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Exercise 12.1 Let H be a complex Hilbert space, a an embedded sectorial form in H Show
the following criteria for a being closed or closable:

(a) a is closed if and only if for any Cauchy sequence (u,) in (dom(a), || - ||,) with u,, — u in
H one has ||u,, — u|| — 0.

(b) a is closable if and only if for any Cauchy sequence (u,) in (dom(a), || - ||,) with u,, — 0
in H one has ||u,||, — 0.

Proof of (a). Assume a closed. Let (u,), € N be a Cauchy sequence in (dom(a), || - ||.), with
u, — uin H. By the closedness of a, duy € dom(a) s.t. ||u,, — uo|l, — 0.

Observe that j : dom(a) — H is bounded. In fact, since a is sectorial, 4 ¢ > 0 s.t. Re a(u) >
¢ 'Im a(u)| and hence ||ull, = (Re a(u) + ||u||,2q)% > ||ullg.

This implies that u, — u, in H. By uniqueness of limits we can conclude that u = uy € H and
hence ||u, — u||, — 0 as wanted.

Assume now that for every Cauchy sequence (u,),cy in (dom(a), || - ||.), with u, — u in H, we
have ||y, — ull, = 0 as n — oo. This implies that (dom(a),|| - ||,) is complete, and thus a is
closed. O

Proof of (b). Let (V,q) be the completion of (dom(a),|| - ||.), with (&, 7 completion of (a, j),
according to the definitions in Lecture 12.

Assume that a is closable. Then, by definition, j : V < H is injective. Recall also that
llgOlly =11 - lla-

Let (u, ), be a Cauchy sequence in (dom(a), ||-||,) and assume that #, — 0 in H. By continuity
of j, also j(u,) — O0in H.

Observe that the equivalence of norms ||u,||, = |lg(u,)|ly yelds that also (g(u,)).en 1s a Cauchy
sequence in V. Thus, Iv € V s.t. ¢(u,) — vin V, and by continuity of j we get j(q(u,)) — j(v).
Therefore, j(v) = lim J(q(uy)) = lim j(u,) = 0 in H.

By injectivity of 7, we can conclude that v = 0 and thus ||u,|l, = llg(x,)|ly — 0, as wanted.

For the converse, we need to show that ] : V < H is injective.

Letu € Vs.t. j(u) = 0in H. We want to show that u = 0 in V. For this, observe that since
q : dom(a) — V has dense range, there exists a sequence (u, ),y in dom(a) s.t. g(u,) = uin V.
By the continuity of j we get that j(u,) = j(g(u,)) — j(u) = 0 in H, from which holds by the
continuity of j that u, — 0in H.

By assumptions and norm equivalences, ||g(u,)|ly = ||luqll =— 0, which implies that u =
il_)r?o q(u,) = g(0) = 0. So it must be # = 0 and we can conclude that j is injective and by

definition a is closable. O



Exercise 12.2 Let H := 1,(-1,1), a;, a, in H defined by dom(a;) = C°(-1, 1),

u(0)»(0),
[ GV Godx + u0)v(0)

a;(u,v)

a(u,v)

forall u,v € C2(-1,1).

For j = 1,2 determine whether a; is closable. Find the completion of (dom(a;), (-, -)4,)
and the operator associated with a;.

Solution for j = 1: Claim: a, is not closable. The completion of (dom(a,),(-, -)4,) is
Ly(—1, 1)®C (direct sum of Hilbert spaces) with g : C°(=1,1) — Ly(—1, )®C, u — (u, u(0)).

Proof. First note that
(U, Vya, = (UIV)r, + u(O(0),  u,ve C(=1,1).

So we may view (dom(a;),(-, - ), ) as subspace of the Hilbert space H @& C via the mapping
dom(a;) — H ® C,u — (u,u(0)). Since dom(a,) is a dense in H & C, the second part of the
claim follows. For the part that a; is not closable we just have the note that, in the notation of
Remark 12.3(d), j : H® C — H is the projection onto the first coordinate and in particular
not injective. m|

Solution for j = 2: Claim: a, is closable. The completion of (dom(ay),(-, - )s,) 1S
H;(-1, 1), when equipped with the inner product

<I/£, V> = (M'V)LZ + (u/lv’)Lz + M(O)m’ u,v € Hé(_la 1)’ (01)
with ¢ and j both the natural inclusion.

Proof. We only need to show the second part; the natural inclusion j is injective so that a, will
be closable. For u € C°(-1, 1) we have

2
lulle, = lellzy-10) + VRao() = llully1y + \/IIM’I|L2<-1,1> + [u(0)P?
el y-1.1) + 116 Ml 1.1y + l(O)]
lleell gy 1,1y + [CO)].

il

Since Hy(-1,1) — C,u + u(0) is bounded, it follows that |lul|,,
C>(-1,1). Since C(-1, 1) is dense in the complete space Hé(—l, 1), it follows that the com-
pletion of (dom(a;), (-, - )q;) is H(‘)(—l, 1) with j the inclusion mapping. Furthermore, note that
(0.1) 1s just an extension of the inner product (-, - ),, to Hé(—l, 1). O

~ ||u||H(1)(_1’1) fOI‘ all u €

Exercise 12.3 LetQ :=(-1,0)U (0, 1).
(a) Determine the relation tr of Section 12.5, and show that dom(tr) is not dense.
(b) Find 9, u for those u € H'(Q) with Au € L,(Q) for which d,u € L,(0Q).
(c) Determine the Robin-Laplacian for g = 1.

Solution of 12.3(a). Claim: dom(tr) = C[-1,1]1 N H'(Q) = H'(-1,1) and tru = {ulso} =
{uli_10.1)} for every u € C[-1,1] N H'(Q).

As a consequence of this claim, dom(tr) is a closed proper subspace of H'(Q), and thus
certainly not dense.



Proof of claim. We first show that dom(tr) ¢ C[-1,1] N H'(Q) and that tru C {uli~1 0,1y} for all
u € dom(tr). Let u € dom(tr), that is, u € H'(Q) with tru # @; say g € tru. Then there exists
a sequence (u;); C C([—1,1]) N H'(Q) such that u; — u in H'(Q) and wlsqo — g in L,(6Q).
Since
H'(Q)=H'(-1,00®© H'(0,1) = C[-1,0] & C[0, 1]

while C[-1,1] is a closed subspace of C[-1,0] & C[O0, 1], it follows that u = lim;_ u; in
Cl-1,1]1nH'(Q). Sou € C[-1, 1]INH"(Q) with ul;_1 0,1y = limy_, uxli_101y = gin C[{-1,0, 1}] =
L*(0Q). As this holds for arbitrary g € tru, this shows tru C {uli—101y}

Next we show that {u|sq} C tru for every u € C[—1, 1] N H'(Q); this in particularly shows
that C[-1,1] n HY(Q) c dom(tr). Let u € C[-1, 1] N H'(Q). Then the inclusion {u|sq} C tru
follows by simply taking #; = u in the definition of tr u.

Finally we show that C[-1,1] N H'(Q) = H'(=1,1). The inclusion *>’ follows directly
from the fact that H'(=1, 1) ¢ C[-1, 1]. For the reverse inclusion, recall that

H'(a,b) = {u € Cla,bl;dg € Ly(a,b) : u(x) —u(y) = fxg(t)dt}, —0<a<b<oo; (0.2)
y

see Proposition 4.6 and Theorem 4.9. Let u € H'(Q) = H'(-1,1) ® H'(0,1). Then there
exist g € Ly(~1,0) and g, € L,(0, 1) representing u; := ul_,0, € H'(-1,0) and u, := ulq,) €
H'(0, 1), respectively, as in (0.2). Now it is not difficult to see that g := g; + g, € L,(~1,0) &
L,(0,1) = Ly(—1, 1) represents u € C[—1, 1] as in (0.2). Hence, u € H'(-1, 1). O

Solution of 12.3(b). First observe that u € H*(Q) if and only if u € H'(Q) with Au € L,(Q).
So we need to find d,u for those u € H*(Q) for which 0,u € L,(0Q).

Claim: Letu € H*(Q) = H*(-1,0)®H?*(0, 1) — C'[-1,0]®C!'[0, 1]. Then for the function
h € L,(0Q) given by

—1/(-1), x=-1;
h(x) =3 ' O0+)-u'(0-), x=0;
u'(1), x=1,
where u'(0+) = u/]}0,1{(0) and u’(0-) = u’|}_; o;(0), we have d,u = h.

Proof. Fix u € H*(Q) = H*(-1,0) ® H*(0,1) — C'[-1,0]® C'[0, 1]. For v € C(Q) N H'(Q)
we compute, using the fact that the product of two H'(Q)-functions is an H'(Q)-function again
with derivative given via the Leibniz rule (referentie geven?),

fVu'Vvdx+f(Au)vdx fu'v'dx+fu"vdx
Q Q Q Q

= f[u'v' +u''v]dx
Q

Q
f (u'v) dx
10,11

' (0-)w(0) — u'(-=1)v(=1) + ' (1)v(1) — u’' (0+)v(0)

f hvdo.
90

This proofs the claim. O
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Solution of 12.3(c). Claim: The Robin-Laplacian A, is the linear operator A given by

A {(u, f) € H'(=1,1) X Ly(Q); —Au = fon Q, ulso = —0,u}

{(u, f) € [H'(=1,1) N H*(Q)] X Ly(Q); —Au = fon Q, ulsq = —0,ul),

which is well-defined thanks to (b).

Proof. Recall that the Robin-Laplacian A is defined as the relation
A ={(u, f) € H(Q) x Ly(Q); —Au = f,Ag e tru : du = —g}.

The inclusion A C A, follows directly from (a). For the reverse inclusion, let (i, f) € A;.
Then there exists g € tru such that d,u = —g. By (a) we must thus have u € dom(tr) =
C[-1,11n H'(Q) = H'(-1, 1) with u|sgq = g = —0,u. This shows A; C A, as desired. O

Exercise 12.4 Let S := [0,1] x {0} c R?, and let (x,) be a bounded sequence in R? \ §
having the set S as its cluster values. Let (r,) be a sequence in (0, co) such that }7°  r, < oo,
B(x,,r,] NS = @ (n € N) and B[x,,r,] N B[x,,,7m] = @ (m,n € Nym # n). Let Q :=
UneN B(xn’ rn)-

(a) Determine 0Q2 and 0-1(0€2) (1-dimensional Hausdorff measure).

(b) Show that dom(tr) is dense in H'(Q) and that tr 0 = L,(S) (where L,(S) C L,(0Q) is the
natural embedding).

(c) Let Dy be the Dirichlet-to-Neumann operator for 2. Show that L,(S) ¢ dom(D,) and
that D0|L2(S) =0.

Solution of 12.4(a). Claim: 0Q = | J, 0B[x,,1,] U S and 071(0Q) = 1 + 27 Y ,c0 T

Proof. We first determine Q. Define A := Upent Blxn, 1] U S. We claim that A = Q. The
assumption that S consists of cluster values of {x,},cy yields A C Q.

Now let y € Q. Then there exists a sequence {y;} € Q that converges to y. If there is
some n € N such that B(x,, r,) contains infinitely many terms of the sequence, then the limit
y € B[x,,r,] € A. In the other case, we have for every n only finitely many terms of {y;};>; in
B(x,, r,,). Therefore, we can find for any m € N numbers n(m), k(m) € N such that r,,, < m™!
and Yim) € B(Xu(m)> Fnmy)- By assumption yy,,, converges to y, which implies that x,,,, converges
to y. But S is the set of cluster values of {x,},-0, which yields y € S.

This proves Q = |, BlX,, 7,1 U S. All the sets in the union are disjoint by assumption.
This together with the fact that Q is open gives Q = Q\ Q = |,y OB(x,, 1) U S..

We now determine o1 (0Q). As 0Q = ey 0B(x,,, 1) U S as a disjoint union, we obtain

T1(0Q) = 71(S) + )| T1(OB(x,, 7).

neN

Since o} coincides with the Lebesgue measure on R X {0} C R?, we find o;(S) = 1. All balls
B(x,, r,) have C! boundary, so o(8B(x,, r,)) = 2nr,. We conclude

o1(0Q) = 1 +27rZrn.

neN



Notations and preparations for 12.4(b). Writing B, := B(x,, r,) for each n, we have the
canonical isometric isomorphisms

H'Q) = P H'B,) (: [@ Hl(B,o) ] 0.3)
n=1 n=1

£2

and N N
L(0Q\ S) = ) L(0B,) [= (@ Lz(aBn)) )
n=1 n=1 2
Denote by (71,,),, and (P,) the sequence of coordinate projections and its sequence of partial sum
projections, respectively, associated with H'(Q); here P, = ) + ...+ .

By Theorem 7.9, for each n we have a trace operator tr, € B(H'(B,), L,(dB,)). So we can
define the closed linear operator

tr(jQ\S = ea;’;ltrn . dom(trag\g) C HI(Q) — Lz(aQ \ S), um— (tI'nﬂ'nM)n
with its natural domain

dom(trags) := {ue€ H(Q) : (tr,m,u), € L,(0Q\ S))

[

= |EB (H' Bl o) 0.4)

n=1 2

Since each trace operator tr, is the unique bounded linear extension of the classical restriction
operator u + ulsg , C(B,) N H'(B,) — C(dB,), we have

C(Q) N H'(Q) c dom(trsgns) with traosu = ulses forue CQ)NH(Q).  (0.5)

Solution of 12.4(b). We first show that dom(tr) is dense in H!(Q). In light of the direct sum
decomposition (0.3),

D :={u € H'(Q) : m,u = 0 for only finitely many n} = U ran(P,)
neN

defines a dense subspace of H'(Q). So it is enough to show that D C dom(tr). But for each u €
D c dom(tryq\s) it holds that tryg\su € tru. Indeed, if u € ran(Py), then there exists a sequence
e € D, C'B,) = C(UY, B, c C'(Q) such that u = limy_ e in P H'(B,) —
dom(trag\s). As uxls = O for every k, we obtain u = limy_,c u; in H Q) and tropo\s U =
iMoo a0s Uk = 1iMysoo tglaq in Lo(09).

Next we show that tr O = L,(S). Being the pre-image of the closed set

HY(Q)XL(Q)

(v, vp0) 1 v € C(Q) NH'(Q))
under the the continuous mapping

Ly(0Q) — H'(Q) X Ly(9Q), g = (0, ),



tr 0 is a closed subset of L,(0€2). By denseness of C!(S) in L,(S), it thus suffices to show that
C'(S) ctr0 c Ly(S).

The second inclusion follows from the definition of tr 0, (0.5) and the fact that tryqs 1s a closed

operator. For the first inclusion, fix g € C!(S). Pick an extension g € C 1(ﬁ) of g and define
the sequence (u;); C Cl(ﬁ) by u; := (1 — P;)g. By a combination of (0.4) and (0.5), we have
up — 0in dom(trag\g), or equivalently, up — Oin H' (Q) and ukl(’iQ\S - 0= g|BQ\S in Lz(aQ\S)
Since u|s = g for every k, it follows that g € tr 0.

Solution of 12.4(c).

Proof. Recall that the Dirichlet-to-Neumann operator is defined by
Do ={(g,h) € L,(0Q) X L,(Q); Ju € H'(Q) : Au=0,g € tru, h = d,u};

see Theorem 12.12 (which in particular says that it is an operator). Let g € L,(S) ® 0. Then
u=0¢e H (Q) satisfies Au = 0, g € tru and u = d,u, whence (g,0) € D,. O



