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Solutions to the Exercises of Lecture 6
Marrakesh team

Solution to Exercice 6.1.

Show that A is a compact operator if and only if A maps weakly convergent sequences in G to
convergent sequences in H.

=) Let (x,) C G and z,, — x, we show that

Az, — Ax. (1)
Now we suppose that the condition (1) is false, then

Je >0,VN € N,Iny > N || Az, — Az ||> e

Since (z,,) is bounded and A is compact then 3(z,, )ren / Azp, — -
We have (Az,,|2) = (y|z), then (x,, |A*2) — (y|z). Since

(@, |A*2) = (x| A*2), then (Ax|2) = (y|2).

We have Az,, — Az, i.e.,

aN, e N, Vn > Ny, || Az, — Az ||< e.

Which contradicts (1) and ends the proof.
<) We have (z,,) C G and z,, — z, such that

Az, — Ax. 2)

Let (z,,) be a bounded sequence of G. Since G is a Hilbert space, then 3z,,,/ z,, — z, and by
(2) we have Az,, — Az.
Consequently, we have A(Bg(0, 1)) is compact which is equivalent to A is compact.
Solution to Exercice 6.2.
(a) Show that dom(Ay) is dense in L*(€), i) and A} = M.
o Let
E =lin{lg : E C (2, amesurable set such that u(F) < oo}.

It is well known that £ is a dense subspace of L?(, ) (basic result from mesure theory and
integration) and dom(A,) C £.
Let £ be a mesurable subset of {2 such that () < oo and for n € N, we set

E,={x € E:|m(z)] <n}.
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Then 1p = lim, _, 1, and by the Lebesgue’s Dominated Convergence Theorem this limit be-
longs to L2($2, ).

Consequently, dom(Ap) is dense in L?(€2, 11), which achieves the proof.

e Let g € dom(My,), for every f € dom(Ag) we have :

(Aof. g) = / mfgdu = / F(m@)dp = (f, Mang),

then g € dom(Aj) and Ajg = myg. ie., dom(My) C dom(Ag) and Agy,,. 0y = M-
On the other hand, let g € dom(Af), then for all f € dom(Ay),

/ f(mé)du‘ — (Ao, )| = 10, A29)] < ellfll 2t 3)

and by the density of dom(Af) in L*(2, 1), (3) holds for all f € L*(Q, 1) with ¢ = || Afg|| r2(c,)-
Finaly we can see that f — fQ f(mg)du is alinear form over L?((2, ;1) and by Riesz representation
theorem, there exists h € L*(€2, ) such that

/ F(mg)dp = / fhdu,  Yf € L(p),
Q Q

then we obtain mg = h € L*(Q, u), i.e., g € dom(My,). O

(b) Show that M = M,,.

e By a similar argument as above, we show that dom(M,,,) C dom(M?) and ME domnt) = Mm-
Now let g € dom (M), for all f € dom (M), we have :

/ fmgdu‘ —Rf.9)] = (£, M) < 1 F oo, @)

and by the density of dom (M) in L*(2, 1), (4) holds for all f € L*(Q, p) with ¢ = || M gl 12(c,-
This yields to mg € L*(Q, 1) and then g € dom(M,,). O

(c) Assume that m is real-valued. Show that A, is essentially self-adjoint, and Ay = M,,.
Following (b) and since m is real-valued we have M, is self adjoint (note that M,, is closed), then

Ay is symmetric. Therefore Ay is closable and Aj = A (see remarque (6.5) ). However, from (a)
we have A = M;; = M,,,. We conclude that A = M,,, is self adjoint. [J

Solution to Exercice 6.3.

(a) Let X be a vector space, Y an n-dimensional subspace, Z an (n — 1)-codimensional
subspace (i.e., there exists an (n — 1)-dimensional subspace Z, of X such that Z N Z, = {0},
Z 4+ Zy = X). Show that Y N Z # {0}.

e Assume that Y NZ = {0} and let {ey, - - - , e, } be abasis of Y, then forevery i € {1,--- ,n}
there exists (f;,9;) € Z X Zy such that e; = f; + g;. Let’s show that {g;,--- ,¢g,} is a linear



Marrakesh team Lecture 6

independent finite sequence on Zj, which contradicts the fact that dim(Z,) < n.
Let {ay, - ,a,} C Ksuch that

Z a;9; =0,

i=1

then
Z ;e = Z aifi + Z ;i Ji
i=1 i=1 i=1
= Y aifieynz={0}.
i=1
Therefore Z ae; =0andsoa; =---=q, =0.

i=1

(b) Show the min-max principle:
An = maz{I(z1,...,Tp-1), T1,..., Ty € H}.
e First, we start by fixing some notations ( see examples (6.6) and (6.16) ),

I(xy, - yxp) =inf{a(z) : 2 € {xy,--- ,ZEn—l}L NV, |lzll =1},

a(x) = (Az, x), Az = Z An(zlen)en,

V={ueH: 2:)\,1|(u|en)|2 < o0}
n=0

and .
dom(A) = {u € H: Y |\|(ule,)|” < oo}
n=0

Here A is a self-adjoint diagonal operator in H associated with the form a, (\,,),en is the positive
increasing sequence of eignvalues of A and (e, ),y the orthonormal basis of H, such that for every
n € N, e, is an eignfunction of A associated with \,,.

Now letn € N, {z1, -+ ,x,-1} C H and E,, = lin{ey,--- ,e,}. According to (a) we have

E,N {xla T axn—l}L NV =EnN {1'1, e 71"71—1}L 7& {O}’

then

n

v=Y (xler)e; € By f{ry, - ana} st flz]l =) |(xlen) | = 1.
=0

=0
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We have
a(r) = (Az,z) = ) A(len)”
i=0
< A (e
i=0
< A\
Moreover, I(zy,-+ ,2,_1) < a(x) <\, forall zy, -+ ,x, 1 € H. Thus
max{(zy, -, Tn_1): 21, -, Tn1 € H} < .

On the other hand, for each n € N we have
I(er, -+ ,en1) =inf{a(x) :z € {e1, -+ ,en 1} NV and ||z|| =1}

and for every x € {e1, -+ ,e,_1} NV with ||z]| = 1, we have

a(@) =Y Ail(zle) = A ) l(alen) P = Aallz]® = A

then
I<617 T ae’n—l) Z )\n

Finally
max{I(xy, - ,Tp_1) 1 T1, -, Ty € H} > Ay O

(c) Let Q; C Qy C RY be bounded open sets, and let A; be the Dirichlet-Laplacian on 2; and
()\fc) ren the corresponding increasing sequence of eigenvalues, for j € {1,2}. Show the domain
monotonicity of eigenvalues: A\j > \? for all k € N.

e Let j € {1,2}, by Theorem 6.17 and Theorem 6.21, —A; is a positive diagonal self-adjoint
operator with increasing eigenvalues (N ), ey satisfying lim,, o, A = +o0. From Example 5.13,

n

—A, is associated to the sesquilinear form a; defined on V; = HJ(£2;) by
aj(u,v) = / Vu.Vvdz, je{l,2}.
€y

Then by the min-max principle (See question (b) above) :
Moo= maz{l;j(uy, ..., tn_1) U,y oy uny € L2(Q))}, j€{1,2}, neN.

On the other hand, we have L?(€2;) C L*(€;) and V; C V.

Indeed, let u € L?*(€)y) (resp. u € V) and @ the extension of u to {2y by zero, then @ € L?(£2)
(resp. u € V,) ( See exercise 4.2). Moreover, we have a;(u) = az(@) for all u € V; and for all
u € L*(). Hence, |Ju||; = ||u|2-
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Now let n € N, (uy,...,u, 1) C L*(€) and for all k € {1,....n — 1}, we denote by u,(:) the
restriction of u; on {1, then ug}) € L?*(9Qy) and since Vi C V4, one has

Lug, .tn_y) = inf{ag(u):u € {uy, ..., up_1}- N0V, |luls = 1}
inf{as(u) : u € {ur, ..., up—1} N VA, [|ull2 = 1}
(u)
(u)

IN

cu € {uy, oy} OV ulls = 1}
= inf{a;(u):u € {ugl), ...,ufll_)l}L NV, [Jully =1}
= ]1(u§1),. ul) ).

cey n—1

= inf{a;(u

We obtain then the following conclusion : For arbitrary finite-sequence {vy, ..., v,_1} C L*(Qy)
and for arbitrary extension {0y, ..., 0,_1} C L*(Qs) (of {v1, ...,v,_1}), we have

[1<Ul, ...,Un_l) 2 12(1717 PN 6n—1)~
Applying the maximum to the previous inequality, we get
N> O
Solution to Exercice 6.4.
(a) Let f € C(—1,1), and assume that g; := (fi—10)) € L'(=1,0), g2 == (fion) €
L'(0,1). Define g € L'(—1,1) by g;—1,0) := 91 » gj0,1) := g2 . Show that f’ = g (all derivatives

in the distributional sense).
eletp € C°(—1,1), -1 <a <0< b< 1such that supp(¢) C [a,b] and let n > 1, then

[ sweee = [ rwee
-/ * Ha) o + / fla)d (@)do + [  fa) (@)

Applying the Green-Riemann formula on [a, —+] and [+, b] respectively, we get

/ i@ @ = [f@)é@)]sT - / 7 (@)d(2)de

= f(—%ﬁb(—%) - /_1" g(z)p(x)dz,
and
b b
/lf(x)qﬁ’(x)dx = [f(x)¢(x)]l%— l@(:z:)qﬁ(x)dx
= —()03) - [ gl
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Since f and ¢ are continuous, we get

0

lim "ﬂ@&@ﬂxzfmwm»—/'mw¢WMx

n—oo a -1

and
b 1
Tim ,mww@mz—ﬂmmm—lg@WWMm
Moreover .
ILm : f(x)¢' (z)dx = 0.
Therefore "

/11 f(z)¢ (z)dx = — /0 g(z)p(x)dr — /Olg(x)gb(x)d:p _ /1 9(2)b(x)dz

-1
and then f € H'(a,b) and f’ = g in the distributional sense. []
(b) Leta,b € R, a < b. Show that
Hy(a,b) ={f € H'(a,b) : f(a) = f(b) = 0}.
e Let f € Hi(a,b), then there exists a sequence (f,)nen C C2°(a, b) such that
7}1_{20 I.fo = flla1@ap) = 0.
By Theorem 4.9, H'(a,b) C C|a, b] with continuous embedding, then
T o = Fllos = 0,

and finally
fa) = Jim fu(a) =0, f(b) = lim f,(b) =0.

On the other hand, let f € H'(a,b) such that f(a) = f(b) = 0. In order to show that f € H}(a,b),
we show hint 2: For some ¢ € (a,b),

(9 € H'(a,b),9(a) = 0 and g)cp) = 0) => g € Hy(a,b). (5)

Let g € H'(a,b) satisfying g(a) = 0 and g, = 0 for some ¢ € (a,b). For all n € N satisfying
% < ¢ — a, we consider

0, xE(a,a—f—%),
gn(x) = {ngla+2)(x—a—), ze€(at at?)
g(x),  ze(a+2b).
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g is continuous on [a,b], supp(g,) C [a + %,c] is a compact subset of [a,b]. The functions
9n ljwat 1) 9n ljartar2) @and gy |42, are all differentiable and their derivatives belong to

L*(a,b) C L'(a,b). By the same argument as in question (a), we can show that g, is differ-
entiable in the distributional sense and its derivative is given by

0, x € (a,a+ %),
go(z) = dngla+2), ze(at+ia+?),
g (x), x € (a—i—%,b).

Since ¢/, € L*(a,b), then g, € H}(a,b). Moreover, g = lim,,_,, g, and ¢’ = lim,,_,, g/, almost
everywhere. By Lebesgue Theorem, this limit takes place in L?(a, b). We conclude that

— 1i 1
g = nh—>nologn € Hy(a,b).

Now we will approximate f by a function sequence (f,,),>n satisfying (5). let N € N such
that = < b — a. Foralln > N, we define

f(z), T € (a,b—%),
fn(x): nf<b_%)(b_%_x>7 xE(b—%,b—%),
0, x € (b—%,b).

According to the argument used for the sequence (g, ),,>1, one could show that (f,,),>n C H'(a,b)

such that f,,(a) = 0, f, |;4—1 5= 0 and

fi@), xe(aaty)
fol@)=q-nflb=2), z€(at ,a+t?)
0, z € (a+2b).

Moreover, we have
lim || f, — f”Hl(a,b) = 0.
n—oo

Therefore, by (5) (and hint (2) ), we conclude that f € H}(a,b). O
(c) Compute the orthonormal basis of eigenfunctions and the eigenvalues of —Ap, for 2 = (0, 7).
e It is well known that

dom(Ap) = {u € Hy(0,7) : Au=u" € L*(0,7)}.
According to question (b),
dom(Ap) = {u € H'(0,7) : v/ € H'(0,7) and u(0) = u(x) = 0}

and from Theorem 4.9, if u,«’ € H'(0, ) then u € C(0, 7).
Now let A € C be an eigenvalue of —Ap and u € dom(Ap) such that —u” = Au.

7
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—Ap is a self-adjoint positive operator, and its eigenvalues are all positive. Therefore A > 0,
u € C*(0,7) and
u(x) = Asin(Ax) + Beos(A\x), Ve [0, 7).

u(0) = 0 implies that B = 0 and if u # 0 then u(7) = 0 implies sin(A7) = 0 and therefore
A = n € N. Finally the system of eigenvalues of —Ap is (A, = n),en and the associated
eigenfunctions are (e,(r) = A,sin(nz)),en where A, can be choosed such that ||e,, || 20~ = 1.
0

(d) Determine the optimal value of the Poincaré constant for the open set (0, 7) (see Section 5.4).
e Let « be this optimal constant of Poincaré inequality then

lull 207 < ol VUl 207, Yu e H&(O,ﬂ) (6)

and for any constant « satisfying (6) : « > ay. Now letw € H}(0,7) N H?(0, ) then, from (c)
and by Example (6.19), we get :

—+00

—Au=—u" = Zn(u!en)en,

n=0

where e, (z) = A, sin(nx) for almost every x € (0, 7), ( See question (¢) ) and

(ulen) = (ulen)r20,m) = / u(z)e,(x)dr.
0
Therefore

|| VUH%Q(OJ) = (_AU|U)L2(O,W)
+o0 +o0

- (Z n(ulen)en Z(“|e”)€”> L2(0,7)

+oo
=Y nl(ulen))?
n=1

—+00
> [(ulen)?
n=1

> |[ullZ2 (0,

and by density of H}(0,7) N H?(0,7) in H}(0, 7) (remark that C°(0,7) C Hy(0,7)NH?(0,7)),
(6) holds for every w in H}(0,7) and so 1 > ay.
On the other hand, for v € L*(0,7), u(z) = e;(z) = sin(z), we have :

IVall? = | = / cos?(z)dx = / sin®(2)dz = [ul> < 02|Vl
0 0

then 1 < «. Finally the optimal constant of poincar inequality is ag = 1 = /\il the inverse of the
first nonzero eigenvalue of —Ap. [J



