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Basic definitions for quaternions

H :=R* ... the skew field of quaternions

Let
r = (21,72, 23, 74), Y= (Y1,Y2,Y3,¥1) € H.
Then
and T4y = (21 + Y1, T2 + Yo, T3 + Y3, T4 + Ya4)
vy = (T1y1 — Tay2 — T3Y3 — T4Ys, T1Y2 + Toy1 + T3Ys — T4Y3,
T1Y3 — ToYs + T3Y1 + TaYo, T1Ys + Toys — T3y + TaY1).
e The first component x; ... the real part of x, denoted by Rz.
e The second component x5 ... the imaginary part of x, denoted by .

o = (11,0,0,0) will be identified with z; € R
o v = (x1,29,0,0) will be identified with x; 4 iz, € C
e The conjugate of x will be defined by T = (x1, —x9, —23, —4)

e The absolute value of z will be defined by |z| = \/2? + 23 + 22 + 22

: . _ z
e The inverse quaternion is defined as z7! = —

e for x € H\{0}



Classes of equivalence

Two quaternions x and y are called equivalent, X ~Yy,
if there is h € H\{0} such that y = h™1zh.

2] ={y€H: y=h"'zh for h€H\{0}} ... -equivalence class of z

Lemma. Two quaternions x and y are equivalent if and only if

Rer=Ry and |z|=|y|

a e R = [a] ={a}
ceC = ce]q, ce

]

Corollary. Let x = (21,29, 23, 24). Then

T = (xl,\/x%—l—x%-l—:ci,0,0) =2y + |z,]i € [7]

is the only complex element in [x] with non negative imaginary part.



Quaternionic linear mappings

A mapping
L:H—H

is called a quaternionic linear mapping over R if

L(yx + dy) = vL(x) + §L(y) for all z,y € H, 7,0 € R.

Let us remark that
L(O) =Y,

L(ax) # aL(z), L(za) = L(x)a fora e H\ R

S

The four unit vectors in H are denoted by

1 :(1,0,0,0) 1 €9 : (0,1,0 0)_ 1 €3 : (0 0,170)— J, €4 :

=(0,0,0,1) =

- k.



Definition A quaternionic linear mapping L is called singular
if there is  # 0 with L(z) = 0.
The mapping L is called non singular if it is not singular.

Theorem Let L be a quaternionic linear mapping.
Then, there exists a matrix M € R*** such that

L(z) = Mx,

where z, L(z) have to be identified with the corresponding column
vectors x, Mx and (with the same identification)

M := (L(ey), L(ea), L(es), L(eys)) .

Lemma A quaternionic linear mapping L is singular if and only if

det M =0.



Definition Let a := (a1, a9, a3, ay) € H.
Let us introduce two mappings 71, 7 : H — R¥>* by

a; —ags —az —aq
a ap —a4 ag

Tl(a) = (ael, CL€2, CL€3, CL€4) = A_ o= 0 o o —a ’
as —as a2 aq
al _a/2 _ag —0,4
7_2(a) = (€1a,62a,63a, €4a) - ;A; — az a1 as, —as

as —ay aq a9
a4 a3 —as aq

Denote by Hpg all matrices of the type A, by Hp all matrices of the type A.
Hp are called pseudo-quaternions.

Remark Hyg is isomorphic to H.



Lemma Let a = (ay,as,a3,a4) € H, b= (b1, ba, b3, by) € H, col(a) = (ay,as,as, as)’

be the column vector consisting of the four components of a.

Then for a,b, c € H we have
(1) 72(ab) = 7a(b)72(a)
(2) 11(a)72(b) = 72(b)7i(a),
(3) col(ab) = 71 (a)col(b) = r5(b)col(a),
(4) col(abe) = 71(a)r(b)col(c) = To(c)ms(b)col(a),

(5) col(abc) = 1 (a)ma(c)col (D).



Theorem Let LY (z) := axb for arbitrary a, b,z € H.
Then, there is a matrix M € R*** such that

LW (z) := azb = Mx, and M = 7i(a)m(b).

Corollary Let L™ () := > a aW bV for arbitrary a¥), b, 2 € H be given.
Then, there is a matrix M € R**# such that

L™ () .= Z aWzb¥) = Mx, where
j=1
M = Z Mj, and Mj = Tl(a(j))TQ(b(j)) .

1

J

The singular cases are exactly those with vanishing determinant of M.
Apart from special cases it seems, however, to be impossible to characterize
the singular cases just by the given quaternions a), b, j =1,2..



Linear equations in one variable

Let me N, a=(aV,a®,...,a™), b= (6D, 63 . .  bM™)ecH™
a? pl) e H\{0}, j=1,...,m, e € H be given

?xEH:

L(m)<$) — Z a(7)$b(7) —e

=l
L™ :H — H is the quaternionic linear mapping.

Assumption: ¢ =4 =1, a.b,¢,d,z € H

LY() =z, L) :=ar+xzb, L®(x):=azx+cxd+ b,

c,de H\{R} = cxd ... middle terms



Lemma

Let b = (bl, bz, bg, b4), C = (617 Co, C3, 04).

Equation bxc = e has a unique solution for all choices of e if and only if bc # 0.
In this case the solution is

z=btec!

Corollary

Let a,b, c,d, e be given quaternions, abed # 0.

Let L := axb + cxd, and solve L(x) = e, z € H.

The equation Z(l’) = e has a unique solution for all choices of e if and only if

4

Rla ') + R(bd ) #0 or > ((a ')} — (bd")3) #0,

J=2

where the subscript j defines the component number.



Sylvester’s equation in quaternions:

LY(z):=ax+zb=e,ad R, b¢R

Let L®(x) :=ax+xb, a,b¢R.
Then, L® is singular if and only if

(1) la| = |b] and  R(a) +R(b) =0.

or in other words if and only ifa ~ —b.

The nullspace of L) is

{0} if (1) is not valid,

H if (1) is valid and a,b e R,
2 — dim subspace of H if (1) is valid and a ¢ Ror b ¢ R.

N =



The equivalent matrix representation:
LP(z) == az 4 zb = Mx, where

S1 —S9 —83 —54
So 81 —dy d3
s3 dy 51 —dy
sS4 —d3 ds S1

M = Tl(CL)TQ(l) “F ’7'1(1)’7'2(()) =
and

s:a—l—b:(31,32,53,34), d:a—b:(dl,d2,d3,d4).

The conditions (1) are equivalent to det M = 0, where

det(M) = s2(|s|* + d2 + d5 4 d3) + (sada + s3d3 + s4dy)?.



Theorem Let a = (a1, a9,as,a4), b = (by,bo, b3, by).
The equation L(?)(x) = e has a unique solution for all choices of e if and only if

4

a;+b #0 or Z(a?—b?);éO.

j=2

In this case the solution is

v=f'e+aled), fi:=2Rb+a+b?a"! ifa+#0
or
z=(e+aeb )fl, f,:=2Ra+b+al?b™! ifb#£D0.

Remark Numerical computations:
If |a| > 0 but close to zero, avoid the first formula containing a™!.
If |a| < |b| the use of the second formula is recommended, otherwise use the first one.



Linear equations of general type

in one quaternionic variable

Theorem Let L™ (x) := D =1 alWxbl) for arbitrary a¥), b), z € H be given.

Then L™)(x) = e is equivalent to the (4 x 4)—matrix equation

(Z Tl(a(j))TQ(b(j))> col(x) = col(e).

Corollary The linear function L is singular if and only if

det (zn: Tl(a(j))TQ(b(j))) =0.



Banach’s fixed point theorem — sufficient condition for nonsingularity

Theorem Let L™ Za xbW with m >3, o) ) e H,
j=1
pl) £ 0 for all j = 1,2,...,m. If there is jy, 1 < jo < m, such that
_ S W) [b0)]

‘a(jo) | ‘b(]o) |

<1,

then L is nonsingular.

Corollary  Let L(™ Za xbY with m > 3, o), pV) e H,
j=1
Dpl) £ 0 for all j = 1,2,...,m. If there is a constant & > 0 and an index j,

1 < jo < m, such that |aV)||b?)]| < k for all j # jy and |al0)||pl0)| > k2,

then LU is nonsingular if & > m — 1. For k = m — 1 this is not necessarily true.



n
Theorem Let f,(z) := > a¥ab"¥) with quaternionic entries.
j=1
If n > 3 the equation f,(z) = ¢ cannot be, in general, treated by using
only quaternionic algebra.

Proof The mapping f, is a linear mapping over R and as such it is
representable in the isomorphic form f,(x) = Ax, where x is now to be
understood as a (4 x 1) column vector and A is a real (4 x 4) matrix.
This equation could be treated by means of quaternionic algebra only if
A would be isomorphic to a quaternion. For n > 3 it is not the case, since

a D rpl) = Az = 71(a") o (B9 |
where 71(a"))75(b9)) is (in general) not isomorphic to H.
For n < 2 it is possible to make some premultiplications such that A remains in H.
Remark The term ”cannot be treated” means the following:

It is neither possible to detect whether the equation has a solution at all
nor it is possible to solve that equation if one knows that there is a solution.



Linear systems in quaternionic variables

ra+by = f,
cx+dy = g

We apply the column operator col and obtain

col(za) + col(by) = m(a)col(z) + 1 (b)col(y) = col(f
col(cx) + col(dy) = mi(c)col(z) + T (d)col(y) = col(g) .

—

In real terms:

where



Example

k+jy = (=11,11,3,—5),
ir+(1+k)y = (-5,0,9,16)
In real terms:
Az = h,
where
0 00 -1 0 0 -120
( (0 01 0\ (O 0 0 1\ \
0 -10 O 1 0 00
A |\t o0 o) \o-1 00/ |
(O -1 0 0\ (1 0 O —1\ ’
1 00 O 01 -1 0
0 00 —1 01 1 0
\\o o1 0o/ \10 0 1/

Solution:
r=(1,2,3,4), y=(506,7,8).




Theorem The quaternionic n X n system

ZL%)(%) — ), =12...m,
k=1

is equivalent to the real (4n X 4n) system

Az = c,
where
col(z1)
A= (a), j,k=1,2,...,n, z:= COZ<:$2) , C:
col(.xn)
and where

njk

ajp = Zﬁ(al()jk))m(b(jk)) € R4X4.

p=1



The Kronecker product for quaternionic systems

Let
L(X):=AXB, A e H/*Y X e HE*E B e HM |

ie. L :HXXL _, g/xM

It may be regarded as a linear real mapping L : R — RYM,

Thus, there is a real matrix IT(A, B) € R¥M*4KL gych that

col(L(X)) = II(A,B)col(X).

IT(A,B) ... Kronecker product for AXB



Conclusions

e We study the quaternionic linear system of the form

LM (g) = Z aPDrpld) = ¢
j=1

for arbitrary a9, b9 e,z € H :
one equation in one variable, Sylvester’s equation, m > 3.

e By making use of a fixed point theorem, we obtained sufficient conditions
for non singularity.

e The general case of a linear quaternionic system is treated.

e An analog of the Kronecker product for quaternionic systems
of the form AXB is given.
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