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Problem 1. (3 points)

Consider the random experiment of throwing a coin three times in a row and observing the face of the coin.

a) State a corresponding sample space (2.

b) Now assume that you are only interested in the event that you have thrown three heads. State the smallest
o-algebra that contains this event and a corresponding probability measure.



Problem 2. (4 points)

Let A and B be two events such that

1

P(4|B)=35, P(B|CA)= L

. B(B)= 1.

Calculate the probability of the event A. Furthermore, check whether A and B are independent.
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Problem 3. (5 points)
For h € R, consider the function

fnle) = {h — (2+2h)x + 622 for z € [0,1]

0 else

and assume that f, '((—o00,a]) € B(R) for all a,h € R.

a) Determine one value for h such that f;(x) becomes a probability density function.

b) Determine the probability of the event [—1/2,1/2] for all suitable h.



Problem 4. (6 points)

Consider a system consisting of 3 components A, B, C.

A switch controls whether component A or B is being used. Component C' is used all the time.
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The lifetime of a single component is described by the independent random variables Ty, k € {A, B,C}. Let
T = max(T4+Tg,Tc) be the random variable describing describing the lifetime of the system as a whole. Each
of the random variables T}, is exponentially distributed with parameter A > 0.

a) Determine the probability density function of the random variable T4 + T'5.
b) The cumulative distribution function of T is given as

0 for t <0,
Fr(t) =

1 — (At +1)exp(—2At) for t > 0.

Calculate the expected lifetime of the system.



Problem 5. (5 points)

Consider the following region
A={(s,t) eR?* 5>0,t<0, s+t <1} .

and let X = (X1, X5) be a random vector that is uniformly distributed on A.

a) Draw the region A.
b) Calculate the marginal density fx,.
¢) Determine the expectation of Xs.

d) Determine E(X» | X; =s) for 0 < s < 1.



Problem 6. (4 points)

Consider a stochastic process (Wi)¢>o with

c)

P(Wo = 0) =1

Wi — W5 ~ NORMAL(0,t — s) for all 0 < s < t.

Simulate the above process for ¢ € [0,1] at the discrete points in time ¢, = 1545 for n =0,1,...,1000.

Let T > 0 be a fixed point in time and consider a new process
Bi=(T—-t) Wi+t -Vr_y, 0<t<T,

where V;, ~ W, for all ¢ > 0. Simulate 2 paths of (B;)¢>o with 7' =1 on the interval [0, 1] at the discrete
points in time ¢, = n/1000 for n = 0,1,...,1000 and plot your results.

Why is (Bt)¢>0 called Brownian Bridge? To this end, calculate P(By = 0) and P(B; = 0).



Problem 7. (4 points)
A local apple supplier advertises that with probability p = 0.10 a delivered apple is rotten.

a) A supermarket owner orders 1000 apples from this supplier. Use an appropriate limit theorem to approx-
imately calculate the probability of the supermarket order containing at most 80 rotten apples.

b) The supermarket needs 1000 apples that are not rotten. How many apples does the supermarket owner
have to order if she wants to assure with at least 99% probability that there are at least 1000 apples that
are not rotten?

¢) Simulate 5000 realizations of an order of 1000 apples using 1000 Bernoulli distributed random variables.
For each realization calculate the number of rotten apples. Visualize the distribution of the number of
rotten apples in a histogram.



Problem 8. (5 points)

Read in the dataset 'data.csv' and answer the following questions.

a) Suppose that the data follows a normal distribution with variance 02 = 1. State the confidence interval

for the mean p with confidence level 1 — a = 0.95.

b) Carry out the statistical hypothesis testing scheme in order to decide with significance level av = 0.05 if
w2

Hint: You may use the table below appropriately.

Hy H, test T' critical region K

NORMAL(Y, 0?), 02 known

U = po U # po ~ K:E[—Zlfg,zlff]

d<p U>po T(x) = g;%:(, K = (21-4,0)

V>po U <po K = (—00,~21-4)
NORMAL(Y, 0?), 0% unknown

d=po I # po F— o = E[—tnq,kg,tnq,k%]

T(z) =

>
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d<po J>po
V>po U< po

K
K= (th-11-a,0)
K

NORMAL(j, 9?), u unknown
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92 < 0.3 92 > 0-8 T(LL') = (n — 1)%% K = (Xn—l,l—ou oo)

92 > 2 ¥ < 0'8 K = (_OO7X%71,(1)




Problem 9. (4 points)

Consider the following random experiment: An apparatus generates uniformly distributed random numbers in
an interval [0, 9], where 0 < ¢ < 5 is unknown. We take samples of size n € N.

a) State an appropriate statistical model.
b) Now consider for all n € N the point estimator
T (x) = 2z,
where x = (21, ...,2,). Show that T, is an unbiased point estimator for 9.

¢) Formulate the likelihood function for the model from part a) and calculate its derivative with respect to 9.
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