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1. Problem formulation

Consider an ill-posed linear system

Ax ~ b, A € RY*™, b e R",

with a white noise contaminated right-hand side

h — bea:act _|_ bnoise # 0 € Rn, || be:cact ” > H bnoise ||

Possible difficulties:

e the noise component b™°%€ is yunknown:

e the rank of A is not well defined (singular values of A decay
gradually to zero);

e the solution is sensitive on small perturbations in data.



Singular values of A decay gradually to zero:

5

10 I
— SHAW(200)
— SHAW(400)
— SHAW(600)
10° \ .
10° | .
10—10 | |
10—15 | |
:\
107%° ! l ! ! \

0 100 200 300 400 500 600



Denote [ = rank(A). Consider the singular value decomposition
o l
A=0xV?! Z 5,7,

S = diag(5q,...,5)).

J = [ty,...,%), V = [01,...,7],
The least squares method (LS) minimizes ||b — Ax|| and
Lol
LS  _ J - =
X T Z & Uj
j=1 9J
| plpexact |  plpnoise
= > =0+ > =17
j=1  9J j=1 9

Thus components of the solution corresponding to small singular val-
ues may be dominated by errors in b, the solution is meaningless.
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Regularization methods are used to suppress the effect of errors in
the data and extract the essential information about the system, e.qg.,

e truncated SVD, truncated total least squares, Tikhonov regu-
larization, see [Hansen, O'Leary — 97], [Fierro, Golub, Hansen,
O'Leary — 97], [Hansen - 98], [Golub, Hansen, O’'Leary - 99],
[Sima, Van Huffel, Golub - 04], [Kilmer, Hansen, Espanol - 06],

e methods based on iterative Golub-Kahan bidiagonalization as
LSQR, hybrid methods, see [Paige, Saunders — 82], [Bjorck — 96],
[Hansen — 97], [Hanke — 01], [Kilmer, Hansen, Espanol - 06], ...



2. Regularization by Golub-Kahan bidiagonalization
Consider Golub-Kahan bidiagonalization (GK) of A in the form

wo — 07 §1 — b//Bla where 51 — ||b||27
for y=1,2,3,...

ajw; = Al's; — Bjw;_q,  Jwll =1,
Bi+1sj41 = Awj —ajsj,  sjpall =1,
end .
Denote S, = [s1,...,8,], W = [w1,...,w;] resulting matrices with
orthonormal columns and
o ]
B2 a2 Ly, ]
L, = . Ly, = .
g e gl et Bret1
! Br ap |




Regularization methods based on GK compute the solution in two
steps. First the problem is projected on the Krylov subspace using k
steps of bidiagonalization (outer regularization), i.e.

AWk — Sk—|—1 Lk:—|—-
Then an inner regularization is applied to the projected problem

Arx =~ b — Lk_l_y ~ 6161.

T he bidiagonalization is stopped when the regularized solution of the
projected problem matches selected stopping criteria, based on the
L-curve, estimation of the distance between the exact and regularized
solution, the discrepancy principle, cross validation methods etc.



3. Revealing the noise level in data

GK starts with the normalized noisy right-hand side sy = b/ ||b||, thus
vectors S has to contain some information about the noise.

Can information about the noise level be obtained by analyzing the
vectors s; generated by GK?

Example: Consider the problem SHAW(400) from [Hansen, RTools]
with a noisy right-hand side (the noise was artificially added)

46.62 — H beazact || > ” bnoise || — 10—12 '



Components of several bidiagonalization vectors s
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Fourier coefficients of vectors S in the basis of the left singular
vectors U of A:
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Fourier coefficients of vectors S computed by FFT algorithm:

Sl SG S11 S16 Sl?
S18 S19 SZO S21 S22

4
:
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Using the three-term recurrences,

1
Bosy = Awy —ays; = — AALsy —aqsq,
o1

where AAT has smoothing property. The vector s, is a linear combi-
nation of s; contaminated by the noise and A A1 s; which is smooth.
T herefore the contamination of s; by the high frequency part of the
noise is transferred to s,, while a portion of the smooth part of sq is
substracted by orthogonalization of s, against sq1. The relative level
of the high frequency part of noise in s, must be higher than in s;.

In subsequent vectors s3,s4,... the relative level of the high frequency
part of noise gradually increases, until the low frequency information
IS projected out.
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In the example, vector sjg is fully dominated by noise —

the noise is revealed.

(In the 19th step, the noise is partially projected out because vectors
s; has to be mutually orthonormal.)

Now we get explicit information when the noise begins to cover useful
information in the data. The solution of the original problem Axz =~ b
computed through the bidiagonal problem

Lijy = fB1e1
for j > k"0'S¢ = 18 can be significantly polluted by the noise.
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Estimation of the noise level:

By some manipulations with the three-term recurrence for Sj

knoise

. B
Jorosel| &gy [
j=2 %j-1
where 81 = [|b||. Thus
= 1 kH Bj
=

IS an estimate of the relative noise level in the original data.



Examples: Noise levels in the data, estimate § and iterations k™°'s¢,
for the problem SHAW(400)

level 271 e—14 | 2.71 e—10 | 2.71 e—6 | 2.71 e—4 | 2.71 e—-2
) 3.76 e—-14 | 190 e—9 | 3.76 e—6 | 2.82 e—4 | 8.02 e-2
froise 18 16 11 8 4
and ILAPLACE(100,1).

level 468 e—13 | 4.68 e—10 | 4.68 e—7 | 4.68 e—2 | 4.68 e—1
) 261 e—11 | 2.30 e—10|1.31 e—7 | 2.09 e—2 | 6.77 e—-1
Lnoise 23 21 17 { 3
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4. Stopping criteria

There are two stages with different behavior.

1. Stopping GK for k < gnoise:

The bidiagonal problem L,y = [B1e; can be solved directly, but
some information is not absorbed in the problem yet and the result
IS unsatisfactory.

2. Stopping GK for k > knouse;

The bidiagonal problem inherits a part of the ill-posedness of the
original problem, and therefore some form of inner regularization
must be applied (idea of hybrid methods).
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Exact solution and solution computed directly from the bidiagonal

problem with k = k,,pjse, for SHAW(400) with || bm0tse || = 10712
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Truncated SVD - regularized solution:

Consider the SVD of the bidiagonal matrix
Ly = U1 X1 V{4
and denote
Uy = SpU11, Viy = WiV € R™F,
then
Ul AV, = 5.

Moreover we denote

U = [ul,...,uk], Vi = [’U]_,...,Uk], lediag(al,..

L, O) -
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We define a k-r-TSVD solution of Az ~ b as

T J—.’Uj, r <k

T
TSVD,r _ i uj b
: 0

=1
and study the relative error

TSVD,
|zt — o SVOT |5

|| weazact ||2

Remember k is the dimension of the bidiagonal problem, r is the
truncation parameter in TSVD applied on the bidiagonal problem.
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Relative error of k-r-TSVD solution, for SHAW(400) with

H bnoise H — 10—12 ( knoz’se — 18 >:
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Relative error of k-r-TSVD solution, for SHAW(400) with
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Choosing the TSVD truncation level r close to k"°'¢ gives a good
approximation of the solution.

Discrepancy principle:

Bidiagonalization is stopped for the smallest £ where
b — Az SVPT|| = a b ~ a6 bl
0 is the estimate of the noise level and « is a given real parameter.
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5. Summary and future work

Information about the noise can be obtained directly from the bidi-
agonalization without solving the problem. It is possible to

e identify the iteration when the noise is significantly transfered to
the projection,

e estimate cheaply the noise level in the original data.

Stopping criteria based on discrepancy principle can be used in sub-
sequent iterations.
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Thank you for your attention!
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