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The context

Let us consider a closed linear operator A € L(D(A), H) on a Hilbert
space H. We assume D(A) C H, with dense imbedding, and the

spectrum satisfies o(A) # C.

Example 1. A square matrix. H = D(A) = C¢, A e ¢4,



The context

Let us consider a closed linear operator A € L(D(A), H) on a Hilbert
space H. We assume D(A) C H, with dense imbedding, and the

spectrum satisfies o(A) #= C.

Example 2. Dirichlet Laplace operator.

H=TL*(Q), V= Hs(%),

a(u,v) = /Q Vu.Vvdz,

D(A) ={u eV ;3dAu € H, (Au,v),; = a(u,v),Vv € V'}
= H?(2) N H(S),

Au = — Au.



The context

Let us consider a closed linear operator A € L(D(A), H) on a Hilbert
space H. We assume D(A) C H, with dense imbedding, and the

spectrum satisfies o(A) # C.

Example 3. Robin Laplace operator.

H=L%(Q), V=HYQ), acC(6Q:R).

a(u,v) :/Q Vu.Vudr + aQau’Uda,

D(A) = {’U, cV :dAu € H, (AU’U)H p— CL(’U,,’U),\V/’U c V}
= {u € H*(Q) ; pu+ au = 0, on 92},

Au = — Au.



The context

Let us consider a closed linear operator A € L(D(A), H) on a Hilbert
space H. We assume D(A) C H, with dense imbedding, and the

spectrum satisfies o(A) # C.

Example 4. Complex Robin-Laplace operator.

H=L%(Q), V=HYRQ), a,be C(OQ;R).

a(u,v) = /Q Vu.Voudr + /(99(a+ib) uw v do,

D(A) ={u eV ;3dAu € H, (Au,v),; = a(u,v),Vv € V'}
= {u € H*(Q2) ; pu + (a+ib)u = 0, on 9},

Au = — Au.



T he self-adjoint case

et us consider a closed linear operator A € L(D(A), H) on a Hilbert

space H. If A is a self-adjoint operator, spectral theory is very

efficient. We know that the spectrum o(A) is real and we have
[r(A)|| = sup ) Ir(z)l,

xeo(A

if the rational function r is bounded on o(A).



T he self-adjoint case

et us consider a closed linear operator A € L(D(A), H) on a Hilbert

space H. If A is a self-adjoint operator, spectral theory is very

efficient. We know that the spectrum o(A) is real and we have
[r(A)|| = sup ) r(z)l,

xeo(A

if the rational function r is bounded on o(A).

By a density argument, this (in)equality allows to define f(A) €
L(H), for any function f that is continuous and bounded on o(A).
The previous inequality also holds with f instead of r.



T he self-adjoint case

et us consider a closed linear operator A € L(D(A), H) on a Hilbert
space H. If A is a self-adjoint operator, spectral theory is very
efficient. We know that the spectrum o(A) is real and we have

1f (A = Sup)lf(:v)l,

xeo(A

for all continuous functions f that are bounded on o(A).

Furthermore the map f — f(A), is a homomorphism from the
algebra Cy(c(A)) into the algebra L(H).



Example of application

Assume that we have a self-adjoint positive definite operator A &
L£(D(A), H). We can define C(t) = cos(tv/A), and we will show that

w(t) = C(H)ug,  with ug € D(A),
is the unique solution in C2(R, H) N CO(R, D(A)) of
u’(t) + Au(t) =0, teER,
{ w(0) = ug, u/(0) = 0.



Continuity proof. Hyp : ug € D(A), u(t) = C(t)ug, A>¢e > 0.

With f1(z) = cos(iv/z), f2(z) = (cos((¢+h)y/z) — cos((t—h)v/2))/z,
we have, for z > 0, |f1(2)] <1 and |fo(z)] < 2|ht|.
This allows to set C(t) = f1(A), and B(t,h) = f>(A), and we have

ICOll <1, [[B& )] < 2]ht].



Continuity proof. Hyp : ug € D(A), u(t) = C(t)ug, A>¢e > 0.

With f1(z) = cos(tv/z), f2(z) = (cos((¢t+h)v/z) — cos((t—h)\/2))/z,
we have, for z > 0, |f1(z)| <1 and |fo(z)| < 2|ht|.
This allows to set C(t) = f1(A), and B(t,h) = f>(A), and we have

[IC@®I <1, [[B(th)| <2(ht|
Furthermore

B(t,h) = (C(t+h)—C(t—h))A™L,



Continuity proof. Hyp : ug € D(A), u(t) = C(t)ug, A > e > 0,
A>e>0.

With f1(2) = cos(tv/z), f2(z) = (cos((t+h)v/z) —cos((t—h)v/z))/z,
we have, for z > 0, |f1(2)| <1 and |fo(z)| < 2|ht|.
This allows to set C(t) = f1(A), and B(t,h) = f>(A), and we have

ICOI <1, B R)| < 2]ht|.
Furthermore
B(t,h) = (C(t+h) — C(t —h))A™L,
This yields
B(t, h) Aug = u(t+h)—u(t—h), and |u(t+h)—u(t—h)| < 2|ht|||Aug].



Continuity proof. Hyp : ug € D(A), u(t) = C(t)ug, A > e > 0.

With f1(z) = cos(tv/z), f2(z) = (cos((¢+h)v/z) — cos((t—h)v/2))/z,
we have, for z > 0, [f1(2)| <1 and |fo(2z)| < 2|ht|.
This allows to set C(t) = f1(A), and B(t,h) = f>(A), and we have

[CI <1, [BEh)|<2]ht|.
Furthermore
B(t,h) = (C(t+h) —C(t —h))A™1,
This yields
B(t, h) Aug = u(t+h)—u(t—r), and |u(t+h)—u(t—h)|| < 2|ht||Aug]|.

This shows that v e C(R; H), if ug € D(A), but also, by density,
if ug e H.



Continuity proof. Hyp : ug € D(A), u(t) = C(t)ug, A>¢e > 0.

With f1(z) = cos(tv/z), f2(z) = (cos((¢t+h)v/z) —cos((t—h)v/2))/z,
we have, for z > 0, [f1(z)| <1 and |fo(z)| < 2|ht|.
This allows to set C(t) = f1(A), and B(t,h) = f>(A), and we have

IC@I <1, B )| < 2]ht|.
Furthermore
B(t,h) = (C(t+h) = C(t —h))A™Y,
T his yields
B(t,h)Aug = u(t+h)—u(t—h), and ||lu(t+h)—u(t—h)| < 2|ht|||Aug].
A similar proof gives that u € C(R; D(A)), if ug € D(A).



Differentiability proof. Hyp : ug € D(A) and u(t) = C(t)ug.

We have
¢
cos(tv/z)/z=1/z — /o (t—s) cos(s+/z) ds.
Hence (homomorphism of algebra)
1 1 [
C)A l=4a"1_ /O (t—s)C(s) ds.

and
t
u(t) = ug — /O (t—s)Au(s) ds.



Differentiability proof. Hyp : ug € D(A) and u(t) = C(t)ug.

We have
t
u(t) = ug — /O (t—s)Au(s) ds.

It follows

t
uw(0) = ug, u(t)= _/O Au(s)ds, '(0) =0,

W' (1) = —Au(t), and we C3(R; H).



The numerical range.

Recall that the numerical range of a matrix A & Cd is defined by
W(A) = {(Av,v) ; = v*Av;v € C%, |Jo|| = 1}.

It is a closed convex subset of C, (Toeplitz & Hausdorff) that
contains the spectrum o(A).



The numerical range.

Recall that the numerical range of a matrix A € C%4 is defined by
W(A) = {(Av,v),; = v*Av;v € CY, [jv| = 1}.

It is a closed convex subset of C, (Toeplitz & Hausdorff) that
contains the spectrum o(A).

Let us consider a bounded convex domain €. We assume that
W(A) C . If v denotes the unit outward normal at the point
o € 0F2, then

z € Q2 is equivalent to Re

> 0, Vo € 0f2.

o —Zz



v unit normal at o € 02,

s arclength on 0%2,
My v

o

Q2

do =1vds

v

z € lls is equivalent to Re > 0.

o—~Z2



The numerical range.

Recall that the numerical range of a matrix A & C4.d is defined by
W(A) = {(Av,v),; = v*Av;v € CY, [jv| = 1}.

It is a closed convex subset of C, (Toeplitz & Hausdorff) that
contains the spectrum o(A).

Let us consider a bounded convex domain £2. We assume that
W(A) C Q. If v denotes the unit outward normal in the point
o € 02, then

z € €2 is equivalent to Re > 0, Vo € 012.

o —Zz
T herefore

W(A) Cc Q is equivalent to v(e—A) 4+ 7(G-A")"1> 0,Vo € 4%.



The numerical range.

The numerical range of an operator A e L(D(A), H) is defined by
W(A) = {(Av,v),; = a(v,v) ;v € D(A), ||v]l,; = 1}.

It is a convex subset of C, its closure contains the spectrum o(A).

If €2 is a convex domain, then

W(A) c Q implies v(c—A) 4+ 5(G—A*)"1>0,Vo € 6%2.



Example : Complex Robin-Laplace operator.

H=L%Q), V=HYRQ), a>0,bec C(ONQ;R).

a(u,v) = /Q Vu.Vodx + /(99(a—|—73b) u v do,



Example : Complex Robin-Laplace operator.

H=L(Q), V=HYQ), a>0,bec C(OQ;R).
a(u,v) = /Q Vu.Vodx + /fjﬂ(a—l—ib)uz_)da,

2 2
Rea(v,v) + [[v]|5 > lv]l;,



Example : Complex Robin-Laplace operator.

H=L?(Q), V=HYQ), a>0be C(OQ;R).
a(u,v) =/ Vu.VEda:—I—/ (a+ib) u v do,
2 02
Rea(v,v) + [lvll7; = [IvII7,

2
1M a(v,0)| < [[blloollollT2( 90y < Nlollylvlly-
Theorem 7.9



Example : Complex Robin-Laplace operator.

H=L%Q), V=HYQ), a>0,bec C(ONQ;R).
a(u,v) =/ Vu.V'z_)dac—I—/ (a+ib) uvdo,
2 02
Rea(v,v) + |lv]|2 > [jv]1Z,

2
1M a(v, )| < [[bllocllo 2290y < Nlollglloly-

Hence, if ||v||; = 1, then

a(v,v) € P:={z+iy;x+1 > yQ/NQ}.



Example : Complex Robin-Laplace operator.

H=L(Q), V=HYQ), a>0be C(OQ;R).
a(u,v) =/ Vu.V’Eda:—I—/ (a+ib) u v do,
Q2 02
Rea(v,v) + |lvll7; = [lvII7,

2
[ Im a(v, v)| < |[blloollv]lT2¢90) < Nllvllgllvlly-
Hence, if ||v||; = 1, then
a(v,v) € P = {z+tiy;z+1 > y?/N?}.

Therefore W(A) C P, (the numerical range is contained in the
horizontal parabola P).



Numerical Range and functional calculus

We will use now the following theorem

Theorem. If 2 is a closed convex subset of the complex plane
with a conic boundary and if A is a closed operator with W(A) C €,
then, for all rational functions r bounded in €2,

Ir(A) < 3.2 sup [r(2)]
z€S2



Numerical Range and functional calculus

Theorem. If €2 is a closed convex subset of the complex plane
with a conic boundary and if A is a closed operator with W(A) C €,

then, for all rational functions r bounded in €2,
Ir(A)| < 3.2 sup |r(2)].
1Sy
Remark. Then f(A) is well defined for all functions that are ho-

lomorphic in the interior of €2, bounded and continuous in €2. Fur-

thermore
1f(A)]| < 3.2 sup |f(2)].
zeS2



Numerical Range and functional calculus Application

Corollary. If there exist a Hilbert space V C H, V dense in H, and
constants a« > 0, \, M, N € R, such that

allv]|f < Re(Av,v) y + Aloll7, < M |jv]|?
| IM(Av,v) y| < N |vllg llvlly
then the problem
u’(t) + Au(t) =0, teR,
{u(O) = ug € D(4), 4/ (0) =vg € D(AY/?).
has a unique solution in C2(R, H) N CO(R, D(A)).

Proof.



Numerical Range and functional calculus Application
Corollary. If there exist a Hilbert space V C H, V dense in H, and
constants a > 0, A\, M, N € R, such that
allvl|Z < Re(Av,v), + Av]|%, < M |2
| IM(Av,v) | < N o]l g (o]l

then the problem

W'(t) + Au(t) =0, teR,

w(0) =ug € D(A), u/(0) =wvg € D(A/?).
has a unique solution in C2(R, H) N CO(R, D(A)).

Proof. Similarly as for the Robin case, it holds

W(A) CP:={z+iy;x+X> —2y 21,



Numerical Range and functional calculus Application

Proof. Similarly as for the Robin case, it holds
) Qo
W(A) C P = {z+iy; z+\> myQ}.

Exercise : z € P implies |Im 21/2| < w, with w = max(,/A,, N/2/a).

Thus cos(t,/z) is holomorphic in P with bound |cos(ty/z)| < el ...



Numerical Range and functional calculus Application

Proof. Similarly as for the Robin case, it holds
W(A) C P = {otiy; z+\ > %gf}.
Exercise : z € P implies |Im 21/2| < w, with w = max(,/A4, N/2/a).

Thus cos(t/z) is holomorphic in P with bound |cos(t4/z)| < e¥lt.
We can define C(t) = cos(tv/A) and

IC@®)uoll < 3.2 |[ugll,  |C(t+h)ug—C(t—h)uoll < 3.2|ht[e*"|| Augll.

The same proof as in the self-adjoint context works.



Numerical Range and functional calculus

Theorem. If €2 is a closed convex subset of the complex plane
with a conic boundary and if A is a closed operator with W(A) C €,
then 2 is a 3.2-spectral set for the operator A.

Proof. In the parabolic case Q = P = {z+iy;z > y2}, and if A is a
bounded operator on H. (The unbounded case follows by replacing

A by Ac = A(I4+eA)~1, ¢ > 0, and taking the limit as ¢ — 0.)

We will need three lemmata.



Lemma 1. Assume that
dm(t) is a complex-valued measure, bounded on FE,
M(t) e L(H), M(t)=M*(t)>0, inE,
r iIS a rational function bounded by 1 on E.

Then

H /Er(t)M(t) dm(t)“ < H /EM(t) |dm(t)||'.



Lemma 1. Assume that
dm(t) is a complex-valued measure, bounded on FE,
M(t) e L(H), M((t)=M"(t)>0, in E,
r is a rational function bounded by 1 on FE.

Then

| [ oM@ am®)| < | [ M@ am]|
Key of the proof. We have
(M (t)u,v) | < (M(t)u,u)llj[/Q(]w(t)v,fu);l/2



Lemma 2. Assume that
dm(t) is a complex-valued measure, bounded on E,
M(t),N(t)e L(H), N({)=N*t), inE, «a>0
Re M(t) = 3(M(t) + M()*) > N(¥) > @, in E,
r IS a rational function bounded by 1 on FE.
Then

| [ ror@)tam)| <| [ @) Ham@)|.



Lemma 2. Assume that r is bounded by 1, a > 0O,
ReM(t) = 4(M(t) + M(t)*) > N(t) > «, in E.
Then

| [ ror@)tam)| <| [ v Ham@)|.

Key of the proof.

(M (#) ", 0) | < (N@®) ™, w) 2N () 7T, 0) 12



Lemma 3. Assume that

MeL(H), WM)CSy:=4{2z€C,2z7#0;|arg(z)| < 6}.
Then

Re(M™1) > cos?0 (Re M)~ L.



Lemma 3. Assume that
Me£(H), W(M)CSy:={z€C,z#0;|arg(z)| < 6}.
Then
Re(M~1) > cos?9 (Re M) 1.
Proof. We write M = B(I4+iC)B, with B = (Re M)1/2,

Then, the condition W (M) C Sy becomes ||C|| < tan#.



Lemma 3. Assume that
Me L£(H), W(M)CSy:={z€C,z#0:|arg(z)| < 6}.
Then
Re(M™1) > cos?0 (Re M)~ L.
Proof. We write M = B(I4+iC)B, with B = (Re M)1/2.

Then, the condition W (M) C Sy becomes ||C|| < tan#.

T herefore

1 1
Re(I4+iC)~ 1 > inf Re = c0s°0,

>
yeo(C) 144y — 14 tan26

whence Re(M~—1) > B~ 1cos?0 B—1 = cos?0 (Re M)~ 1.



Theorem. If 2 is a closed convex subset of the complex plane
with a conic boundary and if A is a closed operator with W(A) C €,
then 2 is a 3.2-spectral set for the operator A.

Proof. We assume |r(2)| < 1 for z e P = {z+iy;z > y2}, and we
want to show that ||[r(A)|| < 3.2.



Theorem. If 2 is a closed convex subset of the complex plane
with a conic boundary and if A is a closed operator with W(A) C €2,
then €2 is a 3.2-spectral set for the operator A.

Proof. We assume |r(z)| <1 for z € P = {z+iy;z > y2}, and we
want to show that ||[r(A)|| < 3.2. We set

Ry = /apr(a) Qim((a—m—lda ~ (-4""1d5),

1 — *\y—1 7=
/@ (o) (3-A")"dz

 2omi

R>



Theorem. If 2 is a closed convex subset of the complex plane
with a conic boundary and if A is a closed operator with W (A) C €2,
then 2 is a 3.2-spectral set for the operator A.

Proof. We assume |r(2)| < 1 for z e P = {z+iy;z > y?}, and we
want to show that [[r(A)|| < 3.2. We set

Ry = /8737“(0) %((J—A)_lda - (5-A""147),
1

Ry = — 5—A*)"dz,
2 271 8PT(U) (@ ) 7

and note that, from the Cauchy formula,
1

_ 1 -l
r(A) = 5 GPT(U) (c—A)" “do = R1 + R».



Theorem. If 2 is a closed convex subset of the complex plane
with a conic boundary and if A is a closed operator with W(A) C €,
then 2 is a 3.2-spectral set for the operator A.

Proof. We assume |r(z)| <1 for z € P = {z+iy;z > y°}, and we
want to show that ||[r(A)] < 3.2. We set

Ry = /apr(a) Qim((a—m—lda ~ (-4""145),
1 g
/@ (o) (3-A") 145,

 2omi

and note that, from the Cauchy formula,

_ 1 -1
r(A) = 5 ap’r(a) (c—A) “do = R1 + R»>.

Therefore, it suffices to show that ||R1|| <2 and ||Ry|| < 1.2.

R>



Proof of ||R1|| < 2.

We have

— 1 —1 — *\y—1 5=
Ry = APT(J)Q—M((U—A) do — (5-A*)"1d5),
and we have seen that W(A) C P implies
1
—,((J—A)—lda - (5—A*)_1d5) > 0.

271



Proof of ||R1]|| < 2.

We have
_ 1 1 R
Ry = /aPT(a)Q—m((J—A) do — (5-A*)"1d5),

and we have seen that W(A) C P implies

1

—,((a—A)—lda - (5—A*)—1d5) > 0.

T

Thus it follows from Lemma 1 that

1 _ _ 1 -
IR1]| < H /873%((0—14) ldo — (5—A%) 1da>H = 2.

Indeed/ —(a A ldo = Id.
oP 21



It remains to show
1

e 5—A*)"1dz.



It remains to show

1
2ri Jop
On the boundary 8P, it holds y2 =z, i.e. 3 = c—1++/1—40.
(We choose the square root which takes the value 1 if ¢ = 0 and
is analyticin C\TI',withT:={zxeR;z>1/4}).

|Ro|| < 1.2 with Ry := r(o)(3—A*)"1d5.



It remains to show

1
2mi Jop
On the boundary 8P, it holds y2 =z, i.e. & = c—1++/1—40.
(We choose the square root which takes the value 1 if ¢ = 0 and
is analyticin C\TI, withT:={x € R;x>1/4}).Therefore

— *\—1 2
Ry = %/87)7“(0)(0—14-\/@—14 )1 o=

|Ro|| < 1.2 with Rp:= r(o)(6—A")"ldz.

)da,

The integrand is analytic w.r.t. c € P\ T.



We can replace / ... by /
oP |__|_U|__



Only, vV1-4x = —iv/4x—1, on [, vV1-4z =iv/4z—1.



1 2

Ro= o= | r(0)(o—14+vI=do—-A") (1~ s
1 | . 2
— 2—7mfl"+ r(z)(z—1—ivA4z—1—A") 1(1 — m)dw
o [ @1V T-4) 7 (14— 2 )da,

By setting « = y2 4 1/4, we get
1 oo s oN— .
Ry = —%/O r(y?+3) (y?—3—A*—2iy) " (y—i) dy

1 o0
+— [ rP D73 AT 2iy) " ) dy



This can also be written

2 [0 ,
Ry =—= /O r(y2+1)(M(y, A%) " dy,  with

M (y, A*) = A*—3y°+3 + 42 (1+y?) (A" +y°+2) 7L,



This can also be written
2 [ _ .
Ro = —— /O r(y?+2)(M(y, A*)) tdy,  with
M (y, A*) = A*—3y°+3 + 42 (1+y?) (A" +y°+2) 7L,
We write A = B+:C, and we admit for a time

4y2+3
4(y?+1)

W(A) CP = Re((A*+y>+3) 1) > (B+y2+3)~ 1
This result implies that

Re M(y,A") > N(y,B), with
N(y, B) :== B—3y%+3 + 42 (4y°+3)(B+y°+3) L.



This can also be written
2 [0 _ .
Ro=—= | " P+ (y, A)) My, with
M (y, A*) = A*—3y°+3 + 492 (1+y°) (A" +y2+3) L.
We write A = B+:C', and we admit for a time

4y°+3
4(y2+1)

W(A) CP = Re(A*+y>+3)~ 1> (B+y*+3H~ L.

T his result implies that

Re M(y,A*) > N(y,B),  with
N(y, B) := B—3y°+3 + y?(4y°+3)(B+y°+3) !
> 3

Now, we can use Lemma 2.



We have
2 [0 _
Ro=—= [ " r(P+H(M(y, A7)y,
and

Re M(y,A*) > N(y,B),  with
N(y,B) := B-3y*+32 + y*(4y°+3)(B+y*+3) ' >0

Lemma 2 gives,

1Rall < 2| [F (NG, BY) Ay



We have

—_g > 2,1 *\\— 1
Ry = —= /O r(y2+1) (M (y, A%)) " Ldy,
and

ReM(y,A") > N(y,B),  with

N(y, B) := B=3y*+3 + y°(4y°+3)(B+y°+3) "+ > 0

Lemma 2 gives,
2 o0 1
1R < = | / (N(y, B)) "y

_ 2 sup '/ (N(y,z)™ ldy‘——
T xeo(B)



It remains to show that

4y°+3
4(y?+1)

W(A) CP = Re((A*+y*+H™H > (B+y?+3) 71



Ry
Y
Ry
IR
XY
Y
W
Ky
Ry
1y
Ry
Ry
IR
IRy

tanf = 1/2t

.
"
.
.
i
.
"
i
.
“
.
.
"
.
“

Remark. W(A) C P = W(A+t2) C Sy :={z;|argz| < 6}.



It remains to show that

49243

* 24 3y-1
W(A) CP = Re ((A +y°+7) ) 2 4(y2+1)

(B+y2+3)7L.

Setting t2 = y2+3, M = A*4t2, 9 = arctan(1/2t),
4

The result follows from Lemma 3, which reads

W(M)cC Sy = Re(M~1)>cos?0(ReM) 1.



A more general result is :

For all operators A on a Hilbert space and for all rational functions
bounded on the numerical range

|r(A)|| £11.08 sup |r(z)|.
zeW (A)
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