Exercise 14.1

Let V, H be separable Hilbert spaces such that V g H, dim H = oco. Assume that the
injection of V into H is compact. Let a: V x V — K be continuous, coercive and sym-
metric.

(a) Show that there exist an orthonormal basis (en)new of H and an increasing se-
quence (Ap)nen in (0,00) satisfying lim, oo Ay, = 00 such that

o0
vi={ueH; > Mlwennl® < oo}
n=1

and a(u,v) =Y Ap(u | en)m(en | V) g for all u,v € V.

Hint: Use Theorem 6.17 and Corollary 6.18.

(b) Show that V* can be identified with the space {(yn) € KN; S°°° At|y,|? < oo},
with the canonical mapping H < V* given by u — ((u | €n) H)nen-

(¢) Show that the operator A € L(V,V*) from Section 14.1, considered as an operator in
V*, is given by

dom(.A) = {y S V*; ()\nyn)nelN S V*},
Ay = (Anyn)nelN (y € dom(.A))

Show that — A generates a Cy-semigroup on V*, given by

e_tAy = (e_t)\"yn)nelN-

(a) Let A be the operator associated with a. Then by Corollary 6.18, A is a positive

self-adjoint operator with compact resolvent. Hence Theorem 6.17 applies and thus there

exist an orthonormal basis (e, )nen and a sequence (A )pen in (0,00) with lim A, = 0o
n—oo

such that

dom(A) = {u € H;ZA%\(ulen)H\z < oo} ,

n=1

Au = Z An(ulen)men,  (u € dom(A)).

n=1

Let

W= {u € H;Z)\nl(ukn)H!Q < oo}
n=1

oo
and b(u,v) = > An(ulen)m(en|v)y for all u,v € W as in Example 6.16. Clearly, both a

n=1
and b are densely defined embedded closed sectorial forms and A is associated with both
a and b. But Corollary 12.6 implies that this form is unique, hence a = b and V = W.



(b) We can identify H with £2(N) using u > ((u|en)q)nen. Similarly we can identify V
with an #2-space weighted by (A,)nen. Taking the counting measure and m = (A )nen,
we can apply Example 14.1 to get the assertion.

(c) Clearly, (Ayyn)nen € V* if and only if (y,)neny € V. Hence, applying Example 14.3,
we get

dom(A) =V = {y € V*; (Aayn)nen € V*},
Ay = ()‘nyn)neN (y S dom(.A))

For the second assertion we can apply Exercise 1.3 with a = (—\,,)nen.

Exercise 14.2

Prove Lemma 14.4.
Let f € Ly (a,b; H) and define

b
Ty: H— K, Tf(v) :—/ (f(t)|1))H dt.

The mapping T is antilinear and continuous since

1< [ 10Ol < ol [ 17O1E = 11 o (1

holds for every v € H by Cauchy-Schwarz, implying Ty € H*. Applying the theorem of
Riesz-Fréchet to the mapping Ty € H' defined by Tf(v) := Ty(v), we obtain that there
is an unique wy € H such that

b
| @it =T50) = T0) = gy = (wglo)y and [Tyl = gl (2
holds for every v € H. Now we define the mapping
b
T:Ly(a,b;H)— H, T(f) ::/ f(t)dt = wy.

This mapping is linear and continuous since

IO = lwrll STl = sup [T5 )] < 1Fllzaaeirr
lvll< 1

is valid for every f € Ly (a,b; H) .



Exercise 14.3

(a)

Let w € H, ¢ € C°(a,b). Then Lemma 14.4 gives:

/¢ fdt | w =/<<> ) w)p dt = /¢ ) |w) s i,

H

where (u(-) |w)g € Li(a,b) is a scalar function. Using Lemma 4.5 we get
that

(u(-)|w)m =0 a.e. on (a,b). (1)
Thus, there exists a measurable set Q,, C (a,b), such that
/ 1dt =0 and (u(") [w)r|(@p)\., = 0.
Qo

Since H is separable, there exists a countable set {z, | n € N} C H such
that for any x € H we have

2]z = sup|(z|zn)H].
neN

The countable union of measurable subsets is measurable again. And if
the measure of each of those sets equals zero, then the same holds for the

countable union. Therefore, Q := J, oy {2, is a measurable set such that

/ldt =0 and (u(-) |zn)H|(ap)\@ = 0 for all n € N.
Q

This in turn means that |u(-)||g = 0 a.e. on (a,b), hence u = 0 a.e. on (a,b).

In particular, this shows, that the weak derivative defined as in section
14.3, is unique, if it exists:

Let u € Lqi(a,b; H) and suppose that there exist weak derivatives vy, vo €
Li(a,b; H) of u. Then the definition yields that for any ¢ € C°(a,b) we

have
/b COREOICES /b (40 ) ) ()2t =0,

and thusm v, = vy a.e.
Consider the non-separable Hilbert space £5(0,1). Recall that f: (0,1) - K
is in £2(0, 1) by definition if and only if

3 8y € (0,1) countable such that f| ns, =0, and Z 1f(s)] < oc.

SGSf

The scalar product is given by

(flog= > fls)g

seSFUSy



For ¢t € (0,1) we set u(t) := 14, where 1¢ denotes the indicator function
for a set C C (0,1):

1, ifse(C,
1c(s) = {0 clse (s €(0,1)).

Then, u € L1(0,1;£2(0,1)) with [[u(t)||¢,0,1) = 1 for every ¢t € (0, 1), while
for any g € £5(0,1)
(u(-) | 9)lw0,1)\s, = 0.

In other words: we have that (u(-)|g) = 0 a.e. for all g € ¢5(0,1), which
shows that separability was a necessary condition in (a).

Exercise 14.4

Let V and H Hilbert spaces over the field K with V <i> H. Let 7 > 0 and
a:[0,7] x V xV — K such that

(a) Vt €[0,7] : a(t,-, ) : V x V — K is sesquilinear,
(b) IM >0Vt € [0,7],u,v €V : |a(t,u,v)| < M|ullv|v|v,
(¢) 3w >0, >0Vt €[0,7],u €V :Rea(t,u,u) + wllul? > olul?,
(d) Yu,v €V :a(-,u,v) : [0,7] = K is measurable.
For t € [0, 7] define the operator A(t) € L(V,V*) by

Yu,v € Vi (A(t)u,v) = a(t,u,v)
and define A : Ly(0,7;V) = Lo(0,7; V*) by

(Au)(t) = A(t)u(t) (t € (0,7))
for u € Ly(0,7; V) (cp. Proposition 14.14).
Theorem. Let ug € H and f € Lo(0,7;V*). Then there exists a unique
u € MR(0,7) = HY(0,7; V*) N La(0,7; V) such that

u + Au = f, (2)
u(0) = uo.

Proof. We define the mapping @ : [0,7] x V x V — K by

a(t,u,v) = a(t,u,v) + w(u|v)g

for t € [0,7],u,v € V. Then, a satisfies the assumptions (i)-(iv) of Section 14.5.
Indeed, a(t, -, ) is sesquilinear for each ¢ € [0, 7] and @(-,u,v) is measurable for
each u,v € V, which shows (i) and (iv). Moreover,

la(t, u,v)| < la(t,u,v)| +w|(u]v)H]
< Mllullv[lvllv + wllullalv] =
< (M + wO)lullv [[ollv



for each t € [0,7],u,v € V, where C' > 0 is such that ||z]|g < C|jz|v for each
x €V (recall V. — H), which is (ii). Finally, we have for each ¢t € [0,7],u € V

Re(t, u,u) = Re a(t, u,u) +wllull} > aflul?,

which gives (iii). For ¢ € [0,7] we denote by A(t) € L(V,V*) the operator
associated with a(¢,-,-) and set A : Ly(0,7; V) — La(0,7; V*) with

(Au)(t) = At)ult) (¢ € (0,7),u € La(0,73V)).

For t € [0,7],u,v € V we have that

(A, v) = a(t,u,v) = alt,u,v) +wl | V) = (AL +whulo),

which gives A(t) = A(t) + w and consequently, A = A 4+ w. By Theorem 14.16
we find a unique v € MR(0, 7) such that

V' Av=ef (3)
v(0) = o,

where we have used that e™ f € Ly(0,7;V*), since [ e 2¥!||f(t)[|3. dt <
||f||%2(O svey- Let w = e“v. Then, u € MR(0,7). Indeed, we have that
u € Ly(0,7; H) since [ e*lo(t)|3 dt < e*T||v[|7, .7y and thus, v’ = wu +
e“ v' € Ly(0,7; V*). Moreover, we have that «(0) = v(0) = up and

u = wu+ e
=wu+ e (e f — Av)
—wut f— e A()o()
=wu+ f— Au
=[f—Au,
which shows that w is a solution of (2). Moreover, if w € MR(0, 7) is a solution of
(2), then v := ™% w is a solution of (3), which follows by the same argumentation

as above. Hence, the uniqueness follows by the uniqueness statement in Theorem
14.16. O



