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1 Plenary talks

Plenary talk

Gradient systems associated with j-elliptic functionals

RALPH CHILL (TU DRESDEN)

This talk can be seen as an outlook into a theory which presents much similarity
with the theory of sectorial forms, their associated operators and the semigroups they
generate: the theory of convex functions on Hilbert spaces, their subgradients and the
(nonlinear) semigroups they generate. Much of the talk will be a presentation of classical
results. This includes wellposedness results as well as Beurling-Deny type criteria for
positivity or L>-contractivity of semigroups on L? and generation of semigroups on L?.
We present in addition an analogue of j-elliptic forms which allow one to define nonlinear
versions of Dirichlet-to-Neumann operators. The talk is based in joint work with Daniel
Hauer, James Kennedy and Zakaria Belhachmi.

Plenary talk

Functional Calculus based on the Numerical Range

MICHEL CROUZEIX (UNIVERSITE DE RENNES 1)

Holomorphic functions of one operator frequently occur in pure as applied mathemat-
ics. For instance, the exponential function is related to the semi-group, or the group
theory, i.e. in particular to parabolic equations, linear Schroedinger, ... The cosine func-
tion plays a similar role for second order evolution equations. For the theory, as well as
for the numerical analysis of these problems, estimates of these holomorphic functions
are needed. In the case of a self-adjoint operator, spectral theory provides a very efficient
tool, but the situation is much more complicated if we consider non normal operators.
For them, spectral sets were introduced and studied by J. von Neumann in 1951, but
this theory have not known a deep extension up to a work of Bernard and Francois



Delyon who were the first to discover the role that the numerical range can play for non
self-adjoint operators.

Let us consider two complex Hilbert spaces V' C H (with dense imbedding) and a
sesquilinear continuous form a : V. xV — C. We associate the operator A € L(D(A), H)
defined by (Au,v), = a(u,v),Vv € V, with

D(A)={ueV;3ge H(g9,v), =alu,v),Vv eV}
By definition, the numerical range W (A) of the operator A is the set
W(A) = {(Au,u),; u € D(A), (u,u), = 1}.

It is a convex subset of the complex plane (Toeplitz-Hausdorff theorem), its closure
contains the spectrum o(A). Interesting properties of the sesquilinear form correspond
to localization of the numerical range.

In this talk I will show some estimates obtained from assumptions on the numerical
range, and I will applied them to second order differential equations..

References

[C] M. Crouzeix, Numerical range and functional calculus in Hilbert space, J. Funct. Anal., 244
(2007), 668—-690.

[D] B.&F. Delyon, Generalization of Von Neumann’s spectral sets and integral representation of
operators, Bull. Soc. Math. France, 1, (1999), 25-42.

[N] J. von Neumann, Eine Spektraltheorie fiir allgemeine Operatoren eines unitdren Raumes,
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Plenary talk

Intrinsic metrics for Dirichlet forms

DANIEL LENZ (FSU JENA)

Starting with Sturm’s influential work intrinsic metrics have played a prominent role in
the investigation of spectral geometry of strongly local Dirichlet forms. Recently, similar
concepts have been developped for general Dirichlet forms. This allows one to investigate
in particular spectral geometry of graphs whose vertex degree is not uniformly bounded.
We give an introduction into the topic.




Plenary talk

On convergence of Dirichlet-to-Neumann operators

ToM TER ELST (THE UNIVERSITY OF AUCKLAND)

Let  C R"™ be an open bounded set with C'-boundary. Let m € Lo (2, R). In
Lecture 8 the self-adjoint Dirichlet-to-Neumann operator D,, is introduced whenever
0¢ o(Ap+m). Let A € C\ R. In this talk we shall prove the continuity of the map

mi— (A= Dp,) ™!

from {m € Lo(2,R) : 0 &€ 0(Ap+m)} into L(L2(0N)) and show that this map extends
continuously to the full space Loo(Q2,R). If m € Loo(©,R) and 0 € o(Ap + m), then
1im, s (A— Dy )~ 1 turns out to be the resolvent of a self-adjoint graph, not an operator,
which we denote by D,,. We shall show that D,, is associated to a form on H'(f2), but
for which (8.3) is violated.

One can do the above also for a symmetric operator A in divergence form instead of
the Laplacian —A on Q (cf. Lecture 11). If m € Loo(©,R) and 0 € o(—Ap + m), then
the form method gives a self-adjoint Dirichlet-to-Neumann operator D,,. Again one has
continuity of the map

mi— (A= Dp,) 7!

from {m € Loo(,R) : 0 € o(—Ap + m)} into L(L2(09)). This time a continuous
extension to the full space Lo (€2, R) is surprisingly valid if one has the unique continu-
ation property, which implies that the only v € D(—Ap + m) with d,u = 0 is the zero
function.

This talk is based on joint work with Wolfgang Arendt, James Kennedy and Manfred
Sauter.



2 Projects

2.1 Project A

Continuity of the Bogovskii operator via
Calderén-Zygmund theory

CHRISTOPHER BASIL GEORGE THORNETT (SYDNEY), PASCAL VAN DEN BOSCH
(DELFT)

Coordinator: PEER KUNSTMANN (KARLSRUHE)

In this project we want to give a proof of Theorem 13.8 of the Internet Seminar on
continuity of the Bogovskil operator B : LY(Q) — H}(2) where Q C R" is a bounded
open set that is star-shaped with respect to every point of an open ball and where
LY(Q) = {f € L*(Q) : Jof = 0}. Recall that the Bogovskii operator B, originally
defined on C°°-functions with compact support, has the property divBf = f for all
f € LY(Q2). This tells us in particular that any f € L(f) is the divergence of a vector
field in H}(Q2). We refer to Lecture 13 of the Internet Seminar for the application of the
continuity result to the theory of the Stokes operator.

Continuity of the Bogovskii operator is proved, following the proof of Lemma II1.3.1 in
[G], by an application of a result from the Calderén-Zygmund theory of singular integral
operators [CZ].

References

[CZ] A.P. Calder6n and A. Zygmund, On singular integrals, Amer. J. Math. 78, 289-309 (1956).
[G] G.P. Galdi, An Introduction to the Mathematical Theory of the Navier-Stokes Equations.
Steady-State Problems, Second edition, Springer, New York, 2011.



2.2 Project B

Forms and spectral theory: properties of eigenvalues and
eigenvectors via forms and semigroups

FATEM BELGACEM (GABES), LUCAS SCHOBEL-KROHN (DARMSTADT),
ABDALLAH MAICHINE (SALERNO), MARCELO FORETS (GRENOBLE)

Coordinator: JAMES KENNEDY (STUTTGART)

According to the spectral theorem, any positive, self-adjoint operator A with compact
resolvent on a separable Hilbert space H is a diagonal operator, i.e., it has a sequence of
eigenvalues \,, > 0 and corresponding eigenvectors e, € H which form an orthonormal
basis of H (see Lecture 6 of the Internet Seminar).

Such an operator is also associated with a form a and A,, and e,, can be characterised
purely in terms of the behaviour of a on subsets of its form domain D(a) =: V via the
min-maz and maz-min principles for the eigenvalues (see [B,CH,RS] and also Exercise
6.3). These formulae are the starting point for a large part of spectral analysis and
geometry, and have been used to prove several central results in mathematical physics.

The most famous of these is probably the Weyl asymptotics describing the eigenvalues
of the Dirichlet or Neumann Laplacian on L?(Q) for a (bounded, sufficiently regular)
domain Q c R%:

2
An ~ cq (|97 Tn) 4 as n — 0o,

where A, is the nth smallest eigenvalue (repeated according to multiplicities), || is the

volume of Q and ¢4 is a dimensional constant (see [RS] or [CH, Ch. VI]).

There is another proof using ideas from semigroup theory. If an operator A (as above)
acts on H = L?(Q) and we define

o0

kt(x7y) = Ze_ATLten(x)en(y)a z,y €8
n=1

for all t > 0 (k¢ is called a heat kernel), then according to Mercer’s Theorem

e f(z) = (T,
f(x) /Q ke, y) () dy

for all f € L?(Q). It is not hard to prove the following formula for the trace of the
semigroup

Tr(e ) = Z et = / ki(z, x) dz.
n=1 Q

By estimating k; from above and below for ¢ — 0 and using Karamata’s Theorem, which
relates the behaviour of a positive Borel measure on [0, c0) near co to that of its Laplace



transform near 0, one can recover the Weyl asymptotics. (There is a nice presentation
of this in a previous Internet Seminar [A, Lecture 6].)

Another consequence of the min-max principle in mathematical physics is Courant’s
theorem for the number of nodal domains of the eigenfunctions (i.e. connected compo-
nents of the set where the eigenfunctions are nonzero) of the Laplacian on a bounded
domain with Dirichlet (or Neumann) boundary conditions (see [B] or [CH, Ch. VI]). A
classical theorem from Sturm—Liouville theory says that the nth eigenfunction of the
one-dimensional Laplacian has exactly n — 1 interior zeros, that is, n nodal domains.
Courant’s theorem uses the min-max principle and a clever test function argument to
show that the nth eigenfunction has at most n nodal domains in two or more dimensions.

In fact, one can say more: for only finitely many n can one have equality in Courant’s
theorem. This refinement due to Pleijel [P] can be shown using the Weyl asymptotics
and the Faber—Krahn inequality, which gives a lower bound on the first eigenvalue of the
Dirichlet Laplacian depending only on the volume of the domain and the dimension.

In this project, we will introduce the above-mentioned principles, the Weyl asymp-
totics, Courant’s theorem and Pleijel’s refinement, and sketch their proofs.
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[P] A. Pleijel, Remarks on Courant’s Nodal Line Theorem, Comm. Pure Appl. Math., Vol. 9
(1956), 543-550.

[RS] M. Reed and B. Simon, Methods of Modern Mathematical Physics, Vol. 4: Analysis of
Operators, Academic Press, New York, 1978.

2.3 Project C

Non-autonomous forms: invariance
and maximal regularity in H

Luict NEGRO (LECCE), LENA FURNSTALL (DARMSTADT),
FABIAN HORNUNG (KARLSRUHE), MOHAMMED MoUSsI (OUJDA)

Coordinators: DOMINIK DIER AND MANFRED SAUTER (ULM)

We continue with the theory for non-autonomous equations from Lecture 14, extending
it in two directions. On the one hand, we generalise the invariance criteria for convex sets
to non-autonomous and inhomogeneous Cauchy problems. In this context we present an



application to a semi-linear transport problem

u'(t) — div([am (t)]Vu) = u(t) (1 — u(t)),
u(0) € C,

where C := {v € L?(Q) : 0 < v(0) < 1 a.e. on Q}. We prove that there exists a unique
solution u with maximal regularity such that u(¢) € C for all ¢ € [0, T].

On the other hand, we study maximal regularity in H, i.e. whether for all f €
L%(0,T; H) and uy € V the solution u € MR(V, V') of

v + Au = f,
u(0) = ug

is in H'(0,T; H), and not merely in H'(0,7;V’). While this is not true in general,
we shall prove that if A is associated with a symmetric, continuous, coercive non-
autonomous form that is of bounded variation, one does have maximal regularity in
H. A form a: [0,7] x V x V — K is said to be of bounded variation if there exists an
increasing g: [0,7] — R such that

|a(t, v, w) — a(s,v,w)| < (g(t) = g(s)) [vlly [lwlly,

for all s <tin [0,7] and v,w € V.

Both parts of this project are based on elementary methods and no further prerequi-
sites to the ISEM lectures are required. Our main reference for the project is [Diel4]. For
the second part a simplified proof will be given that is based on piecewise-autonomous
approximation. The results covered in this project are very recent findings that involve
topics of active research.

References

[ADO14] W. Arendt, D. Dier, and E.M. Ouhabaz, Invariance of convez sets for non-autonomous
evolution equations governed by forms, J. Lond. Math. Soc. (2) 89 (2014), 903-916.
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2.4 Project D

Capacities

JUDITH BERENDSEN (AMSTERDAM), JAN HECKWOLF (DARMSTADT)

Coordinator: RALPH CHILL (DRESDEN)

The classical Wiener criterion asserts that on a bounded, open subset €2 C R" the
Dirichlet problem

—Au =0in Q,
(2.1)
u = g on 0f),
admits for every g € C(99Q) a unique solution u € C%(Q) N C(Q) if and only if  is
regular in capacity, that is, for every boundary point x € 92 the series

Z 2F=2) cap (2 N B(x,27))
k=1

diverges (see (2.37) in [GT]) . Here, the capacity of a set A C R™ is defined by
cap (A) := inf{/ Vaul? :u € H' N C(R™) and u > 1 on A}.
Q

The capacity also appears in the study of regularity of Sobolev functions. For instance,
every function v € H'(R") admits a representative which is continuous quasi every-
where, that is, up to an exceptional set of capacity O.

In the literature, the notion of capacity has been generalised in the context of Dirichlet
forms on L2, and the aim of this project is to study some properties of these general
capacities. For example, the Poincaré inequality, the logarithmic Sobolev inequality, the
Nash inequality can be characterised by conditions involving the capacity, and the above
mentioned regularity theorem for Sobolev functions can be generalized to a more general
context. For example, the project can be based on Chapter 8 of [BGL] .

References

[BGL] Dominique Bakry, Ivan Gentil, and Michel Ledoux, Analysis and geometry of Markov dif-
fusion operators, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles
of Mathematical Sciences|, vol. 348, Springer, Cham, 2014. MR 3155209
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2.5 Project E

Forms and cosine functions

LucCIANO ABADIAS (ZARAGOZA), TING-YING CHANG (SYDNEY),
ABDERRAHIM MEDBOUHI (OUJDA)

Coordinator: ANDRAS BATKAI (BUDAPEST AND WUPPERTAL)

Operator cosine functions were invented to help understanding abstract second order
Cauchy problems as strongly continuous semigroups are analogous to exponential func-
tions in solving first order (in time) abstract Cauchy problems. There is an excellent
introduction into this subject in [ABHN] .

Crouzeix [C] proved that if a form has numerical range in a suitable parabola, then
the corresponding operator generates a cosine function. We refer to the monograph by
Haase [H] for this result with detailed complete proofs.

In the project we will try to understand this result, and more general connections
between numerical range and functional calculus.

References

[ABHN] Arendt, W., Batty, Ch., Hieber, M., Neubrander, F., “Vector-valued Laplace Transforms
and Cauchy Problems”, Birkhaduser Verlag, Monographs in Mathematics 96, 2011.
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2.6 Project F

Approximation and convergence of forms

HEIKO HOFFMANN (KARLSRUHE), BAS NIERAETH (UTRECHT),
KARSTEN PopDIG (HAMBURG), AMINA THABET (GABES)

Coordinator: TOM TER ELST (AUCKLAND)

Let H be a complex Hilbert space. For all n € IN let a,, be a densely defined sectorial
form in H and let A,, be the associated m-sectorial operator. Further, let a be a densely
defined sectorial form in H with associated m-sectorial operator A. Suppose that the
sequence (a,)nen of forms converges in some sense to the form a, does it follow that the
m-sectorial operators converge to A in some sense? Or that the semigroups converge?

First results for closed positive symmetric forms were proved by Kato and Simon [Kat],
[Sim] for convergence to a from above or below. These theorems have been extended to
sectorial forms which are not necessarily closed [AE]|, [BE].

In this project we studied the convergence in a couple of situations, including cases
where the forms are not densily defined.

References

[AE] ARENDT, W. and ELST, A. F. M. TER, Sectorial forms and degenerate differential oper-
ators. J. Operator Theory 67 (2012), 33-72.
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[Kat] KaTo, T., Perturbation theory for linear operators. Second edition, Grundlehren der
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2.7 Project G

Trotter’s Product Formula for Forms

Har TrINH (BUDAPEST), KHALIL KAMAL (MARRAKESH),
FrLoRr1is CLAASSENS (LEIDEN)

Coordinators: E. A1T BENHASSI, S. BOULITE, L. MANIAR (MARRAKESH)

The aim of this project is to show the famous Trotter’s product formula for a certain
class of forms. This formula is known in the semigroup and their generators context. It
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is well known that this formula is very useful to write the ”product” semigroup generated
by the sum of two operators (or two forms) in terms of their semigroups. It could be
used also to approximate numerically the product semigroup.

To show the Trotter’s product formula, we study necessary materials as sectorial and
symmetric forms, give their relationship with semigroups. We introduce the notion of
resolvent convergence sense, and give its caracterization.

The second part of the project is the Trotter’s product formula for projections, as
application of the main result. The third part is the application of this fromula to some
elleptic operators.

The main references we use are [A], [ABHP], [EN], [K], [S], [Ma].

References
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(2001) 279-295.
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Verlag, Berlin (2000).
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2.8 Project H

Elliptic operators with first order degeneracy at the
boundary

NASREDDINE AMROUNE (SETIF), SAMUEL FROMM (KARLSRUHE),
SAaMI Mourou (TUNIs)

Coordinator: ROLAND SCHNAUBELT (KARLSRUHE)

In this project we study the impact of degenerate diffusion coefficients at the boundary
of the domain. We establish generation properties and describe the domain of the
generator. To avoid rather tedious localization arguments, we focus on model problems
on the halfspace R = {(z,y) € R"™ |y > 0} and treat in LP(RTY), p € (1,00), the
differential operator

A=—y(Az+0yy) +a-Vy+0b0y (2.2)

where @ € R" and b € R. The diffusion part degenerates at OR™*! in normal direction
of first order, and hence it is ‘of the same size’ as the drift part.
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The behavior of the corresponding elliptic and parabolic problems depends very much
on the size and sign of b. The case b > —1/p has been treated in [1] for all p € (1, 00).
Here A is endowed with the domain

Dy g = {u € WeP (R nWEP(RTHY) | y|D?ul, vy [Vul € LP(RTH)}.

p,reg loc

It then generates an analytic semigroup of positive contractions. The domain Dj ..
incorporates a Dirichlet boundary condition and full regularity (each summand of Au
belongs to L? (R’}fl) if u € Dy eq). Replacing here VVO1 P by WP, we obtain the larger
space D), 1eg Without boundary conditions.

For b < —1/p, one has a strong outward pointing drift term, and rather unex-
pected phenomena occur. The paper [2] deals with the one-dimensional case (i.e.,
A = —y0yy + b0, and n = 0). It is shown that A induces two different generators
of positive analytic semigroups if b € (—1,—1/p): The first one has full regularity, but
no boundary conditions; whereas the second one has Dirichlet boundary conditions, but
its domain is not contained in WP, For b < —1, there is just one generator with full
regularity and without boundary conditions. For n > 1, the case b < —1/p is not fully
analyzed yet. For p = 2, the operator A with the domain D5 e, generates a positive
analytic semigroup on L2(Rﬁ+1). It is contractive for b < —1, but only bounded and not
quasi-contrcative if p € (=1, —1/2), see [3].

The proofs are based on semigroup theory (known from the lectures), approximation
arguments, explicit apriori estimates and standard results for partial differential equa-
tions with nondegenerate coefficients. The latter ones will be either used without proof
or shown by means of form methods.

References
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2.9 Project |

The Ornstein—Uhlenbeck operator and semigroup in Gauss
space.

DaMIR KINZEBULATOV (TORONTO), GIORGIO MENEGATTI (FERRARA),
ROBERT NABIULLIN (WUPPERTAL)

Coordinators: ALESSANDRA LUNARDI (PARMA),
MICHELE MIRANDA JR. (FERRARA), DIEGO PALLARA (LECCE)

In this project the aim is to study the Ornstein—Uhlenbeck operator and semigroup
in Gaussian spaces. The starting point will be the theory of Dirichlet forms developed
in the lectures and the main reference is the first chapter of the book of Bogachev [B].

We start by fixing a Gaussian measure v on R?

1 |z
dvy(z) = —e~ 2 dx.
(2m)’?
Then we consider the Lebesgue and Sobolev spaces L%(y) and W12(y), and we define
the Dirichlet form in W12 (y)

a(u,v) = Vu(z) - Vo(z)dy(z)
R

and the associated (Ornstein—Uhlenbeck) operator L that on regular functions is given
by
Lu(z) = Au(z) — z - Vu(x).
We shall characterize the domain D(L) of L in L?(v). The operator (L, D(L)) gener-
ates a strongly continuous semigroup in L?(vy) which has the following analytical repre-
sentation

Tule) = [ (e o+ VIZeTd),  Vue X0).
Rd
Further results that can be presented are the following:

1. spectrum and eigenfunctions (Hermite polynomials) of L and Wiener chaos de-
composition of L2(7);

2. smoothing properties of the semigroup;

3. functional inequalities (Poincaré and Log—Sobolev) by the semigroup approach.

One of the aims of this project is to give a perspective of the subject of 19" Isem
which will focus on the extension of this theory to the infinite dimensional setting of
abstract Wiener spaces.

References
[B] V. Bogachev: Gaussian Measures. Math. Surveys and Monography., A.M.S. 62 (1998).
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2.10 Project J

The Maz’ja Inequality

VITO BUFFA (FERRARA), SEBASTIAN MILDNER (DRESDEN),
CHRISTIAN SCHONER (HAGEN), CARL HAMMANN (DRESDEN)

Coordinators: DANIEL DANERS (SYDNEY), MARCUS WAURICK (DRESDEN)

The aim of the project is the study of Maz’ja’s inequality mentioned in Lecture 12:
Let Q C R™ open, bounded with H,,_;(09) < oo, where H,,_; is theﬁ(n — 1)-dimensional
Hausdorff measure. Then there is ¢y > 0 such that for all u € C(Q2) N H'(Q) we have
with ¢ := 22

n—1>

HuH%q(Q) <eMm </ \Vu(z)2dx —|—/ ]U(a:)Pda:) .
Q oN

For understanding a proof of this result, among other things, we need to understand
Sard’s lemma, that is, roughly speaking, the image of critical points of a smooth map
of a subset of R” with values in R has Lebesgue measure 0. Another important tool is
the isoperimetric inequality. The latter asserts that given n > 2 there exists ¢ > 0 such
that for all measurable @ C R™ with finite Lebesgue measure (2|, the inequality

Q"% < Ha1(09)

holds true.
2.11 Project K

Schrodinger operators with inverse square potentials

SALLAH EDDINE BOUTIAH (SETIF), JOSHUA CHING (SYDNEY),
MATTHIAS HOFMANN (STUTTGART), SOUMAYA BELHAJ ALl MOUROU (TUNIS)

Coordinators: ABDELAZIZ RHANDI, CRISTIAN TACELLI (SALERNO)

Let Ay = —A —V(-) be a Schrédinger operator on L?(RY) with a potential satisfying
0<VeL®{xecRY:|z|>c¢}) for every € > 0, and lim, ,o V(z) = oo. If V is "too
singular” at the origin, can this prevent the existence of positive solution to the heat
equation dyu + Ayu =0 (on RY x (0,00))?

It has long been known that the corresponding initial value problem is wellposed (in
L*(RY) and other spaces) if V(z) < va% for some positive constants C' and . H.

Brezis and J.L. Lions conjectured that no positive solution will exist if V' (z) > MQ_S.
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The problem was settled by P. Baras and J.A. Goldstein [1]. Let C*(N) = (#)2
and V.(z) = ﬁ be the inverse square potential with ¢ € R. Let us consider the Cauchy
problem
{ Ou+ Ay,u=0, onQx(0,00), (2.3)
u(z,0) = f(x), x €, ’

with @ = RV if N > 2 and for N = 1 one has to take for example Q = (0, 00) so as to
have a connected spatial domain and add a Dirichlet boundary condition at 0. Baras
and Goldstein [1] proved

Theorem 1. The Cauchy problem (2.3) has a unique positive solution for each 0 < f €
L?(Q) if ¢ < C*(N) and no positive solutions at all if ¢ > C*(N).
Let Wy (x) = inf{V.(x),n} be the cutoff potential, with ¢ > C*(N). Let u,, solve

Oy, — Aty — Woun =0,  on RN x (0, 00),

Here 0 # f € L?>(R") or, more generally, f grows no faster than "% at infinity. Since
W, is bounded, u,, exists. If a positive solution u to (2.3) were to exist, then 0 < u,, < u
which is a contradiction, since uy(z,t) tends to infinity at all spatial points and at all
positive times (see [1, Theorem 2.2.(ii)]). This is called instantaneous blowup.

In this project we propose to prove Theorem 1 for Q = R with N > 3 by following
the approach of Cabré and Martel [2].

More generally, we consider the Kolmogorov equation perturbed by a singular potential

e Owu(z,t) = Au(z,t) — Vp(z) - Vu(z,t) + V(z)u(x,t), t>0, RN,
(Kv) { u(-,0) = ug € L2RYN, dp).

Here we suppose that 0 <V € L. (RY), N >3 and p=0orp€ C’ll;ga(RN), aec(0,1)
is such that du(z) := e ?(*)dz is a probability density on RY. Set

Jan Vo2 dp — [on V? du)
fRN @2 d,U/

A(V) = inf <
0F£pEW (RN du)

The Cabré-Martel approach consists in proving the following:

Theorem 2. Assume the above assumptions. Then the following hold:

(i) If M (V) > —oo, then there exists a positive weak solution u € C([0,00), L*(u)) of
(Kv) satisfying
lu)llz2gy < Mefluollr2gy, >0 (2.4)

for some constants M > 1 and w € R.

(i) If \ (V) = —oo, then for any 0 < ug € L*(u), ug # 0, there is no positive weak
solution of (Kv) satisfying (2.4).
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As a consequence and by Hardy’s inequality with optimal constant C*(N):

2
C*(N)/ P dr < / Volde, Ve CURN)
Y 2[? RN
we obtain Theorem 1.
Another application of Theorem 2 is when p = %(Bac, x), where B a real, symmetric
N x N-matrix such that o(B) C (0,00). Here the use of the following weighted Hardy
inequality with optimal constant

2
) [ Epdus [ Vel dut |BIVEW) [ dn, Ve CLRY),

N fxf?

gives the following result:

Theorem 3. (see [3|) Assume that N > 3 and B = (b;;) as above. The following
assertions hold.

(i) If 0 < ¢ < C*(N), then there exists a weak solution u € C([0,00), L?(11)) of

Ou(z,t) = Au(z,t) — Bx - Vu(zx,t) + ﬁu(m,t), t>0,zecRY, (2.5)
u(+0) = uo € L2(s). '
satisfying
lu(®)l| 22y < Me*[luoll L2y, ¢ 20 (2.6)

for some constants M > 1 and w € R.

(i) If ¢ > C*(N), then for any 0 < ug € L*(u), ug # 0, there is no positive weak
solution of (2.5) satisfying (2.6).

References

[1] P. Baras and J.A. Goldstein, The heat equation with singular potential, Trans. Amer. Math.
Soc. 284 (1984), pp. 121-139.

[2] X. Cabré and Y. Martel, Existence versus explosion instantanée pour des équations de la
chaleur linéaires avec potentiel singulier, C.R. Acad. Sci. Paris 329 (1999), pp. 973-978.

[3] G. R. Goldstein, J. A. Goldstein, and A. Rhandi, Weighted Hardy’s inequality and the Kol-
mogorov equation perturbed by an inverse-square potential, Appl. Anal. 91 (2012), 2057-2071.

19



2.12 Project L

Fractional powers and Kato’s conjecture

IVAN YAROSLAVTSEV (DELFT), KARSTEN KRUSE (HAMBURG)

Coordinators: MORITZ EGERT, ROBERT HALLER-DINTELMANN (DARMSTADT)

Let a : V xV — C be a closed, densely defined, sectorial form in a complex Hilbert space
H, and let A be the associated sectorial operator. In between the operators A° := Id
and A' := A a continuous scale of so-called fractional powers of A can be defined via
Balakrishnan’s formula

_ sinma

A%y = / AT AN+ A ludy (0<a<).

™ 0

Related to these operators is a famous conjecture first formulated by T. Kato in 1961
[K1]:

We do not know whether or not dom(AY?) = dom(A*Y/2) [...]. This is
perhaps not true in general. But the question is open even when A is reqularly

accretive. In this case it appears reasonable to suppose that both dom(Al/ 2)
and dom(A*Y/?) coincide with dom(a)/. . .].

As a first main result we will consider the so-called second representation theorem! to
the effect that Kato’s conjecture holds provided the sesquilinear form a is symmetric,
i.e. A is self-adjoint. We will see that square roots are the borderline case for this type
of question: On the one hand

dom(A%) = dom(A*) 0<a< %)
On the other hand
dom(A®), dom(A**) C V (% ca<l)

but for every such «a counterexamples can be given for which dom(A%) and dom(A*%)
are not the same subset of V.

In the critical case a = % Kato’s conjecture is false for general sectorial operators but
it does hold true for differential operators of formal type Au = —div(pVu). This was a
long-standing open problem that was eventually solved in 2001 using harmonic analysis’
most delicate methods [AHLMT]. These techniques lie far beyond the scope of this

'In the terminology of Kato [K2] the first representation theorem is Thm. 12.4 of the lecture notes.
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project but we aim to discuss in which sense this result is surprising and how it affects

other topics in analysis.
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2.13 Project M

Form inequalities for symmetric contraction semigroups

ELENA GOLOVNEVA (ST. PETERSBURG), IMEN METOUI (TUNIS),
FLORIAN PANNASCH (DRESDEN), MARCO PERUZZETTO (TRENTO)

Coordinator: MARKUS HAASE (DELFT/KIEL)

Let —A be the generator of a strongly continuous semigroup (St)¢>o of symmetric
operators on L!(X), where X = (X, X, u) is an arbitrary measure space. The semigroup
is called a symmetric contraction semigroup if each operator Sy is L!- and L*°-contractive,
i.e.

1Seflly < [Iflly and 1S fllee < [1flloo
for all f € L' N L. In Lecture 10 of the ISem it has been shown by virtue of complex
interpolation techniques that the semigroup (S;); extends to a contractive analytic semi-
group on LP(X) of angle 0, = g(l —1- %|) for 1 < p < co. However, the optimal angle
is ¢, = arccos |1 — %| In the sub-Markovian case this has been proved first in [LiPe95],
see also [Ou05]. The general case is due to Kriegler [Kr11].

The aim of this project is to give a proof based on the recent article [Hal5]. Note that
the statement can be equivalently reformulated as

Re [ 4% () TP 0 (2.7)
X

for all f € dom(A,), where —A,, is the generator in L? of the semigroup. In the project
we look more generally at inequalities of the form

ReZ/XAFj(f)-Gj(f) >0
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where f is a C%valued measurable function on X and the F};, Gj are measurable functions
on C¢. Tt is shown that such an inequality holds in general, i.e., for every symmetric
contraction semigroup, iff it holds for a couple of simple two-dimensional test cases.
In this way, (2.7) is reduced to a scalar inequality which can then be established by
elementary methods.

The main reduction step involves a clever idea from a recent work of Carbonaro and
Dragicevi¢ from [CaDr13] and some abstract operator theory, interesting in its own right,
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2.14 Project N

Form methods for evolution equations on graphs

RAPHAEL GERLACH (PADEBORN), JULIA KLEINHANS (WUPPERTAL),
SALEM NAFIRI (MARRAKESH)

Coordinator(s): HAFIDA LAASRI AND DELIO MUGNOLO (HAGEN)

One of the main scopes of this project is to show that already the innocent looking
(?-spaces allow for a rich theory of quadratic forms. The starting point of our project
is the classical Dirichlet form introduced in the Lecture 5. One can replace the second
derivative operator

h—0 k—0 Wk

which is well-defined on smooth functions f : R — R, by its finite differences counterpart
L:f= fC+h)=2f()+[f(—h).

Because Lf is a well-defined object even if f is only defined in countably many points,
L can be considered as a discretisation of the Laplacian.

A similar construction can be actually performed for general functions f : V — R,
where V is a general (finite or countable) set of points. In order to make sense of the
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terms like f(x + h), let us turn this unordered set of points into a graph by assigning an
adjacency structure ~ and replace

flw+h)+fl@—h) by > fy).

yeVv

Yy~x
In this way, differential operators on intervals or domains can be effectively turned, at
least formally, into difference operators on graphs — an idea that goes back to Gustav
Kirchhoff, who studied the discrete Laplacian £ in [Kird7] due to its interplay with the
theory of electric circuits. Kirchhoff also found the quadratic form a associated with L;
Beurling and Deny then proved in [BD59] that this a is a Dirichlet form (in the sense
of Remark 10.14 in the ISem lecture notes) — in fact, the earliest example of Dirichlet
form in the literature!

The aim of this project is to present in detail the theory of discrete Laplacians on
graphs. We will first introduce in detail the form a in the easy case of finite graphs (the
one considered in [BD59]) and re-prove the result by Beurling and Deny, showing that
a space-discrete version of the heat equation is governed by a Markovian semigroup.
We will then pass to the more delicate case of infinite graphs, which requires the intro-
duction of discrete version h' of the common Sobolev space H!, and show how certain
combinatorial properties of the graph influence some functional analytic properties of h'
following [KL10,Mug13].

Finally, we will consider non-autonomous heat equations on graphs. That is, we will
discuss the case of discrete Laplacians £ (or equivalently, quadratic forms a) that are
not constant with respect to the time variable: in this part of the project we apply some
results on maximal regularity and stability obtained in [ADLO14] and [ADK14] to the
case of non-autonomous discrete Laplacian.
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2.15 Project O

Characterisation of LP-contractivity by invariance criteria

THOMAS EITER (DARMSTADT), FEDERICA GREGORIO (SALERNO)
MARCEL KREUTER (ULM), MARC WRONA (DARMSTADT)

Coordinators: JOCHEN GLUCK (ULM), MARKUS KUNZE (KONSTANZ)

Consider a Cy-semigroup on an L?-space whose generator is associated to a form a. As
we have seen in the lecture, there are abstract results which allow us to check whether
a closed convex set C'is invariant under the semigroup. This can often be used to prove
L>-contractivity or L'-contractivity of the semigroup. In principle, those criteria can
also be used to establish LP-contractivity of the semigroup. This, however, requires
knowledge about the projection onto the LP-unit ball, which, unfortunately, cannot be
computed explicitly.

Recently, Nittka overcome this problem by establishing an implicit formula for this
projection which contains enough information to apply the abstract invariance criterium.
In our talk we present this approach in detail, closely following Nittka’s original article

[1].
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