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Exercise 10.1: For this exercise let S be the strip
S:={2€C;-1/2< Rez < 1/2}.

Let h : S — C be continuous and holomorphic on S. Assume that b is bounded
on 05, and that there exists a < 7 such that

el z|

|h(2)] < ce (z € 8).

Show that h is bounded by ||h||ss-
Solution: For n € N, the function 1, (z) := e w4 Witha < B <, is
continuous on S and holomorphic on S. By the maximum principle one obtains

”d)nh”?k < th”asm

where Sy, := {z € §: |[Im z| < k}, k € N. Observe that ||t h|{zca5,:|m 2=k} —
0 (k — 00). In fact,

_1(,iBz —iBz allm z|
[t h(2)| <clemmE T He ) ee
e 67%(6—[1Imz+e/3]mz)Cos(ﬁlRezl)eealfmz\
7cos(7,(j/2) (e_mmz+€/31mZ)eeaumz|

<ce

Hence,

_cos(B/2) (—Bk | oBky ook
n €

[bnhll(zcos.:|im 1=k} < ce

cos(B/2) ,—Bk Bk cos(B8/2) (a—B)k
el G e )

For big k, we have that e(®=#* < ¢ Thus, choosing ¢ < %, so that

ela=Bk _ cos(B/2) —e, we have that, in the limit as £k — oo, the right-hand

n

side of the inequality tends to 0.
Therefore,

”dJnhHg < HwnhHBS

Letting n — oo we obtain the assertion.

Exercise 10.2: Let (2, i) be a measure space. Show that

1 1 v , 1
(13040 + 150 - 9I) " <278 sz + lallp)?



for all f,g € Ly(p), 2 <p < 0.
Solution: For 2 < p < 0o consider
Ty« Lyp(p) x Lp(p) — Lp(p) x Lp(p)
o o (30050 -9).
We endow Ly, (u) x Ly(p), 2 < p < oo, with the norms

1D lon = (FIE+19lD)7, fog € Ly(n), 2 < p < o0,
(£ 9)lloe max([| flloo, [[9lloc),  f,9 € Loo(p)-

We first estimate the norm of the operator T' on Lo(u) X La(p) = La(pp® i) and
Loo(pt) X Loo(pt) = Loo(1t ® p). For p = 2 one has

IT(f,9)ll2x2

L1749~ gl

= LU gl - al)?

= 5 (717 +2071) + gl + 171 — 2(719) + gl *
= L+ gD

2
= 272[|(f, 9)ll2x2-

S

Nl

And for p = oo, one obtains

1
ITG. )l = 317 +9,F =gl

1
5max(nf + glloos If = glloo)

1
5 max (|| fllee + llglloos [1flloc + llglloc)

1
3 (Iflloe + Nlglloc)

max(|| f1loo, l|9lloc)
= [(f,9)lles-

Let p € (2,400), po =00, p1 =2, My =1, M7 = 272 and 7 =
by Riesz-Thorin Theorem, see Corollary 10.6, one has

1T, 9)lp < MAI(F,9)llps fr9 € S(Ac) (1)

with M, = M}~"M7 =275 and

Il IN

IA

€ (0,1), then

2
p

A, = {A C Q, measurable : p(A) < co}.
By density of S(A¢) on Ly(i), (1) holds for all f,g € L,(i). Therefore,

1 1 v , 1
(13400150 - 9) " <273 QA+ 1al)P . Fug < L)



Exercise 10.3: (a) Let p € (1,00), r € [0,00). Show that
1 1
r=  inf <a1prp +(1- )oz) . (2)
a€QN(0,00) \ P p

(b) Let (€2, ) be a measure space, and let S € L(Lz2(u)) be sub-Markovian and
substochastic. Show that S is L,-contractive for all p € (1, 00).

(c) Let (2, 1) be a measure space, and let S € L(L2(u)) be sub-Markovian,
and assume that there exists ¢ > 0 such that 15 is substochastic. Show that S

interpolates to an operator S, € L(L,(x)) with ||S,]] < c%, for 1 < p < 0.

Solution: (a) Let p’ be the conjugate of p, i.e. %—&-i = 1and let & € QN(0, c0).
Applying Young’s inequality

1 1.
ab < —a? + S b°
p D

. 1—p p—1 .
with a =a » r and b=« » , one obtains

1, 1-» 1 p=1\ poT
r=ab < (alz)r)p—i—(l—) <a71> '

p p
1 1

< Zal7Ppr 4 (1 - ) Q.
p p

Passing to the infinimum, one gets

1 1
r< inf <a1p7"p +(1- )a> .
@€QN(0,00) \ P p
. E(nr) .
On the other hand, consider o, = ———= € Q for n > 1, where E(nr) is the

n
integer part of nr. Since lim «, = r, it follows that
n——oo

1 1
lim (aiprp + <1 - ) ozn> =T

1 1
r=  inf (al_pr” +(1- )a> .
aeQn(0,00) \ P p

(b) Let w € La(u)NLp (1) and A be a measurable subset of Q with finite measure.
Then, by (2) (with r = |Ju(x)|xa(z)) , it follows that

Finally,

1 1
lulxa < Eal PlulPxa+(1— ];)C%XA

for « € QN (0,00). So, by the positivity and the L>-contractivity of S, one has

1 1
S(lulxa) < ZamS(jul"Xxa) + (1~ )aSxa
1 1

IN

~aPS(JulP + (1 - -)a.
, (JulPxa) + ( p)



So, passing to the infinimum over a € Q N (0, c0), one obtains

S(lulxa) < (S(ulPxa))? .

Let now (A, )nen be an increasing sequence of measurable sets with finite mea-
sure such that UyenA4, = Q. Then, |u|xa, — |u| and |u|Pxa, — |ul? as
n — oo. Since S € L(La(p)) and S can be extended to a bounded linear
operator on Lq(u) (using the fact that S is substochastic), it follows that

lim S(lulxa,)=Slu|and lm S(jul’xa,) = Sul’.

n—ro0

Finally one has
S(lul) < (S(uP)?,  Vu € Lo(p) N Ly(p). 3)

Therefore, by using the Li-contractivity of S and the fact that |Su| < S|u|, one
has

[ 1surdn< [ Sulraus [ Supdn< [ jupan
Q Q Q Q

[Sully < llully,  Vu € La(p) N Ly(p).

By the density of La(u) N Ly (1) in L, (p), the above estimate shows that S can
be extended to a contractive operator over L, ().
(b) Let uw € La(p) N Ly(pe), then from (3) one has (S(|u|))? < S(Jul?). Thus,

[ 1suran < [ Stulrdn< [ strap<e [ fupdg
Q Q Q Q

[Sully < cllullp,  Vu e La(p) N Ly(p).

By the density of La(p) N Ly(p) in Ly(p), it follows that S interpolates to an
operator S, € L(L,()) and ||S,|| < ¢!/? for all 1 < p < oco.

Thus,

Therefore,

Exercise 10.4: Let the hypotheses be as in Exercise 9.5, and additionally
b e CHQ). Assume that w € R is such that div b(x) < w for all z € Q.

(a) Show that | T(t)ully < e*t{ul|; for u € La(Q) N L1(2) and t > 0, where
T(-) is the Cp-semigroup generated by the operator —A.

(b) Compute estimates for || T,(¢)|| in terms of w := sup divb for t > 0, 1 <
p < 00, where T,,(-) is the interpolated semigroup on L, (£2), analogous to
Theorem 10.15(b).

Solution:

(a) In order to show that [|[T'(t)ully < e“!||ull1, we show that e~“'T(t) is
substochastic. To do so we use the characterization in Theorem 10.12.(d).
Hence we have to show that a,,((u —1)*,u A1) > 0, where a,, is the form

associated with A + wl.



Let us consider V = H}(Q2) and u € CL(Q). Observe that if u € C}(Q)
then u A1 € V, cf. [1, Proposition 4.11, p.113], and also (u — 1)T € V,
since u —uA1l=(u—1)".

Integrating by parts and using the fact that div b(z) < w, we have

Ay, (U — +,'LL = u — +. u X . u — +’LL X
(w—1)"unl) /QV( D' V(uAl)d +/Qb V(u-1)T(uAl)d

+ /Qw(u — )T (uAl)dz
Z/Q(u— Dt (w—divb)(uAl)dz — /Q(u— Db V(unl)de
:/Q(u —1)T(w—div b)(u A1) dz > 0.
(b) We know that [|T(t)|lcc < 1 (Exercise 9.5(b)) and ||T(¢)]1 < e*! with
w = sup div(b). Applying Exercise 10.3.(c) we have

IT@)ll, <e¥,  t>0.
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