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Abstract

In this paper we study the following optimal shape design problem: Given an
open connected set Q C RY and a positive number A € (0, |Q2|). Find a measurable
subset D C Q with |D| = A such that the minimal eigenvalue of —div({(A, x)Vu) +
aypu = Auin Q, u = 0 on 0Q is as small as possible. This sort of nonlinear eigen-
value problems arises in the study of some quantum dots taking into account an
electron effective mass. We establish the existence of a solution, and we determine
some qualitative aspects of the optimal configurations. A numerical algorithm is
proposed to obtain an approximate description of the optimizer.
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1. Introduction

Let Q be a bounded, connected, open set in RY with smooth boundary. As-
sume that A is a given positive number, 0 < A < |Q|, where |.| denotes the
Lebesgue measure. Given a measurable set D C Q with |D| = A, consider the
following nonlinear eigenvalue problem

—div((A, x)Vu) + aypu = Au in Q, u=0 onodQ. (1.1)
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In this paper, A is the principal eigenvalue or the smallest positive eigenvalue of
(1.1) and u = u(x) is a corresponding eigenfunction.

We are interested in the cases that {(4, x) is a nonlinear function of the param-
eter A. Indeed, equation (1.1) can be regarded as a nonlinear elliptic eigenvalue
problem such that the nonlinearity originates from the nonlinear dependence on
the eigenparameter.

Such nonlinear eigenvalue problems appear as the Hamiltonian equation gov-
erning some quantum dot nanostructures, where (4, x) corresponds to the ef-
fective mass of the carrier (electron or hole) and the surrounding matrix, ayp
is the potential function, A is the ground state energy and u is the wave func-
tion [5, 9, 20, 25]. A real physical phenomenon modeled by equation (1.1) is
the heterostructures of different semiconductors where the electron effective mass
depends on both the energy and position [5, 9].

It is known that the ground state energy of (1.1) depends on the set D, the
region with potential @, and we use the notation A(D) as we want to emphasize
this dependence. To determine the system’s potential which gives the minimum
ground state energy, we consider the following optimization problem

inf A(D). (1.2)
|D|I=A

Let us recall here that nonlinear eigenvalue problems and optimization prob-
lems have many applications in engineering and applied sciences and these prob-
lems have been intensively attractive to mathematicians in the past decades [17].
However, it should be mentioned that the majority of the investigated nonlinear
models are nonlinear in their differential operator part [10, 11, 12, 13]. We note
that equation (1.1) has nonlinear dependence on the parameter A and such systems
have been under less attention in this field of study [4, 21, 22].

Taking advantage of a variational characterization of the eigenvalues of a non-
linear eigenvalue problem [26, 28], we derive in Section 2 the existence of an
optimal ground state energy under certain conditions on the function {. Next we
prove in Section 3 qualitative properties of the optimal shape D. Namely, the op-
timal set contains a tubular neighborhood of the boundary 9€, and if Q is simply
connected and « is sufficiently small, then D is connected. For the special case
of a ball € centered at the origin we verify under symmetry conditions on ¢ that
Q\ D is also a ball centered at the origin. Section 4 is devoted to the numeri-
cal solution of the nonlinear eigenvalue and the shape optimization problem. We
propose a numerical method for the solution of the nonlinear eigenvalue problem.



The optimal configuration D is determined by a gradient type method. For this
purpose we derive a formula for the shape derivative of the eigenvalue. The paper
closes with some numerical examples and concluding remarks.

2. Existence result for optimization problem (1.2)

This section is devoted to prove the existence of a solution of problem (1.2).
We take advantage of a variational characterization of the ground state energy
which follows immediately from a generalization of the minmax characterization
of the eigenvalues of Poincaré to eigenvalue problems depending nonlinearly on
the eigenparameter given in [26, 27, 28].

A variational formula is derived for a more general equation where instead of
ayp the potential function is v(x) > 0 in L*(€2). Multiplying (1.1) by ¢ € Hé(Q)
and integrating by parts, one gets the following variational formulation of (1.1):
Find 1 € R and u € H}(Q), u # 0 such that

a(A,u, ) = f{(/l, xX)Vu - Vodx + fvugodx = ﬂf updx =: Ab(u, ), (2.1)
Q Q Q

for all ¢ in Hy(Q).
We assume that for every 4 > 0

[(A,)eC(Q) and (A,.)>6;>0. (2.2)

Then the bilinear form a(4, -, -) is Hé (Q)-elliptic, continuous and symmetric. Fur-
ther, b(-,-) is a symmetric, completely continuous and positive definite bilinear
form on Hy(Q).

We further require that

{(-,x) 1s a continuous function (2.3)
such that a is uniformly continuous,
£(0,-) >0, a.e.in Q. 2.4)
and that £(4, x) is a decreasing function with respect to A for every x € Q, i.e.
{(Ay,-) = L(Ay,-) ae. in Q for A1, A > 0 with 4, < A,. (2.5)
Then for fixed u € Hé (Q), u # 0 the real equation

f(A,u) := Ab(u,u) — a(A,u,u) =0
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has a unique solution P(x) > 0, which we call the Rayleigh functional of problem
(2.1) (notice that for the linear eigenvalue problem a(u, ¢) = Ab(u, ¢) this is just
the Rayleigh quotient), and the minmax characterization in [28] applies, i.e. the
variational eigenvalue problem 2.1 has a countable number of positive eigenvalues
0</11 S/12 < ~~,and

Aj= min max Pu), j=12,....
dimV=j ueVu#0

In particular it holds:

Theorem 2.1. Suppose that conditions (2.2), (2.3), (2.4) and (2.5) hold. Then the
principal eigenvalue of (1.1) allows for a variational formulation

A= min P,w)= f LA, )| VulPdx + f vitdx, (2.6)
Q Q

weH} (Q)

il 2, =1

with u as the associated eigenfunction.

We gain some insight into the eigenfunction of problem (1.1) associated with
the principal eigenvalue from the following lemma.

Lemma 2.2. Let u be an eigenfunction corresponding to the first eigenvalue of
(1.1) then

(i) u€ HY(Q) n HX(Q) N C'¥(Q) for some § € (0, 1),
(ii) u > 0inQ,
(iii) u is unique up to a constant factor,

Proof. (i) follows from standard regularity results for elliptic partial differen-
tial equations, see [14].

(i1) In view of (2.6), we can regard |u| as an eigenfunction. Applying Harnack’s
inequality [14], leads us to the fact that eigenfunctions associated to A have
a constant sign.

(iii) Let u be an eigenfunction of (1.1) corresponding to A. According to part
(i1), we have fgﬁdx > ( and so there exists a real constant T such that

fg u — tudx = 0. But since u — tu is also a solution of (1.1) associated to

the principal eigenvalue A and fQ u — tudx = 0, one arrives at u = Tu.
]



Having the variational formulation (2.6) for the first eigenvalue, we devote
the rest of this section to demonstrate that the optimization problem (1.2) has a
solution.

Theorem 2.3. Assume that the conditions (2.2), (2.3), (2.4) and (2.5) are satisfied.
Then, the minimization problem (1.2) is solvable, i.e. there exists D c Q with
\D| = A, such that
A= AD) = inf A(D).
DcQ
ID|=A

Proof. In view of Theorem 2.1, there exists a real number A > 0 and a decreasing
sequence A; = A(Dy) such that

A= inf A(D) = limA(Dy) = lim f {(/lk,x)IIVukllzdx + af)(Dkuidx,
DcQ k—o0 k— o0 Q Q
IDI=A

where i, is the positive eigenfunction corresponding to A; normalized such that
llzexllz2) = 1. We see that the sequence {xp,}]" is bounded in L*(€2). Hence there
is a subsequence (still denoted by {xp,}{") converging to 0 < 7 < 1 in L¥(Q) with
respect to the weak star topology. Recall that fg ndx = A. Regarding (2.2), (2.5)
and (2.6), we have

/lsz{(/lk,x)ﬂvukﬂzdxzf{(/ll,x)ﬂvuk”zdxzemf”VMkHZdX,
o o o

which leads us to the fact that {u;}{" is a bounded sequence in Hé(Q). Conse-
quently, there is a subsequence (still denoted by {u}]" ) converging weakly to i in
H(l)(Q). The compact embedding of Hé(Q) into L*(Q) (see [14]) yields that (e}
converges strongly to # in L*(Q).

In summary, we have

Xp, —1n in L7(Q), (2.7)

we — i, in Hy(Q), u — o in LXQ). (2.8)
Employing (2.7) and (2.8) it is straightforward to check that for all ¢ € Hé Q)

we have
fXDkuk¢dx—>fnﬁ¢dx, fukgbdx—)fﬁgbdx. (2.9)
Q Q Q Q
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Moreover,

<

f L, )V Vo — £(A, x)Vit Vpdx
Q

+ <

f (A, x) — LA, %))V Vepd x f (Vi — Vi)V (A, x)dx
Q Q

||§(lk,X)—§(/Al,x)lle<Q>LIIVukV¢IIdx+ , (210

f (Vuy — Vi)Vl (A, x)dx
Q

where the expression on the right-hand side of the last inequality converge to zero
when k& — oo by (2.3) and (2.8). Using (2.1), (2.9) and (2.10), we conclude that
for all ¢ € Hy(Q) we have

f LA, x)Vit Vodx + a f nigdx = 1 f ipdx,
Q Q Q

as k — oo. Denoting the functional corresponding to a set D in Theorem 2.1 by
Pp, we observe that

au>
I

f LA, 0|V alPdx + « f nitdx = inf A(D) = inf min Pp(w)
° @ DA DA "o

il 2,y =1

inf min f{(PD(w),x)IIlelzdx+ozf/\/pwzdx
DcQ weH) Q) Ja Q
IDI=A _

”W”LZ(Q) 1

f{(PD(ﬁ),x)IIVﬁllzdx+af)(Dit2dx
Q Q

IA

IA

f L, 0)||VilPdx + a f Ypiitdx,
Q Q

invoking (2.6) and (2.5). This leads us to the fact that

f nitdx < f ypitdx, (2.11)
Q Q
for all sets D C Q, |D| = A.

Now the bathtube principle, [19], yields that there exists aset D c Q, |D] = A
such that



f Xpitdx < f nitdx. (2.12)
Q Q

Regarding the fact that
A= inf A(D) = inf min Ppw),
DcQ DcQ WEH(')(Q)
IDI=A PEA il =1
12(Q)

we see that A < Pp(it). Then, in view of (2.12) and (2.5) it is observed that

A= f L, 0)||VilPdx + a f nitdx > f L(Pp (@), x)|IVilllPdx + a f Ypitdx
Q Q Q Q
= Pp@) > (D) > A,
which yields that A = A(D). This completes the proof. 0

3. Qualitative properties of the optimal shape

In this section we study some qualitative properties of solutions of the opti-
mization problem (1.2). We show that the optimal set D contains a tubular neigh-
borhood of the boundary dQ and particularly, if Q is simply connected and « is
less than a certain value, then D is connected. These results extend the result of
[8] to the nonlinear eigenvalue problem (1.1). We first consider a general region
Q) before we show that for a ball Q centered at the origin under certain symmetry
conditions on £ the optimal set D is a spherical shell region.

3.1. General region Q

In this section we use the notation A(«) when we want to emphasize the de-
pendence of the optimal energy on a. Moreover, #7, is used in order to accent the
dependence of the Rayleigh functional on D and «.

The next theorem reveals that the optimal domain D contains a tubular neigh-
borhood of the boundary 9€2.

Theorem 3.1. Let A(D) be an optimal energy and it an associated eigenfunction.
There is a number t > 0 such that

A

D={xeQ: a(x) <t} (3.1)

where
t=sup{seR:|[{xeQ: i(x)<s}| <A} (3.2)



Proof. From (2.6) we obtain

au>

= AD) = f L, 0| VilPdx + a f xpiPdx = inf  min Pp(w) < Pp(it) =
Q Q |?)|c:€i WGH(I)(Q)

il 2,0, =1

= f L(Pp(@), O)|IVilllPdx + a f Ypildsx.
’ " (3.3)

Since A < Pp(it), then £(1, x) > {(Pp(it), x) by (2.5) and so we have

f L, 0lIValPdx > f {Pp@), 0)|IValdx. (3.4)
Q Q

Employing (3.3) and (3.4), we obtain

f ypitdx < f ypi*dx,
Q Q

for every D c Q with |D| = A. Now, from bathtub principle, [19], it follows that
xeQ: a(x)<ticDcixeQ: (x) <t} (3.5)

where
t=sup{seR:|[{xeQ: i(x) <s}| <A}

Setting B={xe€ Q: a(x)=t}N D¢, we observe that
—div(£(A, x)Vir) = 0,

almost everywhere on B regarding Lemma 7.7 from [14]. Hence,
(A —aypit) = At =0,

almost everywhere on B. Recalling that # > 0 and 1 > 0, we see that B has
measure zero and consequently

A

D={xeQ: i(x) <t}



Next we prove that for every simply connected €2 and sufficiently small « the
optimal set Q is simply connected as well. To this end we denote by i the principal
eigenvalue of (1.1) with @ = 0:

—div({(u, x)Vu) = pu  in Q, u=0 onoQ. (3.6)
and by ¢ the corresponding positive L>*—normalized eigenfunction.

Lemma 3.2. The function
gla) = Aa) -

is continuous and decreasing, and it holds that

lim g(a@) = —oo.
a—+co

Proof. For j = 1,2 let A« ;) be the minimizer of problem (1.2), let D ; be the
corresponding set according to Theorem 2.3 and u; a corresponding normalized
eigenfunction. In view of the definition of Rayleigh functional, it is straightfor-
ward to check that

P (u) <P (u) whenever a; < @, (3.7)

and consequently Aay) < Aar).
Let a, < ay, then it follows from (2.5), (2.6), (3.7) and Theorem 2.3

Aa)) < P (o)

f{(P“b‘z(uz),x)lquzllde+azfXﬁzugdx—QZIXﬁzugdx+“1f)(ﬁzugdx
Q Q Q °

< f {(P (ua), OlIViolPdx + ay f X b, 15dx + (@) — @) f X p,Urdx.
Q Q Q
Hence,
0 < Aay) — Aa2) < () — @2) f X b, 5dx, (3.8)
Q
and likewise
0 < Az — Aay) < (@2 — ay) f)(blu%d)c, (3.9
Q

when a; < a,. Thus
A1) — A@a)| < |y — o max (f)([)lu%dx’f)(bz”%dx)’
Q Q
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which proves the continuity of g.

Next we show that g is decreasing. Since fQ X b,Uuzdx < 1, it follows from (3.8)
for ay > ap

Aay) — Aay) < (@) — @) f Xp,15dx < @y — @,
Q

and therefore
gla)) = Aay) — a; £ Aap) — as = glan).

Finally we prove g(a) tends to —oo as @ — +oco. From the definition of the
Rayleigh functional and (2.5), we obtain

Na)-p < PLW) —p= fg LPE W), DIVY|Pdx + o fg xpWidx —

IA

f L, ONIVYlPdx + a f xp¥ldx —p=a f Xp¥dx,

Q Q Q

invoking the fact that u < PrW). T his yields that A(er) — u < Car where C < 1 or
A(@) —a < pu+(C - Da,

which gives the assertion. ]

Recall that g(0) = u > 0 and then Lemma 3.2 yields the following corollary.

Corollary 3.3. There is a unique constant & where A@) = aand (@) —a > 0
when a < @ and (@) — a < 0 when a > @.

Now, we state the main result of this section.

Theorem 3.4. Let & < @, then every connected component B of the interior of D
touches the boundary of Q, i.e. BN AQ # 0. Particularly, if Q is simply connected
and a < @, then D is connected.

Proof. Let us assume that this is false. Then there is an open connected set B C
D=1{xeQ: a(x) <t}suchthat 9B C {x € Q : #(x) > t}. The function
fi attains a minimum on B and so the minimum should be attained in an interior
point x, € B. In view of Corollary 3.3, @ < @ yields that @ — A(@) < 0 and hence

div(Z(A, x)Vi) = (@ — )it < 0, (3.10)
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on B.

Employing the strong maximum principle (Theorem 8.19 of [14]), we con-
clude that i is constant in B. This contradicts (3.10) in view of Lemma 7.7 of
[14]. Consequently, every connected component B of the interior of D touches the
boundary and this leads us to the assertions of the theorem.

O

3.2. Optimal shape design for a ball

In this subsection we determine analytically the optimal solution of (1.2) when
Q) is a ball centered at the origin in R".

Our aim is to show that under certain symmetry conditions on {(, -) the min-
imizer of (1.2) is an annulus with 9Q as a subset of its boundary.

For a,(x) := 1/{(4, x) we assume that

a, is radially symmetric, i.e. a,(x) = a,(r) where r = ||x]|, (3.11)
a,(r) is nondecreasing, (3.12)

and
(aﬁ(r%) - aA(O))rl_%, r > 0,1is convex. (3.13)

Note that (3.13) is satisfied, if a,(r), r > 0, is nondecreasing and convex [7].
As an example, a,(||x])) = +/{(A,x) = (1 + e 4|x|)) satisfies (3.11), (3.12), and
(3.13).

Let us here recall definitions of the Schwarz decreasing and increasing rear-
rangements of a given function. If f : Q — R is a Lebesgue measurable function
then we denote by f* : Q — R and f. : Q — R the Schwarz decreasing and
increasing rearrangements of f, respectively. It means that, f* and f, are rear-
rangements of f such that f* is a radial decreasing function, whereas f. is a radial
increasing function. Next we state some well known rearrangement inequalities.

Lemma 3.5. Suppose that Q) is a ball centered at the origin in R". Then

ff*g*dxﬁffgdxﬁff*g*dx,
Q Q Q

where f and g are non-negative measurable functions.

Proof. See [15]. ]
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The main result of this subsection reads as follows.

Theorem 3.6. Let Q = {x € R" : ||x|]| < ri} be the ball, and and assume that
a,(x) = (A, x) satisfies (3.11), (3.12) and (3.13). Then there is an optimal
solution of (1.2) which is a spherical shell region

D'={xeQ: r<|xl<r}h

Proof. Assume that D is a solution of (1.2) associated with u and A(D). Using
Theorem 3.1 from [7] and Lemma 3.5, we have

f L, 0)||\VulPdx +a f ypuldx > f L, 0Vt |Pdx+a f xo.uldx. (3.14)
Q Q Q Q

Hence, from the definition of the Rayleigh functional, we see
AD) 2 Pp-(u") > AD"Y),

and so D* is a minimizer. O]

4. Numerical Methods

From the physical point of view, it is important to know the shape of the op-
timal set D in case that  is not a ball. To this end, there must be a numerical
approach to determine the optimal shape design. In this section we will develop a
numerical method to solve the shape optimization problem (1.2).

4.1. Numerical solution of the nonlinear eigenvalue problem

First, we describe a numerical method to solve the nonlinear eigenvalue prob-
lem (1.1). We assume that D is fixed and denote by A, the i-th Dirichlet-Laplacian
eigenvalue of ) and a corresponding eigenfunction by ¢;, normalized such that

||¢i||L2(Q) =1
The eigenvalue problem (1.1) is equivalent to the following problem

—le(f(/l, X)VMQ\D) = /luQ\D in .Q.\D
—div({(A, x)Vup) + aup = Aup in D

Up = Uo\p on 0D 4.1)
oup __ ou

5D = 0 on D

uo\p =0 on 0Q.

12



where we denoted by up and uq, p the restrictions of an eigenfunction respectively
to D and Q\D and assumed that » is the unitary normal vector pointing towards
the exterior of D.

We will consider the approximation involving Laplacian eigenfunctions of €,

NQ\D

to\p()  fiop(x) = ) aii(x), (4.2)

i=1

for some N*\P € N, which by construction satisfy the boundary conditions of the
problem (4.1). The approximation of up will be made by a Kansa type method of
fundamental solutions (cf. [3]). We take a fundamental solution of the Helmholtz
equation in R?,

() = 7H) (V). (4.3)

where H(()]) is a Hankel function of the first kind and ||.|| denotes the Euclidean
norm and consider the approximation

NF NMFS

up(x) > fip(x) = ) " By ®@(x =), (4.4)

=1 j=1

where N* is the number of test frequencies k; and y; are NM** source points,
following the distribution described in [1, 2]. Given a sample of points x;, i =
1, ..., M (almost) uniformly distributed on the boundary dD, the source points are
given by
yj:xj+(5nj, (45)

where n; is the unitary outward normal vector to dD at the point x; and ¢ is a
positive parameter.

The eigenvalue problem (4.1) is solved by imposing the PDEs in D and Q\D
and the conditions at the interface dD. Consider the sets of points

XD:{xﬁeD,m: 1,...,MD},

XM e Q\D,m = 1,.., M)

and
X =¥ e oD, m = 1,.., M?"}.

Note that we have

div({(4, x)Vu) = V,.Z(A, x).Vu + £(A, x)Au,

13



where

VL) = (ag(z, XA, x)) |

ox; 7 Oxn

We will impose that iiq, p satisfies the PDE at the points xﬁ\D , thus

N
D i [-VL, X2 D)V D) + (AL (4 XEP) = A) i )] = 0, m= 1, ., ML,

P
(4.6)
For the points x2, we obtain

NF NMFS

D0 B[~V XDV = y)) + (kid (A ) = A+ @) D (xh = yp| =0, m=1,..,

i=1 j=1
4.7
The conditions at the interface are

NOD NF NMFS

Dy =" N B8 =y, m=1,.., M (4.8)

i=1 =1 j=1

and

NOD MFS

Z a.a¢i(')(x6D NZNZ: ﬂ K! y] ( BD) m = 1 MHD. (49)
i on £ i,j

i=1 i=1

The equations (4.13), (4.7), (4.8) and (4.9) can be written together as a nonlinear
matrix eigenvalue problem:

AQv =0, (4.10)

where v is a vector containing all the coeflicients a; and g; ;.
The numerical approximations for the eigenvalues are the values of A for
which we have a nontrivial solution of (4.10) and can be calculated by an al-

gorithm involving the generalized singular value decomposition that was studied
in [6].

4.2. Shape optimization

Now, we will study the dependence of the smallest eigenvalue A, which will be
denoted by A(Q, D), in terms of perturbations of D and . This is a more general
setting than we have in the shape optimization problem (1.2), where we assumed
that the domain Q is fixed. By W'*(RY, R") we will denote the set of bounded

14
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Lipschitz maps from R” into itself and for each deformation field V, we consider
an application P(¢) such that ¥ : ¢ € [0, T[— W!*(RY,RY) is differentiable at 0
with W(0) = I and ¥’ (0) = V, where [ is the identity.

We will use the notation O, = Y(£)(O), for an arbitrary domain O, A(t) =
A€, Dy) and u(z) is a corresponding eigenfunction satisfying [|u||;2q, = 1. By
u’ we will denote the derivative of u(f) at t = 0 and by n the unitary vector that
is normal to the boundaries dD or 02 and is oriented towards the exterior of the
corresponding domain. Thus, for a sufficiently small € > 0, x + en € Q\D, Vx €
oD.

We know that if O is an open set with Lipschitzian boundary and we define

J(1) = f y(t, x)dx,
O,
for some C! function y, then ([23, 24])
, dy
J(0) = —(0, x)dx + v(0, x)V.nds,. “4.11)
o Ot 90

From now on we will assume that fQ g—i(/l(O), x) ||Vul[* dx # 1. Thus, we have

Theorem 4.1. The functional A(t) is differentiable at t = 0 and

— [, £€2(0), %) (%)2 Vinds, +a [, u*Vnds,

1— [, Z(0), %) Vull® dx

A(0) =

(4.12)

Proof. The eigenfunction is normalized,

jxﬁamle
and differentiating we obtain

f2uu'dx+f uz\/.ndsx=0=>f2uu'dx:—f u*Vnds,. (4.13)
Q a0 Q a0

On the other hand, the eigenvalue A(¢) satisfies

jiﬁMﬂJHNMﬂde+ajﬁMﬁ%x:MUJQMDQL
Q, D;

1
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and differentiating,

f/l’(O)%(/l(O),x) IVul? dx+f §(/1(0),x)2Vu.Vu'dx+f £(1(0), x) IVull? V.ndss,
Q o4 Q oQ

+a/f2uu’dx+af uZV.ndsx:/l'(O)fuzdx+/1(O) (f 2uu’dx+f qu.ndsx):/l'(O),
D oD Q Q oQ

using (4.13). Thus,

J, £Q0), )2Vu V' dx + [, £(A0), x) Vull® Vinds, + o [, 2u'dx + « [, u*Vinds,
1= [, 55(20), ) ||Vull* dx

oA

A(0) =

(4.14)
We recall the identity

FVo=V.(¢F)-(V.F)¢ (4.15)

and we have

f{(/l(O),x)2Vu.Vu'dx = 2[({(/1(0),x)Vu).Vu’dx =
Q Q

(4.15)

2 f V. [/ £(A(0), x)Vu] - 2 f W'V, [£(A(0), x)Vu] =
Q Q

divergence theorem
and (1.1)

f u'£(A(0), x) dsx +2 f u' (A0)u — aypu)dx =
oQ Q

f u' £(A(0), x) dsx—/l(()) u?Vonds, — 2a f ui dx,
0Q 0Q D

by equation (4.13).
We note that ' = —%V.n, on 0Q (eg. [16]), and using the boundary conditions
of the nonlinear eigenvalue problem we have,

f{(/l(O), xX)2Vu.Vu'dx = -2 {(/1(0) x)( ) V.nds, — 2« f uu'dx
Q D
and using (4.14) we obtain

. fi €Y, ) (%) Vinds, + [, 24, ) IVulP Vinds, + v [, u?Vindss,
B 1= [, %(A0), ) IVull® dx B
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- fm £(1(0), x) (2—‘;)2 Vinds, + @ fﬁD u?Vonds,

1= [, Z((0), x) [IVulP dx

using the boundary conditions of the nonlinear eigenvalue problem. [

Remark 4.1. Not9ce that for « = 0 and ¢ = 1 the formula (4.12) recovers the
well known Hadamard formula for the shape derivative of a Dirichlet Laplacian
eigenvalue.

In the shape optimization problem (1.2) we assume that € is fixed. Thus, on
0Q we have V.n = 0 which implies that
a faD u*Vnds,

1= o 52A0), ) [Vul dx

A(0) = (4.16)
Moreover, we assume that the volume of D is fixed. To deal with this volume

constraint we used the Hadamard derivative for the volume. If we define V(¢) =
|D;|, we have

(V’(O):f Vinds,. 4.17)
oD

As a consequence it is immediate to obtain an optimality condition which
states that the boundary of the optimizer belongs to a level set of the corresponding
eigenfunction.

Proposition 4.2. Assume that D* is the solution of the shape optimization problem
(1.2), with the corresponding eigenvalue A*. Then, there exists a unique positive
normalized eigenfunction u* and a constant C satisfying the overdetermined prob-
lem

u=0 on 6Q (4.18)

—div({(4, x)Vu) + aypu = Au in Q
u==C on 0D".

Proof. The domain D* minimizes A among all domains with the same volume.
Thus, there exists a Lagrange multiplier ® for which

A'(0) = ©V'(0),

which (according to (4.16) and (4.17)) can be written as

a'j(;D* u*V.nds, ) @f -
- [ 20, 0IVdP dx — Ja
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which implies that

cm2
f [ 3 > -0 |Vnds, =0,
oo\ 1 = [, 53(A(0), ) [[Vudl” dx

for all perturbation fields V € W*(R") and the conclusion follows with

C= \/ O(1 - Jj 5:(40). ) IVull* dx)

[0

O]
Remark 4.2. The Proposition 4.2 could also be derived immediately from Theo-
rem 3.1.
5. Numerical Considerations for Planar Problems

In this section we present some numerical results for different subsets Q c R,
To parameterize the domains for the shape optimization algorithm, we con-
sider the functions

M M
71 =ay’ + )" al cos(jn) + »_ b sin(jr)

=1 =1
and
M M
y2(t)=ay + ) a'? cos(jr) + Z b sin(j),
J=1 J=1

for some M € N and the vector C € R***2 whose components are the coeflicients
of these expansions,

—_ (O (@D M 2. @O 2 (2 2 1,2 2)
C—(a0 ay .oy, by, by a7, a)” L ay, by ,...,bM).

The class of planar admissible domains is the set
V= {V c R?: 0V = (y1(1), v2(¢)) : t € [0, 2x] is a Jordan curve}

and the shape optimization (1.2) is solved by searching for optimal vectors C
corresponding to domains in V. For this purpose, we use a gradient type method
to solve a sequence of minimization problems of the functionals

In(®) = A(0) + 1 (V1) - A)?
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for an increasing sequence of parameters 0 < 7y < 17, < .... Recall that 0 <
A < |Q] is the area of D. The calculation of the shape gradient is straightforward
using (4.16) and (4.17).

This approach does not allow to change the topology of the region D during the
optimization process. However, in all the numerical experiments, the algorithm
allowed to determine the optimal domain D, provided the initial guess for the
optimization and D are homeomorphic to each other. In each experiment, we run
the optimization algorithm several times, with some different types of topologies
and compare the eigenvalues obtained in all the simulations to decide which one
is the optimal configuration. Note also that, at least for a small parameter a, a
good initial guess is D = {x € Q : ¥(x) < t} where ¢ is determined using (3.2) and
Y is the solution of (3.6).

5.1. Numerical Examples

In this section we present some numerical results for the solution of the shape
optimization (1.2). Typically we use the following parameters N\P = 250, N¥' =
9, NMFS = 100 and M = 200. The gradient type method usually converge
to the solution in less than 50 iterations. In the first example Q is the square
[-1,1] x [-1, 1], we take |D| = 2 and

[(A,x)=2+e" (x% + x%)

Figure 1 shows the contour plots of the eigenfunctions associated with the opti-
mal configurations obtained for @ = 1,50, 500. In each picture we marked some
contour lines of the eigenfunction and applied a low contrast color scale in the
region D that allow to distinguish the regions D and Q\D. The optimal eigenvalue
is also provided in the legend of each figure. We can observe that for large «, the
eigenfunction is localized in the region Q\D.

The second example is a non convex smooth domain, whose boundary can be
parameterized by {(1 + 1/2 cos(2¢) — 1/10 cos(41))(cos(?), sin(?)) : t € [0, 2x[} and

we considered )
X1X2
[(A,x)=1+ ECOS (T)

In this case, a closed form for the eigenfunctions on € is not known, and we
used the Method of Fundamental Solutions to approximate the first 200 Laplacian
eigenfunctions of Q (as in [1, 2]).

Figure 2 shows some optimal configurations obtained for @ = 1, 10,50 and
|D| = 1,2. Again we note that for large parameters «, the eigenfunctions are lo-

calized in the region Q\D. Moreover, the boundary of D belongs to some level set
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Figure 1: Contour plots of the eigenfunctions associated to the smallest eigenvalue of the optimal
configuration, for @ = 1, 50, 50.

of the eigenfunction, as was proved in Proposition 4.2. We can also observe that in
some cases, the optimal configuration does not preserve the two axis of symmetry
of the region Q. This symmetry breaking phenomenon was already reported in the
composite membrane eigenvalue problem (cf. [8]).

The last example is an annular domain Q = B,\B;,;, where B denotes the
disk centered at the origin with radius R, and let

Lx)=1+ ——5—.
£ %) x% + x% +4
Figure 3 shows the contour plots of the eigenfunctions associated to the optimal
configurations obtained for @ = 1,10,50 and |D| = 4,10. Note that in the first

case (|D| = 4 and @ = 1), the region D is disconnected, while in the remaining
cases it is connected.

6. Conclusions

In this paper we have considered an optimization problem associated with the
nonlinear eigenvalue problem (1.1). The nonlinearity originates from the nonlin-
ear dependence on the eigenparameter. Indeed, we are searching for a domain
D c Q, |D| = A, which minimizes the ground state A(D).

Taking advantage of the variational characterization of the ground state energy,
we have proved that there is an optimal domain D. Then the qualitative properties
of the optimal domain have been addressed and it has been established that this set
contains a tubular neighborhood of the boundary 02, and if Q is simply connected
and « is sufficiently small, then D is connected. We have determined analytically
the optimal domain when Q is a ball centered at the origin.
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From the physical point of view, it is important to know the shape of the op-
timal set D in case that Q is not a ball. To this end, a numerical method for the
solution of the optimization problem has been proposed. A formula for the shape
derivative of the eigenvalue has been derived and a gradient type method has been
developed in order to determine the optimal configuration.

Numerical results demonstrate the efficiency of the method. Running the nu-
merical method with different initializers, our numerical method can capture the
optimal configuration in less that 50 iterations for all examples. Our numerical
results reveal that for non convex domains symmetry breaking phenomenon hap-
pens and in these cases the optimal solutions are not unique.

Our numerical results illustrate some of the theoretical results of Section 3.
For example, the first two numerical examples correspond to simply connected
regions ). Accordingly to Theorem 3.4, for small parameter «, the optimal
domain D is connected. We note that in all the simulations that we considered
with simply connected domains €2, we obtained connected domains D. This is no
longer true if we consider non simply connected domains, as shown in the first plot
of Figure 3. Moreover, in all the numerical simulations we obtained that D is a
tubular neighborhood of the boundary, which illustrate the result of Theorem 3.1.
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Figure 2: Contour plots of the eigenfunctions associated to the smallest eigenvalue of a non convex

domain the, for « = 1,10,50 and |D| = 1, 2.
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Figure 3: Plots of the eigenfunctions associated to the smallest eigenvalue, for @ = 1, 10,50 and
|D| = 4, 10.
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