say that A is normal if AA* = A*A.

2.3 Computing the Adjoint

In general it is a very difficult task to compute the adjoint of a given (unbounded)
operator. There are, however, cases, where the adjoint of a sum or the product can be
computed more readily. We start with the most basic case of bounded linear operators.

Proposition 2.3.1. Let A,B € L(Hy, H1),C € L(Hs, Hy). Then (A+ B)" = A* + B*
and (AC)* = C*A*.

The latter results are special cases of more general statements to follow.
Theorem 2.3.2. Let A C Hy x Hy be a relation and B € L(Hy, Hy). Then (A+ B)* =
A* + B*.
Proof. Let (u,v) € Hy x Hy. Then we compute
(u,v) € A* 4+ B* <= (u,v— B*u) € A*
= V(z,9) € A: (y,u)y, = (z,v — B*u)p,
> V(z,y) € A: (y+ Br,u)y, = (z,0)p,
< V(z,2) € A+ B: (z,u)y, = (x,v>HO
< (u,v) € (A+ B)*.

Note that for the first, third and fourth equivalence, we have used the fact that B €
L(Hy, Hy) together with Lemma O
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2 Unbounded Operators
Corollary 2.3.3. Let A C Hyx Hy, B € L(Hy, Hy). If A is densely defined, then A*+ B*
is an operator and (A + B)* = A* 4+ B*.

Theorem 2.3.4. Let A C Hy x H; be a closed linear relation and C € L(Ha, Hy). Then
(AC)* = C*A*.

Proof. We first show that AC C (C*A*)". For this, let (w,y) € AC. Then (Cw,y) € A.
Hence, for all (u,z) € C*A*; that is, for all (u,v) € A* and z = C*v, we compute

(w,9) g, = (v, Cw) g, = (C70,w) gy, = (2, 0) g,
which implies that AC' C (C*A*)*. Next, let (w,y) € (C*A*)*. Then for all (u,v) € A*
and z = C*v we obtain
<U7CU>H1 = <Zaw>H2 = <C*"U7"‘U>H2 = <"U7C7U>HO-
Thus, we obtain (Cw,y) € A** = A = A. Thus, (w,y) € AC. Hence,
AC = (C*AY)*,
which yields the assertion by adjoining this equation. O

Corollary 2.3.5. Let A C Hy x Hy be a linear relation and C € L(Hs2,Hp). Then
(AC)" = C*A~.

Proof. The result follows upon realising that A* = A** = (Z)* O

Corollary 2.3.6. Let A C Hy x Hy be a linear relation and C € L(Ha, Hy). If AC is
densely defined, then C*A* is a closable linear operator with C*A* = (ZC)*.

Remark 2.3.7. (a) Note that if B € L(H;, Hz) and A C Hp x H; linear, then (BZ)* =
A*B*. Indeed, this follows from Theorem applied to A* and B instead of A
and C*, respectively, since then we obtain (A*B*)* = B*A** = BA. Computing
adjoints on both sides again and using that A*B* is closed by Proposition [2.1.1]
we get the assertion.

(b) We note here that in Corollary and Corollary we AC cannot be replaced
by AC and encourage the reader to find a counterexample for A being a closable
linear operator. We also refer to |[Pic13| for a counterexample due to J. Epperlein.

We have already seen that A* = A". We can even restrict A to a core and still obtain
the same adjoint.

Proposition 2.3.8. Let A C Hyx Hy be a linear relation, D C dom(A) a linear subspace.
Then D is a core for A if and only if (AN (D x Hy))" = A*.

Proof. We set A|p := AN (D x Hy). Then

Dcore@%zﬂ@%L:ZL<:>A\DL:AL<:>A|B:A*. O
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2 Unbounded Operators

2.4 The Spectrum and Resolvent Set

In this section, we focus on operators acting on a single Banach space. As such, through-
out this section let X be a Banach space over K € {R,C} and let A: dom(4) C X — X
be a closed linear operator.

Definition. The set
pM%:%EK;Q—MAELM”
is called the resolvent set of A. We define
o(A) =K\ p(A)
to be the spectrum of A.

We state and prove some elementary properties of the spectrum and the resolvent set.
We shall see natural examples for A which satisfy that 0(A) = K or 0(A) = @ later on.
For a metric space (X, d), we will write B (z,7) = {y € X ; d(x,y) < r} for the open ball
around x of radius r and B [z,7] = {y € X ; d(z,y) < r} for the closed ball.

Proposition 2.4.1. If A\, u € p(A), then the resolvent identity holds. That is
A=A == === (p—A)"

Moreover, the set p(A) is open. More precisely, if X\ € p(A) then B ()\, I/H(/\ — A)*lH) C
p(A) and for p € B (), 1/H()\ - A)_lH) we have

1= A~
L= A= pl[|(x =41

(=AM <

The mapping p(A) > X — (A — A)~1 € L(X) is analytic.

Proof. For the first assertion, we let A, u € p(A) and compute

A=A = (p=A)TT=A=A) " ((u—A) - (A= A)(u—A)"
=A=A) " (p-Np-4)"
=(pu=-ANA-A) (u-A)"

Next, let A € p(A) and p € B (A, 1/||(A — A)~!||]). Then
A=A =4)7" <1

Hence, 1 — (A — p)(A — A)~! admits an inverse in L(X) satisfying

I-A-mA-H) " =3 (A - -4~ (2.2)
k=0
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We claim that p € p(A). For this, we compute
p=A=A—A—(A\—p)=(A—A) (1- (A —p)A—A)").

Since (1 — (A — p)(A — A)~1) is an isomorphism in L(X), we deduce that the right-hand
side admits a continuous inverse if and only if the left-hand side does. As A € p(A), we
thus infer p € p(A). The estimate follows from (2.2). Indeed, we have

[ =7 < A= DTS (A= mO =47
k=0
- y 1 = 7]
sl 1“;;0”(A_“)<A_A) = =se—a

For the final claim of the present proposition, we observe that

(n=A)t=(1-A-pA-4)")" =S - (A=)

k=0

which is an operator norm convergent power series expression for the resolvent at p about
A. Thus, analyticity follows. O

We shall consider multiplication operators in Lo(u) next. For a measurable function
V:Q — R we will use the notation [V < ¢] == V[(—o00,d]] for some constant ¢ € R
(and similarly for relational symbols other than <).

Theorem 2.4.2. Let (2, %, ) be a measure space and V': Q — K a measurable function.
Then the operator

V(m): dom(V(m)) € La(u) — La(p)
e (@ V) fw),

with dom(V (m)) == {f € La(n); (w+— V(w)f(w)) € La(n)} satisfies the following prop-
erties:

(a) V(m) is densely defined and closed.

(b) (V(m))" = V*(m) where V*(w) = V(w)* for all w € Q (here V(w)* denotes the
complex conjugate of V(w)).

(¢) If V is p-almost everywhere bounded, then V(m) is continuous. Moreover, we have

V@) Loy < IV Lo )

p-a.e. then V(m) s injective an m)- m), where
d) IfV #0 hen V. dVv 11 h

1 v Viw) #0,
il — (w)
L {Oﬁ 0

for allw € Q.
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2 Unbounded Operators

Proof. For the whole proof we let Q,, := [|[V| < n] and put 1,, == 1g,,.

(a) We first show that V(m) is densely defined. Let f € Lo(u). Then, we have for all
n € Nthat 1,,f € dom(V(m)). From Q = {J,, 2, and Q,, C Q41 it follows that 1,,f — f
in Lo(p) as n — oo.

Next, we confirm that V' (m) is closed. Let (fx); in dom(V (m)) convergent in Lo(u) with
(V(m) fx)r be convergent in La(p). Denote the respective limits by f and g. It is clear
that for all n € N we have 1,,fr — 1,,f as k — oco. Also, we have

Ing = klgrolo 1,V (m) fi, = klggo V(m)(Lnfr) = V(m)(Lnf) = 1,V f.

Hence, g = V f p-almost everywhere and since g € La(u), we have that f € dom(V (m)).
(b) It is easy to see that V*(m) C V(m)*. For the other inclusion, we let u € dom(V (m)*).
Then, for all f € La(p) and n € N we have 1,,f € dom(V (m)) and, hence,

(f;1nV7u) =/Q FViudp = (Vm)Anf), u) = (Lnf, V(m) u) = (f, 1,V (m) w) .

It follows that 1,V*u = 1,V(m)*u for all n € N. Thus, Q@ = (J,, 2, implies V*u =
V(m)*u and therefore u € dom(V*(m)) and V*(m)u = V(m)*u.

(c) If V| < k p-almost everywhere for some x > 0, then for all f € Lo(u) we have
[V (w)f(w)| < &|f(w)] for p-almost every w € Q. Squaring and integrating this inequality
yields boundedness of V(m) and the asserted inequality.

(d) Assume that V' # 0 p-a.e. and V(m)f = 0. Then, f(w) =0 for p-a.e. w € Q, which
implies f = 0 in Lo(u). Moreover, if V(m)f = g for f,g € La(u), then for p-a.e. w €
we deduce that f(w) = (w)g(w), which shows {(m) 2 V(m)~!. If on the other hand
g € dom ({-(m)), then a similar computation reveals that 3>(m)g € dom(V (m)) and

V(m) & (m)g = g. O

The spectrum of V' (m) from the latter example can be computed once we consider a less
general class of measure spaces. For later use, we provide a characterisation of these
measure spaces first.

Proposition 2.4.3. Let (2,3, u) be a measure space. Then the following statements are
equivalent:

(i) (Q,%, n) is semi-finite, that is, for every A € X with u(A) = oo, there exists B € X
with 0 < p(B) < oo such that B C A.

(ii) For all measurable V: Q — K with V(m) € L(La(p)), we have V € Loo(p) and
VI Loy < V) Lz, 0))-

Proof. (i)=-(ii): Let € > 0 and A. == [[V[ > [[V(m)]| (1, + €] Assume that pu(Ac) >
0. Since (2,3, p) is semi-finite we find B, C A, such that 0 < pu(B;) < oo. Define
f=pn(Be:)~ 1/2]136 € Ly(p) with [|f|[1,(,) = 1. Consequently, we obtain

V@) Ly Z 1V @)l 2 V@)L, + €

21



2 Unbounded Operators

which yields a contradiction, and hence (ii).

(i1)=-(i): Assume that (Q, X, ) is not semi-finite. Then we find A € ¥ with pu(A) = oo
such that for each B C A measurable, we have u(B) € {0,00}. Then V := 1 4 is bounded
and measurable with [Vl ., = 1. However, V(m) = 0. Indeed, if f € La(p) then

[f # 0] = Upen(lf* = n~"]. Thus,

V) f#0]=[f#0nA=[JIfF=n""]NA

neN

Since u([|f]* = n"']) < oo as f € La(u), we infer u([|f|*> > n~ N A) = 0 by the
property assumed for A. Thus, u([V(m)f # 0]) = 0 implying V(m) = 0. Hence,
V) Lpouy =0 < 1=V 0 m

A straightforward consequence of Theorem [2.4.2](c) and Proposition is the following.

Proposition 2.4.4. Let (0, %, 1) be a semi-finite measure space, V: Q — K measurable
and bounded. Then |[V(m)|1r,0) = IV L)

Theorem 2.4.5. Let (Q,3, 1) be a semi-finite measure space and let V: Q — K be
measurable. Then

o(V(m)) =esstanV :={A € K; Ve > 0: u([|A = V| <¢]) > 0}.

Proof. Let A € ess-ranV. For all n € N we find B, € ¥ with non-zero, but finite
measure such that B, C [[A—V|<1]. We define f, = ﬁ]lgn € Lo(p). Then

1 fall () = 1 and

V@) < V) = M@ + M@ < (5410 )

for w € Q, which shows that (fy), is in dom(V(m)). A similar estimate, on the other
hand, shows that
I(V(m) = A) fall gy =0 (= o0).

Thus, (V(m) — )~ cannot be continuous as | fall Ly = 1 for all n € N.

Let now A € K\ess-ran V. Then there exists € > 0 such that N := [|A — V| < ¢] is a p-null
set. In particular, A\—V # 0 p-a.e. Hence, (A — V(m)) ™ = 12 (m) is a linear operator.
Since, ‘ﬁ‘ < 1/e pralmost everywhere, we deduce that (A — V(m)) ™! € L(La(p)) and
hence, A € p(V(m)). O

We conclude this chapter by stating that multiplication operators as discussed in The-

orem [2.4.2], Proposition Proposition and Theorem [2.4.5] are the prototypical
example for normal operators. It is also important to note that, as we have seen in

Theorem [2.4.2] a multiplication operator in La(u) is self-adjoint if and only if V' assumes
values in the real numbers, only.

22



References

2.5 Comments

The material presented in this lecture is basic textbook knowledge. We shall thus refer
to the monographs [Kat95; Wei80|. Note that spectral theory for self-adjoint operators is
a classical topic in functional analysis. For a glimpse on further theory of linear relations
we exemplarily refer to |[Are61; BTW16}|Cro98|. The restriction in Proposition and
Theorem to semi-finite measure spaces is not very severe. In fact, if (2,3, u) was
not semi-finite, it is possible to construct a semi-finite measure space (Qioc, Zioc, Moc)
such that L,(u) is isometrically isomorphic to Ly(poc), see [VV17, Section 2].

Exercises

Exercise 2.1. Let A C Xy x X1 be an unbounded linear operator. Show that for every
linear operator B C Xy x X; with B O A and dom(B) = Xy, we have that B is not
closed.

Exercise 2.2. Prove Proposition and Corollary Hint: One might use that
bounded linear relations are always operators.

Exercise 2.3. Prove Lemma [2.2.2]

Exercise 2.4. Let A: dom(A) C Hy — Hy be a closed and densely defined linear
operator. Show that for all A € K we have

A€ p(A) <= N\ € p(AY).

Exercise 2.5. Let U C Hy x Hy satisfy U~! = U*. Show that U € L(Hy, H) and that
U is unitary, that is, U is onto and for all z € Hy we have [[Uz||g, = ||z,

Exercise 2.6. Let §: C'[0,1] C L3(0,1) — K, f > f(0), where C'[0,1] denotes the set
of K-valued continuous functions on [0, 1]. Show that J is not closable. Compute 9.

Exercise 2.7. Let C' C C be closed. Provide a Hilbert space H and a densely defined
closed linear operator A on H such that o(A) = C.
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3 The Time Derivative

It is the aim of this chapter to define a derivative operator on a suitable Lo-space, which
will be used as the derivative with respect to the temporal variable in our applications. As
we want to deal with Hilbert space-valued functions, we start by introducing the concept
of Bochner-Lebesgue spaces, which generalises the classical scalar-valued L,-spaces to
the Banach space-valued case.

3.1 Bochner—Lebesgue Spaces

Throughout, let (2,3, 1) be a o-finite measure space and X a Banach space over the
field K € {R,C}. We are aiming to define the spaces L, (u; X) for 1 < p < co. This is the
space of (equivalence classes of) measurable functions attaining values in X, which are
p-integrable (if p < 00), or essentially bounded (if p = co) with respect to the measure
1. We begin by defining the space of simple functions on Q with values in X and the
notion of Bochner-measurability.

Definition. For a function f: Q@ — X and z € X we set

Apa = {2},

A function f: Q — X is called simple if f[Q] is finite and for each z € X \ {0} the
set Ay, belongs to X and has finite measure. We denote the set of simple functions by

S(p; X). A function f: Q — X is called Bochner-measurable if there exists a sequence
(fn)nen in S(p; X) such that

for p-a.e. w € Q.

Remark 3.1.1. (a) For a simple function f we have

[ = Zx']lAf,r,

zeX
where the sum is actually finite, since 14, = 0 for all x ¢ f[Q].

(b) If X =K, then a function is Bochner-measurable if and only if it has a y-measurable
representative.

(c) It is easy to check that S(u; X) is a vector space and an S(u; K)-module; that is,
for f € S(u; X) and g € S(u; K) we have g- f € S(u; X).
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3 The Time Derivative

(d) If f: @ — X is Bochner-measurable, then || f(-)| y: € — R is Bochner-measurable.
Indeed, since

1Ol = Tm [1a()ll¢

for p-a.e. w € Q and a sequence (fy)nen in S(w; X), it suffices to show that || fn(-)|| x
is simple for all n € N. The latter follows since Ay, N Ay, = & for  # y and thus

an()”X: Z ||5L"Hx']1Af,z

€ fn [Q]
is a real-valued simple function.

(e) If one deals with arbitrary measure spaces, the definition of simple functions has
to be weakened by allowing the sets Ay, to have infinite measure. However, since
in the applications to follow we only work with weighted Lebesgue measures, we
restrict ourselves to o-finite measure spaces.

Next, we state and prove the celebrated Theorem of Pettis, which characterises Bochner-
measurabilty in terms of weak measurability. In what follows, let X’ := L(X,K) denote
the dual space of X.

Theorem 3.1.2 (Theorem of Pettis). Let f: Q — X. Then f is Bochner-measurable if
and only if

(a) f is weakly Bochner-measurable; that is, 2’ o f : Q — K is Bochner-measurable for
each ' € X', and

(b) f is almost separably-valued; that s, lin f[Q\ No| is separable for some Ny € ¥
with pu(No) = 0.

Proof. 1t f is Bochner-measurable, then clearly it is weakly Bochner-measurable. Further,
as f is the almost everywhere limit of simple functions, it is almost separably-valued,
since each simple function attains values in a finite dimensional subspace of X.

Assume now conversely that f satisfies (a) and (b). We define Y := lin f[Q \ No|, which
is a separable Banach space by (b). Thus, there exists a sequence (z},)nen in X such
that

Iyl = sup |z, (y)| (yeY).
neN

Since for each n € N the function g, = |/, o f| is Bochner-measurable by (a) and Remark
3.1.1(d)| we find a p-nullset N,, and a measurable function g, : Q — R such that g, = gn

on Q\ N, by Remark [3.1.1(b)l Then sup,,cy gn(-) is measurable and

[ (@)l = itglg%(fd) (weQ\N),

where N == |, cn, Vn, which shows that ||f(-)[| is Bochner-measurable. Let e > 0,
(Yn)nen a dense sequence in Y. Applying the previous argument to the function f(-) =
f(-) — yk for k € N we infer that || fi(-)|| is Bochner measurable and hence, there is a
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3 The Time Derivative

p-nullset N;, and a measurable funtion fr : Q@ = R such that ||fx]| = fx on Q\ Nj.
Consequently, the sets

Byi=[fi <e={we i |fiw)l <} (keN)

are measurable. Moreover, by the density of {y,; n € N} in Y, we get that Q\ N’ C
UkeN E, with N/ = Uzo:1 N,; U No. Setting F; = Ej and Fpy1 = Enq \ UZ:I Fy,
for n € N, we obtain a sequence of pairwise disjoint measurable sets (F,)neny with

Q\N' C U, ey Fn- We set
[e.e]
9=> ulp,
k=1

and obtain [|f(w) — g(w)|| < e for each w € Q\ N'. Hence, if g is Bochner-measurable,
then f is Bochner-measurable as well. For showing the Bochner-measurability of g, let
() ren be a sequence of pairwise disjoint measurable sets such that J oy % = © and
w(Qx) < oo for each k € N. For n € N we set

n
gn = E ykﬂFkﬁﬁy .
k,j=1

Then (gn),cy is a sequence of simple functions with g, — g pointwise as n — oo and
thus, g is Bochner-measurable. O

Corollary 3.1.3. Let fn, f: Q — X forn € N. Moreover, assume that f, is Bochner-
measurbale for eachn € N and f,(w) — f(w) as n — oo for p-almost every w € Q. Then
f 1s Bochner-measurable

Proof. By Theorem we find p-nullsets N,, € ¥ such that X, := lin f,[Q\ N,] is
separable. Moreover, we find a p-nullset N’ € ¥ such that

folw) = flw) (n—oo,weQ\N).
We set N == J,,cy Nn UN'. Then
lin f[Q\ N] C lin | ] X,,
neN

and thus, f is almost separably-valued. Moreover, for 2’ € X’ we have that

(@' o f)(w) = lim (2’ o f)(w) (weQ\N)

n—o0

and since all functions 2’ o f,, are pu-measurable outside a p-nullset, so is 2’ o f and
thus, 2’ o f is Bochner-measurable, see Remark Thus, Theorem yields the
Bochner-measurability of f. O
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3 The Time Derivative

Definition (Bochner-Lebesgue spaces). For p € [1, 00] we define
Ly(p; X) ={f: Q@ — X; f Bochner-measurable, ||f(-)||x € Lp(1)},

as well as
Ly X) = Lo(5X)

where ~ denotes the usual equivalence relation of equality p-almost everywhere.
Proposition 3.1.4. Let p € [1,00]. Then
I
_ VU If @)% du(w)) 7, if p < o0,
£, = .
ess-supyeq || f(W)llx, ¥ p=o0,

defines a seminorm on L,(1; X) where ||f|]p = 0if and only if f = 0 p-a.e. Consequently,
|[l, defines a norm on Lp(u; X). Moreover, (Ly(p; X),|-ll,) is @ Banach space and if
X = H is a Hilbert space, then so too is La(u; H) with the scalar product given by

() = / (@) 9@y duw) (.9 € La(u; H)).

Q

Proof. We just show the completeness of L,,(u; X). Let (f)nen be a sequence in L, (p; X)
such that 2 || full, < co. We set

gn(@) = [lfn(@)llx  (neN,weQ).

Then (gn)nen is a sequence in Ly(p) such that 2%, [|gnll, < oc. By the completeness
of Ly(p) we infer that
oo
g = Z 9n
n=1

exists and is an element in L,(p). In particular, g(w) < oo for p-a.e. w € Q and thus,

Do fa@llx = gn(w) <oc
n=1 n=1
for p-a.e. w € Q. By the completeness of X we can define
fw) =Y falw)
n=1

for p-a.e. w € Q. Note that f is Bochner-measurable by Corollary [3.1.3] We need to
prove that f € L,(u; X) and that 2221 fon — fin Ly(pu; X) as k — oo. For this, it
suffices to prove that

> fo€Lp(mX)and > fo = 0in Ly( X) as k — oo. (3.1)
n=k n=k
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3 The Time Derivative

Indeed, this would imply both that f — Zﬁzl fn € Lp(p; X) and the desired convergence
result. We prove for p < 0o and p = oo separately.

First, let p = co. For each n € N we have f,, € Loo(p; X) and thus || fn(w)|| x < |[fall
for all w € Q\ N,, and some null set N, C Q. We set N := UZO:1 N,, which is again a
null set. For k € N and w € Q\ N we then estimate

Y| <o Ifawllx < Zufnuw
n=k X n=k

which yields (3.1]).

Now, let p < co. For k € N we estimate

! ( 3 e X) dp(w)

N

/ (Z an<w>ux> du(w)
Q n=~k

= / A@@(ZIW Hx> du(w)

Q

p
= lim_ / (Z Ae HX) dp(w)
< TAE%OZ 1£all, = Z £l
n=~k n=k

where we have used monotone convergence in the third line. This estimate yields (3.1).
O

We now want to define an X-valued integral for functions in L;(u; X); the so-called
Bochner-integral. To do this, we need the following density result.

Lemma 3.1.5. The space S(u; X) is dense in Ly(u; X) for p € [1,00).

Proof. Let f € Ly(p; X). Then there exists a sequence (fy)nen in S(p; X) such that
fa(w) = f(w) for all w € @\ N for some null set N C Q. W.l.o.g. we may assume that
| fa()ll x and || f(-)| x are measurable on Q\ N for each n € N. For n € N we define the
set

L= {w e Q\ N [ fulw)llx <20f@)lx} € 2,

and set f, = ful;,. Then f, € S(p; X) and we claim that fa(w) = f(w) for all
w e Q\ N. Indeed, if f(w) =0 then f,(w) = 0 also and the claim follows. If f(w) # 0,
then there is some ng € N such that ||fy(w)|x < 2||f(w)||x for n > ng, and hence

W € Nysn, In- Consequently fy(w) = fu(w) — f(w). By dominated convergence, it now
follows that /
Q

Fol@) = @), duw) 50 (n - o0),
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3 The Time Derivative

which proves the claim. ]

Proposition 3.1.6. The mappinﬂ
/ dp: S(p; X) € Ly(p; X) = X
Q

f = Z z- ,U(Af,:c)

rzeX

is linear and continuous, and thus has a unique continuous linear extension to Li(u; X),
called the Bochner-integral. Moreover,

H/ﬂfdMHX <|\flly (f € La(u X)),

and for A€ X, f € L1(u; X) we set

Afdurz/ng-llAdu-

Proof. We first show linearity. Let f,g € S(u; X) and A € K. We then compute

/(/\f +g)dp = Z T (Arfrg,a) Z x-p U (Ary N Ago-xy)

reX reX yeX
= Z Z T w(Apy N Agz-xy)
rzeX yeX
=3 D M plApy N Agex) + DD (@ = Ay) pu(Apy N Agany)
yeX xzeX zeX yeX
SO ST CPLTUR N IS sl SV RIS
yeX zeX zeX yeX

=A/fdu+/gdu,
Q Q

where we have used the fact that all occuring unions and sums are finite. In order to
prove continuity, let f € S(u; X). We estimate

[ran] =S aeutan < 3 bl = [ 32 fellxtag.
X

z€ f[Q] X zE€f[Q zE€f[Q

= [ WOl du= 171,
Q

The remaining assertions now follow from Lemma by continuous extension (see
Corollary [2.1.5). O

!Note that the sum is indeed finite and all summands are well-defined if we set Ox - co = Ox.
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3 The Time Derivative
The next proposition tells us how the Bochner-integral of a function behaves if we com-
pose the function with a bounded or closed linear operator first.
Proposition 3.1.7. Let f € L1(u; X), Y a Banach space.

(a) Let Be L(X,Y). Then Bo f € Li(i;Y) and

/QBofd,u:B/Qfd,u.

(b) If Xo C X is a closed subspace and f(w) € Xo for p-a.e. w € Q, then [, fdu € Xo.

(¢) (Theorem of Hille) Let A: dom(A) C X — Y be a closed linear operator and
assume that f(w) € dom(A) for p-a.e. w € Q and that Ao f € L1(u;Y). Then

Jo fdp € dom(A) and
A = Ao .
/Q £ du /Q fdp

Proof. (a) Let (fn)nen be a sequence in S(u; X) such that f, — f p-a.e. Then Bof,, €
S(p;Y) since
(B © fn) [Q] = B[fn[QH

is finite and for y € (B o f,)[Q] \ {0} we have that

ABOfn7y = U Af'r“w € 27
zeB~ {y}]Nfn[]

and thus, u(Apof, ) < 0o. Due to the continuity of B we have that Bo f,, = Bo f
p-a.e., hence B o f is Bochner-measurable. Moreover, ||Bo f(-)|ly < [|IB||Ilf()]l x>
which yields that Bo f € L1(u;Y). By continuity of both B and [, du, it suffices
to check the interchanging property for any f € S(u; X) alone. However, this is
clear, since for a simple function f

Bof:B(Zx‘]lAf@>:ZBﬂf']lAf,Ia

zeX zeX

where the sum is actually finite and hence,

[ sanm [ 5 5e b= 5 [t
Q Q Q

rzeX zeX
= Z Bx - ,U'(Af,z) =B <Z w':“(Af,m)> =B / fdp,
zeX zeX Q

where in the third equality we have used that Bz - 14, is a simple function.
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3 The Time Derivative

(b) Let 2/ € X" with a/|x, = 0. It follows from (a) that

a/(éf@&ziéx%fduza

and since x’ was arbitrary, it follows that fQ fdu € Xg from the Theorem of
Hahn-Banach.

(¢) Consider the space Li(u; X x Y). By assumption, it follows that
(f, Ao f) € Li(u; X xXY).

However, (f, Ao f)(w) = (f(@), (Ao f) (@) € A C X x Y for jrae. w € Q, and
since A is closed we can use (b) to derive that

A}ﬁAoﬁdueA. (3.2)

Let 71, me be the projection from X x Y to X and Y, respectively. It then follows
from part (a) that

7H<A;ﬁAofﬁm>=14wﬂﬁAofwm=1Lfdm

and analogously for my. Using these equalities we derive from |i that [, fdu €
dom(A) and that A [, fdu= [, Ao fdu. O

As a consequence of the latter proposition, we derive the fundamental theorem of calculus
for Banach space-valued functions.

Corollary 3.1.8 (fundamental theorem of calculus). Let a,b € R,a < b and consider
the measure space ([a,b],B([a,b]),\), where B([a,b]) denotes the Borel-o-algebra of [a, b]
and A is the Lebesque measure. Let f: [a,b] — X be continuously differentiableﬂ Then

o)~ f@)= [ fan
[a,b]
Proof. Note first of all that continuous functions are Bochner-measurable (which can be
easily seen using Theorem . Thus, the integral on the right-hand side is well-defined.
Let ¢ € X’. Then ¢ o f: [a,b] — K is continuously differentiable, and (oo f)'(t) =
(po f')(t). Using Proposition (a) together with the fundamental theorem of cal-
culus for the scalar-valued case we get

w(/ f’d/\>—/ (o f) dA= o (f(b) — ¢ (f(a)) = ¢ (f(b) - f(a)).
[a,b] (a,b]

Since this holds for all ¢ € X', the assertion follows from the Theorem of Hahn—-Banach.
O

*By this we mean that f is continuous on [a,b], continuously differentiable on (a,b) and f’ has a
continuous extension to [a, b].
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3 The Time Derivative

We conclude this section with a density result, which will be useful throughout the course.

Lemma 3.1.9. Let D C Lo(u) be total in Lo(u) and H a Hilbert space. Then the set
{¢()x;z € H, p € D} is total in La(u; H).

Proof. By Lemma|3.1.5] we know that S(u; X) is dense in Lo(u; H). Thus, it suffices to
approximate 1 4z for some A € ¥ and x € H. For this, however, take a sequence (¢, )n

in the linear hull of D with ¢, — 14 in Lo(p) as n — oco. Then
47 = 6nl Lyuny = 12 1s = Gl 0 (= o0).
Thus, the claim follows. O

Lemma 3.1.10. Let D C Lo(p) be total in Lo(p), H a Hilbert space, Dy C H total in
H. Then {¢(-)x; x € Do, p € D} is total in Lo(u; H).

Proof. The proof follows upon realising that the set {p(-)z; = € Dy, ¢ € D} is total in
the set {p(-)z; x € H, ¢ € D}. From here we just apply Lemma [3.1.9] O

3.2 The Time Derivative as a Normal Operator

Now let H be a Hilbert space over K € {R,C}. For v € R and p € [1,00) we define the
measure

o) = [ P

for A in the Borel-o-algebra, B(R), of R. As our underlying Hilbert space for the time
derivative we set

LQW(R; H) = LQ(/,LQ’V; H)

In the same way we define
Lpy(R; H) == Lyp(pp; H)

for p € [1,00). If H = K we abbreviate L, ,(R) := L, ,(R; K).

Our aim is to define the time derivative on Lo, (R; H). For this, we define the integral as
an operator, which for v # 0 turns out to be one-to-one and bounded. Then we introduce
the time derivative as the inverse of this integral. The reason for doing it that way is to
easily get a formula for the adjoint for the time derivative using the boundedness of the
integral.

We start our considerations with the definition of convolution operators in Lo, (R; H).

Lemma 3.2.1. Let k € Ly, (R). We define the convolution operator
kx: Ly, (R;H) — Lo, (R; H)

by
(1) (1) = /R K()f(t — 5) ds,

which exists for a.e. t € R. Then, kx is linear and bounded with ||kx|| < [[k[[;,  (r)-
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3 The Time Derivative

Proof. We first prove that s — k(s)f(t —s) € L1(R; H) for a.e. t € R. The Bochner-
measurability is clear since k and f are both Bochner-measurable. Moreover,

/</ |k(s)f(t—s |des>2e2'/tdt
-/ </£|k<s»5eZSkxsn%e58\f<t—-s>nge”“s>ds)2 dt
< [ (Lmere=as) ([t - slfe - as) a

—HMMAR/M:r/Hf O [Pe209) g o di

= HkHLM(R)Hf||L2,V(R;H)v

which on the one hand proves that

/||k ft—s)|gds < oo

for a.e. t € R and on the other hand shows the norm estimate, once we have shown the
Bochner-measurability of k * f. For proving the latter, we apply Theorem Since
f is Bochner-measurable, we find a nullset N such that Hy := lin f[R \ N] is separable.
Hence, for almost every ¢ € R we have

/k f(t—ys) ds—/ kE(t —s)f(s)ds € Hyp
R\N
by Proposition (b). Thus, k * f is almost separably-valued. Moreover, for 2’ € H’
we have by Proposition (a)
o (ks f) = k+ (2o f)

almost everywhere and thus, the weak Bochner-measurability follows from the fact that
the convolution of two measurable scalar-valued functions is measurable. Since the lin-
earity of kx is clear the proof is done. O

Definition. For v # 0 we define the operator
I,: Ly ,(RyH) — Lo, (R; H)

by

I Lg,00)%; if v >0,
v L _oox, v <O

Note that, by Lemma | I, is bounded with ||I, || < i.

V
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3 The Time Derivative
Remark 3.2.2. For v >0, f € Ly, (R, H) we have

Lf(t) = Ljg 00y * f(1) / flt—9) ds-/ f(s)ds (t€R a.e.).

Analogously, for v < 0, f € Ly, (R, H) we have

= _/too f(s)ds (te€Rae.).

Proposition 3.2.3. Let v # 0. Then I, is one-to-one and C}(R; H), the space of con-
tinuously differentiable, compactly supported functions on R with values in H, is in the
range of I,.

Proof. We just prove the assertion for the case when v > 0. Let f € Lo V(R H) satisfy
I,f = 0. In particular, we obtain for all t € R\ N that 0 = I, f(¢) f f(s)ds for
some Lebesgue null set, N C R. Then for a,b € R\ N with a < b and x € H we have
that

<f’ Lfas - >L2,,RH) /<f ZVt]l[ab}() > e 2 dt

([row)

(b) = (I.f) (a),z) g = 0.

Thus f = 0. Indeed, since R\ N is dense in R, {e )]l[a b a b€ R\N} is total in

Ly, (R). Hence, {e* )]l[a o -3 a,be R\ N, 2 € H} is total in Ly, (R; H) by Lemma
3.1.9 This proves the 1nJect1V1ty of I,. Moreover, if ¢ € CL(R; H) then by Corollary
we have

o(t) = / ' (s)ds = (L¢') (1) (t R ae.). O

—0o0

Definition. For v # 0 we define the time derivative, 0y, on Lo, (R; H) by
8157,/ = I;l

Note that by Lemma and Proposition [3.2.3] 0, is a closed linear operator for which
CHR; H) C dom(dy,). Since

Ce(R;H) Dlin{yp-2; 0 € CL(R), z € H}

we infer that 0, is densely defined by Lemma and Exercise [3.2 Moreover, since
Ly = ¢ for p € CL(R; H) we get that

O =¢';

that is, 0;, extends the classical derivative of continuously differentiable functions. We
shall discuss the actual domain of 0;, in the next chapter.
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3 The Time Derivative

Proposition 3.2.4. Let v # 0. Then Dy = lin{p-z; p € CP(R), z € H} is a core
for Oy,. Here, C3°(R) denotes the space of smooth functions on R with compact support.

Proof. We first prove that
{¢'ipe CR)} (3.3)

is dense in Ly, (R). As C(R) is dense in Ly, (R) (see Exercise 3.2)), it suffices to
approximate functions in C°(R). For this, let f € C°(R). We now define

— ffoof(S)—f(S—n)dS it v >0,
on(t) = {ffoof(S)—f(ern)ds - (t eR,n eN).
Then ¢, € C°(R) for each n € N and
@%(t)z{f(t)f(tn) %fy>0’ (teR,neN).
f&)—f(t+n) ifr<o

Consequently,

loh— FI2 o = A= lFE= n)2e=?tdt if v >0,
n Ls . (R) JelfE+n)?Pe 2dt ifv <0

= HfHQLQW(R)e_Q‘VIn =0 (n— o0),
which shows the density of (3.3)) in Ly, (R). By Lemma we have that
{gp’-a:; v € CP(R), xGH}

is total in Lo, (R; H) and so 0y, (D] is dense in Ly, (R; H). Now let f € dom(d;,) and
€ > 0. By what we have shown above there exists some ¢ € Dy such that

|00 — at,l/fHLQ’,,(R;H) SeE.

Since 8{,} = I, is bounded with H@;} H < L, the latter implies that

ma

3
o = fllLy, ) < ol

and hence, Dy is indeed a core for 0 ,. ]
Corollary 3.2.5. For v € R the mapping
exp(—vm) : Ly, (R; H) — Lo(R; H)
fr(tee (1)
s unitary, and for v, u # 0 one has

exp(—vm)(dh, — ) exp(—vam) ™! = exp(—pm) (B, — p) exp(—pm) .
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3 The Time Derivative

Proof. The proof is left as Exercise [3.5 O
By Corollary we can now define 0y 9. Let v # 0. Then

Or0 = exp(—vm)(d;, — v)exp(—vm) .

Note that in view of Corollary [3.2.5] the assertion of Proposition [3.2.4] now also holds for
v =0.
Finally, we want to compute the adjoint of J; ,.

Corollary 3.2.6. Let v € R. The adjoint of 0y, is given by
8;:1, = —81311, + 2v.

In particular, 0, is a normal operator with Redy, = %(&;V + 8;1,) = v, and O is
skew-selfadjoint.

Proof. Let v # 0 first. Integrating by parts, one obtains
/ (Orp(t),h(t)) e 2t dt = / (' (£), (1)) o2Vt gy
R R
— [ (o0~ + vty

for ¢, € CX(R; H). Since CP(R; H) is a core for 0y, by Proposition [3.2.4] the latter
shows
6t7,, - —8;; + 2v.

Since we know that 9, is onto, it suffices to prove that —d;, +2v is one-to-one, since this
would imply equality in the latter operator inclusion. For doing so, we apply Theorem

[2.2.5] to compute
ker(—0;, + 2v) = ran(—0;, + 2v)t.

Moreover, we have that —d;, + 2v is unitarily equivalent to —d; —,, by Corollary
and since 0y, is onto, so is —0;, + 2v and thus ker(—0f, + 2v) = Lo ,(R; H)*t = {0},
which yields the assertion.

The case v = 0 follows directly from the definition of J; . L]

3.3 Comments

Standard references for Bochner integration and related results are [Are+11; DUT7).
Considering the derivative operator in an exponentially weighted space goes back (at
least) to Morgenstern [Mor52|, where ordinary differential equations were considered in
a classical setting. In fact, we shall return to this observation in the next chapter when
we devote our study to some implications of the already developed concepts on ordinary
and delay differential equations.
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3 The Time Derivative

A first occurence of the derivative operator in exponentially weighted L?-spaces can be
found in [Pic89|, where a corresponding spectral theorem has been focussed on. We
will prove in a later chapter that the spectral representation of the time-derivative as a
multiplication operator can be realised by a shifted variant of the Fourier transformation
— the so-called Fourier-Laplace transformation.

In an applied context, the time derivative operator discussed here has been introduced
in [Pic09).

Exercises

Exercise 3.1. A sequence (¢y,), in C°(R?) is called a §-sequence, if
(a) ¢n =0forneN,
(b) sptey, C [-1, %]d for n € N,
(¢) fgaon=1forneN.
Let ¢ € CX(R?) with spt ¢ C [—1, 1]d, ¢ >0 and [ps¢ = 1. Prove that (¢y), given by

on(r) == nlp(nz) for x € R, n € N defines a d-sequence. Moreover, give an example
for such a function .

Exercise 3.2. It is well-known that {1;; I d-dimensional bounded interval} is total in
Ly(R%).
(a) Let ¢ € C®(RY), f € Ly(RY). Define as usual f* ¢ = (:c = Jga flx—1)p(y) dy).
Prove that f * ¢ € C®(R?) with 9%(f*¢) = f * 0% for all a € NZ, where
0% = 07" -+ - 9"¢. Moreover, prove that spt f * ¢ C spt f + spt .

(b) Let (¢n)n be a d-sequence and f € Lo(RY). Show that f x ¢, — f in Ly(R?) as
n — 0o.
Hint: Prove that 17 % ¢, — 17 in Ly(R?) for all d-dimensional intervals and use

that || f * nlly < |||y (see also Lemma [3.2.1]).
(c) Prove that C2°(R?) is dense in Ly(R%).

Exercise 3.3. Let a < b, Xo, X1, X2 be Banach spaces, f: (a,b) = Xo and ¢g: (a,b) —
X1 both continuously differentiable, /: Xy x X; — X bilinear and continuous. Prove
that h: (a,b) — X9 given by

h(t) = £(f(t),9(t)) (L € (a,b))

is continuously differentiable with

() = £(f'(t), 9(t)) +L(f(t),d'(})) (¢ € (a,b)).

If f,f', 9,9 have continuous extensions to [a,b], prove the integration by parts formula:
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Exercise 3.4. For v # 0, show that ||I, || = ﬁ
Exercise 3.5. Prove Corollary

Exercise 3.6. Let v € R and H be a complex Hilbert space. Prove that o(0,) C
{it +v; t € R}, where 0, is defined in Corollary [3.2.6]

Hint: For f € dom(d;,),z € C compute Re ((z — 0¢,)f, f>L27V(R;H) by using Corollary
For proving the surjectivity of z — J;, for a suitable z, use the formula

ran(z — O,) = ker(z" — (9ZV)J‘.
Remark: Later we will see that, actually, 0(0;,) = {it +v; t € R}.

Exercise 3.7. Consider the differential equation
(07, — 1) u="1Tp_1.

Since 87, —1 = (9 — 1) (8, + 1), it follows by Exercise that there is a unique
u € La,(R) solving this equation if v ¢ {—1,1}. Compute these solutions.

Hint: For u € dom(0;,) use the fact that u is necessarily continuous (which we shall
establish in the next lecture).
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4 Ordinary Differential Equations

In this lecture, we discuss a first application of the time derivative operator constructed
in the previous lecture. More precisely, we analyse well-posedness of ordinary differential
equations and will at the same time provide a Hilbert space proof of the classical Picard—
Lindeldf theorem. We shall furthermore see that the abstract theory developed here also
allows for more general differential equations to be considered. In particular, we will
have a look at so-called delay differential equations with finite or infinite delay; neutral
differential equations are considered in the exercises section.

We start with some information on the time derivative and its domain.

4.1 The Domain of 9;, and the Sobolev Embedding
Theorem

Let H be a Hilbert space. Readers familiar with the notion of Sobolev spaces might
have already realised that the domain of 0, can be described as Ls ,(R; H)-functions
with distributional derivative lying in Lo, (R; H). In order to stress this, we include
the following result. Later on, we have the opportunity to have a more detailed look at
Sobolev spaces in more general contexts.

Proposition 4.1.1. Let v € R and f,g € L2, (R; H). Then the following conditions are
equivalent:

(i) f edom(0,) and O\ f = g.
(ii) For all p € CX(R) we have
- [or= [ o0

Proof. Assume that f € dom(d;,). By Proposition and Corollary we have
that Dy =lin{p-z; p € CF(R), x € H} C dom(J;,) (which also holds for v = 0) and

<at,z/f> - $>L2,,, = <fv (_w/ + 2V¢) ) $>L2

for all x € H and ¢ € C°(R). Hence, we obtain for all ¢ € C°(R)

v

[ v o) e = [ won, e
R R

2v-

putting ¢ := e~ 21y and using that multiplication by e=2" is a bijection on C°(R), we

deduce the claimed formula with g = 0, , f.
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4 Ordinary Differential Equations

On the other hand, the equation involving g applied to ¢ = e 2"'¢ for ¢ € CX°(R)

implies that
/ (—¢' + 2vy) fe ¥ = / hge 2.
R R

Testing this equation with z € H yields
(9.0 2) 1y, = (o (0 +200) @) = (fo (=0 + 2005 2)),
Since Dy is dense in dom(9;,,) by Proposition , we infer that
(9.1, = (o (~Ouuh+ 20R)),,
for all h € dom(0;,). Now, Corollary , yields
(9.0)1,, = (£.00,h),, (€ dom(d],).
Thus, f € dom(9;7) = dom(d;,) and Oy, f = g. O

The next result confirms that functions in the domain of 9;, are continuous. This result
was announced in Exercise [3.7] and is known as the Sobolev embedding theorem. Here,
we make use of the explicit form of the domain of J;, as being the range space of the
integral operator I,,. We define

C,(R;H) = {f: R — H; f continuous, || f]|, , = sup He_”tf(t)HH < oo}
' teR

and regard it as being endowed with the obvious norm.

Theorem 4.1.2 (Sobolev embedding theorem). Let v € R. Then every f € dom(0;,,)
has a continuous representative, and the mapping

dom(d;,) > f— feCu(R;H)
18 continuous.

Proof. We restrict ourselves to the case when v > 0; the remaining cases can be proved
by invoking Corollary [3.2.5| Let f € dom(0;,,). By definition, we find g € La,(R; H)
such that f = O;Vlg = I,g. Then for all t € R we compute

t t t 7
/ Ig(r)lldfz/ Ig(T)IIe‘”Te”TdT<\// Hg(ﬂHZeMdT\// 27 dr
1 vt
<||at,yf||L2W\/;e .

Thus, g is integrable on (—oo,t] for all ¢ € R and dominated convergence implies that

f= (tb—>/t g(s)ds)

—00

41



4 Ordinary Differential Equations

is continuous. Moreover, for ¢ € R we obtain

t
1
1< [ Taear < 180l e

which yields the claimed continuity. O

Corollary 4.1.3. For all f € dom(0,,), we have that He_”tf(t)HH — 0 ast — too.
The proof is left as Exercise [4.2]

4.2 The Picard-Lindel6f Theorem

The prototype of the Picard—Lindel&f theorem will be formulated for so-called uniformly
Lipschitz continuous functions.
We first need a preparation.

Definition. Let X be a Banach space. Then we define
Sc(R; X) :={f: R— X; fsimple, spt f compact}
to be the set of simple functions from R to X with compact support.

Lemma 4.2.1. Let X be a Banach space and v,n € R. Then S.(R;X) is dense in
Lo, (R; X)N Lo y(R, X); that is, for all f € Lo, (R; X) N Lo, (R; X) there exists (fn)n in
Se(R; X)) such that f, — f in both Lo, (R; X) and Lo ,(R; X). In particular, Sc(R,X)
is dense in Lo, (R; X).

Proof. Let f € Ly, (R; X) N Lay(R; X). Then for all n € N we have that 1|_,,|f €
Loy(R; X) N Loy (R; X) and 1y, ) f — f in L2,y(R; X) and in Lg ;) (R; X) as n — oo.
For n € N let (.]?nk)k be in S(p2,; X) such that ]?nk = Ly f in Loy (R; X) as k — oc.

We put frorx = Li_pnfor € Se(R;X). Then frp — 1, f in L,(R; X) and in
Ly ,(R; X) as k — oo. O

In order to define the notion of uniformly Lipschitz continuous functions, we first need
the Lipschitz semi-norm.

Definition. Let X, X1 be normed spaces, and F': Xg — X1 Lipschitz continuous. Then

[1F(z) — F(y)l
[Flp == sup —
z,y€Xo |z =yl
T#y

is the Lipschitz semi-norm of F.

Definition. Let Hy, H; be Hilbert spaces, u € R. Then a function F': S.(R; Hy) —
(Vosp Low(R; Hy) is called uniformly Lipschitz continuous, if for all v > p we have that
F considered in L, (R; Ho) x Lo, (R; Hy) is Lipschitz continuous, and for the unique
Lipschitz continuous extensions F, v > u, we have that

sup ||, < oo.
| 2=
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4 Ordinary Differential Equations

Remark 4.2.2. Another way to introduce uniformly Lipschitz continuous mappings is the
following. Let Ho, H; be Hilbert spaces, u € R. Let (F"),>, be a family of Lipschitz
continuous mappings F”: Ly, (R; Hy) — L2, (R; Hy) such that

sup || F||p,;, < o0

VU
and the mappings are consistent in the sense that for all v,n > p and f € Ly, (R; Hp) N
Ly »(R; Hy) we have

FY(f) = FI(f).
Then, for v > p and f € Sc(R; Ho) we have F”(f) € (>, L2y(R; H1) and F”|s,(®.H,)
is uniformly Lipschitz continuous.

Theorem 4.2.3 (Picard-Lindel6f — Hilbert space version). Let H be a Hilbert space,
p € R and F: S¢(R; H) — (1,5, Low(R; H) uniformly Lipschitz continuous, with L :=
sup, >, [[F” ||Lip- Then for all v > max{L, u} the equation

Oy = F¥(uy)

admits a unique solution w, € dom(0d:,). Furthermore, for all v > max{L,u} the
following properties hold:

(a) If F¥(uy) is continuous in a neighborhood of a € R, then u, is continuously differ-
entiable in a neighborhood of a.

(b) Forall a € R, 1(_q qjuy is the unique fived point v € Lo, (R; H) of 1(_007(1}8;”1F”,
that is, v uniquely solves
v =1(_ooq0i F” (v).

(c) For allm > v we have that u, = uy).
(d) Forall f € L2, (R; H) the equation
Oppv=F"(v)+ f

admits a unique solution v, ¢ € dom(0;,), and if f,g € Lo, (R; H) satisfy f = g
on (—o0,a] for some a € R, then v, 5 = v, 4 on (—00,al.

Proof of Theorem ~ first part. Define ®: Ly, (R; H) — Lo, (R; H) by
O(u) = 8{,,1F”(u)

fixed point, WhiZh by definition solves the equation in question. Moreover, we have that
uy = ®(uy) = G;Z}F”(uy) € dom(0y,).

Differentiability of u, as in [(a)] follows from Exercise [f.1]and the continuity of F”(u,).
For the unique existence asserted in note that the unique existence of v, ¢ follows
from the above considerations after realising that ®(v) == 9; }F"(v) + Ogylf defines a
contraction in Ly, (R; H). For the remaining statements in [(d)[ and the statements in
(b) and [(c)| we need some prerequisites. O

Since H@[l,l H < Land v > L it follows that ® is a contraction and thus admits a unique
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Definition. Let Hy, H; be Hilbert spaces, and F': Ly, (R; Hy) — L2, (R; Hy) Lipschitz
continuous. Then, F'is called causal if for all a € Rand all f,g € Ly, (R; Hp) with f =g
on (—oo,al, we have that F(f) = F(g) on (—o0,al.

Remark 4.2.4. In the following, we will frequently make use of the following easy estim-
ates: Let v € R,a € R. If f € Ly, (R; H) with spt f C (—o0,a] then f € ), ., L2, (R; H)
and

n<v

HfHLQ,,,(R;H) < e(V_n)aHfHLQ,V(R;H) (n <v).
Likewise, if spt f C [a,00), we get f € ﬂp>y Ly ,(R; H) with
1 2y ) < el paHfHLZVRH) (p=v).

Lemma 4.2.5. Let Hy, Hy be Hilbert spaces, p € R, F: S.(R; Hy) — )
uniformly Lipschitz continuous. Then the following statements hold:

Ly, (R; Hy)

| 2>

(a) F¥ is causal for all v > p.
(b) The mapping 0, YFY is causal if v > max{p,0} and v # 0.
(c) Forallv >mn > p, we have that F¥ = F" on Ly, (R; Hy) N Lo, (R; Hy).

Proof. We divide the proof into three steps.

(i) Let v > p. In order to show causality of F'”, we first note that it suffices to have
FY(f) = F¥(g) on (—o0,a] for all f,g € S.(R; Hy) with f = g on (—o0,al]. Indeed, let
f+9 € Loy (R; H) with f = g on (—o0, a] for some a € R. By Lemma [4.2.1] we find (f,)n,
and (gn)n in Sc(R; Hp) such that f, — f and g, — g in Lo, (R; Hp). Next, 1 —soq)frn —
1 (oo f = L(—c,q)9 @8 n — 00 in Lo, (R; Hp). Thus, putting g, = 1(_ s a)fn + 1(a,00)9n
for all n € N we obtain that g, — g in Lo, (R; Hp). Since F”(f,) = F"(gn) on (—00,al
for all n € N and F”: Ly, (R; Hy) — Lo, (R; Hy) is continuous, taking the limit n — oo
yields F¥(f) = F”(g) on (—o0,al.

(ii) Let a € R, ¢ = O and f € Sc(R; Ho) such that f = 0 on (—o0,a], g € (5, L2 (R; H1)
such that |9l 1, @.m,) < <llfllL,, @m,) for all v = p. Then

/ lg(0) 17, €* =" dt < /R lg(t) 17, €~ dt < ¢ / LF (O, dt — 0

as v — 00. Since (@t 5 o0 as v — oo for all t < a, the monotone convergence
theorem implies g = 0 on (—o0, al.

(iii) Let f,g € Sc(R; Hp) such that f = g on (—o0,a] for some a € R. Then f — g =0
on (—oo,al. Since F is uniformly Lipschitz continuous, with L = sup,, [[F"”|l;, we
obtain [[F(f) = F* (9l 1, w:my) < LIS = 9l 1, 1) for all v 2 p. By (i) we conclude
F¥(f) = F”(g) on (—o0,a] for all v > p, which by (i) yields the assertion.

The statement in directly follows from E Note that 0y, 1P is uniformly Lipschitz
continuous only for v > 0.

Let us prove [(c)] Since F”(f) = F(f) = F(f) for f € Sc(R; Hp), the set Sc(R; Hp)
is dense in Lo, (R; Hy) N Ly u(R; Hy) by Lemma [£.2.1) and F” and F" are Lipschitz-
continuous, we obtain the assertion. ]
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Proof of Theorem[{.2.3 — second part. The remaining part in @: Let f,g € Lo, (R; H)
with f = ¢g on (—o0,a]. Since v > L > 0, we compute using Lemma [4.2.5(b)| and
causality of Oy, 1 that
]l(—oo,a]vl/,f = ]l(—oo,a}atjylFV (Ul/,f) + ]l(—oo,a]&;yl
= Loy I (L—soq¥v.s) + L(—oo.a)Op L(=c0al f
= ]l(_oova}a;,l/lFV (]l(—oo,a}vu,f) + ]l(—oo,a}az;z/l]l(—oo,a]g-
The same computation also yields that
]1(—oo,a]vl/,g = 1(—oo7a}8t_7y1FV (1(—00711}@%9) + ]1(_00’(1]8;1,1]1(_007(1}9.
It is easy to see that u — ]1(,00,(1]8;,}? (u) + ]l(,oo,a]ﬁg,/l]l(,ooﬂ]g defines a contraction

in LQ,V(R; H). Hence, the contraction mapping principle implies that ]1(_007a}vl,7f =
L(—co,q)Vv,g-

The statement in follows from the fact that u— 1(_ 4 B[Z}F”(u) defines a contrac-
tion and Lemma L

For the proof of , we observe that for all n € N, we have 1(_ ,uy € Lo, (R; H) N

Ly,(R; H). Hence, by [(b)] and Lemma [£.2.5(c)] it follows that
L ooty = T(-oom Oy B (oo njttn) = L (o0 mOpy B (L(~ocnjtin) -

As T (_oo njup satisfies the same fixed point equation, we deduce 1(_oo pjty = L (_og,p)Uv
for all n € N, which yields the assertion. O

As a first application of Theorem we state and prove the classical version of the
Theorem of Picard—Lindel6f.

Theorem 4.2.6 (Picard—Lindel6f — classical version). Let H be a Hilbert space, Q0 C
R x H be open, f: Q — H continuous, (to,xo) € Q. Assume there exists L > 0 such that
for all (t,x),(t,y) € Q we have

1f(t,2) = f(& )|l < Lz —yll

Then, there exists § > 0 such that the initial value problem

u'(t) = f(t,u(t)) (€ (to,to +0)),
(4.1)
u(ty) = xo,
admits a unique continuously differentiable solution, w: [to,to + 0] — H, which satisfies
(t,u(t)) € Q for all t € [to,to + 0].

Proof. First of all we observe that we may assume, without loss of generality, that zg = 0.
Indeed, to solve the initial value problem

{m) = f(t,v(t) +z0) (t € (to,to +9)),
U(tO) = 07
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for a continuously differentiable v: [to,to + d] — H is equivalent to solving the problem
in Theorem for u by setting u = v + 1y, 445T0. Appropriately shifting the time
coordinate, we may also assume that tg = 0.

Thus, let (0,0) € Q. Let also [0, '] x B [0,e] C Q for some ¢',e > 0. Denote by P: H — H
the orthogonal projection onto B0, ¢]. By Exercise P is Lipschitz continuous with
Lipschitz semi-norm bounded by 1. We then define

F: Se(R;H) — () Lo (R; H)

v=0
g (t= T () f(t, Pg(t)))

and will prove that F' is well-defined and uniformly Lipschitz continuous. Since the
mapping t + L5 (t)f(t,0) is supported on [0,d], we obtain for v > 0 that F(0) €
Lo, (R; H) Moreover, for v > 0 and g, h € S¢(R; H) we estimate

FT,, @)

F(g
;
/ IF(a)(®) = PO at = [ 70 Plal) = £t Ph(e) [P
\LQ/ IP(9(6) - PO de < L2 | " lgtt) — (oo a
0

0
2
< LQHQ - h||L2,,,(R;H)>

which shows that F' is well-defined and uniformly Lipschitz continuous.
By Theorem 4.2.3] there exists v € dom(09;,,) with v > L such that
O v = F¥(v).

We read off from v = Bt_’l,lF”(v) that v = 0 on (—o0,0], and that v is continuous by
Theorem [4.1.2] Moreover, we obtain that

t min{¢,6’}

ot) = [ Los(@fn Peirdr= [ fr Pl .
oo 0

from which we read off that v is continuously differentiable on (0,4’) since f and P
are also continuous. The same equality implies for 0 < ¢t < § := min{47,d'}, where

M = sup( g)eo,6x B0, I1f (¢, )|l that

ool < [ 156 P dr < Mo < -
Thus, (t,v(t)) € [0,0'] x B[0,e] C Q for all 0 < ¢ < § and so Pu(t) = v(t) for 0 < ¢t < 0.

Thus, u = v|jy 5 satisfies (4.1)).

Finally, concerning uniqueness, let u: [0,6] — H be a continuously differentiable solution
of (4.1)). Let v be the extension of w by 0 to the whole of R. Then we get that

LoV = 11(00,5]/0 Lo,y () f(7,0(7)) dT
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— / L4 (r)f (7, P((r))) dr
= L(—o0 50 F¥ (1 (Zoo,8)).

Since 1(_ sv is the unique solution of the equation w = 11(_0075]8,;31?’”(11;), we obtain
that ]l(_oo’(;]fﬁ = ]l(_oo’g]v, which yields u = u. O

Remark 4.2.7. The reason for the proof of the classical Picard-Lindeldf theorem being
seemingly complicated is two-fold. First of all, the Hilbert space solution theory is
for Lo-functions rather than continuous (or continuously differentiable) functions. The
second, maybe more important point is that the Hilbert space Picard—Lindelof asserts
a solution theory, which provides global existence in the time variable. The main body
of the proof of the classical Picard-Lindeldf theorem presented here is therefore devoted
to ‘localisation’ of the abstract theorem. Furthermore, note that the method of proof
for obtaining uniqueness and the admittance of the initial value rests on causality. This
effect will resurface when we discuss partial differential equations.

4.3 Delay Differential Equations

In this section, our study will not be as in depth as done for the local Picard—Lindel6f
theorem. Of course, the solution theory afforded would not be a very good one, if it was
only applicable to, arguably, the easiest case of ordinary differential equations. We shall
see next that the developed theory applies to more elaborate examples.

In what follows, let H be a Hilbert space over K. We start out with a delay differential
equation with so-called ‘discrete delay’. For this, we introduce, for h € R, the time-shift
operator

Tt Se(R; H) — (] Law(R; H),
veER

fr=f(+h).

Lemma 4.3.1. Let pn € R. The mapping 75 Sc(R; H) — (1,5, L2,v(R; H) is uniformly
Lipschitz continuous if and only if h < 0. Moreover, for v € R we have

h
HThHLQW(R;H) =e".

Proof. Let f € Sc(R; H). Then for v € R we compute

10y = [ 15+ 0Pt = [ o) 200

vh
= Hf‘|L27D(R;H)62

Since sup,,, e?’h < oo if and only if h < 0 we obtain the equivalence. Moreover, the
above equality also also yields the norm of 73 in Lo, (R; H). O
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4 Ordinary Differential Equations

We will reuse 73, for the Lipschitz continuous extensions to La , (R; H). The well-posedness
theorem for delay equations with discrete delay is contained in the next theorem. We
note here that we only formulate the respective result for right-hand sides that are glob-
ally Lipschitz continuous. With a localisation technique, as has already been carried out
for the classical Picard—Lindel6f theorem, it is also possible to obtain local results.

Theorem 4.3.2. Let H be a Hilbert space, p € R, N € N, hy,...,hy € (—0,0], and

G: Se(R; HY) = ) Low(R; H)

|2

uniformly Lipschitz. Then there exists an n € R such that for all v > n the equation

Oppu =G (Thy Uy ..., Thyw)
admits a solution u € dom(0y,) which is unique in U,-, L2y (R; H). Moreover, for all
a € R the function ug == 1(_ qu satisfies
Ug = 1(_Oo7a}8gl}G” (ThyUas -+ ThyUq) -

Proof. The assertion follows from Theorem applied to F := G o (Thy,. .., Thy)- U
Next, we formulate an initial value problem for a subclass of the latter type of equations.

Theorem 4.3.3. Let h > 0, f: R>oxH xH — H continuous, and f(-,0,0) € Ly ,(R; H)
for some p > 0. Assume that there exists L > 0 with

Hf(t,x,y) - f(t,u,v)H < LH($7y) - (u7v)|| ((twr?y)’(t?uvu) € RZU x H x H) :

Let ug € C ([—h,0]; H). Then there exists n € R such that for all v > n the initial value
problem

{u’(t) = [(t,u(t),u(t —h)) (t>0), (4.2)
u(T) = up(7) (7 € [=h,0])

admils a unique continuous solution w: [—h,00) — H, continuously differentiable on
(0,00).

Proof. For t <0let f(t,-,-) == 0. We define F': S¢(R; H) — >, L2, (R; H) by
F(o)(t)
= [t D) + Ljo,00) ()u0(0), ¢t — h) + Lo 00) (t = )uo(0) + Lig py (H)uo(t — 1))

for all £ € R. It is easy to see that F' is uniformly Lipschitz continuous. Thus, by
Theorem [£.2.3] we find n > p such that for all v > 7 the equation

O v = F”(v)

admits a solution v € (1,5, dom(d;,) which is unique in U,., L2, (R; H). Note that
spt F”(v) C [0,00). Hence, v = 0 on (—o0, 0] . By Theorem [4.1.2] we obtain that v(0) = 0.
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4 Ordinary Differential Equations

We claim that u = v + 1jg o0y (-)u0(0) + 1{_4,0)uo is a solution of (4.2). First of all note

that w is continuous on [—h,00). Next, for h > ¢ > 0 we have that ¢ — h < 0 and thus

v(t —h) =0 and so we see that

F¥(0)(t) = f (£, v(t) + Lo 00) ()uo(0), vt — h) + g 00 (t — h)uo(0) + Ljo 1y (tuo(t — 1))
= f(t,u(t),uo(t — h)).

Similarily, for t > h we obtain

FY(v)(t) = f(t, u(t), u(t — h))
and thus, by continuity of f, ug and wu, it follows that v is continuously differentiable on
(0,00) and
u'(t) = 0'(t) = Ov(t) = ft,u(t), u(t — h)).
It remains to show uniqueness. For this, let w: [—h,00) — H be a solution of ({.2).
Then

) = up(0 /fsw —h))ds (t>=0)
and w(t) = uo(t) if t € [~h,0]. We set U= w — Ljg o) (-)uo(0) — 1;_p pyuo and infer
/ f(s,w( —h))ds

- / £(5.75(5) + Lo, ()10 (0),

0(s — h) + Ljg.00) (5 — h)uo(0) + Ly (s)uo(s — h)) ds
for all t € R. For a € R we set Uy = 1(_s0,q)0 € [, er L2,,(R; H) and obtain, using the
above formula for v,
Vg = ]1(,007(1}8;,/1}7”(’17&).
By uniqueness of the solution of
Lo = (o000 I (1 (-00.010)
it follows that v, = 1(_o qv for all a € R and, thus, u = w. O

The equation to come involves the whole history of the unknown; that is, the unknown
evaluated at (—oo,0]. For a mapping u: R — H we define the mapping

uey: Rt = (Reo3 60— u(t+0) e H).
Lemma 4.3.4. Let up > 0. Then
©: Se(R; H) — (] Lo (R; La(R<o; H))
V2
s uniformly Lipschitz continuous. More precisely, for all v > 0 we have

1

0’| = —.
o= 5
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4 Ordinary Differential Equations

Proof. Let u € S¢(R; H). Then we compute

2 _ 2 1p0—20t 34 _ 2 _2u(t—0)
19, o) = o, e O et [ 0 aoa
1 2 —2ut
= — t Yedt. O
s [ Il

Theorem 4.3.5. Let H be a Hilbert space, p € R and let ®: S(R; Ly(R<o; H)) —
ﬂu)y Ly, (R; H) be uniformly Lipschitz. Then, there exists n > 0 such that for all v > n
the equation

Dt = D (u(y)

admits a solution u € (1,5, dom(dyy) unique in -, Lo, (R; H).

Proof. This is another application of Theorem [4.2.3] O

v=n

4.4 Comments

In a way, the proof of Theorem [.2.6]is standard PDE-theory in a nutshell; a solution the-
ory for Ly-spaces is used to deduce existence and uniqueness of solutions and a posteriori
regularity theory provides more information on the properties of the solution.

Note that — of course — other proofs are available for the Picard-Lindel6f theorem. We
chose, however, to present this proof here in order to provide a perspective on classical
results. Furthermore, we mention that in order to obtain unique existence for the solution,
it suffices to assume that f satisfies a uniform Lipschitz condition with respect to the
second variable and that f is measurable. Continuity of f is needed in order to obtain
C'-solutions.

A more detailed exposition and more examples of the theory applied to delay differential
equations can be found in [Kal+14| and - in a Banach space setting — [P'TW14].

There is also a way of dealing with delay differential equations by expanding the state
space the problem is formulated in. In this case, it is possible to make use of the rich
theory of Cp-semigroups. We refer to [BP05| for this.

Causality is one of the main concepts for evolutionary equations. We have provided this
notion for mappings defined on Lo ,-type spaces only. The situation becomes different,
if one considers merely densely defined mappings. Then it is a priori unclear, whether
for a Lipschitz continuous mapping the continuous extension is also causal. For this we
refer to Exercise [4.7| below and to [JP0O; [Waul5|, and [Waul6, Chapter 2] as well as to
references mentioned there.

Exercises

Exercise 4.1. (a) Let X be a Banach space, u: [a,b] — X continuous. Show that
v: (a,b) — X given by
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4 Ordinary Differential Equations

is continuously differentiable with v/(¢) = u(t).
(b) Let H be a Hilbert space, and v € R. Let u € dom(0;,) with J; ,u continuous. Show
that w is continuously differentiable and v’ = 9y ,u.

Exercise 4.2. Prove Corollary
Exercise 4.3. Let H be a Hilbert space. Show that
dom(0;,) — CY2(R; H) = {feC,(R;H); e fis %—H(’jlder continuous}
where a function g: R — H is said to be %—Hdlder continuous, if
t) —
aup la) = 9()

I
< o0
steR |t — 5\1/2
t#s
Exercise 4.4. Let H be a Hilbert space, C' C H closed and convex. Show that the
orthogonal projection, P, of H onto C' defines a Lipschitz continuous mapping with
Lipschitz semi-norm bounded by 1.

Exercise 4.5. Let h: R x R<g x R" — R" be continuous satisfying
1A(t, s,x) = R(t, s, y)l| < Lllx =yl

with h(-,-,0) = 0. Let R > 0 and up € C(R<o;R™) have compact support. Show that
the initial value problem

W(t) = [ hlt,s,up(s)ds (¢ > 0),
u(t) = uo(t) (t <0)

admits a unique continuous solution u: R — R™, which is continuously differentiable on
R-g.
Hint: Modify © from Lemma [4.3.4]

Exercise 4.6. Let H be a Hilbert space. Show that for a uniformly Lipschitz continuous
®: S(R; Lo(R<o; H)?) — Musp L2 (R; H) the equation

ékl,u = ®Y <U(), (8t,yu)()>
admits a unique solution v € dom(d;, ) for v large enough.

Exercise 4.7. Let D C Ly(R) be dense and suppose that F': D C Ly(R) — La(R)
admits a Lipschitz continuous extension F°.

(a) Show that F is causal if and only if for all ¢ € S.(R;R) and all a € R there exists
L > 0 such that

(ot (B = F(9)):0) 1y 9] < Ll (=9

for all f,g € D; that is, the mapping

(Pt ¢ = Mpym) 27 FD € (La(®),

is Lipschitz continuous.

<]l(,oo,a] (=), ¢>L2(R)D
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References

(b) For a € Rlet dom(F)Ndom(F1(_y q)) bedensein Lo(R) and if f,g € D = dom(F')
and f = g on (—00,a] then also F(f) = F(g) on (—oc,a). Show that F is causal.

(c) Assume that for all f,g € D that f = g on (—o00,a] implies that F'(f) = F(g) on
(—00,a]. Show that this is not sufficient for F° to be causal. Hint: Find a dense
subspace D = dom(F') so that the first condition in (b) is not satisfied.
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5 The Fourier—Laplace Transformation
and Material Law Operators

In this chapter we introduce the Fourier-Laplace transformation and use it to define
operator-valued functions of J;,; the so-called material law operators. These operators
will play a crucial role when we deal with partial differential equations. In the equations
of classical mathematical physics, like the heat equation, wave equation or Maxwell’s
equation, the involved material parameters, such as heat conductivity or permeability
of the underlying medium, are incorporated within these operators and hence the name
“material law”. We start our chapter by defining the Fourier transformation and proving
Plancherel’s theorem in the Hilbert space-valued case, which states that the Fourier
transformation defines a unitary operator on Lo(R; H).

Throughout, let H be a complex Hilbert space.

5.1 The Fourier Transformation

We start by defining the Fourier transformation on L;(R; H).
Definition. For f € L1(R; H) we define the Fourier transform f of f by

J?s \/%/ e (1) (s € R).

We also introduce
Cy(R;H) :={f: R — H; f continuous, bounded}
endowed with the sup-norm, |||
Lemma 5.1.1 (Riemann-Lebesgue). Let f € Li(R;H). Then f € Co(R;H) and

lim|t‘_>oon(t)H = 0. Moreover,

171 r‘|f||1

Proof. First, note that fis continuous by dominated convergence and bounded with

-~ 1
< —|£ll;.
171 < =11,
This shows that the mapping
Li(R; H) = Co(R; H), [ | (5.1)
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5 The Fourier—Laplace Transformation and Material Law Operators

defines a bounded linear operator. Moreover, for ¢ € C(R; H) we compute

1 1 .
A —1st —ist, /
t)dt = t)dt
2 \/27r/ \/27718/1Re 2 ()
for s # 0 and thus,

limsup ||p(s)]| < hm sup

|s]—o00 | |\/7H80H1 b

which shows that lims_,. [|3(s)|| = 0. By the facts that C¢ (R; H) is dense in L1 (R; H)
(see Lemma , {f € Co(R; H) ; limyy o0 || f(t)]] = 0} is a closed subspace of Cy,(R; H)
and the operator in (5.1]) is bounded, the assertion follows. O

It is our main goal to extend the definition of the Fourier transformation to functions
in Ly(R; H). For doing so, we make use of the Schwartz space of rapidly decreasing
functions.

Definition. We define
S(R; H) = {f €C®(R;H);Vn,k e N: (t— tkf(”)(t)) € Cp(R; H)}
to be the Schwartz space of rapidly decreasing functions on R with values in H.

As usual we abbreviate S(R) = S(R; K).
Remark 5.1.2. S(R; H) is a Fréchet space with respect to the seminorms

S(R;H) > f > sup Htkf(")(t)H (k,n € N).
teR

Moreover, S(R; H) € (pep o0 Lp(R; H). Indeed, S(R; H) € Loo(R; H) by definition,
and for 1 < p < oo we have that

[Lisorar= [ Lo+ ipso|

P 1
<sup |1+ 14?70 /R<1+|t|)2pdt<oo.

Proposition 5.1.3. For f € S(R; H) we have fe S(R; H) and the mapping
S(R;H) - S(R;H), ff

is bijective. Moreover, for f,g € L1(R; H) we have that

[ (709w = [ (10500 at 52

Additionally, if f,fe Li(R; H) then

fW=F(-t) (teR). (5.3)
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5 The Fourier—Laplace Transformation and Material Law Operators

Proof. Let f € S(R; H). By Exercise we have

f'(s) \/ﬁ/ —it)e S F(t)dt = —i(t — tf(1))(s) (s €R) (5.4)
and ~ . . ~
sf(s) = Ton / (—is)e ™ f(t)dt = —if'(s) (s € R). (5.5)

Using these formulas, one can show that fe S(R; H). Since the bijectivity of the Fourier
transformation on S(R; H) would follow from (5.3, it suffices to prove the formulas (5.2)
and (5.3). Let f,g € Li1(R; H). Then we compute using Proposition and Fubini’s

theorem
/R<A(t)7g(t)> dt = /1</ e 1 (5 )ds’g(t)> y

//R\/ﬁ et (f(s),g(t)) dsdt

- / (f(5),5(~3)) ds,
R

which ylelds For proving formula (5.3), we consider the function ~ defined by

v(t) = e~ T fort € R. Clearly, v € S(]R). We claim that ¥ = v. Indeed, we observe

that ~ solves the initial value problem ¢y’ + ty = 0 subject to y(0) = 1; if we can show

that 7 solves the same initial value problem, then their equality would follow from the
2

uniqueness of the solution. First we observe that 7(0) = \/%7 Iz e T dt = 1. Second, we

compute using the formulas ) and . ) that

—
~

V(s) = =it = ty(t)) (s) =17/(s) = =s3(s) (s €R).

Altogether, we have shown that 7 solves the same initial value problem as v and hence,
¥ =7~. Let now f € L1(R; H) with f € L1(R; H), a > 0 and x € H. Then we compute

using (5:2)

< /R f(t)'y(at)ei“dt,x> = /IR

(Fratatae ™) at = [ {£), (aae0) (1)) at
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5 The Fourier—Laplace Transformation and Material Law Operators

for each s € R. Since this holds for all x € H we get

/ f(t)v(at)em dt = / f(s—at)y(t) dt (se€R).
R R

Letting a — 0 in the latter equality, we obtain
/ fl)etdt = lim | f(s—at)y(t)dt (s E€R), (5.6)
R a—0 R

where we have used dominated convergence for the term on the left-hand side. In order
to compute the limit on the right-hand side, we first observe that

J

and hence, for each a > 0 the operator

[ 5= an dtHds< [ [ 156 = et dsaterae = sl

Se: Li(R;H) — Li(R; H),
fe <sr—>/Rf(s—at)7(t) dt>

is bounded by ||v||;. Moreover, since S,ip — ¥(-)||v|l; as a — 0 for ¢ € Cc(R; H), we
infer that

Saf = fOIVL (a—0)

for each f € Li(R; H). Hence, passing to a suitable sequence (ay),, in Rs¢ tending to 0,
we get

lim (Sa, f) (s) = f(s)[7lly (ae. s €R).

n—o0

Using this identity for the right-hand side of (5.6)), we get

/R Fiwetdt = f(s)|7l, (ae. s €R),

and since ||v||; = V27, we derive (5.3)). O

With these preparations at hand, we are now able to prove the main theorem of this
section.

Theorem 5.1.4 (Plancherel). The mapping
F: S(R;H) C Ly(R; H) = Lo(R; H), f = f

extends to a unitary operator on Lo(R; H), again denoted by F, the Fourier transforma-
tion. Moreover, F* = F~1 is given by f — f(—-).
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5 The Fourier—Laplace Transformation and Material Law Operators
Proof. Using (5.2) and (5.3]) we obtain that

(7.3),= [ (Fo.aw) at= [ (70.5¢0) a= [ ra.a0) at= (1.0,

for all f,g € S(R; H) and thus, in particular,

11l = 1711l (5.7)

Moreover, dom(F) = ran(F) = S(R; H) is dense in Lo(R; H) and hence, the first asser-
tion follows by Exercise . As F is unitary, we have F* = F~!, thus, by applied
to f,g € S(R; H), we read off (using Proposition that F~1 = (f — f(—)), which
yields all the claims of the theorem at hand. O

Remark 5.1.5. We emphasise that for f € Lo(R; H) the Fourier transform Ff is not
given by the integral expression for Li-functions, simply because the integral does not
need to exist. However, by dominated convergence

1 (R
Ff= lim —— “#O £(1) dt,
f= Jim ﬁQW/_Re f(®)

where the limit is taken in Lo(R; H).

5.2 The Fourier—Laplace Transformation and its Relation to
the Time Derivative

We now use the Fourier transformation to define an analogous transformation on our
exponentially weighted Lso-type spaces; the so-called Fourier-Laplace transformation.
We recall from Corollary that for v € R the mapping

exp(—vm): Ly, (R; H) = Lo(R; H), f (t — e_”tf(t))
is unitary. In a similar fashion, we obtain that
exp(—vm): L1 ,(R;H) = L1(R; H), f+— (t — e_”tf(t))
defines an isometry.
Definition. Let v € R. We define the Fourier—Laplace transformation as
L,: Lyy(R;H) — La(R; H), f— Fexp(—vm)f.

We can also consider the Fourier-Laplace transformation as a mapping from L; ,,(R; H)
to Cp(R; H); that is,

L,: L1y(RiH) = Co(R; H), f > Fexp(—vm)f.
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5 The Fourier—Laplace Transformation and Material Law Operators

Remark 5.2.1. Note that £, = Fexp(—vm) is unitary as an operator from Lo, (R; H)
to Lo(R; H) since it is the composition of two unitary operators. For p € C(R; H), we
have the expression

(L) (1) = jyﬂ /R e~ (s)ds (1 € R),

which shows that £, can be interpreted as a shifted variant of the Fourier transformation,
where the real part in the exponent equals v instead of zero.

Our next goal is to show that the Fourier-Laplace transformation provides a spectral
representation of our time derivative, J; .

Definition. Let V: R — K be measurable. We define the multiplication-by-V operator
as
V(m): dom(V(m)) C Lo(R; H) — Lo(R; H), f > (t = V() f(1))
with
dom(V(m)) == {f € Lo(R; H) ; (t — V(t) f(t)) € Lao(R; H) } .
In particular, if V' is the identity on R we will just write m instead of id(m) and call it
the multiplication-by-the-argument operator.

Remark 5.2.2. Note that the multiplication-by-V operator is a vector-valued analogue of
the multiplication operator seen in Theorem and Theorem [2.4.5] The statements
in these theorems generalise (easily) to the vector-valued situation at hand. Thus, as in
Theorem one shows that m is selfadjoint. Moreover, when H # {0}, in a similar
fashion to the arguments carried out in Theorem one shows that

o(m) =R.
In order to avoid trivial cases, we shall assume throughout that H # {0}.

Theorem 5.2.3. Let v € R. Then
Oy =L, (im+v)L,.

In particular,
0(0y) ={it+v;teR}.

Proof. We first prove the assertion for v # 0 and show that

IV:q(_ ! )EV.
m + v

The assertion will then follow by Theorem . Note that ﬁ € L(L2(R;H)) by
Theorem and hence, both operators I, and £l’j(ﬁ)ﬁy are bounded and defined

on the whole of Ly, (R; H). Thus, it suffices to prove the equality on a dense subset of
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Ly, (R; H), like C.(R; H). We will just do the computation for the case when v > 0. So,
let ¢ € C.(R; H) and compute

1 . s 1 & .
LLe) () = —= [ e (s / drds = —— / / ~lit)s g d
£ot) () = o= [0 [ paras= o= [ [T et asgryar
1 1 —(it+v)r 1
[ o) dr = e (L) (0

- Cit+v

\omrit + v

for t € R. For v < 0 the computation is analogous. In the case when v = 0 we observe
that
dr0 = exp(—vm)(d;,, — v) exp(—vm) ' = exp(—vm)LE(im 4 v — v) L, exp(—vm) !

= £ (im) Lo. O

5.3 Material Law Operators

Using the multiplication operator representation of 0;, via the Fourier-Laplace trans-
formation, we can assign a functional calculus to this operator. We will do this in the
following and define operator-valued functions of d; .. The class of functions used for this
calculus are the so-called material laws. We begin by defining this function class.

Definition. A mapping M: dom(M) C C — L(H) is called a material law if

(a) dom(M) is open and M is holomorphic (i.e., complex differentiable; see also Exer-

cise [p.3),

(b) there exists some v € R such that Cres, € dom(M) and

M| = sup [|M(z)[| < oo.

00,Cre>v
2€CRe>w

Moreover, we set
sp (M) == inf {1/ € R; Cresy € dom(M) and [ M| ¢y, < oo}

to be the abscissa of boundedness of M.

Example 5.3.1. (a) Polynomials in z7!: Let n € Ng, Mo, ..., M, € L(H). Then

n

M(z) =) z"M, (z€C\{0})

k=0

defines a material law with

— if M =...=M, =0,
5 (M) = oo, if My .
0, otherwise.
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(b) Series in 27 1: Let (Mj)gen in L(H) such that "3 | My |r=* < oo for some r > 0.
Then

o0

M(z)=Y z"M, (z€C\{0})

k=0

defines a material law with s, (M) < 7.
(c) Exponentials: Let h € R, My € L(H) where My # 0 and set
M(z) == Mye*" (2 € C).
Then M is a material law if and only if A < 0. In this case, sy, (M) = —oc0.

(d) Laplace transforms: Let v € R and k € L ,(R) with spt k C R>g. Then

M(2) = V2r(Lk)(z) == /oo e #k(t)dt (2 € Cresy)

0

defines a material law with s, (M) < v.

(e) Fractional powers: Let My € L(H), My # 0, o € R and set
M(z) = Moz (> € C\ Rey),

where we set Y
(rew) =r "% (r>0,0¢ (—n,n)).

Then M is a material law if and only if & > 0 and

(M) -0 ifa=0,
S =
b 0 otherwise.

For material laws M we now define the corresponding material law operators in terms of
the functional calculus induced by the spectral representation of 0 ,.

Proposition 5.3.2. Let M: dom(M) C C — L(H) be a material law. Then, for
v > sy (M), the operator

M@{m+v): Ly(R; H) — La(R; H), f— (t — M (it + V)f(t))
s bounded. Moreover, we define the material law operator
M(8y,) = LyM(im+v)L, € L(L2,(R; H))

and obtain
MO0l < | M]

00,Cre>v "

Proof. The proof is clear. O
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5 The Fourier—Laplace Transformation and Material Law Operators

Remark 5.3.3. The set of material laws is an algebra and the mapping of assigning
a material law to its corresponding material law operator is an algebra homomorph-
ism in the following sense. For j € {1,2} let M;: dom(M;) € C — L(H) be ma-
terial laws, A € C. Then M; + Ms (with domain dom(M;) N dom(Ms)), AM; and
My - My (with domain dom(M;) N dom(Mz)) are material laws as well. Moreover,
sp (M1 + Ma) ,sp, (M - M) < max{sy, (M1),sp, (Ma2)}. Furthermore, if Ms(z) is a mul-
tiplication operator for all z € dom(Ma), then for v > max{sy (M1),sp, (M2)} we have
(M1 M) (y,) = My (84,) Ma(0r,) = Ma (1) My (8r,) = (MaMy) (8.

Example 5.3.4. We now revisit the material laws presented in Example and com-
pute their corresponding operators, M (0, ).

(a) Let n € Ng, My,..., M, € L(H) and

n

M(z) =) 2"M, (z€C\{0}).

k=0

Then, for v > 0, one obviously has

M(0,,) = Za My,

due to Theorem
(b) Let (My)ken in L(H) such that Y32 ||[Mg|r=* < oo for some r > 0 and

)= z7FMy, (ze€C\{0}).
k=0

Then, for v > r, one has

atu Z

again on account of Theorem
(c) Let h <0,Mp € L(H) and
M(z) == Mye*" (2 € C).

Then, for v € R, we have
M(0,) = MoTh,

where

Th: Loy(R; H) — Loy (R H), f— (t— f(t+h)).
Indeed, for ¢ € C.(R; H) we compute

(L, Mothp) (t ~WHS Mop(s + h) ds

=
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5 The Fourier—Laplace Transformation and Material Law Operators

—(it+v)(s—h) P i v
=My [ () ds = Mt 1) (L) (0

for all ¢ € R, where we have used Proposition in the second line. Hence,
Moty = L, M(Im + v)Lyp = M(0r,) ¢
and since C¢(R; H) is dense in Lo ,,(R; H) the assertion follows.

(d) Let v € R and k € Ly ,(R) with spt k C R>g and
M(z) = V2n(Lk)(z) (2 € Cresv)-

Then, by Exercise [5.4]
M(é?w) = kx

for each pu > v.

(e) Let My € L(H), a >0 and
M(Z) = Myz™¢ (Z eC \ RSO)-

Then for v > 0 we have

t

(M) f) (t) = Mo / (t— )" Lf(s)ds (ae. tER)  (5.8)

o T(a)

for each f € Ly, (R; H); see Exercise This formula gives rise to the definition

(02 f) () = /_Oor(lm(t—s)a-lﬂs) ds (teR),

which is known as the (Riemann—Liouville) fractional integral of order .

Throughout the previous examples, the operator M (0;,) did not depend on the actual
value of v. Indeed, this is true for all material laws. In order to see this, we need the
following lemma.

Lemma 5.3.5. Let p,v € R with p < v, and set U :={z € C; Rez € (u,v)}. Moreover,
let g: U — H be continuous and holomorphic on U such thatg(l +v),g(i-4p) € Lo(R; H)
and there exists a sequence (Ry)nen in Rso such that R, — oo and

/V|]g(iiRn+p)Hdp—>0 (n — o0). (5.9)
m

Then
L0 +p) = Lyg(-+v).
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5 The Fourier—Laplace Transformation and Material Law Operators

Rn 1

YRy,

—R, +

Figure 5.1: Curve vp,,.

Proof. Let t € R. By Cauchy’s integral theorem, we have that

/ g(2)e”dz = 0,
VR

where g, is the rectangular closed path with corners +iR, + p, +iR,, + v. Thus, we
have that

Rn _ Rn _
i/ g(is + v)els+)t 45 — i/ g(is + p)elistmt ds
—Ry —Rn (510)

= _/ g(—iRn—kp)e(*iRn*P)t dp—l—/ g(iRn_i_p)e(iRner)tdp'
K Iz

Note that with the help of the formula for the inverse Fourier-transformation (see The-
orem [5.1.4) and £} = (Fexp(—vm))* = exp(—vm)~'F* the left-hand side of (5.10) is
nothing but

V2ri (Lo gy Ra9 (- 4v)) () = (LR, a9 (- 1)) (1)) 5

and hence, there is a subsequence of (R,,), (which we do not relabel) such that the
left-hand side of (5.10)) tends to

V2mi (L9 +v) (1) = (L9( - +) (1))

for almost every t € R as n — oco. As such, all we need to show is that the right-hand
side of (5.10) tends to 0 as n — oo, which obviously follows by (5.9). O

Theorem 5.3.6. Let M: dom(M) C C — L(H) be a material law. Then, for u,v >
sb (M) and f € Lo, (R; H) N Lo ,(R; H), we have

M(O)f = M(Opu)f

Moreover, M(0;,) is causal for all v > sy, (M).
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5 The Fourier—Laplace Transformation and Material Law Operators
Proof. Let p < v. We prove the assertion for f = 1,3 -z with a < b and x € H first.
For p € R we compute

(it+ _L 1
(Pf) \/7/1je pds_m1t+p

Moreover, we define

(e—(it+p)a _ e—(itﬂ’)b) z (teR\{0}).

1 1
——M ( —za _ —Zb) eC 0
912) = =MoL (7 = o) (s € Cresy\ (0]
and prove that g satisfies the assumptions of Lemma [5.3.5] First, we note that g is
bounded on {z € C; u < Rez < v}\{0}. Indeed, we only need to prove that it is bounded
near 0 provided that p < 0. To that end, we observe

1 1 — e—2(b—a)
“(eTF — e = e "% " ,ph-gq (z —0).
z z

Thus, g is bounded near 0. In particular, z = 0 is a removable singularity and, hence, g
can be extended holomorphically to Crex,. Moreover, for p > u we have that

1
/Ilg(it+p)|2dt=/ ||9(it+ﬂ)|2dt+/ lg(it + p)||? dt.
R -1 [t|>1

The first term on the right-hand side is finite since g is bounded, while the second term
can be estimated by

' ( —pa +e—pb)2 1
lg(it + p)|* dt < || M]3 (el dt < oo.
/|t|>1 OO(CRe>u 2 |t‘>1 t2 + pQ

This proves that g(i-+p) € Lo(R; H) for each p > p and hence, particularly for p = p
and p = v. Finally, for p > p we have that

1

1
i < - -
lotit+ P € =M o o ] — s

(e—ﬂa n e_pb) S0 (] — o0),

which together with the boundedness of ¢ yields (5.9) by dominated convergence. This
shows that g satisfies the assumptions of Lemma and thus

M(Ow)f = Logli-4v) = L,g(1-+p) = M(9u)f.
By linearity, this equality extends to S.(R; H) and so,

F: Se(R;H) — () Law(R; H), f > M(D,,) f

| 2=

is well-defined. Moreover, F' is uniformly Lipschitz continuous (with sup,, [|[F"| =
|| M| ) and hence, the assertions follow from Lemma M O

Oov(cRc>,u
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5 The Fourier—Laplace Transformation and Material Law Operators

5.4 Comments

The Fourier and the Fourier—Laplace transformation introduced in this chapter are used
to define an operator-valued functional calculus for the time derivative, 0y ,. This func-
tional calculus can be defined since the Fourier-Laplace transformation provides the
unitary transformation yielding the spectral representation of the time derivative as mul-
tiplication operator. This fact was already noticed in |[Pic89], which eventually led to
evolutionary equations in [Pic09).

We emphasise that we have used the fundamental property that both F and £, are
unitary. It is noteworthy that the Fourier transformation is an isometric isomorphism on
Ly(R; X) if and only if X is a Hilbert space, see [Kwa72|. In the Banach space-valued
case one has to further restrict the class of functions used to define a functional calculus.
For the topic of functional calculus we refer to the 21st ISem |[Haal8] by Markus Haase
and to his monograph, [Haa06|.

Exercises

Exercise 5.1. Let (2,%, 1) be a measure space, X a Banach space and I C R an open
interval. Let g: I x Q@ — X such that g(¢,-) € L1(p; X) for each t € I, and define

h:1— X, t— / g(t,w)dp(w).
Q

(a) Assume that g(-,w) is continuous for p-almost every w €  and let f € Ly(u) such
that
lg(t, W) < flw) (tel,weQ).

Prove that h is continuous.

(b) Assume that g(-,w) is differentiable for p-almost every w € Q and let f € Li(u)
such that
10t )|l < f(w) (tel,we).

Prove that A is differentiable with
W0 = [ Ouglt.w) dn(e).
Q

Exercise 5.2. Let Hy, H; be two Hilbert spaces and U: dom(U) C Hy — H; linear
such that

e dom(U) is dense in Hy and ran(U) is dense in H;.

e Vo € dom(U) : Uzl = 2l
Show that U can be uniquely extended to a unitary operator between Hy and Hj.

Exercise 5.3. Let 0 C C be open, X a complex Banach space and f: Q — X. Prove
that the following statements are equivalent:
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5 The Fourier—Laplace Transformation and Material Law Operators

(i) f is holomorphic.
(i) For all 2’ € X' the mapping 2’ o f: Q — C is holomorphic.

(iii) f islocally bounded and z'o f: Q — C is holomorphic for all 2/ € D, where D C X’
is a norming setfl] for X.

(iv) f is analytic, i.e. for each zg € Q there is r > 0 and (ay), in X with B (zg,7) C Q
and

f(z) = Zan (z—=20)" (2 € B(z0,7)).
n=0

Assume now that X = L(X1, X2) for two complex Banach spaces X1, Xo, let D1 C X be
dense and Dy C X/ norming for Xo. Prove that the statements to are equivalent
to

(v) fislocally bounded and Q 3 z — z4(f(2)(x1)) € C is holomorphic for all 21 € D,
and x4 € Ds.

Exercise 5.4. Let v € R and k € L1 ,(R). Prove that
Ly (kx f) = v2m (Lok) - (Lo ])
for f € Lo, (R; H).

Exercise 5.5. Let o > 0 and define go(t) = Ljg o) (¢)t*"! for ¢ € R. Show that g, €
L;,(R) for each v > 0 and that

(Loga) (1) = \/%F(a)(it +u)e

Use this formula and Exercise to derive ((5.8]).
Hint: To compute the Fourier—Laplace transform of g,, derive that £, g, solves a first
order ordinary differential equation and use separation of variables to solve this equation.

Exercise 5.6. Let u,v € R with p < v and f € Ly, (R; H) N Ly ,(R; H). Moreover, set

U:={z€C; p<Rez<wv}. Show that f €, ,, L2,(R; H) N Ly ,(R; H) and that

U3z (LReof) (Im2)

is holomorphic.

Exercise 5.7. Let Hy, H; be Hilbert spaces and T': Ly, (R; Hy) — L2, (R; Hy) linear
and bounded. We call T' autonomous if T, = 7, T for each h € R (15, denotes the trans-
lation operator defined in Example |5.3.4). Prove that for autonomous 7T, the following
statements are equivalent:

'D C X' is called a norming set for X, if ||| = sup,/cp\ 10y m\m'(mﬂ for each z € X. Note that X’
is norming for X by the Hahn-Banach theorem.
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(i) T is causal.

(ii) For all f € Lo, (R; Hy) with spt f C [0,00) one has spt T f C [0, 00).

Moreover, prove that for a material law M, the operator M (9, ) is autonomous for each

v > sy (M).
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6 Solution Theory for Evolutionary
Equations

In this chapter, we shall discuss and present the first major result of this year’s internet
seminar: Picard’s theorem on the solution theory for evolutionary equations which is
the main result of [Pic09]|. In order to stress the applicability of this theorem, we shall
deal with applications first and provide a proof of the actual result afterwards. With
an initial interest in applications in mind, we start off with the introduction of some
vector-analytic operators.

6.1 First Order Sobolev Spaces
Throughout this section let © C R? be an open set.
Definition. We define

grad,: C°(Q) C Ly(Q) — Lo(Q)?
¢ (aj¢)je{17,,,7d} )

dive: C(Q)? C Lo()? — Ly(Q)
@ ieqoay ™ D, 9%

je{lvvd}

and if d = 3,

curle: C°(Q)? C Ly(Q)? — Lo(Q)?

D23 — D302
(¢5)jeq103) | 9301 — 013
0192 — D21
Furthermore, we put
div := —grad}, grad = —div}, curl:=curl}
and
divg := —grad®, grad, = —div*, curly = curl®.

Proposition 6.1.1. The relations div,divg, grad, grady, curl and curly are all densely
defined, closed linear operators.
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6 Solution Theory for Evolutionary Equations

Proof. The operators grad., div. and curl, are densely defined by Exercise Thus,
div, grad and curl are closed linear operators by Lemma [2.2.7] Moreover, it follows from
integration by parts that grad, C grad, dive C div and curl, C curl. Thus, div, grad and
curl are also densely defined. This, in turn, implies that grad,, div. and curl. are closable
by Lemma with respective closures gradg, divg and curly by Lemma [2.2.4] O

We shall describe the domains of these operators in more detail in the next theorem.

Theorem 6.1.2. If f € La(Q) and g = (95)jeq1,...a) € Ly(Q)? then the following state-
ments hold:

(a) f € dom(grad) and g = grad f if and only if
Vo e CE@.g e (L) - [ f0,0= [ g0
Q Q
(b) f € dom(grady) and g = grad, f if and only if there exists (fr)r in C() such
that fi. — f in Lo(Q) and grad fr, — g in Ly(Q)? as k — co.

(¢) g € dom(div) and f = divyg if and only if
Vo€ Cx(@): — [ g-grado= [ fo

(d) g € dom(divg) and f = divg g if and only if there exists (gi)x in C°(Q)? such that
gk — g i Ly(Q)? and div g, — f in Lo(Q) as k — oo.

Ifd=3 and f,g € La(Q)3 then the following statements hold:

(e) f € dom(curl) and g = curl f if and only if
Vo € C(Q)3: /Qf-curl(b: /Qg-¢>.

(f) f € dom(curly) and g = curly f if and only if there exists (fx)r in C°(Q)3 such
that fr — f in L2(Q)3 and curl fr, — g in Lo(Q)? as k — .

All the statements in Theorem are elementary consequences of the integration
by parts formula and the definitions of the adjoint. We ask the reader to prove these
statements in Exercise

Remark 6.1.3. We remark here that, classically, the following notation has been intro-
duced:
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Following the rationale of appending zero as an index for Hg (), we shall also use

Hy(div, ) := dom(divy),
Hy(curl, Q) := dom(curlp).

We do, however, caution the reader that other authors also use Hy(div, 2) and Hy(curl, )
to denote the kernel of div and curl. All the spaces just defined are so-called Sobolev
spaces. We note that for d = 3 we clearly have H'(Q)3 C H(div,Q) N H(curl, Q). On
the other hand, note that H(div,2) is neither a sub- nor a superset of H (curl, Q).

Remark 6.1.4. We emphasise that H} (2) C H'(Q) is a proper inclusion for many open Q.
The ‘0’ in the index is a reminder of ‘0’-boundary conditions. In fact, the only difference
between these two spaces lies in the behaviour of their elements at the boundary of
Q. The space H} signifies all H'-functions vanishing at dQ in a generalised sense.
The corresponding statements are true for the inclusions Hy(div,Q) C H(div,2) and
Hy(curl, Q) C H(curl,Q2). The space Hy(div,2) describes H(div,Q)-vector fields with
vanishing normal component and to lie in Hy(curl, 2) provides a handy generalisation of
vanishing tangential component. We will anticipate these abstractions, when we apply
the solution theory of evolutionary equations for particular cases. In a later chapter we
will come back to this issue when we discuss inhomogeneous boundary value problems.

For later use, we record the following relationships between the vector-analytical operat-
ors introduced above.

Proposition 6.1.5. Let d = 3. We have the following inclusions:

ran(curly) C ker(divy),

ran(grad) C ker(curlp),
ran(curl) C ker(div),
ran(grad) C ker(curl)

Proof. 1t is elementary to show that for given ¢ € C>(Q)3 and ¢ € CX(Q) we have
divgcurlyy = 0 as well as curlpgrady¢ = 0. Thus, we obtain ran(curl.) C ker(divg)
and ran(grad,) C ker(curly). Since ker(divg) and ker(curly) are closed, and C°(Q)3
and CZ°(Q) are cores for curly and grad, respectively, we obtain the first two inclusions.
The last two inclusions follow from the first two by taking into account the orthogonal
decompositions

Ly(Q)? = tan(grad) @ ker(divg) = ker(curl) @ ran(curly)

and
Ly(Q)? = tan(grad,) @ ker(div) = ker(curly) @ Tan(curl)
which follow from Corollary O
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6.2 Well-Posedness of Evolutionary Equations and
Applications

The solution theory of evolutionary equations is contained in the next result, Picard’s
theorem. This result is central for all the derivations to come. In fact, with the notation
of Theorem |6.2.1, we shall prove that for all (well-behaved) F' there is a unique solution
of

(Ory M (0ry) + AU = F.

The solution U depends continuously and causally on the choice of F'.
In order to formulate the result, for a Hilbert space H, v € R and a given operator
A: dom(A) € H — H we define its extended operator in L, (R; H), again denoted by
A, by
Ly, (R;dom(A)) € Ly, (R; H) — Lo, (R; H)
[ (t— Af(t)).

We have collected some properties of extended operators in Exercise [6.1] and Exercise
6.2

Theorem 6.2.1 (Picard). Let vy € R and H be a Hilbert space. Let M: dom(M) C
C — L(H) be a material law with s, (M) < vy and let A: dom(A) C H — H be
skew-selfadjoint. Assume that

Re (¢, 2M(2)¢) yy = cllollz; (¢ € H, 2 € Crezuy)

for some ¢ > 0. Then for all v > vy the operator 0, M(0;,) + A is closable and

Sy = (0, M(Br,) + A) ™" € L(Law(R; H)).

Furthermore, S, is causal and satisfies ||Sy||(p, ) < 1/c, and for all F' € dom(0y,,) we
have '
SyF € dom(0;,,) N dom(A).

Furthermore, for n,v > vy and F' € Ly, (R; H) N Ly, (R; H) we have that S, F = S, F.

The property that S, F' = S, F for all F € Ly, (R; H) N Lo, (R; H) where n,v > vy, for
some vy € R, will be referred to as S, being eventually independent of v in what follows.

Remark 6.2.2. Recall that F' € dom(0;,) implies U = S,F € dom(d;,) N dom(A)
in Theorem [6.2.1] Since M(0;,) leaves the space dom(d;,) invariant, this gives that
M (0;,,)U € dom(0;, ) and thus, U solves the evolutionary equation literally; that is,

(O M (04) + A)U = F,

while for F' € Ly, (R; H), in general, we just have

(0t7,,M(0t7,,) + A)U =F.
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Definition. Let H be a Hilbert space and T' € L(H). If T is selfadjoint, we write T' > ¢
for some c € R if

Ve e H: (x,Tx)y > cz|3
Moreover, we define the real part of T by ReT = %(T + 7).
Note that if H is a Hilbert space and T' € L(H) then ReT is selfadjoint. Moreover,
(z,(ReT)x)y =Re(z,Tx)y; (xe€ H).
Hence, in Theorem the assumption on the material law can be rephrased as
RezM(z) 2 ¢ (2 € Crezuyy)-

The following operators will be prototypical examples needed for the applications of the
previous theorem.

Proposition 6.2.3. Let Hy, H1 be Hilbert spaces.

(a) Let B: dom(B) C Hy — Hi, C: dom(C) C Hy — Hy be densely defined linear
operators. Then

(O C) : dom(B) X dOHl(C) - H() x H — HO x Hi

B 0
(¢,9) = (Cy, Bg)

is densely defined, and we have

0o c\" (0 B*
B o) \Cc* 0)°
(b) Let a € L(Hy), and ¢ > 0. Assume Rea > c. Then a~' € L(Hy) with Ha‘lﬂ < %
and Rea™! > ¢l|a| 2.

Proof. The proof of the first statement can be done in two steps. First, notice that the

o 0 B 0 C\" : : ¢
C .
inclusion (C’* 0 > C (B O) follows immediately. If, on the other hand, (d’) €

dom <(g g‘) *) with (g %‘)* <i> _ (g) we get for all z € dom(B) that

o= {( V(66 O
(0)-(),, - 0n

Hence, ¢ € dom(B*) and B*1) = £. Similarly, we obtain ¢ € dom(C*) and C*¢ = (.
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For the second statement, we compute for all ¢ € Hy using the Cauchy—Schwarz inequal-
ity
2
0lllladl g, = (&, ad)| g, = Re(d, ad)y, = (b, d)y, = clllla,-

Thus, a is one-to-one. Since Rea = Rea* it follows that a* is one-to-one, as well. Thus,
we get that @ has dense range by Theorem The inequality

lad ||z, = cllFll i,

implies that ! is bounded with |la™!|| < 1. Hence, as a™! is closed, dom(a™') = ran(a)
is closed by Lemma and hence, dom(a~!) = Hy; that is, a=! € L(Hp). To conclude,
let ¢ € Hy and put ¢ == a~'¢. Then ||¢)]|, = HaaileHO < HaWa*leHo and so

Re (1), a”1),, = Re {ag, d), = Re (6,ad) g, > (6, 0) g, = e (a™ p,a" 1),

1 2
> e ¥l O
lall

The Heat Equation

The first example we will consider is the heat equation in an open subset  C R?. Under
a heat source, Q: R x 2 — R, the heat distribution, 8: R x 2 — R, satisfies the so-called
heat-flux-balance

00 + divg = Q.

Here, ¢: R x Q — R? is the heat flux which is connected to 6 via Fourier’s law
qg = —agradb,

where a: Q — R%* is the heat conductivity, which is measurable, bounded and uniformly
strictly positive in the sense that
Rea(z) > ¢

for all x € Q) and some ¢ > 0 in the sense of positive definiteness. Moreover, we assume
that €2 is thermally isolated, which is modelled by requiring that the normal component
of ¢ vanishes at 0Q; that is, ¢ € dom(divp). Written as a block matrix and incorporating
the boundary condition, we obtain

(G o)+ (0 o) (o 7)) ()= ()

Theorem 6.2.4. For oll v > 0, the operator

10y (0 0 0 divo
Ot (0 0>+<0 a_1>+<grad 0)

is densely defined and closable in Lo, (R; Ly () x Lg(Q)d). The respective closure is
continuously invertible with causal inverse being eventually independent of v.
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Proof. The assertion follows from Theorem applied to

(1 0\, (0 0 (0 divg
M(z)_(o 0>+Z <o a—1> and A_<grad 0)'

Note that M is a material law with s, (M) = 0 by Example [5.3.1] Moreover, for (z,y) €
Lo(2) x Ly(Q)4 and z € Cres, with v > 0 we estimate

Re ((,y), 2M (2)(,9)) 1,0y x Lo (@)t = Re 212170y + cllall (Y117, @y
> min{v, C”aH_Q}H(ZCay)H%Q(Q)xLQ(Q)dv

where we have used Proposition [6.2.3(b)| in the first inequality. Moreover, A is skew-
selfadjoint by Proposition [6.2.3(a) O

Remark 6.2.5. Assume that Q € dom(0:,). It then follows from Theorem that

(0= (o )62 e %) ()

€ dom (9;,,) N dom (( 0 di(;"))) : (6.1)

grad

Then, as in Remark [6.2.2] it follows that § and ¢ satisfy the heat-flux-balance and
Fourier’s law in the sense that 6 € dom(0d;,) N dom(grad) and g € dom(divp) and

00 + divg g = Q,
q= —agrad®f.

This regularity result is true even for Q € Lo, (R; L2(2)); see [PTW17].

The Scalar Wave Equation

The classical scalar wave equation in a medium Q C R (think, for instance, of a vibrating
string (d = 1) or membrane (d = 2)) consists of the equation of the balance of momentum
where the acceleration of the (vertical) displacement, u: R x £ — R, is balanced by
external forces, f: R x Q — R, and the divergence of the stress, o: R x @ — R? in such
a way that

O*u —divo = f.

The stress is related to u via the following so-called stress-strain relation (here Hooke’s
law)
o =T grad u,

where the so-called elasticity tensor, T: Q@ — R%*? is bounded, measurable, and satisfies

74



6 Solution Theory for Evolutionary Equations

for some ¢ > 0 uniformly in x € Q. The quantity grad u is referred to as the strain. We
think of u as being fixed at 9Q (“clamped boundary condition”). This is modelled by
u € dom(grad,).

Using v = 0yu as an unknown, we can rewrite the balance of momentum and Hooke’s
law as 2 x 2-block-operator matrix equation

(0 71) = (o, ) ()= @)

The solution theory of evolutionary equations for the wave equation now reads as follows:

Theorem 6.2.6. Let Q C R? be open, and T as indicated above. Then, for all v > 0,

o (1 0N _ (0 dv
Y \o 1! grad, 0

is densely defined and closable in Lo, (R; Ly(Q) x Lo(Q)?). The respective closure is
continuously invertible with causal inverse being eventually independent of v.

Proof. We apply Theorem [6.2.1) to A = —< 0 d1v>7 which is skew-selfadjoint
gradg 0

by Proposition [6.2.3(a)} and M(z) = (é To_l), which defines a material law with

sp (M) = —oo. The positive definiteness constraint needed in Theorem is satisfied
by Proposition [6.2.3(b)| on account of the selfadjointness of T', which implies the same
for T~1. Indeed, for 1y > 0 and 2z € Cgres,, We estimate

Re <(I7 y)’ ZM(Z) (l‘, y)>L2(Q)><L2(Q)d = Re <xv Zx>L2(Q) + Re <y’ ZT_1y>L2(Q)d

2 c 2
z vl 2|7, + o7 1Vl @

172
> vomin{L, ¢/ | T2} (2, y)II7, 0y Lo()e

for each (z,y) € La(Q) x La(Q)9, where we used the selfadjointness of T~ in the second
line. O

Remark 6.2.7. Let f € La, (R; La(R2)), v > 0, and define

)= (0 )G 9) (%)

0 div
grad, 0

By Theorem [6.2.1] we obtain (;) € dom(0;,,) Ndom <<

>> . Hence, we have

Oppu—dive =0, f

8t,,/T_15 = grad,u
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6 Solution Theory for Evolutionary Equations

or

Orpu—dive =0, f

o= T@,:Vl gradg u.

Thus, formally, after another time-differentiation and the setting of o = 0; ,0 we obtain
a solution of the wave equation, (u, o). Notice, however, that differentiating div o cannot
be done without any additional knowledge of the regularity of o. In fact, in order to
arrive at the balance of momentum equation, one would need to have diveo € dom(9;,).
However, one only has ¢ € dom(d;,) N dom(div). It is an elementary argument, see

[SW17, Lemma 4.6], that we in fact have div 8,;1 = 8;3 div, which suggests that, in
general, divo ¢ dom(0;, ), see Exercise

Maxwell’s Equations

The final example in this lecture forms the archetypical evolutionary equation — Maxwell’s
equations in a medium € C R3. In order to see this (and to finally conclude the 2 x 2-block
matrix formulation historically due to the work of [Minl10; Sch68; Lei6§|), we start out
with Faraday’s law of induction, which relates the unknown electric field, £: RxQ — R3,
to the magnetic induction, B: R x Q — R3, via

0yB + curl E = 0.

We assume that the medium is contained in a perfect conductor, which is reflected in
the so-called electric boundary condition which asks for the vanishing of the tangential
component of E at the boundary. This is modelled by E € dom(curlp). The next
constituent of Maxwell’s equations is Ampere’s law

OyD + J. — curl H = Jy,

which relates the unknown electric displacement, D: R x Q — R3, charge, J.: R x Q —
R3, and magnetic field, H: R x Q — R3, to the (given) external currents, Jy: R x
Q) — R3?. Maxwell’s equations are completed by constitutive relations specific to each
material at hand. Indeed, the (bounded, measurable) dielectricity, :  — R3X3, and
the (bounded, measurable) magnetic permeability, p: Q — R3*3 are symmetric matrix-
valued functions which couple the electric displacement to the electric field and the
magnetic field to the magnetic induction via

D =¢FE, and B = puH.

Finally, Ohm’s law relates the charge to the electric field via the (bounded, measurable)
electric conductivity, o: Q — R3*3, as

J.=0F.
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6 Solution Theory for Evolutionary Equations

All in all, in terms of (E, H), Maxwell’s equations read

(G ) (@0 lame 57) () = ()

For the time being, we shall assume that there exists ¢ > 0 and 1y > 0 such that for all
v 2 vy we have
ve(x) +Reo(z) 2 ¢, plz)>2c (xeQ)

in the sense of positive definiteness. Note that the latter condition allows particularly
for € = 0 on certain regions, if Re o compensates for this. This situation is referred to as
the eddy current approximation in these regions. With the above preparations at hand,
we may now formulate the well-posedness result concerning Maxwell’s equations.

Theorem 6.2.8. Let Q C R3 be open and v > vy. Then

P e 0 L (° 0 n 0 —curl
AN 0 0 curly 0
is densely defined and closable in Lo, (R; La(Q2)® x La(Q)3). The respective closure is

continuously invertible with causal inverse being eventually independent of v.

Proof. The assertion follows from Theorem applied to the material law

= )+ )

and the skew-selfadjoint operator

0 — curl
A= <cur10 0 ) ‘ =

Remark 6.2.9. In the physics literature (see e.g. [FLS64, Chapter 18]), Maxwell’s equa-
tions are usually complemented by Gauss’ law,

divg B =0,

as well as the introduction of the charge density, p = diveF, and the current, J = Jy—Jg,
by the continuity equation
&gp =div J.

We shall argue in the following that these equations are automatically satisfied if (E, H)
is a solution to Maxwell’s equation. Indeed, assuming Jy € dom(d;, ), then, as a con-
sequence of Theorem [6.2.1] we have that

(2)-(2G 0+ (0 —57) (1)
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6 Solution Theory for Evolutionary Equations

0 —curl
€ dom (0;,,) Ndom <<cur10 0 )> .

Reformulating the latter equation yields
B =uH = —(9;1,1 curlp F,
eE =0;, (~0E + Jo+ curlH) = 0;,) J + ;) curl H.

Since curly E' € ran(curly), we have by Proposition that 8,;1 curly E € tan(curly).
Thus, by Proposition [6.1.5] we obtain

divg B = divg (—(9;7,/1 curly E) =0.
Similarly, we deduce that
p=diveE =diva,, J.
If, in addition, we have that J € dom(div), we recover the continuity equation. In
general, the continuity equation is satisfied in the integrated sense just derived.

We shall keep the list of examples to that for now. In the course of this internet seminar,
we will see more (involved) examples. Furthermore, we will study the boundary con-
ditions more deeply and shall relate the conditions introduced abstractly here to more
classical formulations involving trace spaces.

6.3 Proof of Picard’s Theorem

In this section we shall prove the well-posedness theorem. For this, we recall an element-
ary result from functional analysis. It is remindful of the Lax—Milgram lemma.

Proposition 6.3.1. Let H be a Hilbert space and B: dom(B) C H — H densely defined
and closed with dom(B) 2 dom(B*). Assume there exists ¢ > 0 such that

Re (¢, Bo)y > clloli; (¢ € dom(B)).
Then B~' € L(H) and |B7!|| < 1/c.

Proof. The proof is a refinement of the argument in Proposition [6.2.3] In fact, the
assumed inequality implies closedness of the range of B as well as continuous invertibility
with B~!: ran(B) — H. The fact that ran(B) is dense in H follows from the fact that
Re (¢, B*¢) ; > ¢||¢||3; for all ¢ € dom(B*) C dom(B) which, in turn, also follows from
the assumed inequality. d

Proof of Theorem[6.2.1] Let v > vy and z € Cres,. Define B(z) :== zM(z) + A. Since
M(z) € L(H) it follows from Theorem [2.3.2]that B(z)* = (2M(2))"—A and dom(B(2)) =
dom(B(z)*) = dom(A). Moreover, for all ¢ € dom(A) we have

Re (¢, B(2)) jy = Re (¢, (zM(2) + A) )y = Re (¢, 2M (2)0) iy = ell6]| 7,
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6 Solution Theory for Evolutionary Equations

due to the skew-selfadjointness of A. Thus, by Proposition applied to B(z) instead
of B, we deduce that
S: Cresy 2 2+ B(2)!

is bounded and assumes values in L(H ) with norm bounded by 1/c. By Exercise we
have that S is holomorphic. Thus, S is a material law and ||S(0;,)|| < 1/c by Proposition
Moreover, Theorem implies that S(0;,) is independent of v and causal.
Next, if f € dom(d,), it follows that (im +v) L, f € Lo(R; H). Hence, for all t € R we
obtain

AS(it + V)L, f(t) = A((it + v) M(it +v) + A) 'L, f(2)
= L, f(t) — (it + v) M (it + v)S(it + v) L, f(2).
Thus, by the boundedness of M and S, we deduce S(i-+v)L,f € La(R;dom(A)). This
implies S(9;)f € L2, (R;dom(A)) by Exercise[6.2] Similarly, but more easily, it follows
that (i-+4v)S(@i-+v)L,f € L2(R; H) also, which shows S(0,,)f € dom(0,).
We now define the operator B(im + v) by
dom(B(im + v)) == {f € Lo(R; H) ; f(t) € dom(A) for a.e. t € R,
(t— B(it+v)f(t) € Lo(R; H)}
and
B(im+v)f = (t— B(it+v)f(t)) (f € dom(B(im+ v))).
Then one easily sees that B(im + v) = S(im + v)~! and since S(im + v) is closed, it
follows that B(im + v) is closed as well. Moreover

(im 4+ v)M (im 4+ v) + A C B(im + v)

and hence, the operator (im+v)M (im+v)+ A is closable, which also yields the closability
of 0, M(0;,,) + A by unitary equivalence. To complete the proof, we have to show that

(im 4+ v)M (im + v) + A = B(im + v),

as this equality would imply S(0;,) = ((%,,M (Orp) + A)f1 by unitary equivalence. For
showing the asserted equality, let f € dom(B(im + v)). For n € N we define f,, =
Li_pnf. Then f, € dom(im + v) Ndom(A) € dom((im + v)M (im + v) + A) for each
n € N and by dominated convergence, we have that f, — f as n — oo as well as

((im+v)M (im+v)+A) frn = Bim+v) fr, = 1j_, ) B(im+v) f — B(im+v)f (n — o).

This shows that f € dom((im 4+ v)M (im + v) + A) and hence, the assertion follows. [

Remark 6.3.2. Note that Theorem can partly be generalised in the following way
(with the same proof). Let M : Cresy, — L(H) be holomorphic and A a closed, densely
defined operator in H such that zM(z) + A is boundedly invertible for all z € Cresy,
and that sup,ecy,., |(zM(z) + A)AHL(H) < 0o0. Then S, € L(Lg,(R; H)) is causal
and eventually independent of v.
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6 Solution Theory for Evolutionary Equations

Remark 6.3.3. As the proof of Theorem shows, for v > vy we have that S: Cre>, 2
z = (zM(2) + A)~! € L(H) is a material law and S, = S(d;,). Thus, the solution
operator is a material law operator, and by Remark applied to S and z — %IH we
obtain

Sl/at,l/ g 8t,1/SI/-

6.4 Comments

The proof of Theorem here is rather close to the strategy originally employed in
[Pic09], at least where existence and uniqueness are concerned. The causality part is a
consequence of some observations detailed in [Kal+14: Waulb|. The original process of
proving causality used the Theorem of Paley and Wiener, which we shall discuss later
on.

The eddy current approximation has enjoyed great interest in the mathematical and
physical community, in particular for the case when € = 0 everywhere. The reason being
that then Maxwell’s equations are merely of parabolic type. We shall refer to [Pau+18|
and the references therein for an extensive discussion.

Both Proposition [6.3.1] and the Lax—Milgram lemma have been put into a general per-
spective in [PTW15].

Exercises
Exercise 6.1. Let (2, X, i) be a o-finite measure space and let Hy, H; be Hilbert spaces.
Let A: dom(A) C Hy — H; be densely defined and closed. Show that the operator
Ayt Lo(p; dom(A)) C Lo(p; Ho) — La(p; Hy)
[ (we Af(w))
is densely defined and closed. Moreover, show that (A,)" = (4*),,.

Exercise 6.2. In the situation of Exercise if (Qq, %1, p1) is another o-finite measure
space and F: La(p) — La(u1) is unitary, show that for j € {0,1} there exists a unique
unitary operator Fy;: Lo(u; Hy) — Lo(p1; Hy) such that

Fu; (o) = (Fo)x (¢ € La(p), z € Hj).

Furthermore, prove that
F AuFr, = Ap.

Exercise 6.3. Show that for Q C R? open, the set C2°(Q) C Lo(€Q) is dense.
Exercise 6.4. Prove Theorem 6.1.21

Exercise 6.5. Let H be a Hilbert space, A: dom(A) C H — H skew-selfadjoint, and
¢ > 0. Moreover, let M: dom(M) C C — L(H) be holomorphic with

ReM(z) > ¢ (z € dom(M)).
Show that dom(M) 3 z — (M(z) + A)~" is holomorphic.
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Exercise 6.6. Let C': dom(C) € Hy — H; be a densely defined and closed linear
operator acting in Hilbert spaces Hy and H;. For v > 0 show that

0;,C =Co;,.

Hint: Apply Exercise [6.2/ and show (im + v)~1C = C(im + v)~! with a suitable approx-
imation argument.

Exercise 6.7. (a) Compute HJ(Q)" where the orthogonal complement is computed
in H'(Q).

(b) Assume that
D :={¢ € H'(Q); grad ¢ € dom(div), ¢ = divgrad¢} C C=(Q).

and show that C°°(Q) N HY(Q) C H'() is dense.
Remark: The regularity assumption in (b) always holds and is known as Weyl’s Lemma,
see e.g. |GT83, Corollary 8.11|, where the more general situation of an elliptic operator
with smooth coefficients is treated. See also [Don69, p.127|, where the regularity is shown
for harmonic distributions.
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7 Examples of Evolutionary Equations

This chapter is devoted to a small tour through a variety of evolutionary equations.
More precisely, we shall look into the equations of poro-elastic media, (time-)fractional
elasticity, thermodynamic media with delay as well as visco-elastic media. The discussion
of these examples will be similar to that of the examples in the previous chapter in the
sense that we shall present the equations first, reformulate them suitably and then apply
the solution theory to them. The study of visco-elastic media within the framework of
partial integro-differential equations will be carried out in the exercises section.

7.1 Poro-Elastic Deformations

In this section we will discuss the equations of poro-elasticity, which form a coupled
system of equations. More precisely, the equations of (linearised) elasticity are coupled
with the diffusion equation. Before properly writing these equations we introduce the
following notation and differential operators.

Definition. Let K&d = {A € K™¢; A= AT} C K% the (closed) subspace of sym-

sym

metric d x d matrices. Let © C R% be open. Then define

L8t = Ly KL

sym sym

= {(‘ij)j,ke{l,...,d} € Lo()™ Vi ke {1,....d}: D = q’kj} -

Analogously, we set C2°(Q)4X4 .= C®(Q; K4x9).

sym sym

Note that the symmetry of a d X d matrix here means that the matrix elements are
symmetric with respect to the main diagonal. For K = C, this does not correspond to
the symmetry of the associated linear operator (which would rather be selfadjointness).

Definition. Let © C R? be open. Then we define
Grade: C°(Q)? C La()? — Ly(Q)%%d
1
((bj)je{l,‘..,d} =5 (Okj + 6j¢k>j,k€{1,...,d}7
and

Dive: C°(Q2)2%4 C Ly(Q) X8 — Lo(Q)?

sym sym

d
(®jk); ke, ay = (Z 6’@]”“)
k=1

]6{177d}
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7 Examples of Evolutionary Equations

Similarly to the definitions in the previous chapter, we put Grad := — Div}, Div =
— Grad} and Grady := — Div*, Divy := — Grad®, where (analogously to the scalar-valued
case) we observe that Grad. C — Div} motivating the notation Grad and Grady.

Remark 7.1.1. Note that in the literature Grad u is also denoted by ¢(u) and is called the
strain tensor. Due to the (obvious) similarity to the scalar case, we refrain from using
€ in this context and prefer Grad instead. Again, the index 0 in the operators refers to
generalised Dirichlet (for Gradp) or Neumann (for Divg) boundary conditions.

We are now properly equipped to formulate the equations of poro-elasticity; see also
[MC96] and below for further details. In an elastic body Q C R?, the displacement field,
u: R x © — R? and the pressure field, p: R x @ — R, of a fluid diffusing through €
satisfy the following two energy balance equations

OrpOru — grad A divu — Div C Grad u + grad a™p = f,
O(cop + adivu) —divkgradp = g.

The right-hand sides f: R x @ — R% and g: R x Q — R describe some given external
forcing. We assume homogeneous Neumann boundary conditions for the diffusing fluid
as well as homogeneous Dirichlet (i.e. clamped) boundary conditions for the elastic body.
The operator p € L(L2(Q)%) describes the density of the medium 2 (usually realised
as a multiplication operator by a bounded, measurable, scalar function). The bounded
linear operators C' € L(La(Q)&:d) and k € L(Ly(Q2)?) are the elasticity tensor and the
hydraulic conductivity of the medium, whereas co, A € L(Ly(£2)) are the porosity of the
medium and the compressibility of the fluid, respectively. The operator av € L(La(£2))
is the so-called Biot—Willis constant. Note that in many applications p,co, A and « are
just positive real numbers, and C' and k are strictly positive definite tensors or matrices.
The reformulation of the equations for poro-elasticity involves several ‘tricks’. One of
these is to introduce the matrix trace as the operator
trace: LQ(Q)gyXH‘f — Ly(Q)
d
(®jk)jeft,ndy — D Ljj.

j=1
Note that the adjoint is given by trace* f = diag(f, f,...,f) € Lg(Q)gyXHCf. It is then
elementary to obtain trace Grad C div as well as grad = Divtrace®. Hence, we get
formally

Oy pOyu — Div((@t trace™ A trace +C') Grad u — trace™ a*p) =f,
O (cop + atrace Grad u) — div kgradp = g.

Next, we introduce a new set of unknowns

v = O,
T := C Gradu,
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7 Examples of Evolutionary Equations

w = Atrace Grad v — ap,

q = —kgradp.

Here, v is the velocity, T' is the stress tensor and ¢ is the heat flux. The quantity w is
an additional variable, which helps to rewrite the system into the form of evolutionary
equations.

In order to finalise the reformulation we shall assume some additional properties on the
coefficients involved. Throughout the rest of this section, we assume that

*

p=p 2c

co =y = ¢,
ReX > ¢,
Rek > ¢, and

C=C">c

for some ¢ > 0, where all inequalities are thought of in the sense of positive definiteness
(compare Chapter @ As a consequence, we obtain

trace Gradv = A 'w + A ta*p.

Rewriting the defining equations for 7T, w, and ¢ together with the two equations we
started out with, we obtain the system

Opv — Div (T + trace™ w) = f,

deop + aXtw + axlatp + divg = ¢,
A lw+ A ta*p — trace Grad v = 0,
9,C'T — Gradv =0,

k~lq + gradp = 0.

Note that at this stage of modelling we did assume that we can freely interchange the
order of differenation, so that Grad 0yu = 9, Grad u. Introducing

p 00 0 O 0 0 0 0 0
00 cg 0 0 O 0 ax"l'o* aXx™' 0 0

My=|0 0 0 0 Of, My=]0 Xxlar X1 0 0 [, (7.1)
000 Ccto 0 0 0 0 0
000 0 O 0 0 0 0 k!
100 0 O 0 0 0 —Div 0
010 0 O 0 0 0 0 divg

V=0 0 1 trace 0|, A:= 0 0 0 0 0o |, (72
000 1 0 —Gradg 0 0 0 0
000 0 1 0 grad 0 0 0
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we obtain

(O:Mo + My + VAVY)

HNE
1
o o

q 0

This perspective enables us to prove well-posedness for the equations of poro-elasticity
by applying Theorem
Theorem 7.1.2. Put H = Ly(Q)% x La(Q) x La(Q) x La(Q)EX4 x Ly(Q)? and let

sym
My, M1,V € L(H) and A be given as in and (7.9). Then there exists vy > 0
such that for all v > vy the operator Oy, My + My + VAV* is continuously invertible on
Ly, (R; H). The inverse S, of this operator is causal and eventually independent of v.

Moreover, sup,s,, [|Sy|| < oo and F' € dom(9;,,) implies S, F' € dom(9;,,)Ndom(V AV™).

We will provide two prerequisites for the proof. We ask for the details of the proof in
Exercise [7.1]

Proposition 7.1.3. Let Hy, Hy be Hilbert spaces, B: dom(B) C Hy — Hy skew-
selfadjoint, V € L(Hy, Hy) bijective. Then (VBV*)" = —V BV*.

The proof of Proposition is left as (part of) Exercise

Proposition 7.1.4. Let H be a Hilbert space, Ny, N1 € L(H) with No = N§. Assume
there exist co,c1 > 0 such that (z, Nox) > col|z||* for all x € ran(Ny) and Re (y, N1y) >
cllyl? for all y € ker(Ng). Then for all 0 < ¢y < ¢; there exists vy > 0 such that for all

v > vy we have that
vNo +Re Ny > o).

Proof. Note that by the selfadjointness of Ny we can decompose H = tan(Np) @ ker(Np),
see Corollary Let z € H, and = € tan(NVy), y € ker(Np) such that z = x +y. For
g, v > 0 we estimate

v(z+y, No(z +y)) +Re(r+y, Ni(z +y))
= v (z, Noz) + Re (y, My) + Re (z, N1z) + Re (z, N1y) + Re (y, N1z)
> veollz|® + ellyll® — [Nz = 2/ Nul 21y

1
2 2 2 2 2 2
= veollz||” + cullyll” — IINflllz ™ = AN lll™ — ellyl

1 2 2 2
= (ven = 20l? 181 ) el + e = <) P

where we have used the Peter-Paul inequality (i.e., Young’s inequality for products of
non-negative numbers). For 0 < ¢| < ¢; we find € > 0 such that ¢; —e > ¢}. Then we

choose v > é (c’l + V)P + HN1H) With this choice of vy we deduce for all v > vy

that
v (2 Noz) + Re (2, Niz) > & (llall” + wll”) = éhll=1,

which yields the assertion. O
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7.2 Fractional Elasticity

Let Q C R? be open. In order to better fit to the experimental data of visco-elastic
solids (i.e., to incorporate solids that ‘memorise’ previous force applied to them) the
equations of linearised elasticity need to be extended in some way. The balance law for
the momentum, however, is still satisfied; that is, for the displacement u: R x Q — R?
we still have that

atpﬁtu —DivT = f,

where p € L(L2(Q)%) models the density and f: R x Q — R? is a given external forcing
term. The stress tensor, T: R x  — Rg;rg, does not follow the classical Hooke’s law,
which, if it did, would look like

T =CGradu

for C € L(Lo(2)%%4). Instead it is amended by another material dependent coefficient

sym

D e L(LQ(Q)gyxn‘f) and a fractional time derivative; that is,
T = C Gradu + Doy Grad u,

for some o € [0,1], where 9 = 9,07 ', see Example [5.3.1(e)l We shall simplify the
present consideration slightly and refer to Exercise instead for a more involved ex-
ample. Throughout this section, we shall assume that

C=0,D=D">2¢c, and p=p" >c

for some ¢ > 0. Thus, putting v := J;u and assuming the clamped boundary conditions
again, we study well-posedness of

Opv —DivT = f, (7.3)
T = Doy Gradg u. (7.4)
In order to do that, we first rewrite the second equation. We will make use of the following

proposition which will serve us to show bounded invertibility of 9§ (in the space L, ),
and which will also be employed to obtain well-posedness.

Proposition 7.2.1. Let v > 0, z € Cresy, a € [0,1]. Then
Rez® > (Rez)* > v~

Proof. Let us prove the first inequality. Note that without loss of generality, we may

assume that Rez = 1. Let ¢ == argz € (—%, g) Since Inocos is concave on (—g, g)
(as (Inocos) = — tan is decreasing) and (Inocos)(0) = 0, we obtain

In cos(ap) = Incos(ayp + (1 — a)0) > alncos(p) + (1 — a)Incos(0) = In(cos(p)?),

1

sy e obtain
©)

and therefore cos(agp) > cos(p)®. Since Rez = 1 implies |z| =

cos(09) _ | o
(cos )™ > 1= (Re2)".

The second inequality follows from monotonicity of x — z¢. O

Rez®* =
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7 Examples of Evolutionary Equations

Applying Proposition and noting that D is boundedly invertible we can reformulate

[ as

97*D™IT — Gradgu = 0,

t,v

so that (7.4) and (7.3)) read

(o (8 ) (o 7)) ()= ()

A solution theory for the latter equation, thus, reads as follows, where again v = 0 ,u.

Theorem 7.2.2. Put H == Ly(Q)? x Ly(Q)3%4. Then for all v > 0 the operator

sym*

o (P 0 Y _( 0 Div
"\0 00D7! Gradg 0

is densely defined and closable in Lo, (R; H). The inverse of the closure is continuous,
causal and eventually independent of v.

Proof. The proof rests on Theorem [6.2.1} Since 0 biv is skew-selfadjoint by
Gradg O

Proposition [6.2.3|(a)l it suffices to confirm the positive definiteness condition for the
material law. For this let z € Cres, and compute for 2 € Ly(Q)%X¢, using Proposition

sym >
and Proposition 6.2.3(b)]

Re <$, zziO‘Dflx> = Re <x, zlfo‘D*lx> > ple <J,‘, D71x> >yl

c
2

1D

This yields the assertion. O

2
[

7.3 The Heat Equation with Delay

Let @ C R? be open. In this section we concentrate on a generalisation of the heat
equation discussed in the previous chapter. Although we keep the heat-flux-balance in
the sense that

00 + divg = Q,

with ¢: R x © — R being the heat flux and #: R x  — R being the heat, we shall now
modify Fourier’s law to the extent that

q= —agradf — br_j grad 0

for some a,b € L(Ly(Q)?%) with Rea > ¢ for some ¢ > 0, and h > 0. We shall again
assume homogeneous Neumann boundary conditions for g. Written in the now standard
block operator matrix form, this modified heat equation reads

(0 0) 0 ) * lama 57)) ()= (0):

In order to actually justify the existence of the operator (a + bT,h)_l as a bounded linear
operator, we provide the following lemma.
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7 Examples of Evolutionary Equations
Lemma 7.3.1. (a) There exists vy > 0 such that for all v > vy the operator a + br_y,
is continuously invertible in Lo, (R; Lo()?).

(b) For all 0 < ¢ < ¢/||a|)?® there is v1 > vy such that for all z € CRres,, we have
Re (a + be*Zh)f1 >c.

Proof. Note that a is invertible with Hailﬂ < % and Rea™! >
G230
(a) By Example for all v > 0 we obtain

o ”2 by Proposition

—(it+v)h

167l (2, < IPlzqza s SUP (e ‘ = bl 1zo ()0

Thus, we find vy > 0 such that for all v > vy we obtain Hl)ﬂhcleL(L2 ) <

a+br_p= (1 + bT_ha_l) a

is continuously invertible by a Neumann series argument.

b) Let 0 < ¢ < ¢/||al|?>. We choose v1 > v such that ||be=#"aq =1 < min l, €
L(L2 2

@9
for all z € Crexy,, where 0 < € < 1 (” E ) For z € Cre>,, we compute

a7 -1 —ah 1) * _ -1 = _p—zh —1 K
Re(a—i—be ) = Rea (l—l—be a ) Re(a kzo( be *"a ))
= Re (a_l + ia_l (be_Zha_l)k>

k=1

c = 1 ho—1\F
o (~bomta)

all ;
c = -1 (_befzhafl)k
lall” =

ZH( )
HaH
c 1 H(—be Zhafl)H c 1 ,

- _Z > ——2e2>c. O

la®  e1—[[(=be==ha=1)|| " |la* ¢

With this lemma we are in the position to provide the well-posedness for the modified
heat equation, as well.
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7 Examples of Evolutionary Equations

Theorem 7.3.2. Let H = Ly(Q) x La(Q)?. There exists vy > 0 such that for all v > vy

the operator
P 10 n 0 0 n 0 divg
b 0 0 0 (a+bry)™? grad 0

is densely defined and closable with continuously invertible closure in Lo, (R; H). The
inverse of the closure is causal and eventually independent of v.

Proof. The proof rests on Theorem and Lemma [7.3.1 O

7.4 Dual Phase Lag Heat Conduction

The last example is concerned with a different modification of Fourier’s law. The heat-
flux balance
00 +divg =Q (75)

is accompanied by the modified Fourier’s law
1
(1+ 540 + 5538?)q = —(1+ sg0) grad 0, (7.6)

where s, € R, sg > 0 are given numbers, which are called ‘phases’.

Remark 7.4.1. The modified Fourier’s law in (7.6]) is an attempt to resolve the problem
of inifinite propagation speed which stems from a truncated Taylor series expansion of a
model given by

Ts,q = —Tso grad 0.
Note that it can be shown that such a model would even be ill-posed, see [DQRO0Y).

Let us turn back to the system (7.5 and (7.6). Notice, since sy > 0, and due to a strictly
positive real part of the derivative in our functional analytic setting, we deduce that
(1 + s¢0¢,) is continuously invertible for v > 0. Thus, we obtain

1
Oty (8[,/1 + 54+ isgat,y)(l + 800;) tq = —grad 0

The block operator matrix formulation of the dual phase lag heat conduction model is
thus

5 (1 0 (0 dive)) (0 _ (@
tv\o (8;,1+sq+%533t7,,)(1+598t7,,)_1 grad 0 q) \0)/)°

Theorem 7.4.2. Let H = Ly(Q) x La(Q)?. Assume s, € R\ {0}, sy > 0. Then there
exists vy > 0 such that for all v > vy the operator

9 1 0 + 0 diVo
YN0 (05, + sq+ 55201.) (1 + sp0h0) 7! grad 0

is densely defined and closable with continuously invertible closure in Lo, (R; H). The
inverse of the closure is causal and eventually independent of v.
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7 Examples of Evolutionary Equations

The proof of Theorem is again based on Theorem Thus, we shall only record

the decisive observation in the next result. For this, we define

2+ sg+ 5822
14 sp2

Lemma 7.4.3. Let s, € R\ {0},s9 > 0. Then there exists vy € R and ¢ > 0 such that

for all z € Cre>y, we have

M(z) =

€C (z€C\{0,~1}).

RezM(z) > c.
Proof. We put o := z—z Let z € C\ {0, —i} We compute

1+ 5.2+ 38222 1 1 l-o(1-1o
zM(z) = 72797 _ —s2040(1—- 20 —|—M
14 sgz 2 2 14 sgz

and therefore
(1-0(1—1%0))(1+sgRez)
|1 + 892|2

1 1
RezM(z) = isqaRez—FU (1— 20) +

By assumption
2

Sq
0 < — =340,
S0

and since

1—0(1—10))(1+sgRez
(-0 4) (4 sohes)
‘1+892|
as Re z — 0o, we obtain
1
RezM(z) > §SqaRez -9

for some 6 > 0 and all z € C with Re z large enough. O

7.5 Comments

The equations of poro-elasticity have been proposed in [MC96| and were mathematically
studied in [Sho00; [MP10].

Equations of fractional elasticity are discussed in [PTW15; Wauld CW18; NKSO03].
The well-posedness conditions stated here and in Exercise can be generalised as it
is outlined in [PTW15|] to the case where both C' and D are non-negative, selfadjoint
operators so that C' and D satisfy the conditions imposed on N; and Ng in Proposition
We refrained from presenting this argument here, as it seemed too technical for
the time being. Note however that the proof is neither fundamentally different nor
considerably less elementary.

The heat equation with delay has also been studied in [KPR15| with an entirely different
strategy; the dual phase lag models have been dealt with in [Muk+16; Tz095].

Other ideas to rectify infinite propagation speed of the heat equation can be found in
[And+06], where nonlinear models for heat conduction are being discussed.

The visco-elastic equations discussed in Exercise [7.6] are studied with convolution oper-
ators more general than below in [Trol5|; see also |[CS03; Trol8; [Daf70; Prii09).

91



7 Examples of Evolutionary Equations

Exercises
Exercise 7.1. (a) Prove Proposition

(b) Prove Theorem [7.1.2

(c) Let © C R? be open, v > 0, f € HY(R;L2(Q)?) and g € HL(R; Lo(Q)). With
the help of Theorem show that for large enough v > 0 there exist a unique
u € dom (87,) N dom (grad Adiv d;,,) N dom (Div C Gradg) and p € dom(dy,) N
dom(grad o) N dom(divg k grad) such that

Ot v pOr yu — grad Adiv 0y ,u — Div C Gradg u + grad a™p = f
O pcop + adiv 0y yu — divg k gradp = g.

Exercise 7.2. Let Q C R? be open, C, D € L(L2(Q)4%%), D = D* > ¢ for some ¢ > 0

sym

and « € [£,1]. Show that there exists vy > 0 such that for all v > 1 the system
2 y

Otppv —DivT = f,
T = (C + Ddy,) Gradg u,

where v = 9 yu, admits a unique solution (v,T) € La, (R; Lo () x La(Q)2%d) for all
f € Hj(R; L()%).

The following exercises are devoted to showing the well-posedness of certain equations in
visco-elasticity, where the ‘viscous part’ is modelled by convolution with certain integral
kernels. The proof of the required positive definiteness property requires some prelim-
inary results. We assume the reader to be equipped with the basics from the theory of
functions of one complex variable.

For U C C open, u: U — C holomorphic, define freq: U—>R by frReuw(x,y) = Reu(z +
iy) for (z,y) € U = {(z,y) e R?*; x +iy € U}. We put

Hpo(U) == {fRew; u: U — C holomorphic} .
Exercise 7.3. Let U C C be open.

(a) Let f € Hge(U). Show that f satisfies the mean value property; that is, for all
(z,y) € U and r > 0 with B ((z,y),r) C U we have

1 2w

flz,y) = — f(z+rcosf,y+rsind)de.
2 0

(b) Let U := Cim>o and f € Hgo(U)NC(R x Rxq). Moreover, assume that f(x,0) =0
for each x € R and f(z,y) — 0 as |(x,y)| — oco. Show that f =0 on R x Ry.

Exercise 7.4. In this exercise we show a version of Poisson’s formula. Let U := Crpso
and f € Hre(U) NC(R x Rxp).
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7 Examples of Evolutionary Equations

(a) Assume that f(-,0) € L,(R) for some 1 < p < oo. Show that Cipso 3 2 +—

Im i(R
1 Re; J;,)QGZIHTZ)Q f(2’,0)da’ is holomorphic.

(b) Assume that f(-,0) € Lo(R). Show that < [, wa(x’,()) dz’ — f(x0,0) as
x — zo and y — 0+.

(c) (Poisson’s formula) Assume that f(-,0) € L,(R) for some 1 < p < oo and f(z,y) —
0 as |(x,y)] — oo in R x R>p. Show that

ﬂ%MZiA@F;;+ﬁﬂﬂmm’«LMERM&M

Hint: Apply Exercise [7.3(b)}
Exercise 7.5. Let vy € R and k € Ly 5, (R;R) with sptk C Rx.
(a) Show that for all (z,v) € R x R, we have

Vv —1

= )2 (v g2 RO ) ot

mwmm+wzlé

™

Hint: Approximate k& by functions in C°(R>o; R) and use Poisson’s formula (see

Exercise .

(b) Assume there exists d > 0 such that for all x € R
xIm(Lk)(iz + 1) < d.
Show that for all v > 1y and z € R we have
xIm(Lk)(iz + v) < 4d.

Hint: Use the formula in and split the integral into positive and negative part
of R; use symmetry of (Lk) under conjugation due to the realness of k.

Exercise 7.6. Let Q C R be open, 1y € R and k € L1,,(R;R) with sptk C Rxy.
Assume there exists d > 0 such that

xIm(Lk)(iz +w) <d (z € R).

Show that there exists 11 > 1 such that for all v > v1 the operator

5 1 0 n 0 Div
YN0 (1= Re) Gradg O

is well-defined, densely defined and closable in Ly, (R; H) with H = La(Q)4 x LQ(Q)gyXH‘f.
Further, show that its closure is continuously invertible, and that the corresponding

inverse is causal and eventually independent of v.
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Exercise 7.7. Let vp € R and k € Ly ,,(R;R) with spt k& C Rxo.

(a) Assume that k is absolutely continuous with k" € L;,,(R;R). Show that there
exist 11 > vy and d > 0 with

zIm(Lk)(iz +v1) <d (z €R).

(b) Assume that k(t) > 0 for all t € R and that k(t) < k(s), whenever s < ¢. Show
that there exist 11 > 1y

xIm(Lk)(iz +v1) <0 (z €R).

Hint: For part (b) use the explicit formula for Im(Lk) as an integral and the
periodicity of sin.

NB: The condition in @] is a standard assumption for convolution kernels in the
framework of visco-elastic equations; the condition in is from [Pri09).
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8 Causality and a Theorem of Paley and
Wiener

In this chapter we turn our focus back to causal operators. In Chapter [5| we found out
that material laws provide a class of causal and autonomous bounded operators. In
this chapter we will present another proof of this fact, which rests on a result which
characterises functions in Lo(R; H) with support contained in the non-negative reals;
the celebrated Theorem of Paley and Wiener. With the help of this theorem, which is
interesting in its own right, the proof of causality for material laws becomes very easy. At
a first glance it seems that holomorphy of a material law is a rather strong assumption.
In the second part of this chapter, however, we shall see that in designing autonomous
and causal solution operators, there is no way of circumventing holomorphy.

In the following, let H be a Hilbert space, and we consider Lo, (R>¢; H) as the subspace
of functions in Lo, (R; H) vanishing on (—o0,0).

8.1 A Theorem of Paley and Wiener

We start with the following lemma, for which we need the notion of locally integrable
functions. We define

Lijoc(RyH) == {f; VK CR compact : 1xf € L1(R; H)}
={f; Ve e CZR): of € L1(R; H)}.

Lemma 8.1.1. Let f € Lyjoc(R;H). Then we have f € La(R>o; H) if and only if
[ € Myso L2y (R H) with sup,so || £l 1, , m;my < 00 In the latter case we have that

||f||L2(R>O;H) = Vli%{r HfHLg’,,(R;H) = i‘i% ||f||L2,U(R;H)'

Proof. Let f € Lay(Rso; H) and v > 0. Then we estimate
2 vt _ 2 —2ut 2 - 2
L IsOe >t ae= [ r@le < [ 1001 = 110
R Rxo R>o
which proves that f € Lo, (R; H) with ||f||z, JRH) S ||f||L2(R>O;H) for each v > 0.
Moreover, || fllz, @y = IflL,®eg:m) 88 v — 0 by monotone convergence and since

clearly HfHLQW(R;H) < HfHLQM(R;H) for 0 < pu < v we obtain

Hf”Lg(R;O;H) = VIH& HfHLQ’l,(R;H) = i‘i% HfHLz,y(R;H)'
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8 Causality and a Theorem of Paley and Wiener

Assume now that f € (0,50 L2y(R; H) with C = sup,q || fll1, @ m) < oo. This in-
equality yields ’

s [l ar<c
v€([0,00) J (—00,0)

Hence, the monotone convergence theorem yields that g(t) := lim,_ || f(£)]|?e™2* for
t € (—00,0) defines a function g € L; (—00,0). Thus, [¢g = o0] is a set of measure
zero and thus [f = 0] = (—00,0) \ [¢g = o0] has full measure in (—o0,0) implying that
spt f C Rxo.
Finally, from

sw [ r)fe < c
v€(0,00) J (0,00)
we infer again by the monotone convergence theorem that ¢ — lim,_ ||f(t)]|e 2t =

| £(t)||* defines a function in L (0, c0), showing the remaining assertion. O

For the proof of the Paley—Wiener theorem we need a suitable space of holomorphic
functions on the right half-plane, the so-called Hardy space Ha(Cresy; H), which we
introduce in the following.

Definition. For v € R we define the Hardy space

H2(Cresv; H) = < g: Cres>y — H ; g holomorphic, su

. 2
p/ lg(it + p)|[7r dt < oo
p>1/R

and equip it with the norm |[-[l3;, ¢y, ¢y defined by

2

— : 2
190ty = 500 | [ lotit + o)l
R

We motivate the Theorem of Paley-Wiener first. For this, let f € Lg,(R>0; H) and
define its Laplace transform as

1 oo
C Sz Lf(z ::/ t)e * dt. 8.1
Re>v f( ) \/% 0 f( ) ( )
Note that Lf(z) = LRre.f(Imz) for all z € Cres, due to the support constraint on f.
Moreover, it is not difficult to see that the integral on the right-hand side of (8.1)) exists
as (t— e P f(t)) € Li(Rso; H) N La(Rxo; H) for all p > v. Hence, Lf: Cresy — H is
holomorphic (cf. Exercise [5.6]). Moreover, by Lemma

sup ||Lf(G -+ oy = sup || £ oy = Su oy =sup|le”” )
p>13|| f( p)”Lg(R,H) p>13\| prLQ(R,H) p>ll?/)||f||L2,p(R,H) p>ISH fHLQ’p(RH)

= Heil[.fHLQ(]R;H) - ”fHLz,V(R;H)’
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8 Causality and a Theorem of Paley and Wiener

which proves that

L: L2,y(R>O; H) — H2(©Re>u§ H)
f— (z = (LRe~f) (Imz))

is well-defined and isometric. It turns out that £ is actually surjective, see Corollary
below. The difficult surjectivity statement is contained in the following Theorem
of Paley—Wiener, [PW34]. We mainly follow the proof given in [Rud87, 19.2 Theorem)].

Theorem 8.1.2 (Paley-Wiener). Let g € Ho(Creso; H). Then there exists an f €
Lo(Rso; H) such that
Lf=gG-+v) (v>0).

Proof. Forv > 0 we set g, = g(i-+v) € Lo(R; H) and f, := F*g, € La(R; H). Moreover,
we set f == e() f;. We first prove that f € (,~q L2, (R; H) with sup, 1N 2o iy <
00. For doing so, let a > 0, p > 0 and € R. Applying Cauchy’s integral theorem to the
function z — e**g(z) and the curve =, as indicated in Figure we obtain

a —+
Y
p 1
_a —
Figure 8.1: Curve ~
0=i / Dz g6 4+ 1) d elatr)T g (1q 4+ k) dr (8.2)

Moreover, since

1 2 1
/ /e(ii“+”)$g(iia+/{) dk daé/ /‘e(ii‘””)x /||g(:tia—|—/-i)||§{ dk|da
R p H R [p p
1 1
< /e%xd/@ //]g (+ia + K| dadk
p p

N

1
/ eQma: dk
p

2
11— P|||9||H2((CRQ>0;H) < %0,
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we infer that (a — fpl e(Fath)Tg(4ig 4 g) dfi) € Ly(R; H) and thus, we find a sequence

(an)nen in R such that a, — oo and

1
/e(ii“"Jr”)xg(iian +k)dk =0

p

as n — oo. Hence, using (8.2) with a replaced by a,, and letting n tend to infinity, we
derive that

/ e(it+1):}cg(it + 1) dt — / e(it+P)$g(it + p) dt =0 (n — OO)

Noting that for each p > 0 we have

/ T g (it 1) dt = V2re" F* (1 g an9n) (@) (z € R)

—an

and that 1|_q, ,19x — gp in L2(R; H) as n — oo, we may choose a subsequence (again
denoted by (a,)) such that

an an
0= lim / Tt 4 1) dt — / 0T (it 4 p) dt
—an —an

= lim (VOre"F* (U, 0,191) () — VIR F* (10, 0,190)(2))
=V2r (e fi(x) — & fy(x))

for almost every = € R. Hence, f =e¢() f; = exp(pm) f, for each p > 0 and thus,
[ = [0l dr < o0
R R

which shows f € (1) <o L2,,(R; H) with

p>0

sup ) = Ssup iy = Sup gy = o
i ||f||L27p(R,H) i ”prLQ(]R,H) P ngHLQ(R,H) HQHHQ((CRG>O,H)

Thus, f € La(Roo; H) with [ fl| 1, m.o:m) = 1901265 (Coso;mr) by Lemma . Moreover,
L,f =Fexp(—vm)f = Fexp(—vm)exp(vm)f, = Ff, =g, = g(i-+v)
for each v > 0, which shows the representation formula for g. ]

Summarising the results of Theorem and the arguments carried out just before
Theorem [8.1.2] we obtain the following statement.
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8 Causality and a Theorem of Paley and Wiener

Corollary 8.1.3. Let v € R. Then the mapping

L: LQJ/(R}O; H) — Ha(Cre>w; H)
f = (27 (Lrezf) (Imz))

is an isometric isomorphism. In particular, Ha(Cresy; H) is a Hilbert space.

Proof. We have argued already that £ is well-defined and isometric. Thus, we show that
L is onto, next. For this, let g € Ha(Cre>y; H) and define g(z) == g(z+v) for 2 € Cre>o.
Then g € Ha(Cre>o; H) and thus, Theorem yields the existence of f € Lao(Rx; H)
with B B

gG-+p) =39G-+p—v)=Lysf=Ly(e"f) (p>v).
Hence, setting f := e”‘fe Ly, (R>0; H), we obtain Lf = g. O

We can now provide an alternative proof of Theorem by proving causality with the
help of the Theorem of Paley—Wiener.

Proposition 8.1.4. Let M: dom(M) C C — L(H) be a material law. Then for v >
sp (M) we have M(0y,) € L(L2y(R; H)) and M(0y,) is causal and autonomous (see

Ezxercise .

Proof. Let v > s, (M). Then M: Cre>, — L(H) is bounded and holomorphic on
CRe>y. Hence, by unitary equivalence, M(0;,) € L(L2,(R; H)). Moreover, M(0;,) is
autonomous by Exercise Thus, for causality it suffices to check that spt M (9;,)f C
R>o whenever f € Lo, (Rx0; H). So let f € Lo, (Rso; H). Then Lf € Hao(CRresy; H) by
Corollary and since M is bounded and holomorphic on Cres,, we infer also that

(2 — M(z) (L) (z)) € Hao(CRresy; H).
Again by Corollary there exists g € La, (R>0; H) such that
Lg(z)=M(z)(Lf)(z) (z € Cresy)-

Thus, in particular
Log=M(Gm+p)L,f (p>v).

Since f, g € Lo, (Rxo; H) we infer that £L,9 = L,gand L,f — L, fin Lo(R; H) as p — v
by dominated convergence. Moreover, M (im + p) — M (im + v) strongly on Lo(R; H) as
p — v (cf. Exercise 8.2)). Hence, we derive

L,9g=M(Gm+v)L,f,

and thus, g = M (0;,,) f which shows the causality. O
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8 Causality and a Theorem of Paley and Wiener

8.2 A Representation Result

In this section we argue that our solution theory needs holomorphy as a central property
for the material law. There are two key properties for rendering 7' € L(Lsg,,(R; H))
a material law operator. The first one is causality (i.e., 1 _oq)(m)TT(_ogq(m) =
1(_oo,q)(m)T for all @ € R) and, secondly, T' needs to be autonomous (i.e., 7,7 = T'r
for all h € R where 7,f = f(- + h)). The main theorem of this section reads as follows:

Theorem 8.2.1. Let vy € R and let T € L(L2,,(R;H)) be causal and autonomous.
Then T|r, ,,nL,, has a unique extension T, € L(La,(R; H)) for each v > vy and there
exists a unique M : Cresy, — L(H) holomorphic and bounded such that T,, = M (0;,)
for each v > vy.

We consider the following (shifted) variant of Theorem first.

Theorem 8.2.2. Let T € L(L2(R; H)) be causal and autonomous. Then there exists
M : Creso — L(H) holomorphic and bounded such that

(LTf)(z) = M(2) (Lf) (z) (f € La(Rx0; H), 2z € Cre>0)-
Proof. For s >0 and z € H we define f; s := 1( 5z and compute

L a(2) 1 /8 2t g 1 1—e7%°
2s(2)=— | e Frdt= ————
’ V2 Jo V2T z

We define M : Creso — L(H) via

z (2 € Creso)- (8.3)

M(z)z = 1\/_%_'15sz71(2),

which is well-defined since sptT'f, 1 C [0,00) (use causality of T'); M(z) € L(H), since
T is bounded. Also, M(-)x is evidently holomorphic for every z € H as a product of two
holomorphic mappings and thus by Exercise M is holomorphic itself. Next, we show
that for all z € Creso and f € Lao(R>o; H), we have

(LTf) (2) = M(2) (£]) (2)- (8.4)

By definition of M, the equality is true for f replaced by f;1, * € H. Next, observe
that lin {ll(aﬂﬂ/n):n; a>0,neNzxe H} is dense in La(R>o; H). Hence, for () it
suffices to show

(‘CTﬂ(a,a-&—l/n)x) (Z) = M(Z) (ﬁ]l(a,a-kl/n)x) (2) (85)
foralla > 0,n € N, x € H, and z € Cge~p. Next, using that T is autonomous in the

situation of ( , We see (Tﬂ(a’aﬂ/n)x) = (TT,aﬂ(Ojl/n).T) =T_4 (T]l(()’l/n):c) and, by a
straightforward computation, (L7—,f)(z) = e **Lf(z) for all f € La(R>o; H). Thus,

(LT (g 011/my®) (2) = €2 (LT (g1 /m)z) (2),
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8 Causality and a Theorem of Paley and Wiener

which yields that it suffices to show (8.5)) for a = 0 only, that is, for f = f, 1/,. Further-
more, we compute for n € N and z € Cresg

n—1
LT fr1(2) = (,CT]l(k/ny(kJrD/n)ZC)(Z)
k=0
n—1 1—e*
=D e LT my@) (2) = T (ET fa1/a) (2):
k=0

Thus, using (8.3) for s = 1/n, we deduce from the definition of M,

1—e#/" 2z
Esz,l/n(z) = \/ﬂz l_e* ETf;L’,l(fz)

1—e#/n
=——M(2)x
V212 )
= M(2)Lfy1/n(2)-
Hence, (8.4) holds for all f € La(Rxo; H). It remains to show boundedness of M. For
this, let z € Creso and x € H. Set f := ]1[0,00)67%1, as well as ¢ := 2Re zv27w. Then

1 O x
cf<z>=\@/o et = 2

By virtue of (8.4), we get LT f(z) = M(2)Lf(z) and thus M (z)x = ¢LT f(z). This leads
to

c

Vo
< s=|tosweO[ 17l ol = 17 o1
S Von [0,00) Lo () L(Loy(R;EN T H = L(L2(R;H)) 111 H

1M (2)z]| <

/OO le T f(t)| dt < Z(')H
0

c _
\/T—WHH[O,OO)G LQ(R)HTfHLQ(R)

where we used that [|f|| 1, g,z = “]1.[0700)6_2(')HLQ(R)HIEHH. Thus, | M (2)|| < ||T||, which
yields boundedness of M and the assertion of the theorem. O

We can now prove our main result of this section.

Proof of Theorem [8.2.1. We just prove the existence of a function M. The proof of its
uniqueness is left as Exercise [8.3]

We first prove the assertion for vy = 0. So, let T' € L(La(R; H)) be causal and autonom-
ous. According to Theorem we find M : Cre>o — L(H) holomorphic and bounded
such that

(LTf)(2) = M(2) (L) (2) (f € La(R>0; H), 2 € Cre>0)-

Let now ¢ € C(R; H) and set a := infsptp. Then 7,0 € La(R>p; H), and for v > 0
we compute

LTo=L,T_T1,0 = e_(im"’”)aﬁl,TTacp = e_(im‘H’)aM(im + V) LyTap
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8 Causality and a Theorem of Paley and Wiener

= M(im + v)Ly,p. (8.6)
The latter implies

”TSOHLQ,V(R;H) = H’CVTQOHLQ(R;H) = || M (im + V)EVSDHLZ(R;H) < ”MHOO,CR6>0HCPHLZ,,(R;H)

and hence, T'|co () has a unique continuous extension T}, € L(Lz ,(R; H)). Using
we obtain
T, =L,M({im +v)L, = M(0:,)

by approximation.
Let now vy € R. Then the operator

T = ¢ "™ Te"™ ¢ L(Ly(R; H))

is causal and autonomous as well. Thus, T|CSO(R; m) has continuous extensions fp €
L(Ls,(R; H)) for each p > 0 and there is M: Creso — L(H) holomorphic and bounded
such that T, = M(0,) for each p > 0. Using T|cec(r;zy = €T |coow;me” 0™, we

derive that T|C(?O(R; H) has the unique continuous extension 7, = e”omﬁ,,,,oe_”Om €
L(Ly,(R; H)) for each v > 1 and

vomm —vom T —vom AT/ —vom
LT, = L,e""T,_ e " =L, , Ty—pe ™ =M@Im+ v — vy)Ly_pe

= M(lm +v—w)Ll,.

Hence,
T, = M(0,)

for the holomorphic and bounded function M given by M(z) == M(z — ) for z €
<C];:{EE>Z/0- D

8.3 Comments

The stated Theorem of Paley and Wiener is of course not the only theorem characterising
properties of the support of Lo-functions in terms of their Fourier or Laplace transform.
For instance, a similar result holds for functions having compact support, see e.g. [Rud87,
19.3 Theorem| and Exercise These theorems provide a nice connection between Lo-
functions and spaces of holomorphic functions in the form of the so-called Hardy spaces.
In this chapter we just introduced the Hardy space H2 and it is not surprising that there
are also the Hardy spaces H,, for 1 < p < oo. We refer to [Dur70| for this topic.

The representation result presented in the second part of this chapter was originally
proved by Foures and Segal in 1955, [FS55|. In this article the authors prove an analogous
representation result for causal operators on Lo(R%; H), where causality is defined with
respect to a closed and convex cone on R?. The quite elementary proof of Theorem
for d = 1 presented here was kindly communicated to us by Hendrik Vogt.
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8 Causality and a Theorem of Paley and Wiener

Exercises

Exercise 8.1. Let A C Ry be a set with an accumulation point in Rsg. Prove that
{(z+—e™) ; X € A} is a total set in Ly (Rxo).
Hint: Use that the set is total if and only if

Vfe€ Lo(Rsp): | VAEA: /e)‘xf(x)dx:O:f:O
R}O

Exercise 8.2. Let M: dom(M) C C — L(H) be a material law. Moreover, let v >
sp (M). Show that lim,_,,, M(im + p) = M (im + v) where the limit is meant in the
strong operator topology on Lo(R; H).

Exercise 8.3. Prove the uniqueness statement in Theorem [8.2.1}]

Exercise 8.4. Give an example of a continuous and bounded function M : Cgresg —
L(H) such that the corresponding operator M (0;, ) is not causal for any v > 0.

Exercise 8.5. Prove the following distributional variant of the Paley—Wiener theorem:

Let vp > 0, k € N, f: Cresy, = C, and set h(z) = zik (z) for z € Cresy,- We assume
that h € Ha(Cresyy; C). For v > vy we define the distribution u: C°(R) — C by
- LN * \k 00 (.
u() = (Lol +0), @))€ CZ(R;0).

Prove that sptu C Ry, where
spt u ::R\U{U C R open; V¢ € C°(U;C) : u(y) =0} .
What is u if f = ]l(cRe>V0?

Exercise 8.6. Let g € L2(R),a > 0 such that sptg C [~a,a]. Show that f = Fg
extends to a holomorphic function f: C — C with f(it) = f(¢) for each ¢ € R such that

3AC > 0Vz € C: |f(z)| < CelRezl,
Exercise 8.7. Let f : C — C be holomorphic such that
(a) 3C >0,a>0Vz€C: |f(z)] < CelRezl
(b) f(i) € Lao(R).

Prove that g .= F* f(i-) satisfies spt g C [—a, al.
Hint: Apply Theorem to the function h : Creso — C given by

—za f(2)
h — za

(2) :=e z+1
to derive that sptg C R>_,.

Note: The assertion even holds true if one replaces condition by

(Z S (CRe>0)

3C>0,a>0VzeC: |f(z)] < Ce?l.
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9 Initial Value Problems and
Extrapolation Spaces

Up until now we have dealt with evolutionary equations of the form

(8thM(6t,V) + A)U = F

for some given F' € Ly, (R; H) for some Hilbert space H, a skew-selfadjoint operator A
in H and a material law M defined on a suitable half space satisfying an appropriate
positive definiteness condition with v € R chosen suitably large. Under these conditions,
we established that the solution operator, S, = (¢, M () + A)fl € L(Ly,(R; H)),
is eventually independent of v and causal; that is, if F' = 0 on (—o0, a] for some a € R,
then so too is U.

Solving for U € Ly, (R; H) for some non-negative v penalises U having support on R<g.
This might be interpreted as an implicit initial condition at —oco. In this chapter, we
shall study how to obtain a solution for initial value problems with an initial condition
at 0, based on the solution theory developed in the previous chapters.

9.1 What are Initial Values?

This section is devoted to the motivation of the framework to follow in the subsequent
section. Let us consider the following, arguably easiest but not entirely trivial, initial
value problem: find a ‘causal’ u: R — R such that for ug € R we have

{u’(t) =0 (t>0),

u(0) = up. ©-1)

First of all note that there is no condition for u on R.g. Since, there is no source term
or right-hand side supported on R.g, causality would imply that v = 0 on (—o00,0).
Moreover, u = ¢ for some constant ¢ € R on (0,00). Thus, in order to match with the
initial condition,

u(t) = uO]l[O,oo) (t) (t S R).

Notice also that u is not continuous. Hence, by the Sobolev embedding theorem (Theorem
s Uy dom(dy,).

Proposition 9.1.1. Let H be a Hilbert space, ug € H. Define

60u0: CSO(R7H) — K
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9 Initial Value Problems and Extrapolation Spaces

Then, for all v € Rsq, doup extends to a continuous linear functional on dom(0;,).
Re-using the notation for this extension, for all f € dom(0;,) we have

(50u0) (f) == <]l[0,oo)u0> (815,1/ - 27/) f>L2,,,(]R;H) : (92)

Proof. The equality is obvious for f € CX(R; H) as it is a direct consequence of
the fundamental theorem of calculus (look at the right-hand side first). The continuity of
doug follows from the Cauchy—Schwarz inequality applied to the right-hand side of .
Note that 1o oyuo € L2, (R; H). O

Recall from Corollary that
8;1, = =0y + 2v.
Hence, if we formally apply this formula to , we obtain
(Ot 0,00y 10, ) = (Ljp,00) 10, If,.f ) = (douo) (f).

Therefore, in order to use the introduced time derivative operator for the above initial
value problem, we need to extend the time derivative to a broader class of functions
than just dom(d;,). To utilise the adjoint operator in this way will be central to the
construction to follow. It will turn out that indeed

w10 00)to = douo-
Moreover, we shall show below that
O,pu = doup
considered on the full time-line R is one possible replacement of the initial value problem
E1).
9.2 Extrapolating Operators

Since we are dealing with functionals, let us recall the definition of the dual space.
Throughout this section let H, Hy, H; be Hilbert spaces.

Definition. The space
H' = {p: H— K; ¢ linear and bounded}
is called the dual space of H. We equip H' with the linear structure

AO@+¢)(x) = No@)+ ) NeK, e H zeH).
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9 Initial Value Problems and Extrapolation Spaces

Remark 9.2.1. Note that H’ is a Hilbert space itself, since by the Riesz representation
theorem for each ¢ € H' we find a unique element Ry € H such that

Ve e H: p(z) = (Rpyp, ).

Due to the linear structure on H’, the so induced mapping Rpy: H — H (which is
one-to-one and onto) becomes linear and

H' x H' > (p,¢) — (Rgp, Ry)

defines an inner product on H’, which induces the usual norm on functionals.

From now on we will identify elements x € H with their representatives in H'; that is,
we identify x with R;le.

Let C: dom(C) C Hyp — H; be linear, densely defined and closed. We recall that in this
case dom(C') endowed with the graph inner product

(u,v) = (u,v) g, + (Cu, Cv) g,

becomes a Hilbert space. Clearly, dom(C) — Hj is continuous with dense range.
Moreover, we see that dom(C') 3 z — Cz € H; is continuous. We define
C°: Hy — dom(C) = H~Y(C),
(C°¢)(z) = (¢, Cx)y, (¢ € Hi,x € dom(C)).
Note that C° is related to the dual operator C’ of C considered as a bounded operator

from dom(C') to Hy by
C®=C'Ry.

Proposition 9.2.2. With the notions and definitions from this section, the following

statements hold:
a) C° 1s continuous and linear.

b) C* C C°.

(
(
(
(d

)
)

¢) ker(C*) = ker(C®).
) €' C(C*)°: Hy — dom(C*) = H-1(C*).
) H

(e
Proof. [@]Let o, € Hy, A € K. Then
C*(Ad + ) (x) = A(C°¢)(x) + (C°Y)(x) = (A O C° + C*Y)(x) (2 € dom(C)).

To show continuity, let ¢ € Hy and 2 € dom(C). Then

>~ 0} — H-Y(C) densely and continuously.

(6, Co) gy, | <Nl IC2 N gy, < Nl 1 laomcy-
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9 Initial Value Problems and Extrapolation Spaces

Hence, ||C°|| = SHP¢eH1,||¢HH1<1 ”CO¢Hd0m(C)’ < L
[(b)] Let ¢ € dom(C*). Then we have for all z € dom(C)

(C°9) () = (¢, Ca)y, = (C7¢, ) g, = (C79) ().

We obtain C°¢ = C*¢. (Note that a functional on Hy is uniquely determined by its
values on dom(C).)

Using [(b)} we are left with showing ker(C®) C ker(C*). So, let ¢ € ker(C®). Then
for all z € dom(C') we have

0=(C°¢) (z) = (¢,Cx)p, ,

which leads to ¢ € dom(C*) and ¢ € ker(C*).

(d)|is a direct consequence of applied to C*.

Since dom(C') < Hj is dense and continuous, we obtain that H|, < dom(C)’ is so as
well; cf. Exercise [9.2 O

We will also write C_; := (C*)° for the so-called eztrapolated operator of C. Then
(C*)_1 = C°. We will record the index —1 at the beginning, but in order to avoid too

much clutter in the notation we will drop this index again, bearing in mind that C_; 2> C
and (C*)_,; D C*.

Example 9.2.3. We have shown that for all v € R the operator J;, is densely defined
and closed. Then for f € Ly, (R) we have for all ¢ € C°(R)

(@0)1) (€)= {1,008}y, = U (<00 +2) 81y, = = [ (F20))

Hence, (0;,)-1f acts as the ‘usual’ distributional derivative taking into account the
exponential weight in the scalar product.
With this observation we deduce that for v > 0 we have

(8@,,)_1 ]l[O,oo) = (‘3@1,]1[0’00) = (50.
Hence, the initial value problem from the beginning reads: find u such that
(8t71,)_1u = 50U0.

Example 9.2.4. Let Q C R? be open. Consider grad,: Hg(Q2) C La(Q2) — La(Q)%. We
compute div_q: Ly(Q)4 — H~1(Q) with H~1(Q) = H}(Q)'. For ¢ € Ly(2)? we obtain
for all ¢ € H}(Q)

(div_1q) (¢) = {q,div" $) 1, (aya = — (q, 8rady §) ) -

Also, with similar arguments, we see that

((grad)_; f) (@) = — (£, divo @) 1, (o)
for all f € Ly(92) and g € Hy(div, ).
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We consider a case of particular interest within the framework of evolutionary equations.

Proposition 9.2.5. Let A: dom(C) x dom(C*) C Hy x Hy — Hy x H; be given by

A(0) - (e §)(0)- ()

Then A_1: Hy x Hy — H-Y(C) x H~Y(C*) acts as

G- (2, EYO-()

Next, we will look at the solution theory when carried over to distributional right-hand
sides.

An immediate consequence of the introduction of extrapolated operators, however, is
that we are now in the position to omit the closure bar for the operator sum in an
evolutionary equation, which we will see in an abstract version in Theorem and for
evolutionary equations in Theorem[9.3.2] The main advantage is that we can calculate an
operator sum much easier than the closure of it. The price we have to pay is that we have
to work in a larger space H ™1 of an operator in Ly, (R; H) rather than in the original
Hilbert space Lo, (R; H). Put differently, this provides another notion of “solutions” for
evolutionary equations. For this, we need to introduce the set

Fun(H) = {¢: dom(¢) C H — K; ¢ linear}

of not necessearily everywhere defined linear functionals on H. Any u € H is thus
identified with an element in Fun(H) via ¢ — (u, ). Note that we can add and scal-
arly multiply elements in Fun(H) with respect to the same addition and multiplication
defined on H' and with their natural domains. As usual, we will use the C-sign for
extension /restriction of mappings.

Theorem 9.2.6. Let A: dom(A) C H — H, B: dom(B) C H — H be densely defined
and closed such that A+ B is closable, and assume that there exists (Ty,),cn in L(H)
such that T,, — 1p in the strong operator topology with ran(T,,) C dom(B) and

T,A C AT,, T,B C BT, for alln € N.

Then TFA* C A*T) and T;B* C B*T; for each n € N and ran(T)) C dom(B*).
Moreover, for x, f € H the following conditions are equivalent:

(i) x € dom(A+ B) and (A+ B)x = f.
(i) Ayz+ B_1x C f € Fun(H).

Proof. Let n € N. Taking adjoints in the inclusion 7,,A C AT, we derive (AT,)* C

(T,,A)*. By Theorem and Remark we obtain
TyA* CTrA* = (AT,)" C (T, A)* = A*T}.
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9 Initial Value Problems and Extrapolation Spaces

The same argument shows the claim for B*. Moreover, since BT, is a closed linear
operator defined on the whole space H, it follows that BT,, € L(H) by the closed graph
theorem. Hence, (BT,)* is bounded by Lemma and since (BT,)* C (T,,B)* =
B*T;, we derive that dom(B*T)) = H, showing that ran(7;) C dom(B*).

We now prove the asserted equivalence.

(i)=(ii): By definition, there exists (x,), in dom(A) N dom(B) such that z, — = in H
and Az, + Bx, — f. By continuity, we obtain A_jx, — A_1x and B_1x, — B_jz in
H~1(A*) and H~1(B*), respectively. Thus, we have

(A_ixz 4+ Boyz)(y) = lim (A_1z, + B_12y)(y) = lim (Azy, + Bza,y) = (f,y),

n—oo n—o0

for each y € dom(A*) N dom(B*), which shows the asserted inclusion.
(i1)=(i): For n € N we put x,, := T,,z. Then z,, € dom(B) and for all y € dom(A*) N
dom(B*), we obtain

(Tnf — Bn,y) = (Tnf,y) — (Tnz, B*y) = (f, Tyy) — (x, T, B"y)
= (f,Tyy) — (z, BT, y) = f(T,y) — (B-12)(Ty) = (A_12)(T,y)
= (z, A'Tyy) = (2, T, A™y) = (zn, A"y),

where we have used that 7'y € dom(A*) N dom(B*). Let now y € dom(A*). Then
Tyy € dom(A*) Ndom(B*) for each k£ € N and thus, by what we have shown above

(T (Tnf — Ban),y) = (Tnf — Ban, Tiy) = (20, ATy) = (0, T A%y) = (Tizn, A%y)
for each k € N. Letting k£ tend to infinity, we derive
(Tnf — By, y) = (5, AMy) .

Since this holds for each y € dom(A*), this implies that z,, € dom(A) and Ax,, + Bz,, =
T,f. Letting n — oo, we deduce x,, — x and Ax,, + Bz, — f; that is, (i). O

Lemma 9.2.7. Let T: dom(T) C H — H be densely defined and closed with 0 € p(T).
Then T_1: H — H=Y(T*) is an isomorphsim. In particular, the norms H(Tfl)_l'HH and
”'HHfl(T*) are equivalent.

Proof. Note that since 0 € p(T') we obtain {0} = ker(T) = ker((T*)°) = ker(T_1), see
Proposition[9.2.2(c)l Thus, T_1 is one-to-one. Next, let f € H-*(T*). Since 0 € p(T), we
obtain 0 € p(T™*) by Exercise2.4] which implies that (I, T*-) defines an equivalent scalar
product on dom(7™*). Thus, by the Riesz representation theorem, we find ¢ € dom(7™)
such that for all ¢ € dom(7™) we have

fF@) = (T, T") = (T7)° (T"¢)) (¥).
Hence, f € ran((T*)°) = ran(T_), thus proving that 7_; is onto. O

The following alternative description of H~1(T*) is content of Exercise .
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9 Initial Value Problems and Extrapolation Spaces

Proposition 9.2.8. Let T: dom(T) C H — H be densely defined and closed with
0€ p(T). Then

where = means isomorphic as Banach spaces and (-) denotes the completion.

—~—

Hfl(T*) ~ (

Proposition 9.2.9. Let B € L(H). Assume that T: dom(T) C H — H is densely
defined and closed with 0 € p(T) and T~1B = BT~'. Then B admits a unique continuous
extension B € L(H~Y(T™)).

Proof. By Proposition j dom = H is dense in H~(T*). Thus, it suffices to
show that B: H C H— (T*) — (T*) is continuous. For this, let ¢ € H and compute
for all ¢ € dom(T™)

(B6) (0)] = [(Bo. )| = |(Bo. (1) T0)| = |(T7Bo, Tg)| = | (BT 16, Tq)|
< HBH HT_IQSH ||Q||dom(T*)'
The statement now follows upon invoking Lemma [9.2.7] O

The abstract notions and concepts just developed will be applied to evolutionary equa-
tions next.

9.3 Evolutionary Equations in Distribution Spaces

In this section, we will specialise the results from the previous section and provide an
extension of the solution theory in Lo, (R; H). For this, and throughout this whole
section, we let H be a Hilbert space, u € R and M: Cres, — L(H) be a material law.
Furthermore, let v > max{sp (M),0} and A: dom(A) C H — H be skew-selfadjoint. In
order to keep track of the Hilbert spaces involved, we shall put
H}(R; H) = dom(dy,),

H, ' (R; H) := dom(9y,,)" = dom(},)".

Proposition 9.3.1. Let H be a Hilbert space. Let D: dom(D) C H — H be densely

defined and closed and B € L(H). Assume that DB is densely defined. Then for all
b€ H, (DB)-1(¢) = (D-1B)(9) on dom(D").

Proof. First of all, note that (DB)* = B*D*, by Theorem [2.3.4, Next, let ¢ € H and
x € dom(D*). Then

((DB)-1¢)(x) = (¢, (DB)*x) = (¢, B*D*x)
= (¢, B*D*z >f<B¢,D* ) = (D_1Bo) (). O

The first application of the theory developed in the previous section reads as follows.

Theorem 9.3.2. Let U, F' € Ly ,(R; H). Then the following statements are equivalent:
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9 Initial Value Problems and Extrapolation Spaces

(i) U € dom(9yy M (dy) + A) and (0, M (8,) + A)U = F.

(i) Oy M(0:)U + AU C F where the left-hand side is considered as an element of
H;YR; H) N Loy (R; HT1(A)) C Fun(Le, (R; H)).

Before we come to the proof, we state the following lemma, whose proof is left as Exercise
9.7

Lemma 9.3.3. (a) Let B:dom(B) C H — H and C : dom(C) C H — H be densely
defined closed linear operators. Moreover, let A\, u € p(C) be in the same connected
component of p(C) and

(un—C)'BCB(u—C)".
Then (A —C)"'BC B(A—C)~L.

(b) Forv > 0 we have (1+¢ed,)"! — 1p,, () and (1 —1—58;,/)_1 = 11, , ;) strongly
as € — 0+.

Proof of Theorem[9.3.3, For n € N we set T,, = (1 + %6t7y)_1. By Lemma m we
obtain Ty, Ty — 1p, (r;m) strongly in Lo, (R; H) as n — oo. Moreover, by Hille’s
theorem (see Proposition @ we have 8{7”114 - A@;Vl and thus, T,A C AT, for each
n € N by Lemma [9.3.3] which also yields ;A C AT for each n € N by Theorem
The latter, together with the strong convergence of (T},) and (T)¥), yields that
T, Ty = 11, (Ridom(4)) strongly in Lo, (R;dom(A)) as n — oo.

Consider the inclusion

(B4 M(8y,))1U + A_1U C F. (9.3)

We show next that (9.3)) is equivalent to (ii) by applying Proposition to the case
D = 0;,,,B = M(0;,). For this assume that (9.3) holds. By Proposition we
deduce that

(Ot M (0,0))-1U+A1U)dom(0;, )ndom(4) = ((Ot,0) <1 M (Or0)U+A_1U)|dom (o7, )ndom(A)
Thus, implies (ii).
On the other hand, assume that (ii) holds. Let ¢ € dom((0;, M (0r,))*)NLa,, (R; dom(A)).
Then, for n € N, ¢, :=T;;¢ = ¢ as n — oo in Ly ,(R;dom(A)) and
(01 M (Or,))* On = T, (01, M (0r,))* ¢ = (01, M (0r))*¢  (n — o0)
in Ly, (R; H). By (ii) we obtain
((Oe)=1M (9, )U + A_1U)(¢n) = F(on).
Using Proposition we infer
((OryM(Orp)) U + AaU)(dn) = F(én).

Letting n — oo, we deduce (9.3)).
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9 Initial Value Problems and Extrapolation Spaces

We are now in the position to apply Theorem from above to the case Lo, (R; H)
being the Hilbert space, A the operator in Lo, (R;H), B = 0;,M(0,), and T}, =
(1 + %@’V)*l. We need to establish the commutativity properties next. The relation
T,A C AT, was already shown above. Next, we infer ran(7,,) C dom(9;,) C dom(B)
and

T,B C BT,

for all n € N by using the Fourier-Laplace transformation, see also Theorem [5.2.3] The
closability of A + B is implied by Theorem O

Assume now that there exists ¢ > 0 such that

RezM(z) 2 ¢ (2 € Cresy).

We recall from Theorem that the operator 0, , M (0, ) + A is continuously invertible
in Ly, (R; H).

Theorem 9.3.4. The operator S, = (at,,,M(at,,,) —i—A)*l € L(Ly,(R; H)) admits a
continuous extension to L(H, '(R; H)).

Proof. We apply Proposition to Lo, (R; H) being the Hilbert space, T' = 0;, and
B = S,. For this, it remains to prove that T-1S, = S,7~!. This however follows from
the fact that z — S(z) == (2M(2) + A) ! is a material law and S(8;,) = S,,. O

9.4 Initial Value Problems for Evolutionary Equations

Let H be a Hilbert space, pt € R, M : Cres,, — L(H) a material law, v > max{sy, (M), 0}
and A: dom(A) € H — H skew-selfadjoint. In this section we shall focus on the
implementation of initial value problems for evolutionary equations. A priori there is no
explicit initial condition implemented in the theory established in Lo, (R; H). Indeed,
choosing v > 0 we have only an implicit exponential decay condition at —oo. For initial
values at 0, we would rather want to solve the following type of equation. In the situation
of the previous section, for a given initial value Uy € H we seek to solve the initial value
problem

{(at,yM(at,y) +A)U=0 on (0,00), 9.4

U(O+) = UU.

In this generality the initial value problem cannot be solved. Indeed, for U € Lo, (R; H)
evaluation at 0 is not well-defined. A way to overcome this difficulty is to weaken the
attainment of the initial value. For this, we specialise to the case when

M(8y,) = Mo + 0, My

with My, My € L(H).
We start with the following lemma, which will also be useful in the next chapter.
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Lemma 9.4.1. Let Uy € dom(A), U € La,(R; H) such that MoU — 1}y .y MoUp : R —
H~Y(A) is continuous, spt U C [0,00) and

6,57VM0U+M1U+AU =0 on (0,00),
M()U(O-‘r) = MyUy m H71<A),

where the first equality is meant in the sense that

Vo € H)(R; H) N Lo, (R;dom(A)), spt o C [0,00) : (9, MU + MU + AU) () = 0.

Then U — 19 o)Uo € dom(0y,, Mo + My + A) and

(atWM() + My + A)(U — ]1[0700)[]0) = _(Ml + A)UO]I[O,OO)'
Proof. We apply Theorem for showing the claim; that is, we show that
((Oey Mo + My)(U — 1 06)U0) + A(U — g 5y Up) ) () = (= (M1 + A)UpTjg 00)) ()

for each ¢ € HL(R; H) N Lo, (R;dom(A)). Note that by continuity, it suffices to show
the equality for ¢ € C°(R;dom(A)). So, let ¢ € CX(R;dom(A4)) and for n € N we
define the function ¢, € HL(R) by

0 ift<o0
on(t) =< nt ifte(0,1/n),
1 ift>1/n.

Note that ¢, € HL(R; H) N Lo, (R;dom(A)) and spt(pn) C [0,00) for each n € N.
Thus, we obtain
((Oey Mo+ My + A)(U — 1, oo)UO))(w)
= (81, Mo 4+ My + A)U) (1) — ((Or,p Mo + My + A) (L o0)U0)) (¢)
= ((OryMo + M1 + A)U)( (in ((Orp Mo + My + A)U) (1 — on)th)—
— ((Oey Mo + My + A) (1 o) ))( ¥)
J(1 = @n)0) — (60 MoUp) (1) — (M1 + A)(Lj9,00)U0)) (¢)

for each n € N. Thus, the claim follows if we can show that

= ((8yMo + My + A)U

(O Mo + My + A)U) (1 = @n)tp) — (80 MoUo)(¢p) = 0 (n — o0).

For doing so, we first observe that for all n € N we have

(60 MoUo) () = (80MoUo)((1 — n)¥) = (O, MoLg,00)Uo)((1 — o)1),

since ¢, (0) = 0. Moreover,

(M1 +AU)((1 = pn)) = (U, (1 — ) (M} + A"))p, =0 (n— 00),
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since 1 — ¢, (m) — 1(_o)(m) strongly in Lg,(R; H) and sptU C [0,00). Thus, it
remains to show that

(010 Mo (U = Lg,0)Uo)) (1 = 0n)th) = 0 (n — 00).

We compute

(O Mo(U — 110,00)U0)) (1 = 95)1))

= (Mo(U = 1j9.00)U0), 0%, (1 = %W»Lm

= (Mo(U — 1 o0)U0), n]l[o,l/n]whw — (Mo(U =1 00)U0), (1 — %)at,,,mb,y
+ 20 (Mo(U = Tjg.00)Un), (1 = )t -

Note that the last two terms on the right-hand side tend to 0 as n — oo since, as above,
1 — pp(m) — 1(_ 0)(m) strongly in Lg,(R; H) and spt U C [0, 00). For the first term,
we observe that

’<M0(U - ]l[O,OO)UO)anﬂ[O,l/n]¢>L2’V

1/n
<n / (MU () — V), (1)) gl dt
0
l/n —2uvt
<n /0 IMo(U () = o)l -1 () oy e dt =0 (n— o0),

by the fundamental theorem of calculus, since (MoU)(t) — MoUy in H 1(A) as t —
0+. O
Assume now additionally that there exists ¢ > 0 such that

Mo+ My > ¢ (2 € Cresy)-
Then we can actually prove a stronger result than in the previous lemma.

Theorem 9.4.2. Let Uy € dom(A), U € Ly, (R; H). Then the following statements are
equivalent:

(i) MoU — 1y o0y MoUp: R — H~(A) is continuous, spt U C [0,00) and

OryMoU + MU+ AU =0 on (0,00),
MoU (0+) = MyUy in H-1(A),

where the first equality is meant as in Lemma[9.4.1]

(ii) U — B[O’OO)U(] S dom(@m,Mo + M7 + A), and (@,,Mo + M7 + A) (U — ﬂ[07oo)U0) =
— (M + A)UO]I[U,oo)~

(i) U = Syd0MoUy, with S, € L(H;*(R; H)) as in Theorem[9.5.4}
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Moreover, in either case we have MoU — L ooyMoUp € HL(R; H1(A)).

Proof. (i)=-(ii): This was shown in Lemma (9.4.1}
(ii)=-(iii): We have that

U — ]1[0700)[]0 = —Sy((Ml + A)]I[O7OO)U0).
Applying 9y, 1,1 to both sides of this equality we infer that

O (U — Ljg oy Uo) = —Su((My + A)d;, g o) Uo)
= =00 0,00) U0 + Su(Dtr MoBy ) U0 00\ V),

which gives
O; U = S, (01, Mo0; ) Lig,00)Uo) = S (MoL[g 06 Ub).-

Applying 0;, to both sides and taking into account Theorem [9.3.4] we derive the claim.
(iii)=-(ii): We do the argument in the proof of (ii)=-(iii) backwards. First, we apply Bt_,/l
to U = S, (6o MoUyp), which yields

8,;,1U = 8{7”151,((50]\40(]0) = SV(M()]I[07OO)U0) = Sy(at’VMoatjyl]l[oyoo)Uo).
Thus,

Oy (U = 11g,00)U0) = Sy (9, Moy ) L9 00)Un) — 8y 10,00y U
= *S,,((Ml + A)8;31[07m)U0)

An application of 0, yields the claim.
(i1),(iil)=(i): Since U = S, (60MoUp), we derive that

(Orp Mo + My + A)U C 60 MoUo,
which in particular yields (0;, Mo+ My + A)U =0 on (0,00). By (ii) we infer
U— ﬂ[O,oo)UO = _SV((MI + A)]I[O,OO)UO)7

which shows that spt(U — 1y oyUo) C [0, 00) due to causality and hence, spt U C [0, o0).
It remains to show that Mo(U — 1jg «)Uo) € H}(R; H~'(A)), since this would imply the
continuity of Mo(U — 19 o)Up) with values in H~1(A) by Theorem and thus,

M[)(U — 1[0,OO)U0)(0+) = M()(U — ]1[0700)(]0)(0—) =01in H_I(A)
since the function is supported on [0, 00) only. We compute

MO(U — 1[0700)(]0) = —MQSV((MI =+ A)H[O,OO)UO)
= 01, MoS,,(8; ) (M1 + A)1 g o) Up)
= 8, (M1 + A) g 00)Up — (M1 + A)S, (9, (M1 + A)L g oy Vo),

and since the right-hand side belongs to H}(R; H~1(A)), the assertion follows. O
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Remark 9.4.3. By Theorem we always have U = S,60MoUy € H, ' (R; H). This
then serves as our generalisation for the initial value problem even if Uy ¢ dom(A).

The upshot of Theorem [9.4.2(ii) is that, provided Uy € dom(A), we can reformulate
initial value problems with the help of our theory as evolutionary equations with Lo ,-
right-hand sides. Thus, we do not need the detour to extrapolation spaces for being able
to solve the initial value problem (9.4) (with an adapted initial condition as in (i)) in
this situation.

Also note that it may seem that U does depend on the ‘full information’ of Uy as it is
indicated in (ii). In fact, U only depends on the values of Uy orthogonal to the kernel of
My as it is seen in (iii). We conclude this chapter with two examples; the first one is the
heat equation, the second example considers Maxwell’s equations.

Example 9.4.4 (Initial Value Problems for the Heat Equation). We recall the setting
for the heat equation outlined in Theorem [6.2.4] This time, we will use homogeneous
Dirichlet boundary conditions for the heat distribution . Let © C R? be open and
bounded, a € Loo(Q)¥? with Rea(z) = ¢ > 0 for a.e. € Q for some ¢ > 0. In this

case, we have
10 0 0 0 div
Mo = <o 0> , M= (0 a—1> A= (grado 0 ) '

For the unknown heat distribution, 6, we ask it to have the initial value 6y € dom(grad,).
Let v >0 and V € Ly, (R; La(€2) x Lo(€2)?) be the unique solution of

6o 0

Then (0, q) == U = V+1|g ) <900> € Ly, (R; Lo () x L2(22)?) satisfies (ii) from Theorem

Hence, on (0, 00) we have

O 0 divg \
(50) * (adgs) =0

and the initial value is attained in the sense that

oo 6.0) 00 = ("§0) = () i H) = 1 aradg) ¢ A i)

which follows from Proposition where we computed H'(A). Let us have a closer
look at the attainment of the initial value. As a particular consequence of strong conver-
gence in H~!(grad,), we obtain for all ¢ € dom(div)

0(t),div ¢) — (6o, div @)

as t — 0+. Since grad, is one-to-one and has closed range, we see that div has dense and
closed range. Hence div is onto. This implies that for all ¢ € La(Q)

(0(t),¢) = (Bo,vp) (¢t — 0+).
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We deduce that the initial value is attained weakly. This might seem a bit unsatisfactory,
however, we shall see stronger assertions for more particular cases in the next chapter.
Next, we have a look at Maxwell’s equations.

Example 9.4.5 (Initial Value Problems for Maxwell’s equations). We briefly recall the
situation of Maxwell’s equations from Theorem [6.2.8 Let e, p,0: Q — R3*3 satisfy
the assumptions in Theorem and let (Ep, Hyp) € dom(curlp) x dom(curl). Let
(E,H) € Ly, (R; Ly(2)%) satisfy

o (5 Oy, (0 O\, (0 ~—cul E
N0 w 0 0 curly 0 H
_ o 0 n 0 — curl 1 Eo\ 1 —oFEg + curl Hy
a 0 0 Curlo 0 [0:00) Ho ~ T000) —Curlo E() ’

Then, as we have argued for the heat equation,

()= (7) 20 (i)

satisfies a corresponding initial value problem. We note here that although often the
second component in the right-hand side is set to 0, as there are ‘no magnetic monopoles’,
in the theory of evolutionary equations the second component of the right-hand side does
appear as an initial value in disguise.

9.5 Comments

There are many ways to define spaces generalising the action of an operator to a bigger
class of elements; both in a concrete setting and in abstract situations; see e.g. [CG10;
ENO00]. People have also taken into account simultaneous extrapolation spaces for oper-
ators that commute, see e.g. [Pal65; Pic00].

These spaces are particularly useful for formulating initial value problems as was exem-
plified above; see also the concluding chapter of [PM11| for more insight. Yet there is
more to it as one can in fact generalise the equation under consideration or even force
the attainment of the initial value in a stronger sense. These issues, however, imply
that either the initial value is attained in a much weaker sense, or that there are other
structural assumptions needed to be imposed on the material law M (as well as on the
operator A).

In fact, quite recently, it was established that a particular proper subclass of evolutionary
equations can be put into the framework of Cy-semigroups. The conditions required to
allow for statements in this direction are, on the other hand, rather hard to check in
practice; see [Trol8|.

Exercises

Exercise 9.1. Let Hy be a Hilbert space, T € L(Hy). Compute HY(T) and H~1(T*).
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Exercise 9.2. Let Hy, H; be Hilbert spaces such that Hy < Hj is dense and continuous.
Prove that H{ — H|, is dense and continuous as well.

Exercise 9.3. Prove the following statement which generalises Proposition from
above: Let Hy be a Hilbert space, A € L(Hp). Assume that T: dom(T) C Hy — Hj
is densely defined and closed with 0 € p(T) and T7*A = AT~ + T=1BT~! for some
bounded B € L(Hp). Then A admits a unique continuous extension, A € L(H~Y(T*)).

Exercise 9.4. Let Hy be a Hilbert space, N: dom(N) C Hy — Hy be a normal operator;
that is, N is densely defined and closed and NN* = N*N. Show that H 1(N) =
H~Y(N*) and deduce H~1(dy,) = H(;,).

Exercise 9.5. Prove Proposition [9.2.8]

Exercise 9.6. Let Hy be a Hilbert space, n € N and T: dom(T) C Hy — Hj be a
densely defined, closed linear operator with 0 € p(T"). We define H"(T') := dom(7™) and
H~(T) == H~Y(T™). Show that for all kK € N and ¢ € Z we have that H**(T) — H*(T)
continuously and densely. Also show that D := [,y dom(T™) is dense in H*(T) and
dense in H~¢(T*) for all £ € N and that T'|p can be continuously extended to a topological
isomorphism H(T) — H*(T) and to an isomorphism H~“*1(T*) — H~Y(T*) for each
¢ e N.

Exercise 9.7. Prove Lemma [9.3.3
Hint: Prove a similar equality with 0 1 formally replaced by z € 9B (r,r) € C and
deduce the assertion with the help of Theorem
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10 Differential Algebraic Equations

Let H be a Hilbert space and v € R. We saw in the previous chapter how initial
value problems can be formulated within the framework of evolutionary equations. More
precisely, we have studied problems of the form
(875,1,M0 + M7 + A) U=0 on (O, OO) ,
MoU(0+) = M()Uo

for Up € H, My, M; € L(H) and A: dom(A) C H — H skew-selfadjoint; that is, we
have considered material laws of the form

M(z) =My +2"*M; (z€C\{0}).

(10.1)

Here, the initial value is attained in a weak sense as an equality in the extrapolation space
H~1(A). The first line is also meant in a weak sense since the left-hand side turned out
to be a functional in H, '(R; H) N La,,(R; H~1(A)). In Theorem it was shown that
the latter problem can be rewritten as

(atVl,M() + M+ A)U = 6o MpUy.

In this chapter we aim to inspect initial value problems a little closer but in the partic-
ularly simple case when A = 0. However, we want to impose the initial condition for U
and not just MoU. Thus, we want to deal with the problem

{(&WMO +M)U=0 on (0,00), (10.9)
U(O—i—) = UO

for two bounded operators My, M7 and an initial value Uy € H. This class of differential
equations is known as differential algebraic equations since the operator My is allowed to
have a non-trivial kernel. Thus, is a coupled problem of a differential equation (on
(ker Mp)*) and an algebraic equation (on ker My). We begin by treating these equations
in the finite-dimensional case; that is, H = C™ and My, M; € C™*" for some n € N.

10.1 The finite-dimensional Case

Throughout this section let n € N and My, M; € C"*™.
Definition. We define the spectrum of the matriz pair (Mo, M) by

o(My, My) :=={z € C; det(zMy + M) = 0},
and the resolvent set of the matriz pair (My, M7) by
p(Mo, My) == C\ o(My, M).
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10 Differential Algebraic Equations

Remark 10.1.1.  (a) It is immediate that o(Mp, M;) is closed since the mapping z
det(zMy + M) is continuous.

ote in particular that the spectrum (the set of eigenvalues) of a matrix A corres-
b) Note i ticular that th t th t of eig 1 f trix A
ponds in this setting to the spectrum of the matrix pair (1, —A).

In contrast to the case of the spectrum of one matrix, it may happen that o(My, M) = C
(for example we can choose My = 0 and M; singular). More precisely, we have the
following result.

Lemma 10.1.2. The set o(My, My) is either finite or equals the whole complex plane C.
If o(My, My) is finite then card(o(My, My)) < n.

Proof. The function z — det(zMy + M) is a polynomial of order less than or equal to
n. If it is constantly zero, then o(My, M;) = C and otherwise card(o(My, M;1)) <n. O

Definition. The matrix pair (My, M;) is called regular if o(My, M;) # C.

The main problem in solving an initial value problem of the form (10.2) is that one
cannot expect a solution for each initial value Uy € C™ as the following simple example
shows.

11 (10 )
0 0>,M1—<0 1) and let Uy € C*. We assume that

there exists a solution U: Rsg — C? satisfying (10.2); that is,

Example 10.1.3. Let My = (

Ui(t) + Us(t) + Ui (t) =0 (¢t >0),
Us(t) =0 (t>0),
U(O+) = U).

The second and third equation yield that the second coordinate of Uy has to be zero.
Then, for Uy = (x,0) € C? the unique solution of the above problem is given by

U(t) = (Uh(), Ua(t)) = (we™,0) (¢ >0),

Definition. We call an initial value Uy € C" consistent for (10.2)), if there exists v > 0
and U € C(Rx0;C™) N Ly, (R>0; C") such that (10.2) holds. We denote the set of all
consistent initial values for ((10.2)) by

IV(My, My) == {Uy € C"; Uy consistent} .

Remark 10.1.4. It is obvious that IV(My, M1) is a subspace of C". In particular, 0 €
IV (Mo, My).

It is now our goal to determine the space IV(Mp, M;). One possibility for doing so uses
the so-called quasi- Weierstraff normal form.
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Proposition 10.1.5 (quasi-Weierstraf normal form). Assume that (Mo, M) is regular.
Then there exist invertible matrices P, (QQ € C™*" such that

Pine=(g y). Pane=(g 7).

where C € CF*k and N € C=R*x(=k) for some k € {0,...,n}. Moreover, the matriz
N is nilpotent; that is, there exists £ € N such that N = 0.

Proof. Since (My, M) is regular we find A € C such that AMy + M; is invertible. We
set P := (AMp + M;)~! and obtain

Mo, = PiMo = (AMy + M)~ Mo,
My = PiMy = (AMy + M) ' My =1 — AMo ;.

Let now Py € C"*" such that

_ J 0
MO’Q = PQMOJPQ 1 = <0 N)

for some invertible matrix J € C¥** and a nilpotent matrix N € C(*=*)*(1—k) (yse the
Jordan normal form of My here). Then

- 1-XJ 0
MLQ = P2M171P2 L= ( > .

0 1— AN

Now, by the nilpotency of N, the matrix (1-— AN ) is invertible by the Neumann series.

We set .
J- 0
;%_(() u—xﬁ>0

1 0 J1=X 0
P3M072 = <O (1 _ )\N)lj\?) s and P3M1,2 = ( 0 1> .

Note that (1 — )\N)_IN is nilpotent, since the matrices commute and N is nilpotent.
Thus, the assertion follows with N := (1 — AN)™'!N, C := J' =\, P = P3P,Py, and
Q=Prt o

and obtain

It is clear that the matrices P, (), C and N in the previous proposition are not uniquely
determined by My and M;. However, the size of N and C as well as the degree of
nilpotency of N are determined by My and M; as the following proposition shows.

Proposition 10.1.6. Let P,Q € C"*™ be invertible such that

PinQ= (g y). Pame=(5 1),

where C € CH*k N e C=R)*(=k) for some k € {0,...,n}, and N is nilpotent. Then
(Mo, My) is regular and
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(a) k is the degree of the polynomial z — det(zMy + My).
(b) N*=0 if and only if

sup ||z~ (2 My + M1)71H < 00

2|27
Jor one (or equivalently all) r > 0 such that B (0,7) D o(Mo, My).
Proof. First, note that

1
det(zMo+M;) = —————— det <Z +C 0 det(z4+C) (z € C).

1
" det P detQ 0 zN+1>:dethetQ
Hence, (My, M) is regular and
k = degdet((-) + C) = degdet((-) Mo + M),
which shows Moreover, we have p(My, My) = p(—C) and

z+C)71 0

)P (= € p(Mo, M),

and hence, for r > 0 with B (0,r) D o(Mo, M;) we have
|(zMo + M) 7| < Ka||zN+ 1) (|2l =)

for some Ky = 0, since supj,>, H(z + C)—1H < oo. Now let £ € N such that N = 0.

Then
/-1

Z(_l)kzszk

k=0

(=N + )7 = < Kolo T (12l 2 7)

for some constant Ko > 0 and thus,
|(zMo + M) 7H| < KiKol2|™" (2] = ).

Assume on the other hand that

sup ||z~ (2 My + Ml)_lH < 00

2=

for some ¢ € N and r > 0 with o(Mo, M;) C B (0,7). Then there exist Ky, Ky > 0 such
that

_ c)~! 0 ~ _ =

(e <o+
fenen < (T Ly Sy )| < Rl am | < Rale
for all z € C with |z| > r. Now, let p € N be minimal such that N? = 0. We show that
p < £ by contradiction. Assume p > £. Then we compute
1 =
0= lim —(nN +1)7'NP=1 = lim Y (=1)FnffNFrPE

n—oo N n—0o00 o
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/-1
— lim (_l)knk—KNk’-i-p—é—l + (_1)6Np—1
n—oo
k=0
= (=1)'NT,
which contradicts the minimality of p. O

Theorem 10.1.7. Let (My, My) be regular and P,Q € C" ™ be chosen according to
Proposition|10.1.5 Let k = degdet((-)Mo + M1). Then

IV(Mo, M) = {Uo eC"; Q71U e CF x {0}}.

Moreover, for each Uy € IV(My, My) the solution U of is unique and satisfies
U € C(R=0;C") N CH(Rso; C?) as well as

MyU'(t) + MyU(t) =0 (t > 0),
U(O+) = Uo.

Proof. Let C € CF*F and N e C(=F)*("=k) he nilpotent as in Proposition [10.1.5, Ob-
viously U is a solution of ((10.2) if and only if V := Q~'U is continuous on Rsq and

solves
1 0 c 0
(3157,, (0 N> + <O 1)) V=0 on (0,00), (10.3)

V(0+) = Q Uy = V4.

Clearly, if Q7 'Uy = (x,0) € C* x {0} then V given by V(t) := (e7*x,0) for t > 0 is
a solution of (10.3) for v > 0 large enough. On the other hand, if V' given by V(¢) =
(Vi(t), Va(t)) € CF x C"* (¢ > 0) is a solution of (10.3) then we have

O yNVa+Vo =0 on (0,00).
Since N is nilpotent, there exists £ € N with N* = 0. Hence,
NWa(t) = =N"719,, NVa(t) = 0, NVa(t) =0 (t > 0),

which in turn implies d;, N =1, = 0 on (0,00). Using again the differential equation,
we infer N“2V5(t) = 0 for ¢t > 0. Inductively, we deduce Va(t) = 0 for ¢t > 0 and by
continuity V5(0+) = 0, which yields Vo = Q'Uy € CF x {0}. The uniqueness follows
from Proposition below. O

10.2 The infinite-dimensional Case

Let now My, My € L(H). Again, it is our aim to determine the space of consistent initial
values for the problem

{(&WMO +M)U =0 on (0,00), (10.4)

U(O+) = Up.

Here, consistent initial values are defined as in the finite-dimensional setting:

126



10 Differential Algebraic Equations

Definition. We call an initial value Uy € H consistent for (10.4), if there exist v > 0
and U € C(Rxo; H) N Ly, (R>; H) such that (10.4) holds. We denote the set of all
consistent initial values for (10.4) by

IV(My, My) == {Uy € H ; Uy consistent} .
Before we try to determine IV (M, M;) we prove a regularity result for solutions of (10.4)).

Proposition 10.2.1. Let v > 0, Uy € H and U € C(Rxo; H) N Lo, (Rx0; H) be a
solution of . Then Mo(U — 1o o)Uo) € H}(R; H) and

O, Mo (U — ]l[O,m)UO) + MU = 0.

Proof. We extend U to R by 0. First, observe that Mo(U — 19 oyUp): R — H is continu-
ous, since U is continuous and U(0+) = Up. By Lemma (with A = 0), we obtain
U — ]1[0700)U0 S dom(@t,l,MO + Ml) and (OWMO + Ml)(U — ]1[0700)[]0) = _MlUO]l[O,oo)-
Since 0, is closed and My is bounded, 0;, My is closed as well. Since M; is bounded,
therefore also 0y, Mo + My is closed. Thus, U — 1jg)Up € dom(0;, My + M) =
dom(9y,, Mp) and therefore My(U — 1}y )Uo) € dom(d;, ), and

at,uMO(U - 1[0700)U0) + MU = 0. OJ

We now come back to the space IV(My, M7). Since we are now dealing with an infinite-
dimensional setting, we cannot use normal forms to determine IV (M, M;) without dra-
matically restricting the class of operators. Thus, we follow a different approach using
so-called Wong sequences.

Definition. We set
Vo= H

and for k € Ny we set
IVyy1 = M M [IVy]].

The sequence (IVy)ken, is called the Wong sequence associated with (Mo, My).

Remark 10.2.2. By induction, we infer IV, C IV}, for each k € Ny.

As in the matrix case, we denote by
p(Mo, My) == {2z € C; (zMo+ M)™' € L(H)}
the resolvent set of (Mo, My).
Lemma 10.2.3. Let k € Nyg. Then:
(a) Mi(2My+ My)~ My = Mo(zMo + My1)~1M; for each z € p(My, My).

(b) (2Mo + My) =" Mo[TVy] C IVyyy for each z € p(Mo, My).
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(c¢) If x € IV we find x1, ..., 2541 € H such that for each z € p(My, M;) \ {0}

k
_ 1 1 1 _
(ZM[) + Ml) 1M0$ = ;ﬁ + E Wﬁﬁg + F(ZMO + Ml) 1(17k+1.
(=1

(d) If p(Mo, M) # @ then M, [Mo[TV}1]] € TViy1-

Proof. The proof of the statements [(a)] to[(c)] are left as Exercise[10.6] We now prove[(d)]
If £ = 0 there is nothing to show. So assume that the statement holds for some k € Ny and
let x € My [Mo [IVy11]]. Since IVyi1 C IVy, we infer x € M ' [My [TV]] € TVipq
by induction hypothesis. Hence, we find a sequence (wy,)nen in IVgy1 with w,, — x. Let
now z € p(Mp, My). Then, by l@, we have (zMg + M1) "' Mow,, C IV} for each n € N
and hence, (zMy + M) "' Moz € IVy1o. Moreover, since Mz € M [IVk+1], we find a
sequence (Yp)nen in IViq with Moy, — Miz. Setting now

Ty = (2Mo + M) ' 2Moz + (zMo + M)~ Moy, € IViyo
(where, again, we have used for n € N, we derive

z, = (zMy + My) " 2Mox + (2Mo + My) ™ Moy, = = — (2My + Ml)_1 (Myx — Moyy,)
— X

as n — oo and thus, € IVy4o. O

The importance of the Wong sequence becomes apparent if we consider solutions of
(10.4)).

Lemma 10.2.4. Assume that p(My, M) # @. Let v > 0 and U € Ly, (Rxo; H) N
C(Rx0; H) be a solution of . Then U(t) € Nen, IVk for each t > 0.

Proof. We prove the claim, U(t) € IV, for all t > 0 and k € Ny, by induction. For k =0
there is nothing to show. Assume now that U(t) € IV}, for each ¢ > 0 and some k € Nj.
By Proposition [10.2.1] we know that

at,l,M()(U — ]l[O,oo)UO) + MU =0
and thus, in particular,
t
MyU (t) — MyUy +/ MiU(s)ds=0 (t>0).
0
Let now ¢ > 0 and h > 0. Then we infer
t+h
MU (t+ h) — MU (t) + M1/ U(s)ds=0
t
and hence,
t+h L
/ U(s)ds € My ' [Mo[IVy]] € IV
t

by Lemma |10.2.3(d)l Since U is continuous, the fundamental theorem of calculus implies
U(t) € IVg11, which yields the assertion. O

128



10 Differential Algebraic Equations

In particular, the space of consistent initial values has to be a subspace of mkeNo IVy. We
now impose an additional constraint on the operator pair (My, M7), which is equivalent
to being regular in the finite-dimensional setting (cf. Proposition [10.1.6)).

Definition. We call the operator pair (Mg, M;) regular if there exists vy > 0 such that
(a) Cresy, C p(Mo, M), and
(b) there exist C' > 0 and £ € N such that for all z € Cges,, we have ||(zMo+M;) 7! || <
Clz)1

Moreover, we call the smallest ¢ € N satisfying [(b)] the indez of (Mo, M), which is
denoted by ind(My, Mj).

Remark 10.2.5. Note that for matrices My and M; the index equals the degree of nilpo-
tency of N in the quasi-Weierstrafs normal form by Proposition [10.1.6

From now on, we will require that (M, M;) is regular. First, we prove an important
result on the Wong sequence in this case.

Proposition 10.2.6. Let (Mg, M;) be regular, k € No, and k > ind(My, M1). Then
Vi = Vind(Mo, M)

Proof. We show that IV, = IV, for each k > ind(My, M;). Since the inclusion “D”
holds trivially, it suffices to show IV C IVi,1. For doing so, let k > ind(My, My) and
x € IVg. By Lemma [10.2.3{(c)| we find x1,...,254+1 € H such that

k

B 1 1 1 B
(Mo + M) ' Myz = P Z Tt W(ZMO + M) g
=1

for each z € Cresy,- Since k > ind(Mo, M;), we derive
2(zMo + M) ' Moz — = (Rez — 0),

and since the elements on the left-hand side belong to IV, by Lemma [10.2.3(b)| the
assertion immediately follows. O

We now prove that in case of a regular operator pair (My, M7) the solution of ((10.4]) for
a consistent initial value Uy is uniquely determined.

Proposition 10.2.7. Let (My, M) be regular, Uy € IV(My, M), and v > 0 such that
a solution U € C(Rso; H) N Lo, (R>o; H) of exists. Then this solution is unique.
In particular

(LU)(t) = ((it + p)Mo + M1) " MUy (ave. t € R)

5~
3

for each p > max{v,vp}.
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Proof. By Proposition we have Mo(U — 1y o0)Uo) € H,,(R; H) and
8,57,/M0(U — 11[0700)U0) + MU = 0.

Applying the Fourier-Laplace transformation, £,, for p > max{v, 1y} the latter yields

1 1
it My (L,U(t) — —=
(-4 PMo(L,U(0) ~ i

Uo) + Ml,ch(t) =0 (a.e. te R)
which in turn yields

LU(t) = \/12?((115 + p) My + Ml)_lMOUO (a.e. t €R)

and, in particular, proves the uniqueness of the solution. ]

Remark 10.2.8. The formula in Proposition |10.2.7| shows that U € Lg,,(R; H) for all
solutions U of (10.4) for a consistent initial value Uy and hence, we also have My(U —
10,00)U0) € H} (R; H).

One interesting consequence of the latter proposition is the following.

Corollary 10.2.9. Let (Mo, My) be reqular. Then the operator My: IV(Moy, M1) — H
18 1njective.

Proof. Let Uy € IV(My, M) with MoUy = 0. By Proposition [10.2.7, the solution U of
(10.4) with U(0+) = Uy satisfies

LU(t) = ((it + p)Mo + M)~ MUy = 0
and hence, U = 0, which in turn implies Uy = U(0+) = 0. O
We now want to determine the space IV(My, M7) in terms of the Wong sequence.
Proposition 10.2.10. Let (My, My) be regqular. Then
WVina(vo,nr) © IV(Mo, M1) C TVina(ase,)-

Proof. The second inclusion follows from Lemma [10.2.4] and Proposition [10.2.6] Let now
Up € IVind(M()’Ml) and set

1
V(Z) = \/%(ZMO + Ml)flMoUO (2’ € CRe>u0)‘

Let k := ind(My, M;). By Lemma [10.2.3(c)| we find z1,..., 2541 € H such that

k
1 (1 1 1 .
V(Z) = — <U() -+ ASE Ty + —— (ZM() + Ml) $k+1> (z S CR6>V )
§ : 1 E+1 0

Voar \ 2 = z z
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In particular, we read off that V' € Ha(Cresyy; H) and hence, by the Theorem of Paley—
Wiener (more precisely by Corollary [8.1.3)) there exists U € Lo, (R>0; H) such that

(L,U) () =V (it+p) (ae teR, p>wp).
Moreover,

k
1 1 1 1 _
2V(z) — —=Up= —= < § et g (zMo + My)™! $k+1> (2 € CRre>up)
=1

and hence (z — 2V (2) — \/%—WUO) € Ha(Cresyy; H) as well. Since
. 1
(Epat,p(U - ]1[0,00) UO)) (t) = (1t + p) (‘CPU) (t) - EUO
1
= (it+ p)V (it +p) — EUO (a.e. t € R, p > 1),

we infer U — g oy\Up € H,}U (R; H) and, thus, U — 19 .yUp is continuous by Theorem
Hence, U € C(Rxp; H) and since spt U C R>q we derive U(0+) = Up. Finally, by
the definition of V,

1 1
My (2V(2) — —=Uy | = ————=M;(zMy + M1) " MoUp = —M1V (2) (2 € CResuy)-
o (V) = =) = =M (e + M) Moliy = ~DAV () (- € Cron)
Hence,
OtoMo(U — 19, 00yUo) + M U = 0,
from which we see that U solves (10.4). O

Finally, we treat the case when IV(My, M;) is closed.

Theorem 10.2.11. Let (My, M1) be regular and IV(My, My) closed. Then the operator
S: IV(My, My) — C(Rxo; H), which assigns to each initial state, Uy € IV(My, M), its
corresponding solution, U € C(Rxo; H), of is bounded in the sense that

Sn: IV(M(),M;[) —>C([0,n];H), U0>—>SU0|[0’n]
is bounded for each n € N.

Proof. By Proposition [10.2.10| we infer that IV (Mg, M;) = IV, with k := ind(My, M).
Let v > 1y = 0. By Proposition [10.2.7] and Corollary [8.1.3] there exists C' > 0 such that

T
< Oy —||MyU,
H2(Cre>wv;H) \/:” 0 OHH

for each Uy € IV(Mp, M), where we have used the regularity of (M, M;) and

H@;fSUO‘

(Z — Zﬁk(ZMo + Ml)flMoUo) ‘

L2,V(RZO§H) ‘

|(z Z_lMOUO)HHQ((CRe>,,;H) = \/§|MOUOHH'
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In particular, S: IV (Mo, M) — H(0f,) is bounded. Since Ly, (Rx0; H) < H~(f,)
continuously, we infer that S: IV(Mo, M) — Lg,,(Rxo; H) is bounded by the closed
graph theorem. Hence, also

St IV(Mo, My) — Lo([0,n); H),  Ug — SUoljon)

is bounded for each n € N and since C([0,n]; H) < La([0,n]; H) continuously, we infer
that S, is bounded with values in C([0,n]; H) again by the closed graph theorem. [

Remark 10.2.12. The variant of the closed graph theorem used in the proof above is the
following: Let X,Y be Banach spaces and Z a Hausdorff topological vector space (e.g. a
Banach space) such that Y < Z continuously. Let T: X — Z be linear and continuous
with T[X] C Y. Then T € L(X,Y). Indeed, by the closed graph theorem it suffices to
show that T': X — Y is closed. For doing so, let (x,), be a sequence in X with x,, — x
and Tx, — y for some x € X,y € Y. Then Tx,, — Tz in Z by the continuity of T" and
Tx, — y in Z be the continuous embedding. Hence, y = T'x and thus, T is closed.

10.3 Comments

The theory of differential algebraic equations in finite dimensions is a very active field.
The main motivation for studying these equations comes from the modelling of electrical
circuits and from control theory (see e.g. [Dai89] and Exercise [10.5]). The main reference
for the statements presented in the first part of this lecture is the book by Kunkel
and Mehrmann [KMO06]|. Of course, also in the finite-dimensional case Wong sequences
can be used to determine the consistent initial values, see Exercise For instance,
in [BIT12] the connection between Wong sequences and the quasi-Weierstrat normal
form for matrix pairs is studied. Of course, the theory is not restricted to linear and
homogeneous problems. Indeed, in the non-homogeneous case it turns out that the set
of consistent initial values also depends on the given right-hand side.

The theory of differential algebraic equations in infinite dimensions is less well studied
than the finite-dimensional case. We refer to [TT96|, where the theory of Cy-semigroups
is used to deal with such equations. Moreover, we refer to [RT05; Rei07], where sequences
of projectors are used to decouple the system. Moreover, there exist several references
in the Russian literature, where the equations are called Sobolev type equations (see
e.g. [SF03]). The results on infinite-dimensional problems presented here are based
on [TW19; TWI1§; [Trol9|. In [TW19| the focus was on systems with index 0 with an
emphasis on exponential stability and dichotomy.

We also add the following remark concerning the result in Theorem[10.2.11] By Corollary
We know that My: IV(My, My) — H isinjective. If IV(My, M) is closed, it follows
that the operator C': dom(C) C IV(My, M) — IV(My, M) given by

dOHl(C) = {Uo S IV(M(),Ml) N M1U0 € M() [IV(Mo,Ml)]},
CUy = My * MUy (Up € dom(C))
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is well-defined and closed. Using this operator, C, Theorem [10.2.11] states that if
IV(My, M) is closed then —C' generates a Cy-semigroup on IV(My, M;). The precise

statement can be found in [Tro19, Theorem 5.7]. Moreover, C'is bounded if IVinq(azy,a1,)
is closed (cf. Exercise [10.7)).

Exercises

Exercise 10.1. Let My, M; € C™*" such that (My, M) is regular and define the Wong
sequence (IV;);en, associated with (Mg, M7). Moreover, let P,Q € C"*", C € Chkxk,
and N € C(»=F)x(»=k) he a5 in the quasi-WeierstraR normal form for (My, M;) with
N nilpotent (cf. Proposition . We decompose a vector € C" into ¥ € CF and
7 € C" % such that x = (Z,7). Prove that

relV; & Q lzeran NV (j € Ny).
Moreover, show that for each z € p(My, M1) we have
IV; =ran ((zMg + Ml)flMg)j (7 € Np).

Exercise 10.2. Let E € C"*". We set k = ind(E, 1), where 1 denotes the identity
matrix in C"*". A matrix X € C"*" is called a Drazin inverse of F if the following
properties hold:

e EX =XE,
e XEX =X,
e XEFt1 = FF.

Prove that each matrix £ € C™*™ has a unique Drazin inverse.
Hint: For the existence consider the quasi-Weierstraf form for (E, 1).

Exercise 10.3. Let My, My € C™*™ with (My, M7) regular and MoM; = M; Mj. Denote
by MP the Drazin inverse of My (see Exercise [10.2). Prove:

(a) My My = MM,
(b) ran M My = IV (My, M),
(¢) For all Uy € IV(My, My) the solution U of is given by
Ut) = e ™MMigry (¢ > 0).
Exercise 10.4. Let My, M; € C™*" with (My, M;) regular. Prove that there exist two
matrices B, A € C"*" with (F, A) regular and EA = AF such that

o IV(E,A) = IV(My, M),
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ve

g

VR

NV

Figure 10.1: Electrical circuit

e U solves the initial value problem (10.2]) for the matrices My, M; if and only if U
solves the initial value problem (10.2)) for the matrices F, A with the same initial
value Uy € IV(Mo,Ml)

Exercise 10.5. We consider the following electrical circuit (see Figure with a
regsistor with resistance R > 0, an inductor with inductance L > 0 and a capacitor with
capacitance C' > (0. We denote the respective voltage drops by vg, vy, and vo. Moreover,
the current is denoted by 7. The constitutive relations for resistor, inductor and capacitor
are given by

Ri = vp,
Li' = vy,
/ .
Cvg =1,

respectively. Moreover, by Kirchhoff’s second law we have
vp +vo +vr =0.

Write these equations as a differential algebraic equation and compute the index and
the space of consistent initial values. Moreover, compute the solution for each consistent
initial value for R=2and C =L = 1.

Exercise 10.6. Prove the assertions I@] to in Lemma (10.2.3
Exercise 10.7. Let My, M, € L(H).

(a) Assume that p(Mp, M) # @. Prove that for each k € N the space IV}, is closed if
and only if My [IVg_1] is closed.

(b) Assume that (Mo, M) is regular with ind(Mo, M1) > 1. Prove that if IVi,q(ar,an)
is closed then the operator

MO‘IVind(AIO,AII) : Ivind(Mli) — Mo [Ivind(MﬂyMl)*l]

is an isomorphism.
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11 Exponential Stability of Evolutionary
Equations

In this chapter we study the exponential stability of evolutionary equations. Roughly
speaking, exponential stability of a well-posed evolutionary equation

(8t71,M(8t71,) + A) U=F

means that exponentially decaying right-hand sides F' lead to exponentially decaying
solutions U. The main problem in defining the notion of exponential decay for a solution
of an evolutionary equation is the lack of continuity with respect to time, so a pointwise
definition would not make sense in this framework. Instead, we will use our exponentially
weighted spaces Lo, (R; H), but this time for negative v, and define the exponential
stability by the invariance of these spaces under the solution operator associated with
the evolutionary equation under consideration.

11.1 The Notion of Exponential Stability

Throughout this section, let H be a Hilbert space, M : dom(M) C C — L(H) a material
law and A: dom(A) C H — H a skew-selfadjoint operator. Moreover, we assume that
there exist vy > sp (M) and ¢ > 0 such that

RezM(z) 2 ¢ (2 € Cresuyy)-

By Picard’s theorem (Theorem [6.2.1) we know that for v > 1 the operator

S, == (00, M) + A) ' € L(Ly,(R; H))

is causal and independent of the particular choice of v. We now define the notion of
exponential stability.

Definition. We call the solution operators (S,)u>y, exponentially stable with decay rate
po > 0 if for all p € [0, pg) and v > 1y we have

S,F €Ly _,(R;H) (F € Ly, (R; H) N Ly_,(R; H)).

Remark 11.1.1. We emphasise that the definition of exponential stability does not mean
that the evolutionary equation is just solvable for some negative weights. Indeed, if we
consider H = C;, A = 0 and M(z) = 1 for z € C we obtain that the corresponding
evolutionary equation

O U=F (11.1)
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11 Exponential Stability of Evolutionary Equations

is well-posed for each v # 0. However, we also place a demand for causality on our
solution operator. Thus, we only have to consider parameters v > 0. We obtain the
solution U by .
U(t) :/ F(s)ds.
—00
As it turns out, the problem is not exponentially stable. Indeed, for F':= 1y ] €
M,er L2,v(R) the solution U is given by

0 ift<0,
Ult)y=<t ifo<t<l,
1 ift>1,

which does not belong to the space Ly _,(R) for any p > 0.

We first show that the aforementioned notion of exponential stability also yields a point-
wise exponential decay of solutions if we assume more regularity for our source term

F.

Proposition 11.1.2. Let (Sy),>., be exponentially stable with decay rate pg > 0, v > vy,
p €10,p0) and F' € dom(0;,) Ndom(0;,—,). Then U := S, F is continuous and satisfies

Ut)e™ =0 (t— c0).

Proof. We first note that 9;,F = 0y _,F by Exercise [1.I} Moreover, since S, is a
material law operator (i.e., S, = S(0;,) for some material law S; see Remark we
have

Suat,z/ c 615,1/51/-

Thus, in particular, we have
Sllat,l/F = at,VSVF = at,VU;

that is, U € dom(0;,,). Moreover, since 0y, F = 0 _,F € Lo _,(R; H), we infer also
U,0,,U € Ly _,(R;H) by exponential stability. By Exercise this yields U €
dom(0; —,) with 0y _,U = 0;,U. The assertion now follows from the Sobolev embedding

theorem (Theorem and Corollary |4.1.3]). O

11.2 A Criterion for Exponential Stability of Parabolic-type
Equations

In this section we will prove a useful criterion for exponential stability of a certain class of

evolutionary equations. The easiest example we have in mind is the heat equation with

homogeneous Dirichlet boundary conditions, which can be written as an evolutionary
equation of the form (cf. Theorem |6.2.4)

(o 0) 70 o) o ) ()= ()
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11 Exponential Stability of Evolutionary Equations

in Ly, (R; H), where H = Lo(2) ® L2(Q)¢ with Q C R? open, and a € L(L2(2)?) with
Rea > ¢

for some ¢ > 0 which models the heat conductivity, and v > 0.

Theorem 11.2.1. Let Hy, Hy be Hilbert spaces and C: dom(C) C Hy — H; a densely
defined closed linear operator which is boundedly invertible. Moreover, let My € L(Hy)
be selfadjoint with

Moy = co

for some ¢y > 0 and My: dom(M;) C C — L(Hy) be a material law satisfying s, (M1) <
—p1 for some p1 > 0 and

de1 > 0Vz € Cres—p, : Re Mi(2) 2 1.

Then

Sy = (aw (z\go 8) + (8 M (Oat,y)) + <g _OC*>>_1 € L(L2y(R; Hy ® Hy))

for each v > 0. Moreover, for all vy > 0 the family (S,)u>y, is exponentially stable with
. _1112
decay rate po = min {Placl/(HMlHQ [Mol|[|C] )}

00,CRe>—pq

In order to prove this theorem we need a preparatory result.

Lemma 11.2.2. Assume the hypotheses of Theorem[11.2.1. Then for each z € Cres—_p,
the operator

My 0 0 —C*\ .
T(z) ._< 0 M1(2)>+<C 0 ) : dom(C) x dom(C*) C Hy ® Hy — Ho ® H;

s boundedly invertible. Moreover,

sup HT(z)*lH < 00

2€CRex>—p
for each p < po.

Proof. Let z € Crex—, for some p < py. We note that M (z) is boundedly invertible with
[ M1(z)7| < 1/er (see Proposition and (C*)~! = (C™Y)* € L(Ho, Hy) (see
Lemma and Lemma [2.2.9). The beginning of the proof deals with a reformulation
of T'(z). For this, let u, f € Hy, v,g € Hy. Then, by definition, (u,v) € dom(T'(z)) =
dom(C) x dom(C*) and T'(2)(u,v) = (f,g) if and only if v € dom(C*) and u € dom(C)
together with

zMou — C*v = f
Cu+ Mi(z)v=g.
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11 Exponential Stability of Evolutionary Equations

Since both C* and M (z) are continuously invertible, we obtain equivalently u € dom(C')
together with

20t Mou—v = (C*) 7' f
My(2)7'Cu +v = M(2)"1g.

Adding the latter two equations and retaining the first equation, we obtain the following
equivalent system subject to the condition u € dom(C')

v = 2z(C*) Y Mou — f) € dom(C*),
(2(C) T MoC™h + Mi(2) ™) Cu = My(2)"'g + (C*) 1.

We now inspect the operator S(z) == 2(C~1)*MoC~! + Mi(2)~! € L(Hy). By Proposi-
tion for x € H; we estimate

Re (x,S(z)z) = Re <C'_193, zMgC_1x> + Re (, Ml(z)_1x>

> —p| Mol le)? + —2— |
ol 1M ()2

C _
> ( ! — pIMoll|CHP) 1)1

2
[ M|

00,CRe>—pq

=u

Since p < po and by the definition of py we infer that g > 0. Hence, S(z) is boundedly
invertible with

(EOR

==

We now set

u:=C"1S(z)" ((C*)" f + Mi(2)"'g) € dom(C),
v = 2(C*) " (Mou — f) € dom(C*).

By the first part of the proof we have that (u,v) is the unique solution of T'(z)(u,v) =
(f,g). Moreover, we can estimate

-1 1 *\—1 1
lall < o1 (e s+ gl ) and
1 1 1 ey 1
ol < - lgl+ Icul) < - (lall + 5 (Ke™)™ lAl+ Zlal) ),
which proves that T'(z) is boundedly invertible with

sup HT(Z)AH < 0. O

ZGCRGQ,p
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11 Exponential Stability of Evolutionary Equations
Proof of Theorem [11.2.1 Let H := Hy ® Hy. We set

M(z) = (J‘go 0 1<2)> ( € dom(My) \ {0}).

Let v > 0. Then
Vz € CRresy : RezM(2) > min{veg, ¢1}

and hence, the first assertion of the theorem follows from Theorem [6.2.1]

Next, we focus on exponential stability. For this note that (S,),>y, is exponentially
stable if S, € L(L2,(R; H) N Ly _,(R; H)) for all p € [0,p9) and v > 1. For this, by
Lemma it suffices to show the corresponding estimate on S¢(R; X). Therefore, we
let F e Sc(R;H) C Ly, (R; H) and define

v (o (5 0+ (5 i)+ (0 —g*))‘lp

Since the estimate ||Ul[;, < éHFHL2 , for some C > 0is a consequence of the continuity

of the solution operator, it is left to show that for all p € [0, pg) there exists C' > 0 such
that [Ull,, , < CIIF],, .

For this, we observe that since F' has compact support, we find n € N such that spt I C
R>_,. Then U € Ly, (R>_,; H) by causality. Since

(O C i) € €)'

is a material law operator (induced by the material law T'(-)~! from Lemma , it
commutes with the material law operator 7_,, (see Remark for the commutation
and Remark as well as Example for the material law operator properties).
Thus, we obtain

—1
) Mo 0 0 0 0o —-C*
Tl = (at’” ( 0 0) ! (0 Ml(at,») ! <C 0 >) o

and 7_,F € Lo _,(R>o; H) by assumption. Hence, Corollary vields L1_,F €
H2(Cre>—p; H). Let T'(-) be as in Lemma [11.2.2, We note here that thus

ri = (o0 (F 36 o) € 7))

Since T'(-)~! has a bounded analytic extension to Cres_,, we obtain T'(:) "1 L7_,F €
H2(CRe>—p; H). Since 7_,U € Lo, (R>0; H) and

(‘CT_nU) (Z) = T(Z)_l(‘CT—TLF) (Z) (Z € CRG>I/)7
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11 Exponential Stability of Evolutionary Equations

we conclude that 7_,U € Ly _,(R>0; H) by Corollary The boundedness of T'(-)~1
on Cgres—, implies the desired continuity estimate. In order to see this, let C' :=
SUD.cChos_, |T(2)7t||. Using that £_, is unitary from L _,(R; H) to Lo(R; H), we
compute

10, = 1£-,Ull,, = |[Tm - p) L, F||,. < CIL_pFl,, = CIFl,, .

which is the desired continuity estimate. O

11.3 Three Exponentially Stable Models for Heat
Conduction

The Classical Heat Equation
We recall the classical heat equation (cf. Theorem [6.2.4) on an open subset Q C R?
consisting of two equations, the heat-flux balance
00 +divg = f
and Fourier’s law
q = —agradf,

where f is a given source term and a € L(Ly(2)?%) is an operator modelling the heat
conductivity of the underlying medium. We will impose Dirichlet boundary conditions
which will be incorporated in our equation by replacing the operator grad by grad, in
Fourier’s law (cf. Section [6.1]).

In order to apply Theorem we need that grad, is boundedly invertible in some
sense. This can be shown using Poincaré’s inequality.

Proposition 11.3.1 (Poincaré inequality). Let Q C R? be open and contained in a slab;
that is, there exist e € R? with |le|| =1 and a,b € R, a < b such that

QC {xERd;a< (e, x) <b}.
Then for each u € dom(grad,) we have

[ull ) < (b= a)llgradg ul|, ya-

Proof. Without loss of generality, let e = (1,0, ...,0). Recall that, by definition, C°(€2)
is a core for grad,. Thus, it suffices to prove the assertion for functions in C°(f2).
Let o € CX(Q). We identify ¢ with its extension by 0 to the whole of R?. By the
fundamental theorem of calculus, we may compute

o(z) =/ Op(s,xa,...,xzq)ds (z € Q).
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11 Exponential Stability of Evolutionary Equations

Hence, by the Cauchy—Schwarz inequality and Tonelli’s theorem

[ e@ra= [

< [0 [ Optsaa .z dsde = 6= [ oreto)da

< (b — a)?|lgrady @[3, gy

1 2
/ (s, xa,...,xq)ds| dx
b

which shows the assertion. O

Corollary 11.3.2. Under the assumptions of Proposition |11.5.1] the operator grad, is
one-to-one and ran(grad) is closed.

Proof. The injectivity follows immediately from Poincaré’s inequality. To prove the
closedness of ran(grady), let (ug)pey in dom(grad,) with gradyur — v in Lo(Q)¢ for
some v € Ly(Q)?. By Poincaré’s inequality, we infer that (uy)ren is a Cauchy-sequence
in Ly(2) and hence convergent to some u € Ly(€2). By the closedness of grad, we obtain
u € dom(grad,) and v = grady u € ran(grady). O

We need another auxiliary result which is interesting in its own right.

Lemma 11.3.3. Let H be a Hilbert space and V C H a closed subspace. We denote by
w:V —>H, zx—=x

the canonical embedding of V' into H. Then vyij,: H — H 1is the orthogonal projection
on'V and 1,1y V — V is the identity on V.

Proof. The proof is left as Exercise [L1.2] O

We now come to the exponential stability of the heat equation. First, we need to for-
mulate both the heat-flux balance and Fourier’s law as a suitable evolutionary equation.
For doing so, we assume that Q C R? is open and contained in a slab. Then ran(grad,)
is closed by Corollary [[1.3.2] It is clear that we can write Fourier’s law as

qg=—agrad, 0 = —abran(gmdo)cfan(grado) grad, 6.

Hence, defining ¢ = t7, (s 4,4 and a = € L(ran(gradg)), we arrive

at

*
[’ran(grado ) @lran(grad,)

q= —'dean(gradO) grad, 6.

Moreover, since ran(grad,)* = ker(div), we derive from the heat-flux balance

f =00 +divq = 9,0 + div Lran(grado)a
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11 Exponential Stability of Evolutionary Equations

and hence, assuming that a is invertible, we may write both equations with the unknowns
(0, q) as an evolutionary equation in Ly , (R; H) for v > 0, where H = Ly(§2)®ran(grad,).
This yields

1 0 0 0 0 div bran(grad,) 0 _ f
<at,1/ (0 0> + <O a—l) + (L:an(grado) grado 0 (Aj - 0 . (112)

For notational convenience, we set

C:=1 yeradg: dom(grady) € L(€2) — ran(grady). (11.3)

*
ran(grad,

Lemma 11.3.4. Let Q C R? be open and contained in a slab and C as above. Then C
s densely defined, closed and boundedly invertible. Moreover

C* = —div lran(grad,)-
Proof. The proof is left as Exercise [L1.3] O

Proposition 11.3.5. Let Q C R? be open and contained in a slab, a € L(Lo(Q)?), and
c1 > 0 such that
Rea > c;.

Then a = v}, rady) ran(grad,) 1s boundedly wvertible and the solution operators associ-
ated with are exponentially stable.

Proof. For x € ran(grad,) we have

Re <$7 ax)ran(grado) = Re <Lran(grad0)xa aLran(grad0)$>L2(Q)d
= ClH’fran(gradO)xHi d — clH‘rHEan radg)’
2() (gradg)
and thus, @ is boundedly invertible. Hence, is an evolutionary equation of the form
considered in Theorem with Mg == 1, My(z) == @' for 2 € C and C given by
11.3). Since Rea™! > ”,gll‘g, Theorem |11.2.1|is applicable and we derive the exponential
stability. O

The Heat Equation with Additional Delay

Again we consider the heat equation, but now we replace Fourier’s law by
q = —ay grady 0 — ao7_p grady 0

for some operators aj,as € L(L2(2)?) and h > 0. As above, we assume that Q C
R? is open and contained in a slab. We may introduce § = L;kan(gra d)q and a; =

L:an(grado)aeran(grado) € L(L2(Q)%) for j € {1,2}. Moreover, we assume that there exists
¢ > 0 such that
Rea; > c.
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11 Exponential Stability of Evolutionary Equations

By Lemma there exists 1y > 0 such that the operator a; + ao7_p is boundedly
invertible in Lg,(R;ran(grady)) and its inverse is uniformly strictly positive definite
for each v > 1y. Hence, we may write the heat equation with additional delay as an
evolutionary equation of the form

1 0\, (0 0 0 —Cc\\ [0\ (f
(6 0+ 6 @) e )@ -0) o
with C' given by (11.3).

Proposition 11.3.6. Let Q2 C R? pe open and contained in a slab, h > 0, aj,as €
L(L2(2)%), and ¢ > 0 such that
Rea; > ¢

and ||az|| < c¢. Then the solution operators (Sy,),>y, associated with are exponen-
tially stable.

Proof. Note that |[az| < [Jaz|| < c. We choose

1 c
O < P1 < — log —_—.
h = [l
Then we estimate for z € Cre>—p,
~ |~ _zh IR RINI 2
Re <x, (a1 + age ):1:>ran(grad0) > (e — [|aalle”™™) |2/ an(arady)

By the choice of p1, we infer ¢ := (c — ||az|[e”*") > 0. Hence,
Mi(z) = (a1 +a2e7") ™ (2 € Cres—yp,)
is well-defined and satisfies
ReMi(z) 2 c1 (2 € CRes—p,)

for some ¢; > 0 by Proposition [6.2.3] Thus, Theorem [11.2.1]is applicable and yields the
exponential stability of (11.4)). O

A Dual Phase Lag Model

In this last variant of heat conduction, we replace Fourier’s law by
(14 s40:)q = (14 s¢0) grad, 0,

where sq, sp > 0 are the so-called “phases” (cf. Section where a different type of dual
phase lag model is studied). The latter equation can be reformulated as

(1 + 8¢0¢0) (1 + 593t,z/)_1q = grad, 0
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11 Exponential Stability of Evolutionary Equations

for v > 0. Assuming that  C R? is open and contained in a slab, and defining § =

* q, the dual phase lag model may be written as

ran(grad)

OO TS G SO Y L1 ) T M

with C given by (11.3).

Proposition 11.3.7. Let Q C R? be open and contained in a slab, vg > 0. Moreover, let
sg > sq > 0. Then the solution operators (Sy)u>y, associated with are exponentially
stable.

L

Proof. Again, we note that (11.5) is of the form considered in Theorem [I1.2.1] with
My =1 and
1+ s42

Mi(z) = 1+ sp2

(zeC\ {—851}).

Setting p = Z—‘; < 1 we compute

(1—n)

1
Re Mi(z) = Re <u+ ) =p+(1- M)LR%

1+ sp22 7 (2 € Cressgt):

1+ Spz
Thus, Theorem [11.2.1]is applicable and hence, the claim follows. O

11.4 Comments

The results of this chapter are based on the results obtained in [Tro18| Section 2]. There,
Laplace transform techniques are used to characterise the exponential stability of evol-
utionary equations in a slightly more general setting. Moreover, besides parabolic-type
equations, also hyperbolic-type equations are considered, such as the damped wave equa-
tion or the equations of visco-elasticity.

The exponential stability of partial differential equations is a well-studied field. In par-
ticular, in the framework of Cy-semigroups, where the exponential stability is defined via
pointwise estimates due to the continuity of solutions, several results are known. We just
mention Datko’s theorem [Dat72| (see also [Are411, Theorem 5.1.2]), which states that a
Cy-semigroup is exponentially stable if and only if the solution operator associated with

the equation
(8t,y + A) U=F

leaves L,(R>¢; H) invariant for some (or equivalently all) p € [1,00). As it turns out, the
latter is equivalent to the invariance of Lo _,(R; H) for some p > 0 and thus, our notion
of exponential stability coincides with the usual one used in the theory of Cy-semigroups.
Another important theorem on the exponential stability of Cy-semigroups on Hilbert
spaces is the Theorem of Gearhart-Prif [Pru84] (see also |[EN00, Chapter 5, Theorem
1.11]), where the exponential stability of a Cy-semigroup is characterised in terms of the
resolvent of its generator.
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11 Exponential Stability of Evolutionary Equations

Besides the exponential stability, which is the only type of stability studied so far within
the current framework, different kinds of asymptotic behaviours were considered for Cy-
semigroups. We just mention the celebrated Arendt—Batty—Lyubich—Vu theorem [ABSS;
LP88| on strong stability of Cp-semigroups or the Theorem of Borichev—Tomilov [BT10]
on the polynomial stability of Cp-semigroups on Hilbert spaces.

Exercises

Exercise 11.1. Let H be a Hilbert space, v,p € R and u € Ljjo.(R; H). Prove the
following statements:

(a) If u € dom(0;,) N dom(0y,,) then O pu = 0 pu.
(b) If uw € dom(9;,) such that w, 0, u € Lo ,(R; H) then v € dom(0;,).
Exercise 11.2. Prove Lemma

Exercise 11.3. Let Hp, H; be Hilbert spaces and A: dom(A) C Hy — H; a densely
defined closed linear operator. Moreover, we assume that A has closed range. Show that
the adjoint of the operator L:an(A)AZ dom(A) C Ho — ran(A) is given by A%tun(a). If
additionally A is one-to-one, show that L;‘an( A)A is boundedly invertible.

Exercise 11.4. Let Q C R? be open and contained in a slab. We consider the heat
conduction with a memory term given by the equations

Ot +divg = f,
q=—(1—kx)grad, 0, (11.6)

where k € L1 _,, (R>0; R) for some p; > 0 with

/Oo|k(t)dt< 1.
0

Write (11.6) as a suitable evolutionary equation and prove that this equation is expo-
nentially stable.

Exercise 11.5. Let A € C"*" for some n € N and consider the evolutionary equation
(Orp + A)U = F.

Prove that the solution operators associated with this problem are exponentially stable
if and only if A has only eigenvalues with strictly positive real part.

Exercise 11.6. Let Q C R¢ be open.

(a) Let o € CX(Q)%. Prove Korn’s inequality

1 2
9 lgrad @jHLQ(Q)d-
j=1

2
1Grad oll, g dxa >
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(b) Use Korn’s inequality to prove that for u € Lo(Q)¢ we have
u € dom(Gradg) <= Vje{l,...,d}: u; € dom(grady).
Moreover, show that in either case
1A
2 2 2
5 2 llerado w7, gy < | Gradoull7, gyaca < 3 llgrady w7, oy
j=1 7=1

(c) Let now Q be contained in a slab. Prove that Gradg is one-to-one and has closed
range.

Exercise 11.7. Let Q C R? open and a € L(Lo(Q)%) with Rea > ¢ > 0.

(a) Let v > 0 and f € Ly, (R; L2(€2)). Moreover, assume that € is contained in a slab
and define a = L;kan(grado)abran(grado)' Let 0 € Lo, (R; La(R)), ¢ € Lo, (R; Ly(2)%)

satisfy
10 0 0 0 div ANENG
(oo 0)+ (0 2+ o, ) ()= @)

and 0 € Ly, (R; Lo(R2)), ¢ € Lo, (R;ran(grady)) satisfy

10 0 0 0 div bran(grad,) 5 . f
<at,l/ (0 O> * <O Ei_l) " <L:an(grad0)grad0 0 5 ~\0/°

Show that (6, L:an(grado)q) =(0,9).

(b) Let © be bounded and consider the evolutionary equation

(o 0) (0 o20)  ma 07) ()= ()

Show that the associated solution operators are not exponentially stable.
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12 Boundary Value Problems and
Boundary Value Spaces

This chapter is devoted to the study of inhomogeneous boundary value problems. For
this, we shall reformulate the boundary value problem again into a form which fits within
the general framework of evolutionary equations. In order to have an idea of the type of
boundary values which make sense to study, we start off with a section that deals with
the boundary values of functions in the domain of the gradient operator defined on a half
space in R? (for d = 1 we have Ly(R4™1) = K).

12.1 The Boundary Values of H!(R?! x R.)

In this section we let Q :== R¥~! x R.g and f € H'(Q); our aim is to make sense of the
function R4~! 5 ¥ +— f(¥,0). Note that this makes no sense if we only assume f € La()
since R9~! x {0} = 09 is a set of (d-dimensional) Lebesgue-measure zero. However, if
we assume f to be weakly differentiable, something more can be said and the boundary
values can be defined by means of a continuous extension of the so-called trace map. In
order to properly formulate this, we need the following density result.

Theorem 12.1.1. The set D == {¢: @ = K; I € C°(RY): ¢|o = ¢} is dense in the
space H ().

We will need a density result for H'(R9) first.
Lemma 12.1.2. C*(RY) is dense in H'(RY).

Proof. Let f € H'(RY). We first show that f can be approximated by functions with
compact support. For this let ¢ € C°(R?) with the properties 0 < ¢ < 1, ¢ = 1 on
B(0,1/2) and ¢ =0 on R\ B(0,1). For all kK € N we put ¢y := ¢(-/k) and f = ¢ f €
L2(R%). Then f; has support contained in B [0, k]. The dominated convergence theorem
implies that fi — f in La(R?) as k — co. Next, let ¢ € C°(R%)? and compute for all
keN

—{fr, dive)) = = (pf, dive)) = — (f, ¢p divep) = — (f, div (¢x¥)) — (grad éx) - )
=~ {fudiv (@) + {F grad o, 0) = ((gred o + Flsrad )/, ).

which shows that fi € dom(grad) = H*(R?) and grad fy = (grad f)¢x++ f (grad ¢) (-/k).
From this expression of grad f;, we observe grad fr — grad f in Lo(R?%)¢ by dominated
convergence. Hence, fr — f in dom(grad) = H'(R?).
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To conclude the proof of this lemma, it suffices to revisit Exercise . For this, let () in
C>®(R%) be a d-sequence. Then, by Exercise we infer ¢y x f — f in Ly(R%) as k — oo
and hence, by Exercise it follows also that grad (¢ * f) = ¢y * grad f — grad f
(note the component-wise definition of the convolution). A combination of the first part
of this proof together with an estimate for the support of the convolution (see again
Exercise yields the assertion. O

Proof of Theorem[12.1.1} Let f € H'(2). The approximation of f by functions in D is
done in two steps. First, we shift f in the negative eg-direction to avoid the boundary,
and then we convolve the shifted f to obtain smooth approximants in D.

Let f € Lo(R?) be the extension of f by zero. Put eq = (0jd)jeq1,..ay, the d-th unit
vector. Then for all 7 > 0 we have Q 4 7e4 C Q and, thus by Exercise we deduce
fr=f(-+7eq)la — fin H'(Q) as 7 — 0. Thus, it suffices to approximate fr for 7 > 0.
Let 7 > 0 and let (1), in C°(RY) be a d-sequence. Then ¢y * f(- + Teq) € H(R?), by
Exercise Define fj, ; = (z/;k*f(-+red))\g. Then we obtain that fr, — frin H'(Q)
as k — oo. Indeed, the only thing left to prove is that grad fx, — grad f, in Lo(Q)?
as k — oo. For this, we denote by g the extension of grad f by 0. Since g € Lo(R%)?
it suffices to show that grad fi, = 9, * g on Q for all large enough k € N, where
gr = g(- + Teq). Let k> L. Then for all z € Q and y € sptyy, C [—1/k, 1/k]* we infer
r—y+T1eq € Q. In particular, f(-—y+7eq) € HY(Q) and grad f(-—y+7eq) = g(-—y+Teq).
Take n € C*(Q)? and compute

horsdivi) ey == [ [l =)ty + rea)” dycivn(e) da

Q

= —/Q g Vre(y) f(x —y + Teq)* dy divn(x) dz

— _/ / dz/;k(y)f(x—y+76d)*dydivn(x)dm
Q J[=1/k1/k]

—— [ =y e diva) o dy
[~1/k,1/k]

= [ ) e~y e e dy
[(—1/k,1/k]
= (g * gran>L2(Q)d .

As iy * f( + 1eq) € HY(R?), we conclude the proof using Lemma [12.1.2] O

With these preparations at hand, we can define the boundary trace of H'(Q).

Theorem 12.1.3. The operator

v: D C HY(Q) — Ly(RI)
fe RS 3 f(7,0)
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is continuous, densely defined and, thus, admits a unique continuous extension to H'(Q)
again denoted by v. Moreover, we have

1
7 gaga-1y < (2071 ooy lgrad fllyiepa)* < limey (F € HUQ)).

Proof. Note that v is densely defined by Theorem [12.1.1| TLet f € C®(R%) and ¥ € R? 1.
Let R > 0 be such that spt f C B (0, R). Then

R
/R F(F,0)[2 diF = —/R/O Oul £ (7, 7) | A7 7
=~ [ (F@) 0us (@) + 0uf* (@) (@) da
< 21l oyl Fl -

The remaining inequality follows from 2ab < a? + b? for all a,b € R. O

Except for one spatial dimension, where the boundary trace can be obtained by point
evaluation, the boundary trace v does not map onto the whole of Ly(R9~1). Hence, in
order to define the space of all possible boundary values for a function in H! one uses a
quotient construction: we set

H'PR&TY = {yf; f e HY(Q)}

and endow H'/2(R41) with the norm

A2 gaasy = int { gl oy 9 € (@70 = 7f}
It is not difficult to see that HY/2(R9~1) is unitarily equivalent to (ker~)’, where the
orthogonal complement is computed with respect to the scalar product in H*(§). Thus,
H'?(R?1) is a Hilbert space.
Remark 12.1.4. The norm defined on the space H'/2(R%~1) given above is not the stand-
ard norm defined on this space. Indeed, following [Ne¢12, Section 2.3.8] the usual norm

1/2
<‘uHL2(Rd_1) T /]Rd—l /Rd—l ‘$ - y‘d ey

for u € H'/?(R?1). However, this norm turns out to be equivalent to the norm given
above, see e.g. [Irol4, Section 4].

As the notation of this space suggests, it is can also defined as an interpolation space
between H'(R?!) and Ly(R4™1), see [LM72, Theorem 15.1].

is given by
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12.2 The Boundary Values of H(div,R%! x R.g)

Let Q := R% ! x Ryg. There is also a space of corresponding boundary traces for the
divergence operator. Similarly to the boundary values for the domain of the gradient
operator, H'(2), the construction of the boundary trace for H(div)-vector fields rests
on a density result. The proof can be done along the lines of Theorem and will be
addressed in Exercise T2.3

Theorem 12.2.1. D? is dense in H(div, Q).

Equipped with this result, we can describe all possible boundary values of H(div, ). It
will turn out that vector fields in H(div, Q) have a well-defined normal trace, which for
Q= R4 x Ry is just the negative of the last coordinate of the vector field.

Theorem 12.2.2. The operator
/
vt DL C H(div, Q) — (H1/2(Rd—1)> — HYV2(RI)
g (R 5% — —q4(7,0)),

is demnsely defined, continuous with norm bounded by 1 and has dense range. Thus Yn
admits a unique extension to H(div,Q) again denoted by ~y,. Here, —qq is the negative
of the d-th component of q pointing into the outward normal direction of Q) and —qq is
identified with the linear functional

H'2(RY) 5 vf > (—qa(-,0),7f) yma1) -

Moreover, for all f € dom(grad) and q € dom(div) we have

(divg, f) + (g, grad f) = (mq)(Vf), (12.1)

where we denoted the extension of v, again by Yy.

Proof. Let f € D and ¢ € D?. Then integration by parts yields
(divg, f) + (g, grad f) —/QdiV(q*f) —/Rd_1 (¢"(%,0)f(%,0), —eq) dF
== / 1947 = (W V) by a1y = (@) (Vf)-
Rd—1

Hence,

|0 V) )| < Nl 1

Since D is dense in H! (), the inequality remains true for all f € H*(Q2). Thus,

<Mlallzrain 1 f 1 (f € HY(Q)).

)qua 'Yf>L2(Rd*1)
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Computing the infimum over all g € H*(Q) with vg = +f, we deduce

<’YHQ7'Yf>L2(Rd*1) < H(JHH(div)H’YfHHm(Rdfl) (f € Hl(Q))

Therefore v,q € H~/2(R%1) and [mallg-12 < HQ||H(diV)7 which shows continuity of

Yn- It is left to show that v, has dense range. For this, take vf € Hl/Q(Rdfl) for some
f € HY(Q) such that

(w9 7f) ya-1) =0
for all g € D9, Next, take g € C®(R?1) and ¢ € C(R) with ¥(0) = 1. Then we set
g: Q3 (%,2) = —eqg(X)(Z) € D? and note that .9 = §. Hence
<'Yf, §>L2(Rd*1) =0 (5 € Cgo(Rd_l))

Thus, vf = 0, which implies that the range of 7, is dense, as H'/?(R%1) is a Hilbert
space. The remaining formula follows by continuously extending both the left-
and right-hand side of the integration by parts formula from the beginning of the proof.
Note that for this, we have used both Theorem and Theorem O

Corollary 12.2.3. Let f € HY(Q), q € H(div,Q). Then f € dom(grad,) if and only if
~vf =0, and q € dom(divy) if and only if g = 0.

Proof. We only show the statement for g. The proof for f is analogous. If ¢ € dom(divy),
then there exists a sequence (¢,,), in C2°(Q)? such that ¢, — ¢ in H(div, Q) as n — oo.
Thus, by continuity of ,, we infer 0 = 4, — Ynq. Assume on the other hand that
g € dom(div) with y,q = 0. Using (12.1)), we obtain for all f € dom(grad)

(divg, f) + (g, grad f) = 0.

This equality implies that ¢ € dom(grad®) = dom(divg), which shows the remaining
assertion. ]

The remaining part of this section is devoted to showing that the continuous extension
of 4, maps onto H~1/2(R%1). For this we require the following observation, which will
also be needed later on.

Proposition 12.2.4. Let U C R? be open. Then
Ho(div, U)* vy = {g € H(div,U); divg € H(U),q = graddivg} .

Proof. Let ¢ € H(div,U). Then ¢ € Hy(div,U)t#@v0) if and only if for all r €
Hy(div,U) we have

0= (", @) p(aiv,) = @ pyya + {divr,divg) ) = (1 @) pyye + (divor, diva) g, ) -

The latter, in turn, is equivalent to divg € dom(divj) = dom(grad) = H'(U) and
—grad div g = divjdivg = —q. O
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Theorem 12.2.5. v, maps onto H*I/z(Rdfl). In particular, we have

]l aiv,0) < Il gr-1/72(Ra-1y
for all g € Hy(div, Q) H@iv.e),
Proof. By Theorem [12.2.2]it suffices to show that v, has closed range. For this, it suffices
to show that there exists ¢ > 0 such that

4/l r(aiv0) < ellmall g-172ga-1)

for all g € ker(yy iLH(diV’Q). By Corollary [12.2.3] we obtain ker(y,) = Ho(div, ). Hence,

by Proposition|12.2.4] we deduce that g € ker(yy,)1#@v.2) if and only if ¢ € dom(grad div)
and ¢ = graddiv ¢. So, assume that ¢ € dom(grad div) with ¢ = graddivgq. Then ([12.1)
applied to ¢ € dom(div) and f = div ¢ € dom(grad) yields
(71mq) (v divg) = (divg,divg) + (g, grad div q) = (div ¢,div g) + (¢, q)
— Nl

where we used grad divg = q. Hence
2 . .
Il aiv,e) < 1 divall gz llmallg-172 < Idivall gy Imall g1/

= HQHH(div,Q)H'VHCIHH*U?
where we again used that grad div ¢ = ¢q. This yields the assertion. O

12.3 Inhomogeneous Boundary Value Problems

Let Q := R4 x Ryg. With the notion of traces we now have a tool at hand that allows
us to formulate inhomogeneous boundary value problems. Here we focus on the scalar
wave type equation for given Neumann data g € H~Y/2(R%"!). We shall address other
boundary value problems in the exercises. Let M: dom(M) C C — L(L2(£2) x Ly(2)9)
be a material law with s, (M) < v for some vy € R. We assume that M satisfies the
positive definiteness condition in Theorem that is, we assume there exists ¢ > 0
such that for all z € Cresy, we have RezM (z) > ¢. For v > 1y we want to solve

(2 ) ()-() =0
grad O q 0

Mmq(t,) =g on 0f) for all ¢t € R.

Let us reformulate this problem. Let ¢ € C°°(R) such that 0 < ¢ < 1 with ¢ =1 on
[0,00) and ¢ = 0 on (—oo, —1]. We define the function g == (¢t — ¢(t)g € H‘l/z(Rd_l)) €
Nyo L2 (R; H-Y/2(R471)) and consider

0 div v 0
<at,VM(8t,y) + <gra 4 0 )) (q) = <0> on {2, (12.2)

Mmq(t) = g(t) for all ¢t > 0.

instead.
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Theorem 12.3.1. Let v > max{wy,0},v # 0. Then admits a unique solution

o i(man( (5, )

Proof. We start with the existence part. By Theorem [12.2.5 we find Ge H(div, Q) such
that v,G = §; set G == ¢(-)G € H2(R; H(div,)). Consider the following evolutionary
equation

((%,VM(@,V) + (gr(; . diov‘))) (:f) = 0, M (1) (_OG> + <_ o G) |

Note that the right-hand side is in H2(R; Lo () x L(2)%). By Theorem we obtain

()= (oo (s 57)) (s (%) + (5))

€ HI(R: Lo() x Lo(@)") N L, (R: dom((gr(; . dév>)).

Indeed, since the solution operator commutes with 0;, and the right-hand side lies in

H2. it even follows that (Z) € H2(R; Ly(Q) x Ly(2)9). From the equality

0 divg AN 0 —divG
v+ (2 5 () - (1) ()
it follows that

U 1. 0 divg

<r> € Hy (R’ dom(<grad 0 >>>
Also, we deduce that

(oo (20 ) (20) =)

Since r € HL(R;dom(divy)), by Corollary [12.2.3|and Theorem we obtain
M ((r+G)(t) =mG(t) =g(t) (teR).
Hence, (u,r + G) solves (12.2]).

Next we address the uniqueness result. For this we note that a straightforward compu-
tation shows

(1) (e (g *57)) (o (55)+(45°))

which coincides with the formula for (u,r + G). O

The upshot of the rationale exemplified in the proof is that inhomogeneous boundary
value problems can be reduced to an evolutionary equation of the standard form with
non-vanishing right-hand side. Of course the treatment of inhomogeneous Dirichlet data
works along similar lines.
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12.4 Abstract Boundary Data Spaces

Of course inhomogeneous boundary value problems can be addressed for other domains
Q than the half space R%! x Ryq. Classically, some more specific properties need to be
imposed on the description of the boundary 9€2. In this section, however, we deviate from
the classical perspective in as much as we like to consider arbitrary open sets Q C R<.
For this we introduce

BD(div) = {q € H(div,); div ¢ € dom(grad), graddivg = ¢},
BD(grad) = {u € H'(Q); gradu € dom(div),divgradu = u} .

By Proposition [12.2.4] and Exercise these spaces are closed subspaces of H(div, )
and H!(Q), respectively, and therefore Hilbert spaces. Indeed,

BD(div) = Hy(div, Q)J-H(div,g)
and
BD(grad) = H&(Q)J-HI(Q)'

Now, we are in a position to solve inhomogeneous boundary value problems, where the
trace mappings v and 7y are replaced by the canonical orthogonal projections Tpp(graq)
and TRp(div) respectively; see Exercise We devote the rest of this section to describe
the relationship between the classical trace spaces introduced before and the BD-spaces.
In the perspective outlined here, there is not much of a difference between Neumann
boundary values and Dirichlet boundary values. The next result is an incarnation of
this.

Proposition 12.4.1. We have
grad[BD(grad)] C BD(div) and div[BD(div)] C BD(grad).
Moreover, the mappings

gradgp : BD(grad) — BD(div),
u +— grad u

and

divgp: BD(div) — BD(grad),
q+— divg

are unitary, and gradip = divpp.

Proof. Let ¢ € BD(grad). Then grad ¢ € H(div,Q?) and divgrad¢ = ¢. This implies
divgrad ¢ € dom(grad) and graddivgrad ¢ = grad ¢, which yields grad ¢ € BD(div).
Thus, gradgp is defined everywhere; interchanging the roles of grad and div, we obtain
divpp is also defined everywhere. We infer divpp gradgp = 1BD(grad) and gradpp divpp =
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1Bp(div) and thus gradgp is bijective with gradgllD = divgp. It remains to show that
gradpp preserves the norm. For this we compute

(gradpp ¢, gradpp ¢>BD(div) = (grad ¢, grad ¢) H(div)
= (grad ¢, grad ¢) 1, () + (div grad ¢, div grad ¢) , )
= (grad ¢, grad 0) , qa + (6. D)1, ()
= <¢’ ¢>d0m(grad) = <¢’ ¢>BD(grad) ’
which implies that gradpp is unitary. Hence, divpp = gradgllj = gradgp. ]
It is also possible to show an ‘integration by parts’ formula analogous to (12.1)) for the
abstract situation:

Proposition 12.4.2. Let u € H(Q) and q € H(div,Q). Then

<d1V q, u>L2(Q) + <Q7 grad U>L2(Q)d = <diVBD TBD(div)4> 7TBD(gmd)IU’>BD(gmd)

= <7T BD(div) 4, 8radpp WBD(grad)U>BD(div) .
Proof. We decompose u = ug + u1 and ¢ = qo + q1 with ug € H}(Q), qo € Hp(div, ),
U1 = TBD(grad)¥ a0d ¢1 = TRp(div)¢- Then we obtain
(div g, u)p, ) + (¢ grad u) )
= (divo o, u) 1, () + (divar, u)p, ) + (90, grad u) 1, e + (g1, grad u) )
0, — grad u) ;. gya + (divqr, u) 1,y + (0, grad u) 1, (gya + (a1, grad u) 1, ya
div g1, u0) 1, () + (divar, ur) ) + (a1, grad wo) 1, (ya + (a1, grad u1) 1, )a

=
=
= (q1, —grad, UO>L2(Q)d + (div g1, u1>L2(Q) + (g1, grady UO>L2(Q)d + {1, grad u1>L2(Q)d
= (div qi, u1>L2(Q) + (g1, grad u1>L2(Q)d

=

div g1, u1) 1, ) + (grad div g1, grad u1) 1, (gye = (div g1, u1) g graq) -

The remaining equality follows from the unitarity of gradgp and gradgllj = divpp by

Proposition [12.4.1] O

In view of Proposition [12.4.2] the proper replacement of v, appears to be divep TBp(div)
instead of just mpp(qiv). Next, we show the equivalence of the trace spaces for the half
space and the abstract ones introduced in this section.

Theorem 12.4.3. Let Q = R x Ryg. Then YlBD(graa) : BD(grad) — HY2(R4T)
and vn|Bp(div) : BD(div) — H=Y2(RIYY are unitary mappings.

Proof. We begin with v,. We have shown in Theorem [12.2.2|that ’yn\BD(div) is continuous
and in Theorem [12.2.5|it has been shown that (%]BD(div))_‘ is continuous. Also the two

norm inequalities have been established.
The injectivity of v|pp(graq) follows from kery = H(Q) by Corollary [12.2.3] All that

remains simply relies upon recalling that H'/2(R%1) is isomorphic to (ker fy)l with the
orthogonal complement computed in H'(€2). O
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12.5 Robin Boundary Conditions

The classical Robin boundary conditions involve both traces, the Dirichlet trace ~ and
the Neumann trace v,. To motivate things, let us again have a look at the case Q2 =
R9~! x R+¢. We consider the boundary condition for given ¢ € H(div,Q) and u € H' ()

Mg +iyu =0,

in the sense that
(@) (v) = (=i, v) a1y (v € HY?(R),

Note that this is an implicit regularity statement as y,q € H~'/2(R9"1) is representable
as an Lo(R?1) function. The next result asserts that an evolutionary equation with a
0 div
rad 0

into the setting rendered by Theorem In other words:

spatial operator of the type (g with the above Robin boundary condition fits

Theorem 12.5.1. Let Q = R9™! x Ryq. Then the operator A: dom(A) C La(Q)4+! —
Lo(Q)™ with A C 0 AV i domain
grad 0
dom(A) = {(u,q) € H'(Q) x H(div,Q); yq + iyu =0}
is skew-selfadjoint.

Proof. Let (u,q), (v,r) € H'(Q) x H(div,Q). Then, by we obtain
(o ©) (0) () (G) o W) C))
= (div g, v) + (grad u, r) + (u, divr) + (g, grad v) = (Wmq)(y0) + ((yr) (Yu))"
If, in addition, (u,q) € dom(A), we obtain
(@) 0+ (6 (aa 3) ()
= (m@)(v0) + ((mr)(yu))" = (=iyw, 70) 1, @a-1y + ((mr) (yu))"
= (yu,i70) a1y T ((wr) (Yw))* = ((yv + yar)(yu))™

Since for every u € D, we find ¢ € D¢ such that (u,q) € dom(A),
v[D] € {yu; 3¢ € H(div,Q): (u,q) € dom(A)}.
Thus, the set on the right-hand side is dense in H'/2(R%1). This in turn implies that

(v,7) € dom(A*) if and only if iyv+~,7 = 0, and in this case we have A*(v,r) = —A(v, 7).
This implies that A is skew-selfadjoint. O
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Remark 12.5.2. The factor i in front of yu is chosen as a mere convenience in order
to render the corresponding operator A in Theorem skew-selfadjoint. It is also
possible to choose 3 € L(H?(dQ)) with —Re 8 > 0 instead of i. Then one obtains for
all U € dom(A) and V € dom(A*) the estimates Re (U, AU) > 0 and Re (V, A*V) > 0.
Appealing to Remark[6.3.2] it can be shown that the corresponding evolutionary equation

<8t7VM(8t7V) + A)U =F
for a suitable material law M as in Theorem is well-posed.
Next, one could argue that in the case for arbitrary €2, the condition
ITBD (grad)t + diVBD TBD(div)q = 0 (12.3)

amounts to a generalisation of the Robin boundary condition just considered. However,
this is not true as the following proposition shows.

Proposition 12.5.3. Let u € H'(Q),q € H(div,Q). Moreover, we set x: BD(grad) —
Lo (R4YY with kv = yv for v € BD(grad). Then ynq + iyu = 0 if and only if

divep TBD(div)¢ + 16" KTRD(graq)u = 0.

Proof. We first observe that kKmpp(graq)w = yw for each w € H(Q).
Assume now that v, + iyu = 0 and let v € BD(grad). Then we compute, using
Proposition [12.4.2| and (12.1))

<i“*“WBD(grad)u’v>BD(grad) = <ili7TBD(grad)u, fw>L2(Rd_1)
= (7w, 70) 1, (ra-1)
= —(mq)(yv)
= (= div g, ), ) + (—¢, gradv) 1, a
= (— divBD TBD(div) 4 v>BD(grad) ’

which proves one of the asserted implications.
Assume now that divep Tp(div)q + K" KTBD(grad)v = 0 and let v € H'Y2(RI1). We take
w € HY(Q) with yw = v and compute
(ma)(v) = {div g, w) 1, ) + (¢, gradw) ;, gy
= <diVBD TBD(div)4> 7TBD(gmd)w>BD(grad)
= (—1K"KTBD (grad) U, 7TBD(grad)w>BD(gmd)
= <_i’£7rBD(grad)u7 KWBD(grad)w>L2 (RA—1)

= (=171, V) a1y

which shows the remaining implication. O
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12.6 Comments

The concept of abstract trace spaces has been introduced in [PTW16| in order to study
a multi-dimensional analogue for port-Hamiltonian systems. Also concerning differential
equations at the boundary (so-called impedance type boundary conditions), the concept
of abstract boundary value spaces has been employed, see |[Pic+16].

A comparison between abstract and classical trace spaces has been provided in [EGW18;
Trol4| particularly concerning H~'/2(R%*1). A good introduction for trace mappings
for more complicated geometries can be found e.g. in [Are+15|. The trace operator can
also be suitably established for H (curl, Q)-regular vector fields given that € is a so-called
Lipschitz domain, see [BCS02].

Exercises

Exercise 12.1. Let ¢ € C°(R?), f € Ly(R?). Show that
sxfions [ oo =y)f)dy
R4

belongs to H'(RY) and that grad (¢ * f) = (grad ¢) * f. If, in addition, f € H'(R?) =
dom(grad), then grad(¢ x f) = ¢ x grad f, where the convolution is always taken com-
ponent wise.

Exercise 12.2. Let Q C R? be open. Let f € Ly(9) and denote by f € Lo(R?) the
extension of f by zero. Let v € R%, 7 > 0 and define f, = f(- + 7v)|q.

(a) Show that fr — fin L2(Q) as 7 — 0.

(b) Let now f € HY(Q) and Q + 7v C Q for all 7 > 0. Show that f, — f in H'(Q) as
T — 0.

Exercise 12.3. Prove Theorem [2.2.1]

Exercise 12.4. Let O C R? be open, M: dom(M) € C — L(La() x Ly(2)9) with
sp (M) < v for some vy € R, ¢ > 0 such that for all z € Cres,, we have RezM(z2) > ¢,
v > max{ry, 0} and v # 0. Show that there exists a unique

(4) (Rt 7))

0 div v 0
o (3, ) ()-) o

TBD(grad)V(t) = (1) f for all t € R,

for some bounded ¢ € C*°(R) with infspt ¢ > —oco and f € BD(grad).

satisfying
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Exercise 12.5. Let Q = R4 xR+(. Show that there exists a continuous linear operator
E: H'(Q) — HY(R?) such that E(¢)|q = ¢ for each ¢ € H(Q).

Exercise 12.6 (Korn’s second inequality). Let Q = R?! x R.,. Using Exercise m
show that there exists ¢ > 0 such that for all ¢ € H'(Q)? we have

1911z eyt < € (161l s + 1Grad @]y gpaa)

Thus, describe the space of boundary values of dom(Grad).
Hint: Prove a corresponding result for = R? first after having shown that C°(R%)4
forms a dense subset of both H'(Q)? and dom(Grad).

Exercise 12.7. Let Q C R? be open. Compute BD(curl) := Hy(curl, Q)1# w19 and
show that curl: BD(curl) — BD(curl) is well-defined, unitary and skew-selfadjoint.
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13 Continuous Dependence on the
Coefficients |

The power of the functional analytic framework for evolutionary equations lies in its
variety. In fact, as we have outlined in earlier lectures, it is possible to formulate many
differential equations in the form

In this chapter we want to use this versatility and address continuity of the above expres-
sion (or more precisely of the solution operator) in M (9;). To see this more clearly, fix
F and take a sequence of material laws (M,,),. We will address the following question:
what are the conditions or notions of convergence of (M,), to some M in order that
(Up)n with U, given as the solution of

(O My (0y) + A)U,, = F
converges to U, which satisfies
(O:M(0y) +A)U = F?

In the first of two chapters on this subject, we shall specialise to A = 0; that is, we
will discuss ordinary differential equations with infinite-dimensional state space. To be-
gin with, we address the convergence of material laws pointwise in the Fourier—Laplace
transformed domain and its relation to the convergence of material laws evaluated at the
time derivative.

13.1 Convergence of Material Laws

Throughout, let H be a Hilbert space. We briefly recall that a sequence (7,), in L(H)
converges in the strong operator topology to some T' € L(H) if for all x € H we have

T,z — Tz (n— 00).

(T},)n is said to converge in the weak operator topology to T € L(H) if for all z,y € H
we have
(y, Tox) = (y, Tz) (n — o0).

We denote the set of material laws on H with abscissa of boundedness less than or equal
to 19 € R by

M(H,vy) :={M: dom(M) — L(H); M material law,sp (M) < vp}.

162



13 Continuous Dependence on the Coefficients I

Remark 13.1.1. Let vy € R, v > vy. Then M(H,1y) is an algebra and M(H,vy) > M
M (8:,) € L(La,(R; H)) is an algebra homomorphism which is one-to-one by Theorem

Definition. Let vy € R. A sequence (Mp,)nen in M(H,vp) is called bounded if

007CR8>U0 < 00.

sup || M|

neN
Theorem 13.1.2. Let vy € R, (M), in M(H,vy) be bounded. Assume that for all
2 € Cresy, the sequence (My(2))n converges in the weak operator topology of L(H) with
limit M(z) and let v > vy. Then M € M(H,vy) and My (0¢,) — M(0r) as n — oo in
the weak operator topology of L(LQ’V(R, H))
If, in addition, (M,(z)), converges in the strong operator topology of L(H) for all
2z € CResuyy, then, as n — 0o, Myp(0r,) — M(0:,) in the strong operator topology of
L(L2y(R, H)).

Proof. Let zy € Cresvy, 7 € (0,Re z0 — 1p). For z,y € H, by Cauchy’s integral formula,

we deduce . ( (2)2)
y, My (2)x "
M, = 2 2 d N).

Using boundedness of (M,,),, Lebesgue’s dominated convergence theorem yields

(y, M (z0)z) = 1/63( )W(Z)@Hdz,

2mi zZ— 20

Since
€y M (2)x)| g < |zl g llyll g sup 1Mnlloo cponry (2 € CReu)s (13.1)
n

(y, M(-)z) 5 is holomorphic in a neighbourhood of zy. By Exercise we obtain that
M: Cresy, — L(H) is holomorphic. In fact, the estimate even implies that
M € M(H, Vo).

If 2 € Cresy, and (M, (2)), even converges in the strong operator topology, then the
limit is clearly M (z).

The convergence statements for (M, (0;,)), (in the weak and strong operator topology)
are then implied by Fourier-Laplace transformation. O

Remark 13.1.3. In Theorem [13.1.2] it suffices to assume that (M, (z)), converges only
for z belonging to a countable subset of Cres,, with an accumulation point in Cres,,.

The next statement is essential for the convergence statement for “ordinary” evolutionary
equations.

Proposition 13.1.4. Let (T),), be a sequence in L(H) converging in the strong operator
topology to some T € L(H) with 0 € (), P(T0), SUP,en HTn_lH < oo and ran(T) C H
dense. Then T is continuously invertible and (T, '), converges to T—1 in the strong
operator topology.
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Proof. We set K = sup,,cn HT; IH We show that T is continuously invertible first. For
this, let x € H. Then

||| = HT;lTan < K| T,z|| —» K||Tz|| (n— o0).

Hence, T is one-to-one and it follows that ran(7") C H is closed. Hence, 0 € p(T'). For
x € H we conclude

T e — T || = || T, NT = T)T 2| | < K|(T = T)T 2| = 0 (n—o00). O
We are now in the position to obtain the first result on continuous dependence.

Theorem 13.1.5. Let vy € R, (M), a bounded sequence in M(H, ), ¢ > 0 such that
for alln € N and z € Cre>y, we have

RezMy(z) > c.

If (M, (2))n converges in the strong operator topology for all z € Cresy, then for the limit
M (z) we have M € M(H,vy) with RezM (z) > ¢ for all z € Cresy, and for v > vy we
have

-1 -1
(at,uMn(at,l/)) — (at,uM(at,u))
in the strong operator topology.

Proof. By Theorem we observe M € M(H,vp). Let z € Cresy,- Then we
have Re zM (z) = limy_oc Re2My(2) > ¢ and hence zM(z) is continuously invertible.
Since 0 € (N,,en P(2Mn(2)) and [|(2M,(2)) | < 1/c by Proposition we deduce
by Proposition applied to T, = zM,(z) that (zM,(2))"! — (zM(z))~! in the
strong operator topology. By Theorem for v > vy we infer (8t,l,Mn(6t7,,))_1 —
(at,,,M(at,,,))‘l in the strong operator topology. O

13.2 A Leading Example

We want to illustrate the findings of the previous section with the help of an ordinary
differential equation. Also, we shall provide an argument on the limitations of the theory
presented above. Let (€, 3, 1) be a finite measure space.
Note that for V' € Loo(u) with associated multiplication operator V(m) as in Theorem
2.4.2] we have that

M:z+ 1427 (m) € L(La())

is a material law with s, (M) = 0 unless V =0 (in case V = 0 we have s}, (M) = —o0).
The corresponding evolutionary equation is given by

Opu+V(mu = f.

We want to study sequences of material laws of this form; that is, material laws induced
by sequences (Vy)n in Loo(p). First, we provide the following characterisation of the
convergence of multiplication operators. We recall that for a Banach space X the weak®
topology o(X’, X) on X' is the coarsest topology such that all the mappings X’ 5 2’ —
2/(z) (x € X) are continuous.
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Proposition 13.2.1. Let (Vy,), in Loo(p) and V € Loo(p). Then the following state-
ments hold.

(a) Vp(m) = V(m) in L(Lo(p)) if and only if Vi, =V in Loo(p).

(b) Vi(m) — V(m) in the strong operator topology of L(Lo(u)) if and only if (Vi) is
bounded in Loo(p) and V,, — V in Li(p).

(¢) Vp(m) — V(m) in the weak operator topology of L(La(p)) if and only if V,, — V
in the weak* topology o (Lo (1), L1 (1))

Proof. @] This is a direct consequence of Proposition m
Assume V,, — V in Ly (p) and that (V,), is bounded in Loo(p). Then (V,, — V), is
also bounded in Lo (1). For f € Loo(pt) C La(u) we obtain

[Va(m)f =V (m fHL2 / Vo —V ‘ |f’ du
<sup ||V, =V f2 /Vn—V dp — 0.
nENH HLQO('LL)H HLOO(,u) Q‘ ‘

Since Loo(p) is dense in Lo(p) and (Vi (m) — V(m)), is bounded by Proposition [2.4.4]
we obtain V,,(m) — V(m) in the strong operator topology of L(La(u)).

Now, let V;,(m) — V(m) in the strong operator topology of L(La(x)). Then (V,(m)),
is bounded in L(Ly(p)) by the uniform boundedness principle. Now Proposition [2.4.4]
yields boundedness of (V},), in Lo (p). Moreover, since 1o € Lao(u), we deduce V,, =
Vo(m)lg — V(m)lg = V in La(u). Since La(p) embeds continuously into Lq(u) we
obtain V;, — V' in Li(u).

The assertion follows easily upon realising that ¢ € Li(u) if and only if there exists

1,19 € Lo(u) such that ¢ = 11)s. ]

With the latter result at hand together with the results in the previous section, we easily
deduce the next theorem on continuous dependence on the coeflicients.

Theorem 13.2.2. Let (V,,)y, in Loo(pt) be bounded, V € Loo(p), and Vi, =V in Li(p).
Then there exists v > 0 such that

(e + Vi(m)) ™" = (B + V(m)) "
in the strong operator topology of L(LQ,V(R; Lg(u))).

Note that the convergence statement can be improved, see Exercise [13.3

Proof. By Proposition [13.2.1(b)| we obtain V;,(m) — V(m) in the strong operator topo-
logy of L(L2(p)). Note that for v > 1+ sup,en [|Vall1 () we have

Re(z+ Vy(m)) > 1 (2 € Cresy,n € N).

Now Theorem [13.1.5| applied to M, (z) = 1 4+ 2~!V,,(m) yields the assertion. O
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Remark 13.2.3. Theorem [13.2.2| can be generalized in the following way. Let (B,), in
L(H), B € L(H), B, — B in the strong operator topology. Then there txists v > 0
such that . .

(at,l/ + Bn)_ — (at,u + B)_
in the strong operator topology of L(Lg, (IR; La(y))).

In Theorem we did assume strong convergence of the sequence of multiplication
operators (V,,(m)),. A natural question to ask is whether the stated result can be
improved to (V;,), converging in the weak* topology o (Loo (1), L1(1t)) only. The answer
is neither ‘yes’ nor ‘no’, but rather ‘not quite’, as we will show in the following. We
start with a result on weak™* limits of scaled periodic functions, which will serve as the
prototypical example for a sequence converging in the weak™ topology of L.

Theorem 13.2.4. Let f € Loo(R%) be [0,1)%periodic; that is,
fe+k)=f (keZ?).
Then

f(n) — ) f(z)dzlga
[0,1)

in the weak® topology o(Lo(RY), L1(R?)) as n — oco.

Proof. Without loss of generality, we may assume f[o 1) f(z)dz = 0. By the density

of simple functions in L;(R?%) and the boundedness of (f(n-)), in Lo (R?), it suffices to
show

/ fnx)de -0 (n— o0)
Q

for Q = [a,b] = [a1,b1] X ... X [ag, bg] where a = (ay,...,aq),b = (by,...,bg) € R% By
translation and the periodicity of f we may assume a = 0. Thus, it suffices to show

f(nz)de =0 (n — o)
[0,6]

for all b € (0,00)%. So, let b= (by,...,bg) € (0,00)%. Let n € N. Then we find z € N¢
and ¢ € [0,1)? such that nb = z + ¢. We compute

(nz)dx

[0,0]

af @

= — z)dx

nd [0,nb]

/ frdo s o, | f(@)d
= — x)dr + — ) dx.

nd [O,Zl]X[O,nbz}XA..X[O,Hbd} nd (zl,zl+<1]><[O,nbz}XA..X[O,nbd}

We now estimate

a/ foyds| < o | £(@)]d
— r)de| < — x)|dx
nd (zl,z1+g“1]><[O,nbg}x...x[o,nbd} nd (z1,z1+<1}X[O,nbg]X...X[O,nbd}
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1
< — dz || f
1% (0,1)x [0,mb2] x....x [0,mbg] Loo(i)

1
_ EbQ oo ball fll -

Continuing in this manner and using z; < nb; for all j € {1,...,d}, we obtain
1 1 b
fnyde| < ol [ foyda|+ 3 g
0. 1oz ”; bl

Since f is [0, l)d—periodic and z € N? we observe

d
x)der = z-/ f(z)dx = 0.
g]ww

[0,2]
Thus,
1db
f(nx) <=y ——= — Hf [P
(0,0] n )
which tends to 0 as n — oo. O

Remark 13.2.5. Note that Theorem [13.2.4] also yields
fn) — f(z)dxlq
(0,1)¢

in the weak* topology o (Leo(€2), L1(Q)) for all measurable subsets Q C R? with non-zero
Lebesgue measure.

We now present an example which shows that weak* convergence of (V},),, does not yield
the result of Theorem [13.2.2]

Example 13.2.6. Let (2,3, 1) = ((0,1),8((0,1)), A[(0,1)). For n € N let V,, be given
by Vp(z) := sin(2wnz) for € (0,1). Then, by Theorem [13.2.4] we obtain V,, — 0 in
0(Loo((0,1)),L1((0,1))) as n — oco. Let v > 1. Then (8¢, + V,(m)) is continuously
invertible as an operator in La, (R; L2((0,1))). Let /€ C(]0,1]) and denote f: (t,z) —
Ig,, (t)f(x). Then f € Ly, (R; Ly((0,1))). The solution uy, € Lo, (R; La((0,1))) of

(c'?w + Vn(m))un =f
is given by the variations of constants formula; that is,
t ~
un(t, z) = Ljg o) (t)/ exp(—(t — s)sin(2mnz)) dsf(z) (t € R,z € (0,1)).
0

Thus, if a variant of Theorem [13.2.2| were true also in this case, (uy,), needs to converge
(in some sense) to the solution u of

at,uu = f>
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which is given by
u(t, @) = Ljg.o) ()Ef(x)  (t € Rz € (0,1)).
However, by Theorem [13.2.4] for = € (0,1) we deduce
t t
/ exp(—(t — s)sin(2mnz)) ds — / J(=(t—s))ds (n— o0)
0 0

in 0(Loo((0,1)), L1((0,1))) for each ¢ > 0, where

1
J(s) = /0 exp(ssin(2rz))dz (s € R)

denotes the 0-th order modified Bessel function of the first kind, cf. [AS64, p. 9.6.19].
Moreover, for ¢ € C°(R), A € B((0,1)) and using domianted convergence we obtain

(un, @1 A) 1, |, (RiLa((0,1))

_ / - / 1 / exp(—(t — 5) sin(2rna)) dsF(@)La(e) dap(t)e 2 dt

— / / / —(t — 8))dsf(z)La(z) dzp(t)e 2t dt

(@, 0LA) L, (2:La((0,1)))
with .
(t.0) = Lo (1) | J(-(t~5)dsfla) (€ R € (0,1))
0
Since (up)p is bounded in Lo, (R; L2((0,1))) and {pla; A € B((0,1)), ¢ € CX(R)} i
1

total in Lg, (R; L2((0,1))) by Lemma|3.1.10] we infer u, — & weakly in Ly, (R; L2((0, 1)
as n — 0o. In particular, u # u. Furthermore, @ is not of the form

)
/0 exp(—(t — s)‘N/(x)) dsf(z)

for some V € L+ ((0,1)) and hence, we cannot hope for u to satisfy an equation of the
type _

(&,V + V(m))ﬂ = f.
As we shall see next, in the framework of evolutionary equations it is possible to derive
an equation involving suitable limits of (V,,), and f as a right-hand side.

13.3 Convergence in the Weak Operator Topology

In this section, we consider a particular class of material laws and characterise conver-
cenge of the solution operators of the corresponding evolutionary equations in the weak
operator topology. The main theorem that will serve to compute the limit equation
satisfied by u in Example reads as follows.
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Theorem 13.3.1. Let H be a Hilbert space, (By), a bounded sequence in L(H) and
v > sup,ey | Ball. Then ((8;, + Bn)™'), converges in the weak operator topology of
L(L2,(R; H)) if and only if for all k € N the sequence (BF), converges in the weak
operator topology of L(H). In either case, we have

(O + Bo) ™t = Y (o)) Cror)
k=0

in the weak operator topology of L(L2,(R; H)), where Cy, € L(H) denotes the weak limit
of (BF),, for k € N and Cy == 1p.

Remark 13.3.2. In the situation of Theorem , let BX — O} in the weak operator
topology for all k € N. Let L := sup,,cy || Bnl|, v > 2L, and f € Ly, (R; H). By Theorem
, if (O, + Bn)up = f for all n € N, then (uy), converges weakly in L, (R; H) to
some element © € Lo ,(R; H). In order to determine the differential equation satisfied by
u, we make the following observations: by weak convergence,

1C]| < lim inf HB,’;H < IF.
n—oo

Hence, since H@;}H < % (see Section ) we infer that

> (o)

k=1

L2,1/

converges in L(Lg ,(R; H)) and

S (ahra
k=1

oo 00 1
< lonlfen <> o =1
k=1

k=1

Hence, since Cy = 1y we deduce that Zzio(—atj l})kC’k is boundedly invertible by the
Neumann series. Thus, we obtain

o] -1 fo%) —1
f=0 (Z(_at,ul)kck> U =0y <1H + Z(—@t’l})kC’k> u

k=0 k=1
0 00 ¢ 00 00 L
= 815,1/ Z <_ Z(_atjyl)kck> U= 8t7l,ﬂ + 8157,/ Z <_ Z(_agyl)kck> i
=0 \ k=1 =1 \ k=1

Before we prove Theorem [13.3.1| we revisit Example [13.2.6]
Example 13.3.3 (Example [13.2.6 continued). By Theorem [13.3.1] we need to compute
the limit of (sin®(27n-)), in the weak* topology of Ls((0,1)) for all k € N. By Theorem
13.2.4] we obtain for all k € N

(2m)!

1
lim sin®(27n- —/ sin® 27€) d€1 _ ) (mi2m)?
Jim_sin®(2mn-) ; (2m€) d€1 o 1) 0 Fodd.

Lo,1), k= 2m for some m € N,
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in 0(Loo((0,1)),L1((0,1))). Hence, u, — u weakly, where @ satisfies

l
_ oo 9 o (2 ' N
at71/u + at,l/ Z <_ Z atJ/Q (fm%) u = f

/=1 m=1

for v > 2 by Remark [13.3.2

Proof of Theorem [13.53.1. Before we prove the equivalence, we make some observations.
Since v > sup,,cy || Br|| = L, by a Neumann series argument we deduce that

o0

k=0 k=0

The series 2,;";0(—8;;)’“3,’38; is absolutely convergent in L(La,(R; H)). Also note
that for M, : Cresr 3 2 — Y poo(—1)FBEL we have M,, € M(H,v).
Assume now that (BF), converges in the weak operator topology to some Cj, for all

k € N. A little computation reveals that as n — oo,
=/ 1\ 1
M, — —— ) Cy—=M eC
(@23 (-1) GL=ME) e T

in the weak operator topology, where the series on the right-hand side converges in L(H)
since

|Cell < liminf HBﬁ <LF (keN).

Moreover, since v > L, the sequence (M,), is bounded in M(H,v) and thus, M €
M(H,v) and
M (0e) = M(9:)

in the weak operator topology by Theorem [I3.1.2]

Now, we assume that ((@W + Bn)_l)n converges in the weak operator topology. Then
(M, (0,1))n converges in the weak operator topology. Let k& € N. We need to show
that for all ¢,1 € H the sequence (<d>, Bﬁ¢>H)n is convergent to some number ci 4 as
n — oo. The Riesz representation theorem then yields the existence of Cy € L(H) with
(6, Crtp) = cpgp- S0, let ¢,9p € H. Moreover, we consider the functions m,, and h,
given by

ma(z) =3 (—2)"z <¢, B’;¢>H (z € B(0,1/L),n € N)

i
o

and

hn(2) = (&, M (2)85) 5 = ii (i)k (6.B5) (2 € Crespon € N).
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Clearly, m,, and h, are holomorphic on their respective domains for each n € N and the
sequences (my), and (hy,), are uniformly bounded on compact subsets (in other words
they form normal families). Moreover,

mn(2) = hn(%) (= € B(1/(2L),1/(2L)),n € N).

We aim to show that the coefficients of the power series of m,, converge as n tends to
infinity. The proof will be done in two steps. In step 1, we will prove that the sequence
(hn)n converges to a holomorphic function h: Cresz — C uniformly on compact sets.
Then, in the second step, we will use this to deduce that (my,), also converges uniformly
on compact sets and prove the assertion with the help of Cauchy’s integral formula.
Step 1: By Proposition [5.3.2] (M, (im -+ v)),, converges in the weak operator topology of
L(L2(R; H)). For f,g € La(R) we thus obtain that

((fs hn(im +1)9) 1, w) ), = ((f, M, (im + V)IV) Lo (Rt )

is convergent. Thus, using Ly(R) - Lo(R) = L1 (R), we obtain that

n—oo

U: L1(R) > u+— lim </ hon (it + v)u(t) dt) eC
R
defines a linear functional, which is continuous, since

sup sup || My (it + v)|| gy = sup || Mn (im + v)|| 11, ;1)) < 00
neN teR neN

by boundedness of (By),. Hence, since Li(R) = Loo(R), we find a unique h € Lo (R)
with

lim [ it + v)u(t) dt = / R(tyu(t)dt (ue Li(R)).
We now show that every subsequence (hn, )k of (hn)n has a subsequence (hy,, )i which
converges locally uniformly to a holomorphic function /: Cresy — C such that h(i-+v) =
h a.e., and that this implies that the limit h does not depend on the subsequences. Then
we conclude that (hy,), itself converges locally uniformly to h.

So, let (hp, )r be a subsequence of (hy). By Montel’s theorem (see [Sim15, Theorem
6.2.2]), we find a subsequence (hn,, )i Of (hn, )i such that hy, — hasl — oo uniformly on
compact subsets of Cresz, for some holomorphic function h: Cresz — C. In particular,
we obtain

lim [, (it +v)p(t) dt = / h(it + v)p(t) dt (¢ € Co(R))
k—oco JRr R

by dominated convergence and hence, h(it + v) = ﬁ(t) for almost every ¢t € R. This
shows that the limit h is independent of choice of the subsequences (hn, ) and (fn,, ).

Indeed, if h: CRre>1, — C is the limit of another subsubsequence of (h,), as above, then
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13 Continuous Dependence on the Coefficients I

E(i .+v) = h = h(i-+v) a.e. Since h and h are holomorphic, the identity theorem yields
h = h.
Now, assume for a contradiction that (h,), does not converge locally uniformly to h.
Then we find a subsequence (hy,, )i of (hn)n, a compact set K C Cresy, and € > 0 such
that

Von, ~Bllog s > (k€ N). (13.2)

However, the subsequence (hn, )i has a subsequence (hn,, ); which converges locally uni-
formly to h, contradicting (13.2). Thus, (hy), itself converges locally uniformly to h,
and, in particular, h, — h pointwise on Cresr,.

Step 2: By what we have shown in Step 1, the sequence (my,)nen converges pointwise
on B(1/(2L),1/(2L)). Since (my,), is also uniformly bounded on compact subsets of
B(0,1/L), we derive that (my,), converges uniformly on compact subsets of B(0,1/L)
by Vitali’s theorem (see [Sim15, Theorem 6.2.8]). Choosing 0 < r < 1/L, we thus obtain
by Cauchy’s integral formula

1 My (2)
k _ (_1\k n
<¢a Bn >H - ( 1) 2ri \/83(0,7") Zk+2 dz.

Thus (BF),, converges in the weak operator topology as n — oc. O

13.4 Comments

The problems discussed here are contained in [Waul6; Waul4] for both the weak and the
strong operator topology. The case of differential-algebraic equations has been invoked
as well.

The appearance of memory effects; that is, the occurence of higher order integral oper-
ators due to a weak convergence of the coefficients has been first observed by Tartar and
can, for instance, be found in [Tar09]. The limit equation, however, is described by a
convolution term rather than a power series of integral operators. It is, however, possible
to reformulate these resulting equations into one another, see [Waull].

The last characterisation of weak convergence in Theorem was formulated for the
first time in [PTW15].

Exercises

Exercise 13.1. Let (V;,), in Loo(RY) and V € Lo (R%). Characterise convergence of
V(m) — V(m) in the strong operator topology of L(Ls(R?)) in terms of convergence of
(Vi) similar to as was done in Proposition [13.2.1

Exercise 13.2. Show that there exists an unbounded sequence (V},), in Lo ((0,1)) and
V € Loo((0,1)) with V,, = V in L1((0,1)).
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Exercise 13.3. Let (£2,%, 1) be a finite measure space, (V},), a bounded sequence in
Loo(p) and assume that V,, — V in Li(p) for some V € Loo(p). Show that there exists
v > 0 such that

(O + Va(m)) ™" — (B + V(m)) ™
in the strong operator topology of L(La,(R; La(p)), Hp(R; La())).

Exercise 13.4. Let D = (J,cz[n+1/2,n+1], V;, == 1p(n:). For suitable v > 0
compute the limit of

((87&,1/ + Vn(m>)_1)n
in the weak operator topology of Lg, (R; L2((0,1))).

Exercise 13.5. Let H be a Hilbert space, ¢ >0 and ¢ < B,, = B}, € L(H) for all n € N.
Characterise, in terms of convergence of (B,), in a suitable sense, that

((at,VBn)il)

converges in the weak operator topology. In the case of convergence, find its limit and a
sufficient condition for which there exists a B € L(H) such that

n

(Or0Bn) ™t = (81sB) ™
in the weak operator topology.

Exercise 13.6. Let H be a Hilbert space. Show that By == {B € L(H); [|B|| < 1}
is a compact subset under the weak operator topology. If, in addition, H is separable,
show that Bp ) is also metrisable under the weak operator topology.

Exercise 13.7. Let H be a separable Hilbert space, (By,), in L(H) bounded. Show that
there exists a subsequence (By, )i of (By)n, a material law M: dom(M) — L(H) and
v > 0 such that given f € Lo, (R; H) and (ug)g in Lo, (R; H) with

8t,uuk + Bnkuk = f (k € N)’
we deduce that (ug)r converges weakly to some u € Lo, (R; H) with the property that
(9,57,,M(6t7y)u = f
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14 Continuous Dependence on the
Coefficients Il

This chapter is concerned with the study of problems of the form
(8t,VMn(at,u) +A)U,=F

for a suitable sequence of material laws (M), when A # 0. The aim of this chapter will
be to provide the conditions required for convergence of the material law sequence to
imply the existence of a limit material law M such that the limit U = lim,,_,o U,, exists
and satisfies

(Opy M (0r) +A)U = F.

Additionally, for material laws of the form M, (9;,) = Mo, + @_’VIMLn it will be desir-
able to have the respective limit material law satisfy M (0;,) = My + 8{7VIM1 for some
My, My € L(H). This cannot be expected (as we have seen in the guiding example in the
previous chapter) if A is a bounded operator, the Hilbert space H is infinite-dimensional,
and the material law sequence only converges pointwise in the weak operator topology.
It will turn out, however, that if A is “strictly unbounded” then a suitable result can
hold, even if we only assume weak convergence of the material law operators.

14.1 A Convergence Theorem

The main convergence theorem of this chapter will be presented next.

Theorem 14.1.1. Let H be a Hilbert space, vy € R, (M), in M(H,1vy) and M €
M(H,vy). Assume there exists ¢ > 0 such that for all n € N we have

RezMp(2) 2 ¢ (2 € CResyy)-

Let A: dom(A) C H — H be skew-selfadjoint and assume dom(A) — H compactly. If
M, (z) = M(z) as n — oo in the weak operator topology for all z € Cresy,, then

(B0 M (9) + A) " = (8, M(D,,) + A)
in the strong operator topology of L(Lo,(R; H)) for each v > 1.

For the proof of this theorem, we need a lemma first.
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14 Continuous Dependence on the Coefficients I1

Lemma 14.1.2. Let H be a Hilbert space, A: dom(A) C H — H skew-selfadjoint, ¢ > 0,
(T)n in L(H) with ReT;, > ¢ for alln € N, and T € L(H). Assume dom(A) — H
compactly and T,, — T in the weak operator topology. Then 0 € (), .y p(T+A)Np(T+A)
and

(T + A" = (T+A)"!
in the norm topology of L(H).

Proof. From ReT;, > c it follows that 0 € p(T, + A) (n € N) and (T}, + A)*l)n is
bounded in L(H). Indeed, since B = T,, + A satisfies Re B = Re T}, > ¢ and dom(B) =
dom(A) = dom(B*) due to the skew-selfadjointness of A, Proposition vields the

assertion. Moreover, since
AT, +A) P =1-T,(T, + A)~*

for all n € N, it follows that ((7,, + A)~") s also bounded in L(H,dom(A)) by the
boundedness of (T},), in L(H). Due to the convergence of (T},), to T, it follows that
ReT > ¢, and thus, (T+A)~! € L(H,dom(A)). Before we come to a proof of the desired
result, we will prove an auxiliary observation.

Claim: for all (f,,), in H weakly converging to f, we have (T,, + A) ' f, = (T + A" f
in the norm topology of H.

For proving the claim, let (f,), in H be weakly convergent to some f. Consider u, =
(T, + A)~' fu. Then (uy), is bounded in dom(A), since ((T;, + A)~'),  is bounded in
L(H,dom(A)) and (fy), is bounded in H. Hence, there exists a subsequence (uy, )
which weakly converges to some u in dom(A). Since dom(A) — H compactly, we infer
U, — w in the norm topology of H. Hence, in the equality

Tnkunk + AUnk = fnk7

as Ty, — T in the weak operator topology and u,, — u in H, we may let k — oo and
obtain for the weak limits
Tu+ Au = f;

that is, u = (T + A)_1 f. Having identified the limit, a contradiction argument (here a
so-called ‘subsequence argument’, see Exercise[14.3)) concludes that (uy)y itself converges
weakly in dom(A) and strongly in H to u. Thus, the claim is proved.

Next, assume by contradiction that ((Tn —|—A)_1)n does not converge in operator norm to
(T 4+ A)™'. Then we find an & > 0 and a strictly increasing sequence of integers, (1),
and a sequence of unit vectors (fy, )r in H such that

| @+ ) o = T+ )7

> €. (14.1)

By possibly taking another subsequence, we may assume without loss of generality
that (fy,), converges weakly to some f € H. By the claim proved above, we deduce
(T, + A fr, = (T+A) " fand (T+ A f, — (T+ A £, both in the norm
topology of H as k — oo. Thus, we may let £k — oo in , and obtain the desired
contradiction. O
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14 Continuous Dependence on the Coefficients I1

Proof of Theorem [14.1.1] By Theorem [13.1.2]it suffices to show that for all z € Cresy,
(zMp(2) + A" = (zM(2) + A" (n— o)

in the strong operator topology. This, however, follows from Lemma [14.1.2] applied to
T, = zM,(2). ]

Remark 14.1.3. Note that we only used convergence in the strong operator topology in the
proof of Theorem However, the assertion in Lemma [14.1.2]is about convergence
in the norm topology. The reason that we cannot assert the convergence claimed in
Theorem in the norm topology is that the compact embedding of dom(A) — H
only works locally for fixed z, and not uniformly in z. This situation can, however, be
rectified. We refer to Exercise for this.

14.2 The Theorem of Rellich and Kondrachov

In order to apply Theorem [14.1.1] we need to provide a setting where the condition on
the compactness of the embedding is satisfied. In fact, it is true that H'()) embeds
compactly into Ly () given Q C R? is bounded and has ‘continuous boundary’, see e.g.
|[Are+15, Theorem 7.11]. In this chapter, we restrict ourselves to a proof of a less general
statement.

A preparatory result needed to prove the compact embedding theorem is given next.

Proposition 14.2.1. Let I C R be an open, bounded, non-empty interval. Then the
mapping HY(R) > f — flr € HY(I) is well-defined, continuous and onto. Moreover,
there exists a continuous right inverse H'(I) — H'(R).

For the proof of this proposition, we need an auxiliary result first.

Lemma 14.2.2. Let Q C R be open and connected. Moreover, let u € H(Q) with
gradu = 0. Then u is constant.

We leave the proof of this lemma as Exercise [14.2]

Proof of Proposition [T7.2.1. The mapping H'(R) — H*(I), f + f| is readily confirmed
to be continuous. It remains to prove that it is onto. Let I = (a,b), v € H*(I) and

define the function v by
t
:/ Ju(s)ds (t € (a,b)).

Clearly, v € La((a,b)) and we compute for each ¢ € C>((a,b))

() L)) = /(/ du(s ) t)dt = // t) dt Qu(s)* ds

—(0U, ) 1, (ap)) -
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This shows v € H'((a, b)) with v = du. Hence, by Lemma [14.2.2] there exists a constant
¢ € C with u = ¢+ v. We now define f by

0 ift<a—1lort>b+1,
ct+c(l—a) ifa—1<t<a,

ft) = :
u(t) ita<t<b,

—(c+vd)t+ (c+vd)(1+b) fb<t<b+1.

We then easily see that f € H'(R) and clearly flap) = u. In order to see that u +— f
is continuous, we need to establish that the value ¢ depends continuously on u. This,
however, follows from the estimate

) b ) 1/2 1
= a (/ “ > < Voma Mleaten T Plza@n)
1 ﬂmax{l,(b—a)

}

Theorem 14.2.3. Let I C R be an open bounded interval. Then H'(I) — Lo(I)
compactly.

Proof. By Proposition [14.2.1) we find a continuous mapping E: H'(I) — H(R) such
that for all u € H'(I) we have E(u)|; = u. Moreover, by Exercise the mapping
H(R) < C'/2(R) is continuous. Thus,

HY(I) & H'(R) — CV2(R) — C2(1),

is a composition of continuous mappings, where the last mapping is the restriction to
I. Since C'/2(I) < C(I) compactly by the Arzela-Ascoli theorem, and C(I) < Lo([)
continuously, we infer H'(I) < Lo(I) compactly. O

We now have the opportunity to study the limit behaviour of a periodic mixed type
problem.

Example 14.2.4 (Highly oscillatory problems). Let si,s2: R — [0,1] be 1-periodic,
measurable functions. Then for v > 0, we set

= (8?5’” (Sl(gm) 52(2111)) i (1 ) sé(nm) 1- sg(nm)) + (300 (3)> _1,

where 0 = div and dy = grad, are regarded as operators in Ly((0,1)) with respective

domains H'((0,1)) and HZ((0,1)). Then, by Theorem|[14.2.3} the operator A := < 0 8)

d 0
satisfies the assumptions of Theorem [I4.1.1] Moreover, Theorem [[3.2.4] implies that the
remaining assumptions of Theorem [14.1.1] are satisfied. Hence, we deduce that (S(”))n

converges in the strong operator topology of Lo, (]R; Lo ((0, 1))) to the limit
! 0 1— [ 0 0 o\
o, [Josr O ) (P Jos e < ) .

0 fO S9 0 1— fO S9 aO 0
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Next, we aim to provide an application to more than one spatial dimension. For this, we
will also need a corresponding compactness statement. This is the subject of the rest of
this section.

Theorem 14.2.5 (Rellich-Kondrachov). Let Q@ C R? be open and bounded. Then
H}(Q) < La(Q) compactly.

Proof. Without loss of generality (by shifting and shrinking of Q and extending by 0),
we may assume that Q = (0, 1)d. We carry out the proof by induction on the spatial
dimension d. The case d = 1 has been dealt with in Theorem [14.2.3l Assume the
statement is true for some d — 1. Using that C2°((0,1)%) is dense in HE((0, 1)%), we infer
the continuity of the injection

R: H(%((O> 1)d) - Hl (R§ LQ((O> 1)d_1)) N L2 (R; H(%((()? l)d_1)>
¢ (t (we d(tw))),

where we identify ¢ with its extension to R? by 0. The range space is endowed with the
usual sum scalar product.

Let (¢n)n be a weakly convergent null-sequence in H((0, 1)d). In particular, (R¢y),, is
bounded in H'(R; La((0, l)d_l)) and hence, it is also bounded in Cy,(R; L (0, 1)d_1) by

Theorem (and Corollary 4.1.3)); that is,

sup _ N9nlt: 41y < 0. 14.2
e om0y (14.2)

Let f € La((0,1)* ). Then (¢, f)n given by
Gn it (Pnlt, ), f>L2((071)'1*1)

is a weakly convergent null-sequence in H'((0,1)). We obtain by Theorem that
¢ns — 0 in Ly((0,1)) as n — oo. By separability of L((0,1)* ") we find D C
Ls((0,1)1) countable and dense, a subsequence (again labeled by n) and a null-set
N C R such that ¢y (t) — 0 for all t € R\ N and f € D as n — co. By (14.2), we
deduce ¢, f(t) = 0 forallt € R\ N and f € Ly((0, 1% 1) as n — oo, or, in other words,
dn(t,-) — 0 weakly in Ly((0,1)%") for each t € R\ N as n — co.

Next, we show that there exists a null set N € N; C R such that ¢,(¢,-) — 0 in
Lo((0,1)7") for all t € R\ Ny. For this, since (Rép)n in Lo (R; H3((0,1)%")) is bounded,
we find a null set N C Ny C R such that (¢y,(¢,)),, is bounded in H3((0, DY) for all
t € R\ Ni. Let t € R\ Ny. Then there exists a further subsequence (¢, (¢,-))r which
converges weakly in HZ((0,1)"!). By the induction hypothesis, (¢, (Z,-))n, converges
strongly in Lo((0,1)™"), and since we have already seen that it is a weak null-sequence
in Ly((0,1)%71), we derive &n,(t,-) = 01in La((0, 1)), By a subsequence argument we
derive that

O (tv ) —0

in Ly((0,1)% ) for all t € R\ Ny.
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Now, for n € N we deduce

1
2 2
1Dnll 7, 0.1)%) :/0 lén(t M2, (0.1y2-1) 4 = 0,

where we have used dominated convergence, which is possible due to ((14.2)). O

14.3 The Periodic Gradient

In this section we investigate the gradient on periodic functions on R?. Throughout, we
set Y :=[0,1).

Definition (Periodic Gradient). We define

(V) = {olys ¢ € CXRY, o(-+k) = ¢ (k € 2%)}

and
grady o, : Ceo(Y) C Lo(Y) = La(Y)?
¢ — grad ¢.
Moreover, we set divy == — gradaioo and grady == — diva‘ = grady .

Remark 14.3.1. The operators just introduced can easily be shown to lie between the
operator realisations we have introduced in earlier chapters. Indeed, it is easy to see that

divg C divy and grad, C grad
and, consequently, we also have
grady C grad and divy C div.

The corresponding domains for the operators grady and divy will be denoted by Hﬁl(Y)
and Hy(div,Y’), respectively.
For the next results, we define the periodic extension operator. For ¢ € La(Y)™ we put

Ope(x + k) == ¢(x)
for almost every x € Y and all k € Z¢.

We start with the following two observations.

Lemma 14.3.2. Let f € Ly(Y) and (pp)r be a 5-sequence in C°(RY) (cf. Evercise .
Define
fr = (o * foe)ly (k€ N).

Then fr € C{°(Y) for each k € N and fr — f in Lo(Y) as k — oo.
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Proof. Tt follows as in Exercise that pg * fpe is in C°°. Moreover, one easily sees that
Pk * fpe 18 [0, 1)%periodic, and hence, f; € Cye(Y) for each k € N. For the convergence
we observe

(Pr * (Ly+ 5,1 fre) ) (2) = fr(z) (z €Y,k €N).

Moreover, by Exercise we have pi * (Lypo,1)fpe) = Ly4B(0,1)fpe in Ly(RY) as
k — oo, and thus,

Jk= (Pk * (]1Y+B(0,1)fpe)) ly — (]1Y+B(0,1)fpe)|Y =f (k—o00) in Ly(Y). O
Lemma 14.3.3. CﬂOO(Y)d is a core for divy and divy W = div W for each ¥ € CﬁOO(Y)d.
Proof. First we note that CB’O(Y)d C dom(divy) and divy ¥ = divV¥ for ¥ € CQ’O(Y)d.
To see this, for ¢ € C°(Y), ¥ € C’B’O(Y)d we compute

(grad ¢, W) (yya = /Y (grad (), ¥ (x))ga dz = — /ch(a:)*div U(z)dx

= <¢7 —div \II>L2(Y)

by integration by parts (note that the boundary values cancel out due to the periodicity
of ¢ and ¥). Now, let ¢ € dom(divy) and (px)x be a d-sequence in C°(R?). For k € N
we define

@ = (Pr * dpe) |y

and obtain ¢ € C°(Y) and g — ¢ in Ly(Y)? as k — oo by Lemma m It is
left to show that divg, — divyq in La(Y) as k — oo. For doing so, we show that
div g, = (pk * (divy q)pe) |y, which would then yield the assertion again by Lemma .
So, let k € N'and ¢ € C{°(Y). We compute

)y = [ ([ oapele =) dvmmad o)) s
— [, 4) [ el — ), grad () s dody
R4 Y
~ [ 0) [ arel). (erad 6o+ 1) o vy
Rd Y-y
- / () / (a(), (grad B)pe(x + ))ge ddy
R4 Y
- / () / (a(), (grad dpe(- + 4)) (1)) e dz dy
R4 Y
_ / () / (divy 4(2), byl +4)) e dedy
Rd Y

—— [ o) [ (@ivy el ). dpela)) s dady
R4 Y4y

= — ((p * (divg q)pe) |y, ¢>L2(Y) ’

where we have used perodicity as well as ¢pe(- +y) € CP°(Y). O
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Remark 14.3.4. The proof of Lemma [14.3.3| reveals that every ¢ € ker(divy) can be
approximated by elements in C3* (V)4 N ker(divy).

Proposition 14.3.5. Let Q C R? be open, bounded, u € Hﬁl(Y) and q € Hy(div,Y).
Then upelo € HY(Q), qpela € H(div, Q) and

grad (upe|q) = (gradﬁ u)pe lo and div (gpe|n) = (divy q)pe |-
Proof. Let first ¢ € C°(Y). Then by definition ¢, € C* (RY) and we easily see

grad ¢pe = (grad ¢)pe = (gradﬁ ®)pe-

Moreover, since € is bounded, we infer ¢pe € H'(Q). By definition of Hﬁl(Y) we find
a sequence (¢g)keN in CﬁOO(Y) such that ¢ — w in Lo(Y) and grady ¢ — gradyu in
Ly(Y)4 as k — oo. Since

LQ(Y) — LQ(Q), f — fpe

is bounded due to the boundedness of 2, we also derive ¢ppe — Upe in L2(€2) and
(grady ¢r)pe — (grad; u)pe in Ly(Q)? as k — oo. By what we have shown above, we infer

grad ¢, pe = (grady ¢r)pe — (grady u)pe (kb — 00)

in Ly(Q)?, and thus, upe € HY(Q) with gradupe = (grady u)pe by the closedness of
grad. The proof for ¢ follows by the same argument with Lemma [14.3.3|as an additional
resource. O

The extension result just established yields the following compactness statement.

Theorem 14.3.6 (Rellich-Kondrachov II). The embedding Hﬁl(Y) — La(Y') is compact.

Proof. Let (¢p)n be a bounded sequence in Hﬁl(Y) Let © C R? be open and bounded

such that Y C Q. By Proposition, we deduce that (¢, pe|),, is bounded in H'(Q).
Let ¢ € C2°(2) with ¢» =1 on Y. Then (¥ pe),, is bounded in Hj($2). By Theorem
[14.2.5] we find an Ly(Q)-convergent subsequence. This sequence also converges in Lo (Y').
Since ¥ = 1 on Y, we obtain the assertion. ]

Next, we provide a Poincaré-type inequality for the periodic gradient.

Proposition 14.3.7. There exists ¢ > 0 such that for all u € Hﬁl(Y)

U—/U
Y

In particular, ran(grady) C Ly(Y)® is closed, ker(grady) = lin{1y} and the operator

< cl|grady u "
La(¥) H f HLQ(Y)d

grady: Hﬁl(Y) N{ly}*+ — ran(grady)

18 an isomorphism.
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Proof. The proof is left as Exercise [[4.4] O

We are now in a position to formulate the particular example we have in mind. Problems
of this type with highly oscillatory coefficients are also referred to as homogenisation
problems. We refer to the comments section for more details on this.

Example 14.3.8 (Homogenisation problem for the wave equation). Let ¢ > 0, a: R? —
K% be bounded, measurable, a(z) = a(z)* > ¢ for all x € R? Furthermore, assume
that a is [0,1)%periodic. Let v > 0, f € Lo, (R; Ly(Y)) and for n € N consider the
problem of finding u,, € L2, (R; L2(Y")) such that

a;{,,un — divy a(nm) grady up, = f. (14.3)

We have already established that there exists a uniquely determined solution, wu,. Em-
ploying the same trick as in Section we rewrite (14.3) using v, = 0, u,, the
canonical embedding ¢4: ran(grady) — Lo(Y)? as well as g, == —tja(nm)eyey grady uy, to

obtain . 0
- 0 diVﬁ Ly Un\ f
<8t’y (0 (atnm)ey) 1) ’ <L§ grad, 0 )> (q") E <O> |

Note that we have used that (Lga(nm)Lﬁ): ran(grady) — ran(grady) is continuously in-
vertible and strictly positive definite (uniformly in n); see Proposition [11.3.5] Also note

that tfa(nm)ey is selfadjoint. As in Exercise |11.3| we see that (La‘ grado = —divy .

Thus, the operator

(n) 1 0 0 leﬂ Ly !
"= v -1 *
S %, 0 <L§a(nm)bﬁ> + <Lﬂ grady 0 >

is well-defined and bounded in Ly, (R; L2(Y) % ran(grady)). We aim to find the limit of

(S ("))n as n — oo. For this, we want to apply Theorem [14.1.1, We readily see using
Theorem [4.3.6] and Exercise [[4.5] that

. < ) 0 divy Lﬁ)
L grady 0

satisfies the assumptions in Theorem [14.1.1L Thus, it is left to analyse ((Lga(nm)Lﬁ) )n
This is the subject of the next section. For this reason, we define

ap, 1= (L&ka(nm)Lﬂ)_l (n € N).

14.4 The Limit of (a,),

In this section, we shall apply our earlier findings to higher-dimensional problems. Again,
we fix Y := [0,1)% as well as ty: ran(grady) — L2(Y)?, the canonical embedding. Before
we are able to present the central result of this section, we need a preliminary result.
Throughout, let a: R — K9 be measurable, bounded and [0, 1)d—periodic such that
Rea(z) > ¢ for each € R? for some ¢ > 0.
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Lemma 14.4.1. Let £ € K% Then there exists a unique v¢ € Lo(Y)? with ve — £ €
ran(grady) and a(m)v € ker(divy).

Proof. Take w € Hﬁl(Y) such that
* -1 * *
grad, w = —uy (Lﬁa(m)Lﬁ) iya(m)§ = —yantza(m)é.

This is possible, since the right-hand side belongs to ran(grady) by definition. We put
ve i= grady w + £. Then ve — & € ran(grad,) and we have

tja(m)ve = ta(m) (grad; w + §) = tia(m) (—uganega(m)é + 3)
= —ya(m)yantia(m)é + tya(m)§ = 0.

The latter gives a(m)ve € l"an(grahdﬁ)L = ker(divy). For the uniqueness, we assume
v € ran(grady) with a(m)v € ker(divy). Then

(tya(m)eg) v = tza(m)v = 0,
which implies v = 0 since ¢ja(m)ey is invertible. Thus v = 0. O

The previous result induces the linear mapping
. ed d
Qhom : K 95'—>/av5€K,
Y

where vg € Lo(Y)? is the unique vector field from Lemma (14.4.1

Remark 14.4.2. We gather some elementary facts on apop.

(a) We have (a*)hom = - In particular, if a is pointwise selfadjoint then so is
ahom- Indeed, let €, ¢ € K% and vg and ve € Lo (Y)? be the corresponding functions
for a* and a, respectively, according to Lemma . Then there exist we, we €
dom(gradﬁ) with ve — § = grady we and v¢ — ¢ = grad; we. We compute

(0" s Qs = [ {(a0) (1), 0c(9) = rad g (3) o
::t/;<<a*vg><y>,v<<y>>Kd dy —-/C,<<a*vg><y>,gradﬁzu<<y>>Kd ay
= [ toelo), (av) ) dy = (v pradg )

- }/ (ve (W), (avc) (1)) ga Ay
Y
- /y (arad, we(y) + &, (avg) (1))a dy

= [ (600 @) Ay = (€ tham O
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(b) Reapom is strictly positive definite. As above, one shows

Re (6 tnom)s = Re | (o) (@0e) () go dy > el 0 (€ €K

and since the right-hand side is strictly positive if £ # 0 by Lemma [[4.4.1] we
derive the assertion.

The construction of ayem now allows us to formulate the main result of this section.
Theorem 14.4.3. We have

a, = (Lga(nm)Lﬁ)_l — (Lgahomaﬁ)_l =! Qpom (P — 00)
in the weak operator topology of L(ran(grady)).

The proof of Theorem [14.4.3| requires some more preparation. One of the results needed
is a variant of Theorem [13.2.4|for Lo(Y'). However, it will be beneficial to finish Example
first.

Example 14.4.4 (Example [14.3.8] continued). The operator sequence (S™),, converges
in the strong operator topology of L(La,, (R; La(Y) x ran(gradﬁ))) to the following limit

-1
1 0 0 divy ey
<8t’” <O ahom) + <L§‘ grady 0 >) :

Lemma 14.4.5. Let f: R? — K be measurable and [0, l)d—periodic. Let Q C R? be open,
bounded and assume f|y € La(Y). Then

fo) = ([ 1)ta

weakly in La(S2) as n — oo.

Proof. Due to the boundedness of ) we find a finite set F© C Z¢ such that Q C {J,cp k+Y.
Thus, by periodicity, it suffices to restrict our attention to the case when 2 =Y. First
of all we show that (f(n-)), is a bounded sequence in Ly(Y'). For this, we compute

1 1
[ sras =5 [ 15y = gt [ 1w ay = 1010,

where we used periodicity again. This chain of equalities also shows with the help of a
density argument, that it suffices to assume f|y to be a simple function. Note that in
this case f € Loo(RY).

Finally, we note that by Theorem

U090+ (([1ra) o)

La(Y)

for each g € La(Y') C L1(Y'), which implies the desired assertion. O
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Lemma 14.4.6. Let (gn)n and (ry), be weakly convergent sequences in a Hilbert space
H with weak limits q,r € H, respectively. Moreover, let X C H be a closed subspace and
t: X — H the canonical embedding. Assume that

qn € X for each n € N and (J*ry,),, is strongly convergent in X.
Then
i (rs ) g = (1, 0) gy -

Proof. Since ¢*: H — X is continuous it is also weakly continuous, and thus,

'y = ' (n— 00)
strongly in X. For n € N we compute

<Tn>Qn>H = (Tn, LL*Qn>H = <L*Tn7L*Qn>X — (¢, L*Q>X-

Since X is a closed subspace, it is also weakly closed and thus ¢ € X which yields

(') x = (1 )y - O
The next theorem is a version of the so-called ‘div-curl lemma’.

Theorem 14.4.7. Let (¢,)n and (ry,), be weakly convergent sequences in Ly(Y)® to some
q,r € Lo(Y)?, respectively. Assume that

qn € ran(grady) for each n € N and (L;?“n)n is strongly convergent in ran(grady).

Then
/ (@), n(2) gt H(z) dz — / (r(2), 4(2)) g () da
Y Y

for all p € CP(Y) as n — oo.

Proof. Let ¢ € C°(Y), n € N. Since ¢, € ran(grady), we find a unique w, € Hﬁl(Y)
with w, € {Iy}+ = ker(gradﬁ)J— such that

gradﬁ Wy, = Qp.

Moreover, since grady: Hﬁl(Y) Nn{ly}+ — ran(grady) is an isomorphism by Proposi-
tion we infer that (wy,), is a weakly convergent sequence in Hﬁ1 (Y) and denote
its weak limit by w € Hﬂl(Y). By Theorem we deduce w, — w strongly in
Ly(Y)%. Moreover, note that (¢wy), weakly converges to ¢w in Hﬁl(Y) In particular,
grady (pwn) — grady (¢pw) weakly in Ly(Y)2. For n € N, we compute

/Y (rn (@), gn(@))ga d(@) Az = (T, @) [(yya = (rn, (grady w”)¢>L(Y)d

= <7«m gradﬁ<¢w”)>L(Y)d — <rn, W, gradﬁ ¢>L2(Y)d .
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Now, the first term on the right-hand side of this equality tends to <7" grad, (¢w) >L v

by Lemma [14.4.6| applied to X = ran(gradﬁ), which is closed by Proposition [14.3.7]

The second term tends to {r,w grad, ¢ 4 by strong convergence of (wy,), and weak
8P/ Ly(y)d 8 g

convergence of (r,,), in La(Y)9. Thus, we obtain

[ (@) @) 00 i = (1 grad(00)) 0 = o wgrady0)
:/ (r(x),q(x))ga ¢(z)dz  (n — o0). O
Y
We will apply the latter theorem to the concrete case when r,, = a(nm)g, in order to
determine the weak limit of (a(nm)gy),.

Lemma 14.4.8. Let (q,), and (a(nm)g,), be weakly convergent in Lo(Y)? to some q
and r, respectively. Assume that

qn € ran(grady) for each n € N and (La‘a(nm)qn)n is strongly convergent in ran(grady).

Then r = apom(-

Proof. Let ¢ € K¢ and choose v == v¢ € La(Y)? according to Lemma [14.4.1] for a*
instead of a; that is, v — £ € ran(grady) and a*(m)v € ker(divy). For n € N, we define
Up = Vpe(n+) € La(Y)4. Next, let g € C°(Y). Then we compute

<a*(nm)vn,gradﬁg>L2(Y)d :/Y<a (nx)vpe(n), grad, g(z >Kd

= | @ @)ve(v), (grady 9) (u/n))ea dy
- n% / 0" @)oo (gmad /1)) 0) s

In order to compute the last integral, we employ Lemma and Remark to
find a sequence (¢r)ken in C&’O(Y)d N ker(divy) such that ¢, — a*(m)v as & — oo in
Ls(Y)?. The latter implies (¢x)pe — a*(m)vpe as k — oo in Ly(nY)? for each n € N and
div(¢x)pe = 0 for all k € N by Proposition . Thus, we obtain with integration by
parts (note that the boundary terms vanish due to the periodicity of ¢, and g)

* 1 *
(0" (), grady g) 0 =~ (0 (), (218 (/) 1y

=T khm (k) pes (gradg(‘/n))>L2(nY)d =0.

Since C°(Y) is a core for grady, we infer that a*(nm)v, € Jrann(g;radﬁ)l and hence,

ya*(nm)v, =0 (n €N).
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Moreover, we have a*(nm)v, — [y a*v = (a*)nom& weakly in Ly(Y) as n — oo by

Lemma [14.4.5| Thus, by Theorem [14.4.7| applied to g, and r, = a*(nm)v,, we deduce
that for all ¢ € C°(Y)

lim [ (a* (n2)on (&), g (2))ga 6() dz = / (0" homé» 4(2) g 6(2)

On the other hand, v,, — (fy U)]ly = {1y weakly in Lo(Y') as n — oo by Lemma [14.4.5]
where [, v = ¢ follows from v — £ € ran(grady). Thus, we can apply Theorem [14.4.7| to

qn = vy and 7, == a(nm)g, and obtain for all ¢ € C°(Y)

lim (a* (nx)vn (), gn(z))ga ¢(x) dz = lim (on(x), a(nx)gn(x))ga ¢(x) dz

n—oo [y n—oo [y
- / (&,7(2))ga $() da
Y

Thus, we have

| 4@ o a()a o) do = [ (6 r(a))cs 6(0)
Y Y
for each ¢ € C°(Y). Hence, we infer

(€, r(#))ga = ((a")hom€, 4(#))ga = (€; thomq(2))a

for almost every x € Y, where we have used Remark Since the latter holds for
each &£ € K% we deduce r = apomq. ]

Proof of Theorem[14.4.3 Let n € N and for u € ran(grady) we put ¢, = a,u. We
need to show that (g, ), weakly converges to apomu. For this, we choose subsequences
(without relabeling) such that both (g,),, and (a(nm)gy), weakly converge to some ¢
and 7, respectively. By definition, we have g, € ran(grad) and L&ka(nm)qn = u for each
n € N. Hence, by Lemma [14.4.8, we deduce anomq = 7. As ran(grady) is closed, it is also
weakly closed, and hence, ¢ € ran(gradﬁ). Thus, we have
Lf Ahomt4q = LT,
or equivalently
q = Ohom!47-

Now, since u = Lga(nm)qn — 1y weakly, we infer

q = GhomU.

A subsequence argument now yields the claim. O
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14.5 Comments

The theory of finding partial differential equations as appropriate limit problems of partial
differential equations with highly oscillatory coefficients is commonly referred to as ‘ho-
mogenisation’. The mathematical theory of homogenisation goes back to the late 1960s
and early 70s. We refer to [BLP78| as an early monograph wrapping up the available
theory to that date.

The usual way of addressing homogenisation problems is to look at static (i.e., time-
independent) problems first. The corresponding elliptic equation is then intensively stud-
ied. Even though it might be hidden in the derivations above, the ‘study of the elliptic
problem’ essentially boils down to addressing the limit behaviour of a, as n — oco; see
[EGW18: Waul6al. Consequently, generalisations of the periodic case have been intro-
duced. The periodic case (and beyond) is covered in [BLP78; /CD99]; non-periodic cases
and corresponding notions have been introduced in [Spa67} [Spa68| and, independently,
in [MT97; Mur78§].

An important technical tool to obtain results in this direction is the div-curl lemma
or the notion of ‘compensated compactness’. In the above presented material, this is
Theorem [14.4.7} the main difficulty to overcome is that of finding a limit of a product
((gn,7n)),, of weakly convergent sequences (¢y),, , (), in L2(2)? for some open  C R3.
It turns out that if (curlg,), and (divr,), converge strongly in an appropriate sense,
then [ (¢n,7n) ¢ converges to the desired limit for all ¢ € C(Q2). In Theorem
the curl-condition is strengthened in as much as we ask g, to be a gradient, which results
in curlg, = 0. The div-condition is replaced by the condition involving La‘, which can
in fact be shown to be equivalent, see [Waul8a]. The restriction to periodic boundary
value problems is a mere convenience. It can be shown that the arguments work similarly
for non-periodic boundary conditions, and even with the same limit, see [Tar09, Lemma
10.3].

There are many generalisations of the div-curl lemma. For this, we refer to [BCMO09|
(and the references given there) and to the rather recently found operator-theoretic per-
spective, with plenty of applications not solely restricted to the operators div and curl,
see [Waul8a; [Paul9).

The way of deriving the homogenised equation (i.e., the limit of a,) is akin to some
derivations in [VSO94; |CD99|. Further reading on homogenisation problems can also be
found in these references. The first step of combining homogenisation processes and evol-
utionary equations has been made in [Waull| and has had some profound developments
for both quantitative and qualitative results; see [Waul6b; FW18; (CW19; |Waul8b|.

Exercises

Exercise 14.1. Under the same assumptions of Theorem [14.1.1] show

— 0.

. ~1\ 41
H((at,uMn(at,u)JrA) = (0 M () + A) )8“” L(La, (R H))
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Exercise 14.2. Let © C R? be open and € > 0. We define the set
Q. = {z € Q; dist(z,00) > c}.

(a) Let (¢r)ren in CX(R?) be a d-sequence (cf. Exercise and u € HY(Q). We
identify each function on § by its extension to R? by 0. Prove that for k& € N large
enough, ¢y, * u € H () with

grad(¢g * u) = ¢y * gradu on Q..
(b) Use [(a)] to prove Lemma [14.2.2

Exercise 14.3. Prove the ‘subsequence argument’: Let X be a topological space and
(xn)n a sequence in X. Assume that there exists z € X such that each subsequence of
(n)n has a subsequence converging to x. Show that x,, — x as n — occ.

Exercise 14.4. Let Hy, H; be Hilbert spaces and C': dom(C) C Hy — H; be a closed
linear operator such that dom(C) < Ho compactly. Let Py cyr: Ho — Ho denote the

orthogonal projection onto the closed subspace ker(C)*. Prove that there exists ¢ > 0
such that
Yu € dom(C) : “Pker(c)J_u

Apply this result to prove Proposition [14.3.7]

Exercise 14.5. Let Hy, H; be Hilbert spaces. Let C': dom(C) C Hy — H;j be closed
and densely defined. Assume that dom(C)Nker(C)* < Hy compactly. Show that, then,
dom(C*) Nker(C*)* < Hj compactly.

Exercise 14.6. Let v > 0, Q = [0, 1)d, s € Loo(R) be 1-periodic, 0 < s < 1, and a as in
Example [14.3.8] Show that (uy,), in Lg, (R; Ly(Y)) satisfying

8,527Vs(nm)un + Oy (1 — s(nm))up, — divy a(nm) grady up, = f

|, <clCuly,.

for some f € Ly, (R;L2(Y)) is convergent to some u € Lo, (R; Ly(Y')). Which limit
equation is satisfied by u?

Exercise 14.7. Let (), be a null-sequence in [0, 1] and let a be as in Example [14.3.8]

Show
1
O 0\, ( 0 divy
0 Opan ygrady 0
-1
Oty 0 0 divy ¢y
— ’ +{ .
0  anom Ly gradﬁ 0

in the strong operator topology. Show that if f € Ly _,(R; La(Y) 1), where Lo(Y) | =
{d) eLy)Y); [y o= 0} for some small enough p > 0, we have

-1
8157,/ 0 0 diVﬁ Ly f .
(( 0 ahom) i <L§ grad, 0 0) € L2—n(R; La(Y) x ran(grady)).
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