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❙✐❡ ❞ür❢❡♥ ❡✐♥❡♥ ❤❛♥❞s❝❤r✐❢t❧✐❝❤ ❜❡s❝❤r✐❡❜❡♥❡♥ ❉■◆✲❆✹ ❩❡tt❡❧ ✈❡r✇❡♥❞❡♥✳ ❆❧s ✇❡✐t❡r❡s
✭t❡❝❤♥✐s❝❤❡s✮ ❍✐❧❢s♠✐tt❡❧ ✐st ❡✐♥ ■❤♥❡♥ ③✉r ❱❡r❢ü❣✉♥❣ ❣❡st❡❧❧t❡r ❘❡❝❤♥❡r ❡r❧❛✉❜t✳ ❆❧❧❡s
❛♥❞❡r❡ ✐st ❛✉s❞rü❝❦❧✐❝❤ ❛✉s❣❡s❝❤❧♦ss❡♥✳

■❝❤ ❜✐♥ ❞❛rü❜❡r ❜❡❧❡❤rt ✇♦r❞❡♥✱ ❞❛ss ❞✐❡ ✈♦♥ ♠✐r ③✉ ❡r❜r✐♥❣❡♥❞❡ Prü❢✉♥❣s❧❡✐st✉♥❣ ♥✉r
❞❛♥♥ ❛❧s Prü❢✉♥❣s❧❡✐st✉♥❣ ❜❡✇❡rt❡t ✇✐r❞✱ ✇❡♥♥ ❞✐❡ ◆❛❝❤♣rü❢✉♥❣ ❞✉r❝❤ ❞❛s ❩❡♥tr❛❧❡ Prü✲
❢✉♥❣s❛♠t ❞❡r ❚❯❍❍ ♠❡✐♥❡ ♦✣③✐❡❧❧❡ ❩✉❧❛ss✉♥❣ ✈♦r ❇❡❣✐♥♥ ❞❡r Prü❢✉♥❣ ❡r❣✐❜t✳

✭❯♥t❡rs❝❤r✐❢t✮

❊s ✇❡r❞❡♥ ✐♥s❣❡s❛♠t ✸✻ P✉♥❦t❡ ✭✻ ❊❈❚❙✮ ❜③✇✳ ✷✹ P✉♥❦t❡ ✭✹ ❊❈❚❙✮ ✈❡r❣❡❜❡♥✳

❯s❡r✲▲♦❣✐♥✿ ❇❡♥✉t③❡r♥❛♠❡ ✶ ✱ P❛ss✇♦rt✿ P❛ss✇♦rt✶

❆✉❢❣❛❜❡ P✉♥❦t❡

✶

✷

✸

✹

✺

∑

=
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✭❛✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❛❜s♦❧✉t❡ ✉♥❞ r❡❧❛t✐✈❡ ❑♦♥❞✐t✐♦♥ ❞❡r ❋✉♥❦t✐♦♥✭s❛✉s✇❡rt✉♥❣✮ ✈♦♥

f : (0,∞) → R, f(x) := log(x).

❲✐❡ ✈❡r❤❛❧t❡♥ s✐❝❤ ❞✐❡ ❑♦♥❞✐t✐♦♥s③❛❤❧❡♥ ❢ür ❣r♦ÿ❡ x❄

✭❜✮ ●❡❜❡♥ ❙✐❡ ❞✐❡ ❣röÿt❡ ❩❛❤❧ δ > 0 ❛♥✱ s♦ ❞❛ss ✐♥ ▼❆❚▲❆❇ ✭❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ●❧❡✐t❦♦♠♠❛✲
❆r✐t❤♠❡t✐❦ ♠✐t s②♠♠❡tr✐s❝❤❡♠ ❘✉♥❞❡♥✮

8 + δ == 8.

✭❝✮ ▼❆❚▲❆❇✲❆✉❢❣❛❜❡✿ ❇❡tr❛❝❤t❡♥ ❙✐❡ ❢ür n ∈ N ❞❛s ❢♦❧❣❡♥❞❡ ❜❡st✐♠♠t❡ ■♥t❡❣r❛❧

In :=

∫

1

0

xn

x+ 1

2

dx =

∫

1

0

xn−1
x+ 1

2
− 1

2

x+ 1

2

dx =

∫

1

0

xn−1

(

1−
1

2

x+ 1

2

)

dx

=

∫

1

0

xn−1dx−
1

2
· In−1 =

1

n
−

1

2
· In−1, n ≥ 2,

✉♥❞ I1 := 1− 1

2
· log(3)✳

✭✐✮ ■♠♣❧❡♠❡♥t✐❡r❡♥ ❙✐❡ ✐♠ ❞❛❢ür ✈♦r❣❡s❡❤❡♥❡♥ ♠✲❢✐❧❡ ❞✐❡ ❇❡r❡❝❤♥✉♥❣ ✈♦♥ I20 ♠✐t✲
t❡❧s ❞❡r ❱♦r✇ärts✐t❡r❛t✐♦♥✿

I1 = 1−
1

2
· log(3), In =

1

n
−

1

2
· In−1, n = 2 : 20

✭✐✐✮ ■♠♣❧❡♠❡♥t✐❡r❡♥ ❙✐❡ ✐♠ ❞❛❢ür ✈♦r❣❡s❡❤❡♥❡♥ ♠✲❢✐❧❡ ❞✐❡ ❇❡r❡❝❤♥✉♥❣ ✈♦♥ I20 ♠✐t✲
t❡❧s ❞❡r ❘ü❝❦✇ärts✐t❡r❛t✐♦♥✿

I40 = 0.0165, In−1 = 2 ·
( 1

n
− In

)

, n = 40 : −1 : 21

✭✐✐✐✮ ●❡❜❡♥ ❙✐❡ ❞✐❡ ❜❡r❡❝❤♥❡t❡♥ ❲❡rt❡ ✈♦♥ I20 ❛✉s ✭✐✮ ✉♥❞ ✭✐✐✮ ❛♥ ✉♥❞ ✈❡r❣❧❡✐❝❤❡♥
❙✐❡ ❞✐❡s❡ ♠✐t ❞❡♠ ❞✉r❝❤ ■❴✷✵ ❂ ✐♥t❡❣r❛❧✭❅✭①✮✭①✳❫✷✵✮✳✴✭①✰✵✳✺✮✱✵✱✶✮ ❜❡✲
r❡❝❤♥❡t❡♥ ❲❡rt✳ ❊r❦❧är❡♥ ❙✐❡ ■❤r❡ ❇❡♦❜❛❝❤t✉♥❣✳
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❙❡✐ f : R → R✱ f(x) = x3−1✳ ❆♥❣❡♥♦♠♠❡♥ ❙✐❡ ♠ö❝❤t❡♥ ❞✐❡s❡ ❋✉♥❦t✐♦♥ ❛♥ ❞❡♥ ❙tüt③st❡❧❧❡♥
x0 = −1, x1 = 0, x2 = 1 ✐♥t❡r♣♦❧✐❡r❡♥✳

✭❛✮ ●❡❜❡♥ ❙✐❡ ❡✐♥❡ ❜❡❣rü♥❞❡t❡ ❙❝❤r❛♥❦❡ ❢ür ❞❡♥ ❋❡❤❧❡r |f(x) − p2(x)| ❞❡s ■♥t❡r♣♦❧❛t✐✲
♦♥s♣♦❧②♥♦♠s p2 ❛♥ ❞❡r ❙t❡❧❧❡ x = 0.5 ❛♥✳

✭❜✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞❛s ■♥t❡r♣♦❧❛t✐♦♥s♣♦❧②♥♦♠ p2 ✐♥ ▲❛❣r❛♥❣❡✲❉❛rst❡❧❧✉♥❣ ♣❡r ❍❛♥❞✳





❆✉❢❣❛❜❡ ✸✿ ✭✺ P✉♥❦t❡✮
❇❡tr❛❝❤t❡♥ ❙✐❡ ❞❡♥ ■♥t❡❣r❛♥❞❡♥

f : (0,∞) → (0,∞), f(x) =
1

x2

✉♥❞ ❞❛s ❜❡st✐♠♠t❡ ■♥t❡❣r❛❧

∫

3

1

f(x) dx. ✭✶✮

✭❛✮ ❇❡st✐♠♠❡♥ ❙✐❡ ✭✷✮ ♥✉♠❡r✐s❝❤ ♠✐t ❞❡r ▼✐tt❡❧♣✉♥❦tsr❡❣❡❧✳

✭❜✮ ●❡❜❡♥ ❙✐❡ ❡✐♥❡ ❜❡❣rü♥❞❡t❡ ❙❝❤r❛♥❦❡ ❢ür ❞❡♥ ❋❡❤❧❡r ❛♥✳

✭❝✮ ❙❡✐ H = (3− 1)/m = 2/m ❢ür m ∈ N✳ ❙❝❤r❡✐❜❡♥ ❙✐❡ ❞✐❡ ③✉s❛♠♠❡♥❣❡s❡t③t❡ ▼✐tt❡❧✲
♣✉♥❦tsr❡❣❡❧ ❤✐♥✳ ❲✐❡ ✈✐❡❧❡ ❋✉♥❦t✐♦♥s❛✉s✇❡rt✉♥❣❡♥ ❜❡♥öt✐❣t ❞✐❡s❡❄

✭❞✮ ❲✐❡ ❦❧❡✐♥ ♠✉ss ♠❛♥ H ✇ä❤❧❡♥✱ ✉♠ ③✉ ❣❛r❛♥t✐❡r❡♥✱ ❞❛ss ❞✐❡ ③✉s❛♠♠❡♥❣❡s❡t③t❡
▼✐tt❡❧♣✉♥❦tsr❡❣❡❧ ❡✐♥❡♥ ❋❡❤❧❡r ❦❧❡✐♥❡r ❛❧s ε = 10−6 ❤❛t❄





❆✉❢❣❛❜❡ ✹✿ ✭✺✰✸ P✉♥❦t❡✮
❋ür ❞✐❡ ❋✉♥❦t✐♦♥

f : [0, 1] → [0, 1], f(x) = x1/4

❜❡tr❛❝❤t❡♥ ❙✐❡ ❞✐❡ ❋✐①♣✉♥❦t✐t❡r❛t✐♦♥

xn+1 = f(xn)

❢ür n ∈ N0✳

✭❛✮ ❲✐❡ ✈✐❡❧❡ ❋✐①♣✉♥❦t❡ ❤❛t ❞✐❡ ❋✉♥❦t✐♦♥ ❛✉❢ [0, 1]❄

✭❜✮ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ♦❜ f ❡✐♥❡ ❑♦♥tr❛❦t✐♦♥ ❛✉❢ [0, 1] ✐st✳

✭❝✮ ❲❡❧❝❤❡r ❞❡r ❜❡✐❞❡♥ ❋✐①♣✉♥❦t❡ ✇✐r❞ ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ❡✐♥❡s ❙t❛rt✇❡rts x0 ∈ (0, 1)
❛♣♣r♦①✐♠✐❡rt❄ ❇❡❣rü♥❞❡♥ ❙✐❡✳

✭❞✮ ❲✐r❞ ❞❡r ❋✐①♣✉♥❦t ♠♦♥♦t♦♥ ♦❞❡r ❛❧t❡r♥✐❡r❡♥❞ ❛♣♣r♦①✐♠✐❡rt❄

✭❡✮ ▼❆❚▲❆❇✲❆✉❢❣❛❜❡✿ ■♠♣❧❡♠❡♥t✐❡r❡♥ ❙✐❡ ✐♠ ❞❛❢ür ✈♦r❣❡s❡❤❡♥❡♥ ♠✲❢✐❧❡ ❞✐❡ ❋✐①♣✉♥❦✲
t✐t❡r❛t✐♦♥ ✉♥❞ ❣❡❜❡♥ ❙✐❡ ❞❡♥ ❜❡r❡❝❤♥❡t❡♥ ❲❡rt ❢ür x5 ♠✐t ❙t❛rt✇❡rt x0 = 0.5 ❛♥✳
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❙❡✐

A =





4 −4 8
−4 5 −8
8 −8 17



 .

✭❛✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ▲❯✲❩❡r❧❡❣✉♥❣ ✈♦♥ A ♣❡r ❍❛♥❞ ✭♦❤♥❡ P✐✈♦t✐s✐❡r✉♥❣✮✳

✭❜✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❈❤♦❧❡s❦②✲❩❡r❧❡❣✉♥❣ ✈♦♥ A ♣❡r ❍❛♥❞✳

✭❝✮ ❲✐❡ ❤ä♥❣❡♥ ❞✐❡ ❩❡r❧❡❣✉♥❣❡♥ ✐♥ ✭❛✮ ✉♥❞ ✭❜✮ ③✉s❛♠♠❡♥❄

✭❞✮ ▼❆❚▲❆❇✲❆✉❢❣❛❜❡✿ ❙❝❤r❡✐❜❡♥ ❙✐❡ ✐♠ ❞❛❢ür ✈♦r❣❡s❡❤❡♥❡♥ ♠✲❢✐❧❡ ❡✐♥❡♥ ❆❧❣♦r✐t❤✲
♠✉s✱ ❞❡r ❡✐♥❡ ▼❛tr✐① ❛✉❢ ❉✉r❝❤❢ü❤r❜❛r❦❡✐t ❞❡r ❈❤♦❧❡s❦②✲❩❡r❧❡❣✉♥❣ ♣rü❢t ✉♥❞ ✐❤r❡
❈❤♦❧❡s❦②✲❩❡r❧❡❣✉♥❣ ❜❡r❡❝❤♥❡t✱ ✇❡♥♥ ❞✉r❝❤❢ü❤r❜❛r✱ ✉♥❞ ❞✐❡ ▲❯✲❩❡r❧❡❣✉♥❣ ✭♠✐t P✐✲
✈♦t✐s✐❡r✉♥❣✮ s♦♥st✳ ❚❡st❡♥ ❙✐❡ ■❤r❡♥ ❆❧❣♦r✐t❤♠✉s ❛♥ ❞❡r ❣❡❣❡❜❡♥❡♥ ▼❛tr✐① M ✳
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