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Let a: V x V — C be a closed, densely defined, sectorial form in a complex Hilbert space H, and let A
be the associated sectorial operator. In between the operators A° := Id and A! := A a continuous scale
of so-called fractional powers of A can be defined via Balakrishnan’s formula
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Related to these operators is a famous conjecture first formulated by T. Kato in 1961 [2]:

We do not know whether or not dom(A'Y/?) = dom(A*Y/?) [...]. This is perhaps not true in
general. But the question is open even when A is reqularly accretive. In this case it appears
reasonable to suppose that both dom(A'/?) and dom(A*'/?) coincide with dom(a)/. .. ].

As a first main result we will consider the so-called second representation theorem! to the effect that
Kato’s conjecture holds provided the sesquilinear form « is symmetric, i.e. A is self-adjoint. We will see
that square roots are the borderline case for this type of question: On the one hand

dom(A%) = dom(A*¥) 0<a< %)
On the other hand
dom(A%), dom(A**) C V (% <a<1l)

but for every such « counterexamples can be given for which dom(A%) and dom(A**) are not the same
subset of V.

In the critical case a = % Kato’s conjecture is false for general sectorial operators but it does hold true
for differential operators of formal type Au = —div(uVu). This was a long-standing open problem that
was eventually solved in 2001 using harmonic analysis’ most delicate methods [1]. These techniques lie
far beyond the scope of this project but we aim to discuss in which sense this result is surprising and
how it affects other topics in analysis.
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n the terminology of Kato [3] the first representation theorem is Thm. 12.4 of the lecture notes.



