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1. The Nonlinear Eigenvalue Problem

Consider the nonlinear eigenvalue problem

T(AMNz =0 with T(.): D C Cw— C"™ suff. smooth.
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1. The Nonlinear Eigenvalue Problem

Consider the nonlinear eigenvalue problem

T(AMNz =0 with T(.): D C Cw— C"™ suff. smooth.

Let \. € C be an algebraically simple eigenvalue of T, i. e.,

e it is geometrically simple: rankT(As) =n —1 =
d z.,y. € C", ||z«|| = ||ly«|]| = 1, such that

ker T(\«) = span {z.}, kerT(\.) = span {y.}
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1. The Nonlinear Eigenvalue Problem

Consider the nonlinear eigenvalue problem

T(AMNz =0 with T(.): D C Cw— C"™ suff. smooth.

Let \. € C be an algebraically simple eigenvalue of T, i. e.,

e it is geometrically simple: rankT(As) =n —1 =
d z.,y. € C", ||z«|| = ||ly«|]| = 1, such that

ker T(\«) = span {z.}, kerT(\.) = span {y.}

which implies | T(A\)z. =0, yZT(\) =0

o | 6(\.) #0 | where §(A\) =detT(N) < | a.=y2T(\.)z. #0
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The Nonlinear Eigenvalue Problem

Special cases

e T(\) = A— )\ : special linear evp, a, = —yfz,
e T(\) = A— \B: generalized linear evp, a, = —y Bz,
e T()\) =AM+ \XC+ K : quadratic evp, a. = 2\, yIMazx, +y7Cex,
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The Nonlinear Eigenvalue Problem

Special cases

e T(\) = A— )\ : special linear evp, a, = —yfz,
e T(\) = A— \B: generalized linear evp, a, = —y Bz,
e T()\) =AM+ \XC+ K : quadratic evp, a. = 2\, yIMazx, +y7Cex,

Question
e Is there a reasonable extension of
Ostrowski’'s Two-Sided RQI (=: 2sRQI)

developed for linear eigenproblems to the case of nonlinear
eigenvalue problems?

e Can one proof cubic convergence as has been done for the
linear case?
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2. Rayleigh Quotient Iterations

For a given matrix A € C"*", the classic Rayleigh Quotient Iter-
ation (=: RQI) reads as follows
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2. Rayleigh Quotient Iterations

For a given matrix A € C"*", the classic Rayleigh Quotient Iter-
ation (=: RQI) reads as follows

Given u with ||u|| =1, Step u — u, :

S1: Set 0 =p(u) := v Au = v Au/ufu

S2: Solve | (A — 9I)um““ =u

+
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u, = uinmt/”,ulinmt”
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2. Rayleigh Quotient Iterations

For a given matrix A € C"*", the classic Rayleigh Quotient Iter-
ation (=: RQI) reads as follows

Given u with ||u|| =1, Step u — u, :

S1: Set 0 =p(u) := v Au = v Au/ufu

S2: Solve | (A —0@)u™" = | for u'™" set | u, = u™"/||u™v"|

Ingredients:
e Forming the Rayleigh quotient p(u) in S1

e Performing one step of inverse iteration with shift 6 = p(u) in
S2
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2. Rayleigh Quotient Iterations

For a given matrix A € C"*", the classic Rayleigh Quotient Iter-
ation (=: RQI) reads as follows

Given u with ||u|| =1, Step u — u, :

S1: Set 0 =p(u) := v Au = v Au/ufu

S2: Solve | (A —0@)u™" = | for u'™" set | u, = u™"/||u™v"|

Ingredients:
e Forming the Rayleigh quotient p(u) in S1

e Performing one step of inverse iteration with shift 6 = p(u) in
S2

Convergence:
e Cubic in case A = A (in fact, AA”" = A" A is enough!)

e Quadratic otherwise (since then p(u) is not stationary at z.)
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Rayleigh Quotient Iterations

How to construct a RQI that converges cubically for gen-
eral A?
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Rayleigh Quotient Iterations

How to construct a RQI that converges cubically for gen-
eral A?

Ostrowski 1958/59:

e Jterate the left eigenvectors, too

e Use the generalized Rayleigh quotient (which is stationary at
the eigenvectors, see later)
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Rayleigh Quotient Iterations

How to construct a RQI that converges cubically for gen-

eral A7

Ostrowski 1958/59:

e Jterate the left eigenvectors, too

e Use the generalized Rayleigh quotient (which is stationary at

the eigenvectors, see later)

This leads to Ostrowski's two-sided Rayleigh Quotient Iteration:

Given (u,v) with ||u|| = ||v|| =1, Step (u,v) — (u,,v,):

S1: Set 0 = p(u,v) := v Au/vliu

52: SO'Ve (A . el)uinvzt — u | for uinm't, set u, = 'U,inmt/H’LLinUZtH
S2: Solve (A _ QI)H,Uinm't — v | for ,vim;it, set v, = Uinvit/”,vinvitn
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3. Nonlinear Rayleigh Functionals

The generalized Rayleigh quotient

p(u,v) —

vH Au

vy

Y

vy £ 0,

satisfies the equation v (A — pI)u = v T (p)u = 0.
——

=T (p)
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3. Nonlinear Rayleigh Functionals

The generalized Rayleigh quotient

H
v Au
vy

satisfies the equation v (A — pI)u = v T (p)u = 0.
——
=T(p)
Hence, in case of nonlinear problems T'(A)xz = 0, for given (u,v),

the nonlinear Rayleigh functional p(u,v) may be defined as solu-
tion A = p(u,v) of the scalar equation

g\ u,v) = vIT(N)u =0 (NRF-EQ)

with respect to A. Note that (NRF-EQ) is a Galerkin-Petrov
orthogonality condition for the residual T'(\)u.
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3. Nonlinear Rayleigh Functionals

The generalized Rayleigh quotient

H

v Au

p(u,v) = ———, vTu#0,
vy

satisfies the equation v (A — pI)u = v T (p)u = 0.
——
=T(p)
Hence, in case of nonlinear problems T'(A)xz = 0, for given (u,v),

the nonlinear Rayleigh functional p(u,v) may be defined as solu-
tion A = p(u,v) of the scalar equation

g\ u,v) = vIT(N)u =0 (NRF-EQ)

with respect to A. Note that (NRF-EQ) is a Galerkin-Petrov
orthogonality condition for the residual T'(\)u.

What about existence und uniqueness?
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Nonlinear Rayleigh Functionals

Theorem 1: Suppose that T(.) : D € C — C™", D open, is
holomorphic on D, and that A, € D is an algebraically simple
eigenvalue of T, i.e., there exist eigenvectors z.,y. with ||z.|| =
|ly«|| = 1 such that kerT'(\.) = span{z.}, ker T'(\.)¥ = span {y.}
and a, := yT()\.)z. # 0. Then there are constants 0 < 7y, 0 <
g0 < m/2 such that, for all (u,v) € K(e0), there exists a unique
p = p(u,v) € So := S(As, 70) With g(p,u,v) = v7T(p(u,v))u = 0 and
g(p,u,v) = 01T (p(u,v))u # 0. Moreover, one has

[Tl

| 0|
(NRF-EST)
where | K(g) = {(u,v) €C" x C": £ <e, n<e} | for any e < w/2

8
p(u,v) = M| < Kitang tann  with Ky = ¢

with | £ = £(span {u},span{x.}),n = £(span {v},span {y.}).

Note that € < n/2 implies v # 0, v # 0 and that (NRF-EST), as
the value of p(u,v), does not depend on the scaling of u,v.

8th GAMM Workshop Linear Algebra 7 Schwetlick/Schreiber, TU Dresden



Nonlinear Rayleigh Functionals

It is also possible to prove a

Perturbation expansion: Assumptions and constants as in
the theorem but now suppose (u,v) € K(e0/2). Then there exist
do, K2 > 0 such that, if s and t satisfy 6, = ||s||/||u|| < o, I =
It /l|lv]| < do, then (u + s,v +t) € K(e0), hence, p(u + s,v + t)
uniquely exists in S(\., ), and one has the first order expansion

VT (p(u,0))s T (p(uy )
vHT (p(u,v))u  vHT (p(u,v))u

p(u + 5,0 +t) = p(u, v) — + p(s, 1)

with second order remainder (NRF-EXP)

[p(s, )] < Ko(6u + 60)° = Ko(|Is|l/[lull + [[2ll/1lv]])*.
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Nonlinear Rayleigh Functionals

It is also possible to prove a

Perturbation expansion: Assumptions and constants as in
the theorem but now suppose (u,v) € K(e0/2). Then there exist
do, K2 > 0 such that, if s and t satisfy 6, = ||s||/||u|| < o, I =
It /l|lv]| < do, then (u + s,v +t) € K(e0), hence, p(u + s,v + t)
uniquely exists in S(\., ), and one has the first order expansion

VT (p(u,0))s T (p(uy )
vHT (p(u,v))u  vHT (p(u,v))u

p(u + 5,0 +t) = p(u, v) — + p(s, 1)

with second order remainder (NRF-EXP)

[p(s, )] < Ko(6u + 60)° = Ko(|Is|l/[lull + [[2ll/1lv]])*.

Note that (NRF-EXP) shows for arbitrarily scaled eigenvectors
z.,y. the stationarity of p(u,v) at (z.,y.) in the sense of

P(@« + 8,5« + ) = A + O((I[sll/llzll + 1121/ lly=11)?)-
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4. Nonlinear Shifted Inverse Iteration

After having found a nonlinear Rayleigh functional, we have to
look for a nonlinear analog for the shifted inverse iteration step

(u,0) — u™ = (A —0I)"'u
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4. Nonlinear Shifted Inverse Iteration

After having found a nonlinear Rayleigh functional, we have to
look for a nonlinear analog for the shifted inverse iteration step

(u,0) — u™ = (A —0I)"'u

Recall: The Newton step (u,0) — (u¥,0") for the extended sys-

tem (A — Az =0, wz =1 delivers an z-part v = pu(A —6I)"'u
which is proportional to u/"v'.
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4. Nonlinear Shifted Inverse Iteration

After having found a nonlinear Rayleigh functional, we have to
look for a nonlinear analog for the shifted inverse iteration step

(u,0) — u™ = (A —0I)"'u

Recall: The Newton step (u,0) — (u¥,0") for the extended sys-
tem (A — Az =0, wz =1 delivers an z-part v = pu(A —6I)"'u
which is proportional to u/"v'.

Do the same in the nonlinear case: Consider the extended system

w'r — 1 04

Ful2) = Fule, ) = | i) | = [0 (ES)

for z = [{] € C""! where w € C", ||w|| = 1, is a normalizing vector
such that wfz, # 0, cf. Anselone/Rall [1967].
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4. Nonlinear Shifted Inverse Iteration

After having found a nonlinear Rayleigh functional, we have to
look for a nonlinear analog for the shifted inverse iteration step

(u,0) — u™ = (A —0I)"'u

Recall: The Newton step (u,0) — (u¥,0") for the extended sys-
tem (A — Az =0, wz =1 delivers an z-part v = pu(A —6I)"'u
which is proportional to u/"v'.

Do the same in the nonlinear case: Consider the extended system

w'r — 1 04

Ful2) = Fule, ) = | i) | = [0 (ES)

for z = [{] € C""! where w € C", ||w|| = 1, is a normalizing vector
such that wfz, # 0, cf. Anselone/Rall [1967].
Case T'(A\) = A — Xl : Unger [ZAMM 1950], see also Zurmihl
[1953], with coordinate vector w = ¢;, i.e., z; = 1, cf.
http://www.math.tu-dresden.de/ schwetli/Unger.html
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Nonlinear Shifted Inverse Iteration

Derivatives of F,(z,\) = (T(\)z,wfz — 1)

OF (z, \) [Z _ :T(A)s JHC';(A)W] _ [7;52) T(S\)x] Lj
8°F (x, \) m [le _ :T'(A)(suwslg) +T(A)wm]

Obviously F(z¥, A.) =0 for z¥ = z,/(wz,), and one has

[T(A*)

[ w

— wx, # 0 and )\, algebraically simple

nonsingular
0|

OF (z¥, Ay) =
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Nonlinear Shifted Inverse Iteration

Derivatives of F,(z,\) = (T(\)z,wfz — 1)

OF . (2, \) [Z _ :T(A)s JHi(A)xu] _ [1;52) T(S\)m] [Z]
O’ F u(x, \) [Z] [le _ T (>\)(8m+31g) —I—T()\):c,uull
Obviously F(z¥,\.) =0 for z¥ = z./(wz.), and one has
{T()\*) T()\*)a:i“-‘ |
OF (z, As) = nonsingular
L w0 ]

— wx, # 0 and )\, algebraically simple

Now perform for F,(z) = F,(xz,A\) = 0 one Newton step

zr, = (u,0) = zp = (u,0)) = (u+s,0 + p)
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Nonlinear Shifted Inverse Iteration

This means: Solve the linear system F,(u,8)+ 0F,(u,0)(s, ) =0
for the Newton correction (s, u), i.e., solve the block system

wt 0 I

[T(O) T(O)u] H . [T(O)u

0

K

8th GAMM Workshop Linear Algebra
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H

w s

T(0)s + T(0)up = —T(8)u

= 0
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Nonlinear Shifted Inverse Iteration

This means: Solve the linear system F,(u,8)+ 0F,(u,0)(s, ) =0
for the Newton correction (s, u), i.e., solve the block system

[T(O) T(O)u] H . [T(O)u] e T(0)s + T(0)up - —T(0)u

wt 0 7 0 whfs — 0

The upper block can be rewritten as _
TO)uY =T(0)(u+ s) = —T(0)up.
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Nonlinear Shifted Inverse Iteration

This means: Solve the linear system F,(u,8)+ 0F,(u,0)(s, ) =0
for the Newton correction (s, u), i.e., solve the block system

[T(O) T(O)u] H . [T(O)u] e T(0)s + T(0)up - —T(0)u

wt 0 7 0 whfs — 0

The upper block can be rewritten as _
TO)uY =T(0)(u+ s) = —T(0)up.
If 6 ¢ \(T") then we obtain

uN = —T(0)'T(0)up

+
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Nonlinear Shifted Inverse Iteration

This means: Solve the linear system F,(u,8)+ 0F,(u,0)(s, ) =0
for the Newton correction (s, u), i.e., solve the block system

wh 0 v

0

H

[T(O) T(O)u] H . [T(O)u] e T(0)s + T(0)up - —T(0)u

w s

= 0

The upper block can be rewritten as _
TO)uY =T(0)(u+ s) = —T(0)up.
If 6 ¢ \(T") then we obtain

N

L

—T(0)'T(0)upu

Hence, the Newton direction span {«} is identical with the direc-

tion span {ui’“’“} obtained by one step of the so-called nonlinear
inverse iteration with shift 0 from wu:

u™t = T(0)~'T(0)u (= —(A — 6I)~'u for linear problems)

8th GAMM Workshop Linear Algebra
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Nonlinear Shifted Inverse Iteration

Convergence
From general Newton theory it follows that, for fixed w,

A * : * — : _ pwl|2 . 2
[W—A*] ‘ < Ks [9—)\*] K \/||u z?||2 4+ 10 — A
provided that ||z — z|| = H [Zjﬁﬂ H is sufficiently small.
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Nonlinear Shifted Inverse Iteration

Convergence
From general Newton theory it follows that, for fixed w,

uiv—xi” U —xy

provided that ||z — z%|| = ]

2

= Ky y/llu— o224 16 — ]

‘§K3

{g:ﬁw} H is sufficiently small.
However, taking into account the special product form

57 (2, \) [Zr _ [2 T(\)sp g T(A)x,ﬂ] _ [2 T(\)s g T(\)zp

of the 2nd derivative as did Unger, we obtain the better estimate

|w5—ﬁw}§
o — |

N w
U, — T

+

< Ka |0 = Al {{lu — 22| 416 = Aul}

(N-EST)
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5. Two-sided Nonlinear R_Functional I

Now we are able to formulate the nonlinear analog of 2sRQI:
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5. Two-sided Nonlinear R_Functional I

Now we are able to formulate the nonlinear analog of 2sRQI:
Nonlinear Two-Sided RFI (=N2sRFI)
Given (u,v) with ||u|| = ||[v|| =1, Step (u,v) — (u,,v,):

S1: Solve | v T (p)u =0 | for p = p(u,v), set | 6 = p(u,v)

S2: Solve | T(8)ui™ = T(Q)u | for ui™, set | u, = w™it/||um¥|

53: SO'Ve T(O)H,Uim}it — T(Q)’U for ,Uim)it’ set v, = vinvit/”,uim;itn
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5. Two-sided Nonlinear R_Functional I

Now we are able to formulate the nonlinear analog of 2sRQI:
Nonlinear Two-Sided RFI (=N2sRFI)

Given (u,v) with ||u|| = ||[v|| =1, Step (u,v) — (u,,v,):

S1: Solve | v T (p)u =0 | for p = p(u,v), set | 6 = p(u,v)

S2: Solve | T(8)ui™ = T(Q)u | for ui™, set | u, = w™it/||um¥|

53: SO'Ve T(Q)H,Uim}it — T(Q)’U for ,Uim;it’ set v, = vinvit/”,uinvitn

In case of convergence the matrices T'(0,) become more and more
singular which is not a problem when using a backward stable
linear solver as Gaussian LR-factorization, cf. Peters/Wilkinson
1979 for the linear case, but may cause trouble when using iter-
ative Krylov-Solvers when n is large.
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Two-sided Nonlinear R_Functional_l

Then an alternative implementation based on the bordered block
Newton systems is preferable. In order to have for the dual
problem T'(A\)y = 0, w! 5y = 1 a block Jacobian that is the
Hermitian transposed of the Jacobian for the primal problem,
we use w = T(0)"v and wy,u = T(0)u which is admissible since
whle, = vHT(0)zs ~ a # 0, wi y. = uT(0) y. ~ a. # 0.
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Two-sided Nonlinear R_Functional_l

Then an alternative implementation based on the bordered block
Newton systems is preferable. In order to have for the dual
problem T'(A\)y = 0, w! 5y = 1 a block Jacobian that is the
Hermitian transposed of the Jacobian for the primal problem,
we use w = T(0)"v and wy,u = T(0)u which is admissible since
whle, = vHT(0)zs ~ a # 0, wi y. = uT(0) y. ~ a. # 0.

T herefore, replace the Steps S2, S3 of N2sRFI by

S2': Solve [ ) T(G)u] [8] —

vIT(0) 0 7

[

0

Set u, = (u+s)/||u+ s

for (s, p)

T(0) T(H)u] " [t

S3': Solve [vHT(O) 0 5

-

T(6)"v
0

|

for (t,v)

Set v, = (v+1)/||v+t

8th GAMM Workshop Linear Algebra 14
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Two-sided Nonlinear R_Functional_l

Remarks

e The directions span {u!'} and span {v""} does not depend on
the bordering vectors w and wy,, used in the Newton step!

e Unlike the T'(6;), the bordered matrices

viT(6) 0

have uniformly bounded inverses for 6y, &k, . — 0 where

&k = L(span {ut},span{z.}), Ny = L(span{vk},span {y.}).

e \When, e.g., for GMRES as iterative solver an ilu-preconditioner
is used, the same preconditioner can be used for both the pri-
mal und dual system. Moreover, both systems can be solved
in parallel.
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6. Cubic Convergence of N2sNRF

As the basic 2sRQ)I for linear problems, the new Nonlinear Two-
Sided Rayleigh Functional Iteration N2sNRF converges for gen-
eral T cubically in the following sense:
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6. Cubic Convergence of N2sNRF

As the basic 2sRQ)I for linear problems, the new Nonlinear Two-
Sided Rayleigh Functional Iteration N2sNRF converges for gen-
eral T cubically in the following sense:

Theorem 2 Under the assumptions of Theorem 1, there are
constants 0 < 75, 0 < g9 < /2 such that, for all §, € S(z., ) and
for all (up,vo) € K(eo), the algorithm N2sRFI is well defined and
converges:

lim 6, = A, lim & = lim 7, = 0.
k—o0 k— o0 k—oo

Moreover, there exist constants K;, K > 0 such that

(i) 0k+1 — As] < K5 |0 — As|? sin &g sinmy,

(i) | sin&y1 < Kgsin®§sinmy, sinmp < K sin® mg sin &
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Cubic Convergence of N2sNRF
Remarks

e Inequalities (ii) mean that the angles {&:}, {nx} converge al-
ternating Q-cubically toward 0.

e A deeper analysis using some results of J.W.Schmidt 1981

On the R-order of coupled sequences shows that the angles
{&:}, {n:} converge both with R-order 3.
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Cubic Convergence of N2sNRF
Remarks

e Inequalities (ii) mean that the angles {&:}, {nx} converge al-
ternating Q-cubically toward 0.

e A deeper analysis using some results of J.W.Schmidt 1981

On the R-order of coupled sequences shows that the angles
{&:}, {n:} converge both with R-order 3.

Sketch of the proof

In what follows we omit the index k.

For 6 = 6, computed in S1 we get from (NRF-EST) the bound

10 — Ai| = |p(u,v) — Ai| < Kjtanétann. (a)
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Cubic Convergence of N2sNRF
Remarks

e Inequalities (ii) mean that the angles {&:}, {nx} converge al-
ternating Q-cubically toward 0.

e A deeper analysis using some results of J.W.Schmidt 1981
On the R-order of coupled sequences shows that the angles
{&:}, {nr} converge both with R-order 3.

Sketch of the proof

In what follows we omit the index k.

For 6 = 6, computed in S1 we get from (NRF-EST) the bound

10 — Ai| = |p(u,v) — Ai| < Kjtanétann. (a)

For investigating the improvement in the direction of u, v caused
by the inverse iteration steps in S2 and S3, we exploit that u]f
defined by one Newton step for (NS) and u'"" defined in S2
span the same direction, i.e., they have the same angle &, with
span{z.}. In the proof we chose w = u for normalizing . .
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Cubic Convergence of N2sNRF

Analogously, v obtained from one Newton step (v, ) — (v!¥, 6")
for T(\)"y =0, vy =1 and v from S3 span the same direc-
tion which has the angle n, with span {y.}.
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Cubic Convergence of N2sNRF

Analogously, v obtained from one Newton step (v, ) — (v!¥, 6")

for T(\)"y =0, vy =1 and v from S3 span the same direc-
tion which has the angle n, with span {y.}.

At first one has to show that the Jacobians 0F,(u,8) have uni-
formly bounded inverses w.r.t. (u,0) with £ < gy and || — A.|| < 0.
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Cubic Convergence of N2sNRF

Analogously, v obtained from one Newton step (v, ) — (v!¥, 6")

for T(\)"y =0, vy =1 and v from S3 span the same direc-
tion which has the angle n, with span {y.}.

At first one has to show that the Jacobians 0F,(u,8) have uni-
formly bounded inverses w.r.t. (u,0) with £ < gy and ||0 — .|| < 7.

The Newton estimate (N-EST) for the z-part with w = u was

[l — 2] < Kal0 — Al {[lu — || + 6 — Aul} (b")
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Cubic Convergence of N2sNRF

Analogously, v obtalned from one Newton step (v, ) — (v¥

oN)

+ 07+

for T(\)Hy = 0 vy =1 and v from S3 span the same direc-
tion which has the angle n, With span {y.}.

At first one has to show that the Jacobians 0F,(u,8) have uni-
formly bounded inverses w.r.t. (u,0) with £ < gy and ||0 — .|| < 7.

The Newton estimate (N-EST) for the z-part with w = u was

[l — 2] < K |6 —

Al {llw — 22| 416 — A} (b")

For introducing & on the right hand side we use that

ulz,
Sl

lu — 2¥]]? = [lu — 7P = [Jull® —2 Re(u

N

H

i)+ g |I° = tan®¢

ufz,

~~
=l

:1/c082§
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Cubic Convergence of N2sNRF
o)

Analogously, v obtalned from one Newton step (v, 0) — (v+ , 0.
for T(\)Hy = 0 vy =1 and v from S3 span the same direc-
tion which has the angle n, With span {y.}.

At first one has to show that the Jacobians 0F,(u,8) have uni-
formly bounded inverses w.r.t. (u,0) with £ < gy and || — A.|| < 0.

The Newton estimate (N-EST) for the z-part with w = u was

[l — 2] < Kal0 — Al {[lu — || + 6 — Aul} (b")

For introducing & on the right hand side we use that

lw = 22 = flu — g 1 = lull’ —2 Re(u 7) + |l57|° = tan®€

N

=il ~N
- =1 :1/c082§

For introducing &£ on the left hand side, we use the fact that

uy
lzell Tzl

sin &, <
& < [|lz2]|

= Bl — cosg ||ull — o] < Jlul — 2t
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Cubic Convergence of N2sNRF

Hence, we end up with

sin€, < K1]0 — M| {tan& + [0 — A}, (b)
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Cubic Convergence of N2sNRF

Hence, we end up with

sin€, < K1]0 — M| {tan& + [0 — A}, (b)

Estimating |60 — A\.| in (b) by

0 — X\ < Kitan&tann (a)

from above yields

sin{, < K tan{ tann {tan{+ K tan{tann} < K sin’ € sinn,
< Ksingé < Ksing < Ktanf < Ksin¢

hence, the first inequality in (ii). Here K is a generic constant.
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Cubic Convergence of N2sNRF

Hence, we end up with

sin€, < K1]0 — M| {tan& + [0 — A},

Estimating |60 — A\.| in (b) by

10 — A\ < Kjtan&tann

from above yields

(b)

(a)

< Ksin¢ < Ksinng < Ktan¢ < Ksiné

sin{, < K tan{ tann {tan{+ K tan{tann} < K sin’ € sinn,

hence, the first inequality in (ii). Here K is a generic constant.
The bound for sin. is obtained considering T'(\)y = 0, vy = 1.
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Cubic Convergence of N2sNRF

Hence, we end up with

sin€, < K1]0 — M| {tan& + [0 — \.|}. (b)

Estimating |6 — A\.| in (b) by

0 — X\ < Kitan&tann (a)

from above yields

sin{, <K tan{ tann {tan{+ K tan{tann} < K sin’ € sinn,
< Ksiné < Ksinng gKtangrg Ksin&

hence, the first inequality in (ii). Here K is a generic constant.
The bound for sin . is obtained considering T'(\)y = 0, vy = 1.
The bound (i) is obtained from (a) and (b) as follows:

0. — A < K1 tan§. tann, J§K|9—)\*|28in£sinn.
§K|0—K*|tan§ §K|9—K*|tan77
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Cubic Convergence of N2sNRF

The end — thanks for your attention!

Greetings from Dresden — the Frauenkirche

8th GAMM Workshop Linear Algebra 20 Schwetlick/Schreiber, TU Dresden



	The Nonlinear Eigenvalue Problem
	Rayleigh Quotient Iterations
	Nonlinear Rayleigh Functionals
	Nonlinear Shifted Inverse Iteration
	Two-sided Nonlinear R_Functional_I
	Cubic Convergence of N2sNRF

