
❚❡❝❤♥✐s❝❤❡ ❯♥✐✈❡rs✐tät ❍❛♠❜✉r❣✲❍❛r❜✉r❣
■♥st✐t✉t ❢ür ▼❛t❤❡♠❛t✐❦
P❛tr✐❝✐♦ ❋❛rr❡❧❧

❲✐♥t❡rs❡♠❡st❡r ✷✵✶✼✴✷✵✶✽

◆✉♠❡r✐s❝❤❡ ▼❛t❤❡♠❛t✐❦ ■

✷✼✳✵✶✳✷✵✶✽

❙✐❡ ❤❛❜❡♥ ✾✵ ▼✐♥✉t❡♥ ❩❡✐t ③✉♠ ❇❡❛r❜❡✐t❡♥ ❞❡r ❑❧❛✉s✉r✳

❚r❛❣❡♥ ❙✐❡ ❜✐tt❡ ③✉♥ä❝❤st ■❤r❡♥ ◆❛♠❡♥✱ ■❤r❡♥ ❱♦r♥❛♠❡♥ ✉♥❞ ■❤r❡ ▼❛tr✐❦❡❧♥✉♠♠❡r ✐♥
❉❘❯❈❑❙❈❍❘■❋❚ ✐♥ ❞✐❡ ❢♦❧❣❡♥❞❡♥ ❥❡✇❡✐❧s ❞❛❢ür ✈♦r❣❡s❡❤❡♥❡♥ ❋❡❧❞❡r ❡✐♥✳

❉✐❡s❡ ❉❛t❡♥ ✇❡r❞❡♥ ❣❡s♣❡✐❝❤❡rt✳

◆❛♠❡✿

❱♦r♥❛♠❡✿

▼❛tr✳✲◆r✳✿

❙t✉❞✐❡♥❣✳✿ ❆■ ❈❙ ❊❚ ●❊❙ ■◆ ■❖ ❱❚

❙✐❡ ❞ür❢❡♥ ❡✐♥❡♥ ❤❛♥❞s❝❤r✐❢t❧✐❝❤ ❜❡s❝❤r✐❡❜❡♥❡♥ ❉■◆✲❆✹ ❩❡tt❡❧ ✈❡r✇❡♥❞❡♥✳ ❆❧s ✇❡✐t❡r❡s
✭t❡❝❤♥✐s❝❤❡s✮ ❍✐❧❢s♠✐tt❡❧ ✐st ❡✐♥ ■❤♥❡♥ ③✉r ❱❡r❢ü❣✉♥❣ ❣❡st❡❧❧t❡r ❘❡❝❤♥❡r ❡r❧❛✉❜t✳ ❆❧❧❡s
❛♥❞❡r❡ ✐st ❛✉s❞rü❝❦❧✐❝❤ ❛✉s❣❡s❝❤❧♦ss❡♥✳

■❝❤ ❜✐♥ ❞❛rü❜❡r ❜❡❧❡❤rt ✇♦r❞❡♥✱ ❞❛ss ❞✐❡ ✈♦♥ ♠✐r ③✉ ❡r❜r✐♥❣❡♥❞❡ Prü❢✉♥❣s❧❡✐st✉♥❣ ♥✉r
❞❛♥♥ ❛❧s Prü❢✉♥❣s❧❡✐st✉♥❣ ❜❡✇❡rt❡t ✇✐r❞✱ ✇❡♥♥ ❞✐❡ ◆❛❝❤♣rü❢✉♥❣ ❞✉r❝❤ ❞❛s ❩❡♥tr❛❧❡ Prü✲
❢✉♥❣s❛♠t ❞❡r ❚❯❍❍ ♠❡✐♥❡ ♦✣③✐❡❧❧❡ ❩✉❧❛ss✉♥❣ ✈♦r ❇❡❣✐♥♥ ❞❡r Prü❢✉♥❣ ❡r❣✐❜t✳

✭❯♥t❡rs❝❤r✐❢t✮

❊s ✇❡r❞❡♥ ✐♥s❣❡s❛♠t ✸✻ P✉♥❦t❡ ✭✻ ❊❈❚❙✮ ❜③✇✳ ✷✹ P✉♥❦t❡ ✭✹ ❊❈❚❙✮ ✈❡r❣❡❜❡♥✳

❯s❡r✲▲♦❣✐♥✿ ❇❡♥✉t③❡r♥❛♠❡ ✶ ✱ P❛ss✇♦rt✿ P❛ss✇♦rt✶

❆✉❢❣❛❜❡ P✉♥❦t❡

✶

✷

✸

✹

✺

∑
=



❆✉❢❣❛❜❡ ✶✿ ✭✹✰✺ P✉♥❦t❡✮

✭❛✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❛❜s♦❧✉t❡ ✉♥❞ r❡❧❛t✐✈❡ ❑♦♥❞✐t✐♦♥ ❞❡r ❋✉♥❦t✐♦♥✭s❛✉s✇❡rt✉♥❣✮ ✈♦♥

f : (0,∞) → R, f(x) := log(x).

❲✐❡ ✈❡r❤❛❧t❡♥ s✐❝❤ ❞✐❡ ❑♦♥❞✐t✐♦♥s③❛❤❧❡♥ ❢ür ❣r♦ÿ❡ x❄

✭❜✮ ●❡❜❡♥ ❙✐❡ ❞✐❡ ❣röÿt❡ ❩❛❤❧ δ > 0 ❛♥✱ s♦ ❞❛ss ✐♥ ▼❆❚▲❆❇ ✭❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ●❧❡✐t❦♦♠♠❛✲
❆r✐t❤♠❡t✐❦ ♠✐t s②♠♠❡tr✐s❝❤❡♠ ❘✉♥❞❡♥✮

8 + δ == 8.

✭❝✮ ▼❆❚▲❆❇✲❆✉❢❣❛❜❡✿ ❇❡tr❛❝❤t❡♥ ❙✐❡ ❢ür n ∈ N ❞❛s ❢♦❧❣❡♥❞❡ ❜❡st✐♠♠t❡ ■♥t❡❣r❛❧

In :=

∫ 1

0

xn

x+ 1
2

dx =

∫ 1

0

xn−1x+ 1
2
− 1

2

x+ 1
2

dx =

∫ 1

0

xn−1
(
1−

1
2

x+ 1
2

)
dx

=

∫ 1

0

xn−1dx− 1

2
· In−1 =

1

n
− 1

2
· In−1, n ≥ 2,

✉♥❞ I1 := 1− 1
2
· log(3)✳

✭✐✮ ■♠♣❧❡♠❡♥t✐❡r❡♥ ❙✐❡ ✐♠ ❞❛❢ür ✈♦r❣❡s❡❤❡♥❡♥ ♠✲❢✐❧❡ ❞✐❡ ❇❡r❡❝❤♥✉♥❣ ✈♦♥ I20 ♠✐t✲
t❡❧s ❞❡r ❱♦r✇ärts✐t❡r❛t✐♦♥✿

I1 = 1− 1

2
· log(3), In =

1

n
− 1

2
· In−1, n = 2 : 20

✭✐✐✮ ■♠♣❧❡♠❡♥t✐❡r❡♥ ❙✐❡ ✐♠ ❞❛❢ür ✈♦r❣❡s❡❤❡♥❡♥ ♠✲❢✐❧❡ ❞✐❡ ❇❡r❡❝❤♥✉♥❣ ✈♦♥ I20 ♠✐t✲
t❡❧s ❞❡r ❘ü❝❦✇ärts✐t❡r❛t✐♦♥✿

I40 = 0.0165, In−1 = 2 ·
( 1
n
− In

)
, n = 40 : −1 : 21

✭✐✐✐✮ ●❡❜❡♥ ❙✐❡ ❞✐❡ ❜❡r❡❝❤♥❡t❡♥ ❲❡rt❡ ✈♦♥ I20 ❛✉s ✭✐✮ ✉♥❞ ✭✐✐✮ ❛♥ ✉♥❞ ✈❡r❣❧❡✐❝❤❡♥
❙✐❡ ❞✐❡s❡ ♠✐t ❞❡♠ ❞✉r❝❤ ■❴✷✵ ❂ ✐♥t❡❣r❛❧✭❅✭①✮✭①✳❫✷✵✮✳✴✭①✰✵✳✺✮✱✵✱✶✮ ❜❡✲
r❡❝❤♥❡t❡♥ ❲❡rt✳ ❊r❦❧är❡♥ ❙✐❡ ■❤r❡ ❇❡♦❜❛❝❤t✉♥❣✳

▲ös✉♥❣s❤✐♥✇❡✐s✿

✭❛✮ κa = |f ′(x)| =
∣∣ 1
x

∣∣ ✉♥❞ κr =
∣∣∣f

′(x)x
f(x)

∣∣∣ =
∣∣∣ 1
log(x)

∣∣∣✳ ✭✶ P✉♥❦t✮ ■♠ ●r❡♥③✇❡rt ❢ür ❣r♦ÿ❡ x✱

✇❡r❞❡♥ ❜❡✐❞❡ ❑♦♥❞✐t✐♦♥s③❛❤❧❡♥ ❦❧❡✐♥✳ ✭✶ P✉♥❦t✮

✭❜✮ ❙❡✐ εM = 2−52 ❞✐❡ ▼❛s❝❤✐♥❡♥❣❡♥❛✉✐❣❦❡✐t✳ ■♠ ■♥t❡r✈❛❧❧ [8, 16] ❜❡trä❣t ❞❡r ❆❜st❛♥❞
③✇✐s❝❤❡♥ ③✇❡✐ ●❧❡✐t❦♦♠♠❛③❛❤❧❡♥ 8εM ✳ ✭✵✳✺ P✉♥❦t❡✮ ❉❡r ❣röÿt❡ ❋❡❤❧❡r ✐st s♦♠✐t ♥❛❝❤
s②♠♠❡tr✐s❝❤❡♠ ❘✉♥❞❡♥ 4εM = 2−50✳ ✭✵✳✺ P✉♥❦t❡✮

✽✰✹✯❡♣s❂❂✽ (1 P✉♥❦t)

✭❝✮ ▼❆❚▲❆❇✲❆✉❢❣❛❜❡✿



✭✐✐✐✮ ❊s ❣✐❧t✿

✭✐✮ I20 = 0.0328 ✭✐✐✮ I20 = −27.9123 ✭✐✐✐✮ I20 = 0.0328

❇❡③❡✐❝❤♥❡ Ĩn ❞❡♥ ♥✉♠❡r✐s❝❤ ❜❡r❡❝❤♥❡t❡♥ ❲❡rt ✈♦♥ In ♠✐tt❡❧s ✭✐✮ ✉♥❞ ∆In :=

|Ĩn − In| ❞❡♥ ❋❡❤❧❡r✳ ❉❛♥♥ ❣✐❧t ❢ür n ≥ 2

∆In = |Ĩn − In| =
∣∣∣
1

n
− 1

2
Ĩn−1 −

1

n
+

1

2
In−1

∣∣∣ =
1

2
|Ĩn−1 − In−1| =

1

2
∆In−1

✉♥❞ ❞❛♠✐t ✭♣❡r ■♥❞✉❦t✐♦♥✮ ❢ür 0 ≤ k ≤ n− 1

∆In =
1

2k
∆In−k.

■♠ ❋❛❧❧ ✭✐✮ ❞❡r ❱♦r✇ärts✐t❡r❛t✐♦♥ ❜❡❞❡✉t❡t ❞✐❡s ✭n = 20✱ k = n− 1 = 19✮✱ ❞❛ss
❞❡r ❆♥❢❛♥❣s❢❡❤❧❡r ∆I1 ❞✉r❝❤ ❞❡♥ ❋❛❦t♦r 1

219
< 1 r❡❞✉③✐❡rt ✇✐r❞ ✉♥❞ ✐♠ ❋❛❧❧

✭✐✐✮ ❞❡r ❘ü❝❦✇ärts✐t❡r❛t✐♦♥ ✭n = 40✱ k = 20✮✱ ❞❛ss ❞❡r ❆♥❢❛♥❣s❢❡❤❧❡r ∆I40 ♠✐t
❞❡♠ ❋❛❦t♦r 220 > 1 ✈❡rstär❦t ✇✐r❞✳ ✭✶ P✉♥❦t✮



❆✉❢❣❛❜❡ ✷✿ ✭✺ P✉♥❦t❡✮

❙❡✐ f : R → R✱ f(x) = x3−1✳ ❆♥❣❡♥♦♠♠❡♥ ❙✐❡ ♠ö❝❤t❡♥ ❞✐❡s❡ ❋✉♥❦t✐♦♥ ❛♥ ❞❡♥ ❙tüt③st❡❧❧❡♥
x0 = −1, x1 = 0, x2 = 1 ✐♥t❡r♣♦❧✐❡r❡♥✳

✭❛✮ ●❡❜❡♥ ❙✐❡ ❡✐♥❡ ❜❡❣rü♥❞❡t❡ ❙❝❤r❛♥❦❡ ❢ür ❞❡♥ ❋❡❤❧❡r |f(x) − p2(x)| ❞❡s ■♥t❡r♣♦❧❛t✐✲
♦♥s♣♦❧②♥♦♠s p2 ❛♥ ❞❡r ❙t❡❧❧❡ x = 0.5 ❛♥✳

✭❜✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞❛s ■♥t❡r♣♦❧❛t✐♦♥s♣♦❧②♥♦♠ p2 ✐♥ ▲❛❣r❛♥❣❡✲❉❛rst❡❧❧✉♥❣ ♣❡r ❍❛♥❞✳

▲ös✉♥❣s❤✐♥✇❡✐s✿

✭❛✮ ■♥ ❞❡♠ ❇❡✐s♣✐❡❧ ✐st n = 2✳ ❋ür ❞❡♥ ❋❡❤❧❡r ❣✐❧t ❧❛✉t ❱♦r❧❡s✉♥❣ ✭❙❛t③ ✻✮✱ ❞❛ss ξ ∈ [−1, 1]
❡①✐st✐❡rt ♠✐t

f(x)− p2(x) =
f ′′′(ξ)

3!
(x− x0)(x− x1)(x− x2). (1 P✉♥❦t)

❋ür x = 0.5 ❣✐❧t f ′′′(ξ)
3!

= 1 ✉♥❞ (x− x0)(x− x1)(x− x2) = −3
8
✳ ✭✶ P✉♥❦t✮ ❉❛s ❤❡✐ÿt

|f(x)− p2(x)| ≤
3

8
. (0.5 P✉♥❦t❡)

✭❜✮ ❉✐❡ ❉❛t❡♥ ③✉ ❞❡♥ ❙tüt③st❡❧❧❡♥ s✐♥❞ y0 = −2, y1 = −1, y2 = 0✳ ❉❛ y2 = 0✱ ❜r❛✉❝❤❡♥
✇✐r ❞❛s ▲❛❣r❛♥❣❡✲❇❛s✐s♣♦❧②♥♦♠ ℓ2 ♥✐❝❤t ③✉ ❜❡r❡❝❤♥❡♥✳ ✭✵✳✺ P✉♥❦t❡✮ ❉✐❡ ❛♥❞❡r❡♥
❜❡✐❞❡♥ ❇❛s✐s♣♦❧②♥♦♠❡ ❡rr❡❝❤♥❡♥ s✐❝❤ ③✉

ℓ0(x) =
(x− x1)(x− x2)

(x0 − x1)(x0 − x2)
=

1

2
x(x− 1), (0.5 P✉♥❦t❡)

ℓ1(x) =
(x− x0)(x− x2)

(x1 − x0)(x1 − x2)
= −(x+ 1)(x− 1). (0.5 P✉♥❦t❡)

❉❛s ❤❡✐ÿt

p2(x) = y0ℓ0(x) + y1ℓ1(x) = x− 1. (1 P✉♥❦t)



❆✉❢❣❛❜❡ ✸✿ ✭✺ P✉♥❦t❡✮
❇❡tr❛❝❤t❡♥ ❙✐❡ ❞❡♥ ■♥t❡❣r❛♥❞❡♥

f : (0,∞) → (0,∞), f(x) =
1

x2

✉♥❞ ❞❛s ❜❡st✐♠♠t❡ ■♥t❡❣r❛❧

∫ 3

1

f(x) dx. ✭✶✮

✭❛✮ ❇❡st✐♠♠❡♥ ❙✐❡ ✭✷✮ ♥✉♠❡r✐s❝❤ ♠✐t ❞❡r ▼✐tt❡❧♣✉♥❦tsr❡❣❡❧✳

✭❜✮ ●❡❜❡♥ ❙✐❡ ❡✐♥❡ ❜❡❣rü♥❞❡t❡ ❙❝❤r❛♥❦❡ ❢ür ❞❡♥ ❋❡❤❧❡r ❛♥✳

✭❝✮ ❙❡✐ H = (3− 1)/m = 2/m ❢ür m ∈ N✳ ❙❝❤r❡✐❜❡♥ ❙✐❡ ❞✐❡ ③✉s❛♠♠❡♥❣❡s❡t③t❡ ▼✐tt❡❧✲
♣✉♥❦tsr❡❣❡❧ ❤✐♥✳ ❲✐❡ ✈✐❡❧❡ ❋✉♥❦t✐♦♥s❛✉s✇❡rt✉♥❣❡♥ ❜❡♥öt✐❣t ❞✐❡s❡❄

✭❞✮ ❲✐❡ ❦❧❡✐♥ ♠✉ss ♠❛♥ H ✇ä❤❧❡♥✱ ✉♠ ③✉ ❣❛r❛♥t✐❡r❡♥✱ ❞❛ss ❞✐❡ ③✉s❛♠♠❡♥❣❡s❡t③t❡
▼✐tt❡❧♣✉♥❦tsr❡❣❡❧ ❡✐♥❡♥ ❋❡❤❧❡r ❦❧❡✐♥❡r ❛❧s ε = 10−6 ❤❛t❄

▲ös✉♥❣s❤✐♥✇❡✐s✿

❙❡✐ I[f ] :=
∫ 3

1
f(x) dx = 2

3
✉♥❞ a = 1, b = 3,m = a+b

2
= 2✳ ❊s ❣✐❧t f ∈ C∞(0,∞) ✉♥❞

f ′(x) = − 2

x3
, f ′′(x) =

6

x4
.

✭❛✮ I[f ] ≈ (b− a)f(m) = 2 · 1
4
= 1

2
✭✶ P✉♥❦t✮

✭❜✮

∣∣∣∣
∫ b

a

(
f(x)− p0(x)

)
dx

∣∣∣∣ ≤ =
(b− a)3

24
max
ξ∈[a,b]

|f ′′(ξ)| = 8

24
· 6 = 2 (1 P✉♥❦t)

✭❝✮ ❉✐❡ ③✉s❛♠♠❡♥❣❡s❡t③t❡ ▼✐tt❡❧♣✉♥❦tsr❡❣❡❧ ✐st ❣❡❣❡❜❡♥ ❞✉r❝❤

MHf = H
m−1∑

k=0

f(xk) (0.5 P✉♥❦t❡)

♠✐t xk = a+ 1
2
(2k+1)H ❢ür 0 ≤ k ≤ m−1 ✉♥❞ ❜❡♥öt✐❣t m ❋✉♥❦t✐♦♥s❛✉s✇❡rt✉♥❣❡♥✳

✭✵✳✺ P✉♥❦t❡✮

✭❞✮ ❋ür ❞❡♥ ❋❡❤❧❡r ❣✐❧t

∣∣∣∣
∫ b

a

f(x)dx−MHf

∣∣∣∣ ≤
b− a

24
H2 max

ξ∈[a,b]
|f ′′(ξ)| = 1

12
H2 · 6 < ε. (1 P✉♥❦t)

❉❛s ❤❡✐ÿt

H <
√
2ε =

√
2 · 10−3. (1 P✉♥❦t)



❆✉❢❣❛❜❡ ✹✿ ✭✺✰✸ P✉♥❦t❡✮
❋ür ❞✐❡ ❋✉♥❦t✐♦♥

f : [0, 1] → [0, 1], f(x) = x1/4

❜❡tr❛❝❤t❡♥ ❙✐❡ ❞✐❡ ❋✐①♣✉♥❦t✐t❡r❛t✐♦♥

xn+1 = f(xn)

❢ür n ∈ N0✳

✭❛✮ ❲✐❡ ✈✐❡❧❡ ❋✐①♣✉♥❦t❡ ❤❛t ❞✐❡ ❋✉♥❦t✐♦♥ ❛✉❢ [0, 1]❄

✭❜✮ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ♦❜ f ❡✐♥❡ ❑♦♥tr❛❦t✐♦♥ ❛✉❢ [0, 1] ✐st✳

✭❝✮ ❲❡❧❝❤❡r ❞❡r ❜❡✐❞❡♥ ❋✐①♣✉♥❦t❡ ✇✐r❞ ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ❡✐♥❡s ❙t❛rt✇❡rts x0 ∈ (0, 1)
❛♣♣r♦①✐♠✐❡rt❄ ❇❡❣rü♥❞❡♥ ❙✐❡✳

✭❞✮ ❲✐r❞ ❞❡r ❋✐①♣✉♥❦t ♠♦♥♦t♦♥ ♦❞❡r ❛❧t❡r♥✐❡r❡♥❞ ❛♣♣r♦①✐♠✐❡rt❄

✭❡✮ ▼❆❚▲❆❇✲❆✉❢❣❛❜❡✿ ■♠♣❧❡♠❡♥t✐❡r❡♥ ❙✐❡ ✐♠ ❞❛❢ür ✈♦r❣❡s❡❤❡♥❡♥ ♠✲❢✐❧❡ ❞✐❡ ❋✐①♣✉♥❦✲
t✐t❡r❛t✐♦♥ ✉♥❞ ❣❡❜❡♥ ❙✐❡ ❞❡♥ ❜❡r❡❝❤♥❡t❡♥ ❲❡rt ❢ür x5 ♠✐t ❙t❛rt✇❡rt x0 = 0.5 ❛♥✳

▲ös✉♥❣s❤✐♥✇❡✐s✿

✭❛✮ ❊s ❣✐❜t ③✇❡✐✱ ❜❡✐ x = 0 ✉♥❞ x = 1✳ ✭✶ P✉♥❦t✮

✭❜✮ ❲❡♥♥ f ❡✐♥❡ ❑♦♥tr❛❦t✐♦♥ ✇är❡✱ ❞❛r❢ ❡s ❧❛✉t ❇❛♥❛❝❤s❝❤❡♠ ❋✐①♣✉♥❦ts❛t③ ♥✉r ❣❡♥❛✉
❡✐♥❡♥ ❋✐①♣✉♥❦t ❣❡❜❡♥✳ ❆❧s♦ ❦❛♥♥ f ❦❡✐♥❡ ❑♦♥tr❛❦t✐♦♥ ❛✉❢ [0, 1] s❡✐♥✳ ▼❛♥ ❦❛♥♥ ❞✐❡s
❛✉❝❤ ❛♥❞❡rs ③❡✐❣❡♥✳ ❋ür x = 1 ✉♥❞ y = 0 ❣✐❧t

f(x)− f(y) = 1− 0 = x− y.

❉❛s ❤❡✐ÿt✱ ❞✐❡ ❑♦♥tr❛❦t✐♦♥s❦♦♥st❛♥t❡ ❡r❢ü❧❧t L ≥ 1 ✉♥❞ s♦♠✐t ❦❛♥♥ f ❦❡✐♥❡ ❑♦♥✲
tr❛❦t✐♦♥ s❡✐♥✳ ✭✶ P✉♥❦t✮

✭❝✮ ❋ür x ∈ (0, 1] ❣✐❧t f ′(x) = 1
4
x−3/4✳ ❉❛ |f ′(1)| = 1

4
< 1✱ ✐st ❞❡r ❋✐①♣✉♥❦t x = 1

❛ttr❛❦t✐✈✳ ❉✐❡ ❋✐①♣✉♥❦t✐t❡r❛t✐♦♥ ❦♦♥✈❡r❣✐❡rt ❞❛❤❡r ❢ür x0 ♥❛❤❡ x = 1 ❣❡❣❡♥ ❞✐❡s❡♥✳
✭✶ P✉♥❦t✮ ❋ür x → 0✱ ✇✐r❞ ❞✐❡ ❆❜❧❡✐t✉♥❣ ❜❡tr❛❣s♠äÿ✐❣ ❣r♦ÿ✳ ❋ür x < 4−4/3 ✇✐r❞
❞❡r ❇❡tr❛❣ ❞❡r ❆❜❧❡✐t✉♥❣ |f ′(x)| ❣röÿ❡r ❛❧s 1✳ ❉✐❡s❡r ❋✐①♣✉♥❦t ✐st ❛❧s♦ r❡♣✉❧s✐✈ ✉♥❞
❢ür ❦❡✐♥❡♥ ❙t❛rt✇❡rt x0 ∈ (0, 1) ✐st ❞✐❡ ■t❡r❛t✐♦♥ ❣❡❣❡♥ ❞✐❡s❡♥ ❦♦♥✈❡r❣❡♥t✳ ✭✶ P✉♥❦t✮

✭❞✮ ❉❛ 0 < f ′(1) = 1
4
< 1✱ ✇✐r❞ ❞❡r ❋✐①♣✉♥❦t ♠♦♥♦t♦♥ ❛♣♣r♦①✐♠✐❡rt✳ ✭✶ P✉♥❦t✮

✭❡✮ x5 = 0.9993



❆✉❢❣❛❜❡ ✺✿ ✭✺✰✹ P✉♥❦t❡✮
❙❡✐

A =




4 −4 8
−4 5 −8
8 −8 17


 .

✭❛✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ▲❯✲❩❡r❧❡❣✉♥❣ ✈♦♥ A ♣❡r ❍❛♥❞ ✭♦❤♥❡ P✐✈♦t✐s✐❡r✉♥❣✮✳

✭❜✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❈❤♦❧❡s❦②✲❩❡r❧❡❣✉♥❣ ✈♦♥ A ♣❡r ❍❛♥❞✳

✭❝✮ ❲✐❡ ❤ä♥❣❡♥ ❞✐❡ ❩❡r❧❡❣✉♥❣❡♥ ✐♥ ✭❛✮ ✉♥❞ ✭❜✮ ③✉s❛♠♠❡♥❄

✭❞✮ ▼❆❚▲❆❇✲❆✉❢❣❛❜❡✿ ❙❝❤r❡✐❜❡♥ ❙✐❡ ✐♠ ❞❛❢ür ✈♦r❣❡s❡❤❡♥❡♥ ♠✲❢✐❧❡ ❡✐♥❡♥ ❆❧❣♦r✐t❤✲
♠✉s✱ ❞❡r ❡✐♥❡ ▼❛tr✐① ❛✉❢ ❉✉r❝❤❢ü❤r❜❛r❦❡✐t ❞❡r ❈❤♦❧❡s❦②✲❩❡r❧❡❣✉♥❣ ♣rü❢t ✉♥❞ ✐❤r❡
❈❤♦❧❡s❦②✲❩❡r❧❡❣✉♥❣ ❜❡r❡❝❤♥❡t✱ ✇❡♥♥ ❞✉r❝❤❢ü❤r❜❛r✱ ✉♥❞ ❞✐❡ ▲❯✲❩❡r❧❡❣✉♥❣ ✭♠✐t P✐✲
✈♦t✐s✐❡r✉♥❣✮ s♦♥st✳ ❚❡st❡♥ ❙✐❡ ■❤r❡♥ ❆❧❣♦r✐t❤♠✉s ❛♥ ❞❡r ❣❡❣❡❜❡♥❡♥ ▼❛tr✐① M ✳
❍✐♥✇❡✐s✿

✕ ❊✐♥❡ s②♠♠❡tr✐s❝❤❡ ▼❛tr✐① ✐st ❣❡♥❛✉ ❞❛♥♥ ♣♦s✐t✐✈ ❞❡✜♥✐t✱ ✇❡♥♥ ❛❧❧❡ ❊✐❣❡♥✇❡rt❡
❞❡r ▼❛tr✐① ♣♦s✐t✐✈ s✐♥❞✳

✕ ❉✐❡ ❣❡❣❡❜❡♥❡ ▼❛tr✐① M ❤❛t ♥✉r r❡❡❧❧❡ ❊✐❣❡♥✇❡rt❡✳

❇❡❢❡❤❧❡✿

✕ ✐ss②♠♠❡tr✐❝✭M✮ ♣rü❢t ❞✐❡ ▼❛tr✐① M ❛✉❢ ❙②♠♠❡tr✐❡✳

✕ ❡✐❣✭M✮ s❝❤r❡✐❜t ❛❧❧❡ ❊✐❣❡♥✇❡rt❡ ✈♦♥ M ✐♥ ❡✐♥❡♥ ❙♣❛❧t❡♥✈❡❦t♦r✳

✕ ❝❤♦❧✭M✱✬❧♦✇❡r✬✮ ❜❡r❡❝❤♥❡t ❞✐❡ ✉♥t❡r❡ ❉r❡✐❡❝❦s♠❛tr✐① ❞❡r ❈❤♦❧❡s❦②✲❩❡r❧❡❣✉♥❣
✈♦♥ M ✳

✕ ❬▲✱❯✱P❪ ❂ ❧✉✭M✮ ❜❡r❡❝❤♥❡t ❞✐❡ ▲❯✲❩❡r❧❡❣✉♥❣ ✈♦♥ M ✭♠✐t P✐✈♦t✐s✐❡r✉♥❣✮✳

▲ös✉♥❣s❤✐♥✇❡✐s✿

✭❛✮

A = LU =




1 0 0
−1 1 0
2 0 1






4 −4 8
0 1 0
0 0 1


 (2 P✉♥❦t❡)

✭❜✮ ❆❧❧❣❡♠❡✐♥✿

A = LDLT = LD1/2D1/2LT =: GGT

❙♣❡③✐❡❧❧ ❤✐❡r✿

A = LDLT =




1 0 0
−1 1 0
2 0 1






4 0 0
0 1 0
0 0 1







1 0 0
−1 1 0
2 0 1




T

=




1 0 0
−1 1 0
2 0 1






2 0 0
0 1 0
0 0 1






2 0 0
0 1 0
0 0 1







1 0 0
−1 1 0
2 0 1




T

(1 P✉♥❦t)

=




2 0 0
−2 1 0
4 0 1






2 −2 4
0 1 0
0 0 1


 =: GGT (1 P✉♥❦t)



✭❝✮ ❙✐❡❤❡ ❘❡❝❤♥✉♥❣ ✐♥ ✭❜✮✳ ❉✐❡ L✬s st✐♠♠❡♥ ü❜❡r❡✐♥✱ ❡❜❡♥s♦ ❞✐❡ ❉✐❛❣♦♥❛❧❡♥ ✈♦♥ U ✉♥❞
D✳ ✭✶ P✉♥❦t✮


