EXERCISE LECTURE 8

TUBINGEN TEAM

Exercises 8.1. Prove Proposition 8.7

Solution. We first show that A is a linear operator. In order to do this we split the
proof into two parts.

A is a function: By definition, A is a relation and not empty because (0,0) € A,
thus we only have to prove that if (z,y), (x,y’) € A for certain x,y,y’ € H, then
y =y'. Observe that

(z,y) €A = Fuy €V :j(uy) =z, a(uy,v)=(ylijv)) YveV,
(z,y) €A = Fuy €V :jluy) ==z, aluy,v) = (y]j{v)) YvoeV.
Now, j(uy) =z = j(uy) = jluy — uy) =0 = (uy — uy) € ker(j). Observe that
for v € V we have a(u, — u,,v) = (y — ¢/|j(v)). From this relation we deduce
that for v € ker(j) holds a(uy — u,,v) = 0. Hence the condition (8.3) tells us that
Uy — Uy = 0 and so uy = u,s. From this we infer that for v € V,
0= aluy —uy,v) = aluy, v) — a(—uy,v) = (yli(v)) — i) = (y —y'li(v)).

We know that a, j are continuous by hypothesis. Therefore the application V' >
v+ (y —y'[i(v)) is continuous. It follows that (y —y’|h) = 0 Vh € H since j has
dense range. This means y — 3’ = 0 and y = ¢/, so A is effectively a function.

A is linear Let (z1,y1), (z2,y2) € A. Then

(11li(v)) YoeV
(y2|j(v)) YveV

(x1,101) €A = Fug €V :jlur) =z, alug,v)

(22,y2) €A = Jus €V :j(ug) = za, aluz,v)

For \,u € K, consider u := Auj + pus. Then j(u) = Azq + pze. Moreover
a(u,v) = Aa(u1,v) + pa(ug,v) = X(y1j(v)) + p(y2]i(v)) = (Ay1 + pyalj(v)). This
holds for all v € V', hence A(z1,y1) + p(z2,y2) € A.

Let us turn to the second part of the proposition. Under the assumptions we
know that both A and B are linear operators. By Remark 6.2(a), we can prove
that B C A* and A C B* by showing that Vo € Dom(A) and Yy € Dom(B) the
condition (Azly) = (z|By) holds. For sake of clarity, we recall that A C H x H
and B C H x H are given by:

A = {(z,y): eV :ju) =z alu,v)= (y|j(v)) Yo € V},
B = {(z,y): eV :ju)=ur a*(uv)=(yljl) VweV}
= {(z,y):FueV:ju) ==z alv,u) = (j(v)ly) Yo € V}.

Take x € Dom A and z € Dom B. Then

o Juy €V i j(ug) =, alug,v) = (Az]j(v)) = (Aj(us)]j(v)) Yo € V;
e Ju. €V : j(u.) =z, a(v,uz) = (j(v)|Bz) = (j(v)|Bj(uz)) Yv € V;
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In our case, we can compute
(Az|2) (Aj(u)]j(uz)) £ alug, )
(«|Bz) (j(ua)|Bj(uz)) £ a(ug, u.)

where the two equalities hold because they hold for all v € V and in particular for
ug and u,. Thus, (Az|z) = a(uy, u,) = (z|Bz) for all z € Dom A and z € Dom B.

If a is symmetric, i.e., a = a*, this means that A = B. From the previous point we
get A C A*. If we also assume that Dom A is dense, we immediately obtain that A
is symmetric. O

Exercises 8.2.

Solution. (a) Let A: D(A) C G — H be densely defined and B € L(G, H).

We note that A+B : D(A) C G — H and (A+B)* : D((A+B)*) CH = G
is the adjoint operator of A + B.
Let z € D((A + B)*), i.e., there exists g € G such that

(z,(A+ B)y) = (9,9)

for all y € D(A). We set (A+ B)*z = g. Further, D((A+ B)*) C D(A*)
holds. We obtain

(9,9) = (2,(A+ B)y) = (z, Ay + By) = (x, Ay) + (z, By)
— (A'n.y)+ (B'ry) = (A" + B')r.y).
Therefore we conclude that (A + B)* = A* + B*.

(b) We have the operator BA € L(F, H) and its adjoint (BA)* € L(H, F).
For each x € H and y € F we have

(A"B*z,y) = (B"x, Ay) = (z, BAy) = ((BA)"z,y).
Thus, we have (BA)* = A*B*.
(c) We show that there exists an operator B € L(H) such that A* - B = Iy
and B- A* = Iy. Let x,y € H. We obtain
(z,y) = (AA™ - 2,y) = (A7 12, Ay) = (2, (A1) A"y)
since A € L(H) invertible and
(,y) = (A" A-zy) = (A2, (A7) y) = (2,47 (A7) y)
Hence,
(Afl)* . A* _ IH,
and
A* L (ATH =Ty,
So, (A71)* = (A*)~! is the inverse of the operator A*.

(d) We can decompose the Hilbert space H uniquely via H = Hy @& Hy- since
Hy C H is a closed subspace. Let J : Hy — H be the embedding. Show
that J* : H — Hj is the orthogonal projection. We show that

(i) (J*)? = J*; since

((T)2a,y) = (J*a, Jy) = ("2, y)
for all x € H and y € Hy.
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(ii) kerJ* = Hy and rangeJ* = Hy; for x € H we have
0= (J"2,y) = (z,Jy) = (z,y) Vy € Ho

iff z € Hy-. We obtain rangeJ* = Hy since H = kerJ* @ rangeJ* and the
above decomposition is unique. Hence, the operator J* is the orthogonal
projection onto Hy.

O

Excercise 8.3. Let Q C R™ be open, m € Ly (Q) real-valued. Show that Ap +m
is self-adjoint, bounded above and has compact resolvent.

Solution. We first recall that the Dirichlet Laplacian, as in Subsection 4.2.1., is
defined on Dom(Ap) == {u € H}(Q) : Au € Ly(Q)} as

Ap : LQ(Q) D DOIH(AD) — LQ(Q),
ADU = Au,

or equivalently, Ap = {(u, f) € L2(Q) X La(Q ) :u € HYQ), Au = f}. The
operator M : Ly(Q) — L2(Q) defined by M (f) := mf is a bounded linear operator

with
st = ([ 1mst) = ([ i) < imhelisle < 420

Thus Ap + M is defined on Dom(Ap + M) = Dom(M) N Dom(Ap) = Ly(2) N
Dom(Ap) = Dom(Ap):

Ap+ M = {(u, f) € La() x La(Q) : u € HH(Q), f = Au+mu}.

We start our proof with some very simple remarks. Let G, H be Hilbert spaces over
C and A: G — H a linear operator. Then:

e A is self-adjoint < —A is self-adjoint:
Indeed A = A* & —A = —A* = (—A)* and the last equality holds since
(—A)* = {(y,x) € HxG: Vx; € Dom(—A), (—Az1|ly)g = (x1|x)c};
(4 = {(y,x) € HxG: Vz; € Dom(A), (Az1|y)uy = (1]x)c}-
Observing that Dom(—A) = Dom(A4
(y,2) € (-A)" & (“Amly)n = (x1|r)e & —(An1|y)n = (21]2)c
& (An|y)a = —(w1|2)e & (Anily)n = (21| — 2)e
& (y,—x2) € A" & (x,y) € —A".

), one has for every x5 € Dom/(A)

e A is bounded above < —A is bounded below: directly from the definition.

We shall now show the following:

Ap + M is self-adjoint: We can immediately see that M™* = M, because m is real-
valued. From Theorem 4.18 we know that —Ap is sectorial of angle 0 and by
Theorem 6.1 we have that —Ap is a positive and self-adjoint operator. Further-
more Ap is self-adjoint. Then

Ap+M=A,+M"=(Ap+ M)*
where the last equality holds by Exercise 2(a).

Ap + M is bounded above: As written before, we know that —Ap is a positive




4 TUBINGEN TEAM
operator and then (—Apu|u) > 0 Vo € Dom(Ap). We deduce that (Apu|u) <0
Vu € Dom(Ap). Take now v € Dom(Ap) with |lul]2 = 1. Then

((Ap + M)ulu) = (Apulu) + (Mulu) < (Mulu) < |[M]|o||ull3 = [|M]|oo,
and so Ap + M is bounded above.
Ap + M has compact resolvent: We know from Example 6.19 that Ap has com-

pact resolvent. Moreover we know by Theorem 4.18 that +Ap is the generator of
a contractive Cy-semigroups and from Theorem 2.7 that YA € R-( holds

1
1RO, Ap)"l < -

In particular, for all A > || M|, the Neumann series

o0

Z (R(A7AD) © M)n

n=0
converges to an operator in E(LQ(Q)). Namely

oo

|3 (rRovapyom)| < ST(ROA) o M) < 3 (IR, Ap)lIM])"
n=0 n=0 n=0
o0 M n
< ZO()\”) < 400.

Observe now that 3> (R(\, Ap) o M)" = (I — R(\, Ap) o M) ™" for every A >
||M||s. Moreover
-1
(I= RO\ Ap)o M) 'R(NAp) = ((A=—Ap)(I—R(\Ap)o M))

= A-Ap-M)!
= R()\,AD +M)

Thus, (|| M|lcc,0) C p(Ap + M) and R(A, Ap + M) is compact since the operator
(I—R(\,Ap)oM) ~!is bounded on L»(€) and the resolvent R()\, Ap) is compact.

Applying the resolvent equation, we can conclude that R(\, Ap + M) is compact
for every A € p(Ap + M). O
Exercise 8.4. Let —0o < a < b < o0.

(a) Compute the Dirichlet-to-Neumann operator Dy for = (a,b), and compute
the Cy-semigroup generated by —Dy.

We first notice that 9Q = {a, b}, thus L%(982) = C2.
Then by definition

Dy ::{(g,h) € C?*x C*3uc H ((a,b)) : Au=0,

u@) \ _ (5 —91 (@ \_(Mm
u(b) g2 )’ u (b) ha ’
It is well-known that every harmonic function on (a,b) has the form

u(z) = 1z + ca,
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for ¢1,c9 € C. Thus
_ 2 2. S aate (@ -1\ _ (M
Do—{(g,h)ec x C ,301,026@. < b+ ¢ )— ( g ),( e )_<h2
2 2 N hy
fumeeen ()= (1))
This means that Dy is a 2 x 2 matrix given by

1 1 -1
DOZba(—l 1)'

The Cy-semigroup generated by —Dy is

e—tDO _ i (_tDO)n'

n!
n=0

In order to compute this, one first proves by induction that

1 2n—1 _2n—1
n
= — > 1.
DO (b 7 a)n (2711 277,71 ) vn >1
It thus follows

f)n2n 1 o) (_t)n2n71
e—th _ 10 + n 1 (b a)?n! - Zn:l (b—a)"n!
=\o 1 oo (—t)n2n—1 ZOO (—t)n2n—1
n 1 (b a)n! n=1 (b—a)"n!

1

(o) )
>+ 1 _2t 1 _ 2t
Heey e

e_(m)tJrl 1— e ()t
Do )

Remark: The matrix DO is symmetric, thus diagonalizable and its eigenvalues are
A1 =0and Ay = . Thus the generated semigroup is not stable.

Il
/-\
o

DN | =

(b) For a = —1, b =1, interpret the result in the light of Exercise 8.5.

The intervall Uy := (—1,1) is the open unit ball in R and 9U; = {—1,1} the unit
sphere.

In this special case C(0U;) = C% = L*(dU,) and the semigroup (T'(t)):>o defined
in Exercise 8.5 is the semigroup generated by —

Exercise 8.5.
a) Let ¢ € C(S,—1) and z € Sp,—1. Then T(0)¢(2) = u(z) = ¢(2).
For t, s > 0 we obtain
T(t+8)d(z) = u(e”""2) = u(e~'e~*z) = [T()T(5)¢](2).

Hence, (T'(t))i>0 satisfies the functional equation. The family (T'(¢))i>0
is strongly continuous since ¢ is uniformly continuous on the compact set
Sn—la i~e~7

||T(t)¢ - (25”00 = sup |u(eftz) _ ¢(z)| M} 0.

ZE€ESn—1
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Further, we obtain

1Tl = sup |u(e™2)| < sup [u(2)] = [lulle < 116floo -

Z€ESp—1

For D to be a core for A, it suffices to show that D C C(S,_1) is dense
and (7T'(t))-invariant. The invariance is obvious by the definition of D. To
see density, take some arbitrary € > 0 and ¢ € C(S,,—1). Then there exists
to > 0 such that
IT(t0)d — ¢llo = sup [[Gol(e™2) — d(2)| <e
z€Sn—1

and the assertion follows. In particular, we obtain Amin”"l"" = A, where
the closure is taken with respect to the graph norm on C(S,_1).

For ¢ € D we can write ¢ = T'(tg)y for some ¢p € C(S,—1) and to > 0.
Take z € S;,_1. Then

A(:) = Jim KT (M)() — 6(2)
= lim b~ (Tt + B)(2) = Tt} ()

== Jim h=H(Giple0z) — Gp(e 0 2)) = —[0, Gyl (e 770 2),

the derivative of G at the point e~*z in the direction of the (radially)
outer normal. Since (T'(t))¢>o shrinks the argument by the factor e™*, we

conclude that [0,Gv](e70z) = [0,G¢](2) and the assertion follows.

Using an maximum principle analogue for L?-functions (see [1, Thm. 17,
p.463] for the two-dimensional case) we can extend the semigroup (7'(t)):>0
to a Cp-contraction semigroup (T5(t))i>0 C L(L?(Sn—1)). We denote its
generator by (As, D(As)) and As|p = Apin holds since Ay is an extension
of A. The subset D is a core for Ay since D C L?(S,_;) is dense and
(T2(t))i>o-invariant. Hence, As = mH.”Q.

Define A, := A|lp : D C L*(S,_1) — L*(S,_1). We can extend every
continuous function ¢ € C(S,_1) to an harmonic function in C(B,,) such
that ¢ is the restriction to the boundary. Hence, the inclusion D C D(Dy)
holds. Let ¢ € D. Then

Amin®(2) = [0,G9|(2) = =Dod(2)

by definition. Therefore, —A,,;, is a restriction of the Dirichlet-to-Neumann
operator Dy. Moreover,

Ay = m”‘”z c —Dy
since Dy is closed (having non-empty resolvent set). In fact, for x € D(Aj)
there exists a sequence (x,)nen C D such that
Ty — T, —DoTy = Amintn — Asx.
Hence x € D(Dy) and Aoz = —Dyzx.
By Theorem 8.4 in Lecture 8, the Dirichlet-to-Neumann operator Dy is
positive, i.e., (Doz,z) > 0 for all z € D(Dy). Thus, —Dy is dissipative and

A + Dy is injective for each A > 0. We obtain Ay = —Dj since A — Ay is
surjective for all A > 0 and A — Ay C A+ Dy.

We conclude that —Dg = Ay = AmmH'Hz is the generator of (T2(%))s>o0.
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