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Abstract

In this paper we examine an eigenvalue optimization problem. Given two nonlin-
ear functions a(41) and (1), find a subset D of the unit ball of measure A for which
the first Dirichlet eigenvalue of the operator —div((a()xp + B(D)xpc) Vu) = Au is
as small as possible. This sort of nonlinear eigenvalue problems arises in the study
of some quantum dots taking into account an electron effective mass. We estab-
lish the existence of a solution, and we propose a numerical algorithm to obtain
an approximate description of the optimizer.
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1. Introduction

Let Q be a bounded, connected, open set in RY with smooth boundary. As-
sume that A is a given positive number, 0 < A < |Q|, where |.| denotes the
Lebesgue measure. Given a measurable set D C Q with |[D| = A and continu-
ous positive functions a(41) and S(1) for A > 0, consider the following nonlinear
eigenvalue problem

—div(G(4, x)Vu) = Au in Q, u=0 onodQ, (1.1)
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where G(4, x) = a()xp + B(D)xp:, a(d) > B(A). In this paper, A is the principal
eigenvalue (ground state energy) or the smallest positive eigenvalue of (1.1) and
u = u(x) is a corresponding eigenfunction.

We are interested in the cases where @(A) and B(1) are nonlinear functions
of the parameter A. Indeed, equation (1.1) can be regarded as a nonlinear ellip-
tic eigenvalue problem such that the nonlinearity originates from the nonlinear
dependence on the eigenparameter.

Such nonlinear eigenvalue problems appear as the Hamiltonian equation gov-
erning some quantum dot nanostructures, where (A1) and (1) correspond to the
effective mass of the carrier (electron or hole) and the surrounding matrix, re-
spectively, and A is the ground state energy [1, 2, 3, 4]. A real physical phe-
nomenon modeled by equation (1.1) is the heterostructures of different semicon-
ductors where the electron effective mass depends on both the energy and position
[1,2].

It is known that the ground state energy of (1.1) depends on the set D, the
region with effective mass @, and we use the notation A(D) as we want to empha-
size this dependence. To determine the system’s profile which gives the minimum
ground state energy, we study the following optimization problem

inf A(D). (1.2)
IDI=A

Solutions of minimization problem (1.2) correspond to the physical systems where
have lowest ground state energies and so are most stable structures from a phys-
ical point of view. Regarding the importance of stable structures in designing
electronic and photonic devices based on quantum dots, it would be interesting to
find them.

Problem (1.1) is in fact a generalization of the linear case G(4, x) = ayp(x) +
Bxpe(x) where @ and 8 are two positive constants, @ > £. In the linear case, the
optimization problem (1.2) is the problem of optimal design where two material
phases are to be distributed inside a fixed region €. This problem is known to
often have no solution other than microstructural designs [5]. However, the orig-
inal problem (1.2) may still have a solution for specific 2 for instance when
is a ball. Existences of a radially symmetric optimal set for the linear case has
been established in [6] when Q = B(0, R) is a ball with radius R centered at the
origin. Conca et al. have revived interest in this problem by giving a new sim-
pler proof of the existence result only using rearrangement techniques [7]. For
the one-dimensional case, Krein has shown in [8] that the unique minimizer is a



ball 8(0, R*). This suggests for higher dimensions that (0, R*) is a natural candi-
date to be the optimal domain. This conjecture has been supported by numerical
tests in [9]. In addition, it has been shown in [10] employing second order shape
derivative calculus that 8(0, R*) is a local minimum for the optimization problem
when A is small enough. In spite of the above evidences, it has been established
in [11] that the conjecture is not true at least in two- or three- dimensional spaces
when a and S are close to each other (low contrast regime) and A is sufficiently
large. This makes clear that the optimal domain can not be a ball. The theoretical
base for the result is an asymptotic expansion of the eigenvalue with respect to
a — B as @ — B, which allows one to approximate the optimization problem by a
simple minimization problem. Based upon the properties of Bessel functions, it
has been proved in [12] that the conjecture is not true not only for two- or three-
dimensional spaces, but also for all dimensions n > 2. Recently, Laurian has
proved that the optimal domain in low contrast regime is either a centered ball or
the union of a centered ball and a centered ring touching the boundary, depending
on the prescribed volume ratio between the two materials [13].

In this paper we want to generalize those investigations to the case where a(1)
and (1) are nonlinear functions of the parameter A. First, we will show the exis-
tence of a solution for the case where Q is a ball centered at the origin. Thereafter
we will address the question of the configuration of the optimal domain. It will
be demonstrated that the optimal set in the one-dimensional problem is a symmet-
ric interval centered at the origin. Despite the conclusion in R!, a ball is not an
optimal shape thanks to findings of the linear cases in two- or three-dimensional
space. At last, we need an algorithm that allows us to compute numerical approx-
imations of the optimal solution of the problem (1.2). An efficient and convergent
numerical algorithm will be derived based upon the level sets of the gradient of
the eigenfunction and the safeguarded iteration.

Let us recall here that nonlinear eigenvalue problems and optimization prob-
lems have many applications in engineering and applied sciences and these prob-
lems have been intensively attractive to mathematicians in the past decades [14].
However, it should be mentioned that the majority of the investigated nonlinear
models are nonlinear in their differential operator part [15, 16, 17]. We note that
the equation (1.1) has nonlinear dependence on the parameter A and such systems
have been under less attention in this field of study [18, 19].

Throughout this paper (-, -) denotes the inner product in H)(€2), and we use the
abbreviation a.e. when we desire to say that a property holds almost everywhere.

The remainder of this paper is organized as follows. In section 2, we prove the
existence of a solution for problem (1.2). In section 3, we introduce and analyze



an algorithm which generates a decreasing sequence of principal eigenvalues. In
section 4, we apply our algorithm to some minimization problems and present the
numerical results to show the efficiency of our algorithm and its drawbacks.

2. Existence result for optimization problem (1.2)

This section is devoted to prove the existence of a solution for problem (1.2).
We take advantage of a variational characterization of the ground state energy
which follows immediately from a generalization of the minmax characterization
of the eigenvalues of Poincaré to eigenvalue problems depending nonlinearly on
the eigenparameter given in [20, 21, 22].

A variational formula is derived for a more general function G(4, x) than a step
function. We assume that in (1.1)

G(4,-) is bounded for every A >0, (2.1)

G(-,x) is a continuous function. (2.2)

Multiplying (1.1) by ¢ € Hé(Q) and integrating by parts, one gets the fol-
lowing variational formulation of (1.1): Find 1 € R and u € Hé(Q), u # 0 such
that

fG(/l, xX)Vu - Vodx = /lf updx, (2.3)
Q

Q
for all ¢ in H)(Q).

Both integrals in (2.3) can be viewed as bounded linear functionals on Hé (Q),
and thanks to the Riesz representation theorem, (2.3) is equivalent to the nonlinear
eigenvalue problem

F (Du,p) = A f

updx — fG(/l, X)Vu - Veodx =0,
Q Q

for all ¢ in Hy(Q), or
F(u =0, (2.4)

where F (A1) : Hé(Q) - Hé (Q), is a family of self-adjoint and bounded operators
for1 > 0.

We take advantage of the following minmax characterization for nonlinear
eigenvalue problems which is a special case of the more general result in [20, 22]:



Theorem 2.1. Let ‘H be a Hilbert space with scalar product {-,-). Consider the
nonlinear eigenvalue problem

F(Du =0, (2.5)

where F (1) : H — H is a family of self-adjoint and bounded operators on H
depending continuously on a parameter A € J, and J is an open real interval.
Assume that

(Ay) forevery fixed u € H, u # 0 the real equation
fAu) :=(F (Du,u) =0 (2.6)
has exactly one solution A := P(u) € J.
(A,) foreveryu # 0 and every A € J with A # P(u) it holds that
A=Pw)f(A,u) >0, 2.7)

(A3) forevery A € J the supremum of the essential spectrum of F (1) is negative.

Then problem (2.5) has a countable set of eigenvalues 1, < A, < ..., and it
holds that

= i . 2.
4 diInI}%/rij Oirlg?/)c(‘}{ Plw) (2.8)

Remark 2.1. The requirements (A;), (A,) and (A3) are generalizations for the ones
for linear eigenvalue problems. Equation f(4;u) = 0O defines a functional # on
H \ {0}, which generalizes the Rayleigh quotient for linear eigenvalue problems
with (1) = Al — A, and therefore it is called Rayleigh functional of (2.5), and
(A,) generalizes the definiteness requirement for linear pencils (1) = AB — A.

Theorem 2.1 applies to G if we further assume
G@©,) >0, ae.in Q. (2.9)
and that G(4, x) is a non-increasing function with respect to A for every x € Q, i.e.
G(11,) = G(Ay, ) a.e. in Q for Ay, A, > 0 with 4| < A,. (2.10)
Then, in view of (2.9) and (2.10) we see

S u) = (F (Du,uy = Ulull}, g, — fQ G(A, x)|Vul*dx, (2.11)

for u # 0 is strictly monotonically non-decreasing and f(0,u) < 0. Hence, the
conditions of Theorem 2.1 are satisfied, and we obtain
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Theorem 2.2. Suppose that conditions (2.1), (2.2), (2.9) and (2.10) hold. Then
the principal eigenvalue of (1.1) allows for a variational formulation

1= min PW)= f G(A, x)|Vul*dx, (2.12)
Q

veH ) (Q)

”V”LZ(Q):l

where u is the associated eigenfunction.

We gain some insight into the eigenfunction of problem (1.1) associated with
the principal eigenvalue from the following lemma.

Lemma 2.3. Let u be an eigenfunction corresponding to the first eigenvalue of
(1.1) then

(i) ue HY(Q) N C*(Q) for some 6 € (0, 1) when N < 3,
(i) u> 0in L,
(iii) u is unique up to a constant factor,

(iv) level sets of the function |Vu| have measure zero.

Proof. (1) follows from standard regularity results for elliptic partial differen-
tial equations, see [23].

(i1) Inview of (2.12), we can regard |u| as an eigenfunction. Applying Harnack’s
inequality [23], leads us to the fact that eigenfunctions associated to A have
a constant sign.

(iii) Let u be an eigenfunction of (1.1) corresponding to A. According to part
(i1), we have fgﬁdx > ( and so there exists a real constant T such that
fg u — tudx = 0. But since u — Tu is also a solution of (1.1) associated to
the principal eigenvalue A and fQ u — tudx = 0, one arrives at u = Tu.

(iv) All level sets {x : |Vu| = s} have measure zero because of Lemma 7.7 in
[23] and part (i1).
O

Having the variational formulation (2.12) for the first eigenvalue, we devote
the rest of this section to demonstrate that the optimization problem (1.2) has a
solution if Q = B(0, R). Note that G(4, x) = a(d)xp + B(A)xp- satisfies conditions
(2.1), (2.2), (2.9) and (2.10) if the continuous functions a(-) and B(-) are positive
and non-increasing, and a(1) > B(A) for every 4 > 0.
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Theorem 2.4. Let Q = B(0, R), and assume that the conditions (2.1), (2.2), (2.9)
and (2.10) satisfied. Then, the minimization problem (1.2) is solvable, i.e. there
exists D C Q with |D| = A, such that

A= AD) = inf A(D).
C
|D|=A

Proof. For fixed 4 € J = (0,+0c0) we consider the following linear eigenvalue
problem

—div(G(4, x)Vu) = u(A,D)u  in Q, u=0 onodQ,

where u(A, D) is the principal eigenvalue that depends upon both A and D.
Applying results of Alvino and Conca [6, 7], the minimization problem

) = lgggﬂ(ﬁ, D),
|D|=A

admits a radially symmetric solution D for every 4 > 0. Hence, the function
{ : J — Ris well defined and

L) = inf f G(A, x)|Vul|*dx. (2.13)
Q

DCQ; |D|=A
1 . —
UEHY(Q): llull 2,y =1

In the following we show that this function has a fixed point, ) = A.
Step 1. Consider a function u € H(l)(Q) with [lu|l2q = 1 and D C Q with
|D] = A. According to (2.10), we have

f(a(/ll)XD + B(A)xpe) [Vul*dx > f(d(/lz)XD + B(L)xpe) [Vuldx,

Q Q

whenever A; < A, and therefore it follows from (2.13) that { is non-increasing.
Step 2. Assume that {4,} is a non-decreasing sequence of positive numbers

tending to 4. Employing (2.13) and the monotonicity of { derived in step 1, we
have

0<Z() - ¢() = fg (@()xp, + B D) Vus*dox - fg (@ + By p Vil dx
< fQ (@A) + B Y5Vl dx - fg (a(xp +Bxp )Vl dx
B fQ (@) ~ @) + (B(A) = BN ) IVl dx,
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and hence {(4,) converges to { (//l\) as A, tends to A, ie. { is left continuous.
__ Step 3. Let {4,} be a non-increasing sequence of positive numbers tending to
A. Applying (2.13) and the monotonicity of £, one can infer

0 <) -4 < fg (@Qxp, + B pe)IVu,Pdx — fg (@(A)x D, + By o)Vt dx

= [ (@@= ata) o, + (6D - Bt wos Wi

< Il ~ a() xo, + (B = B xos =@ linllyy -

The righthand side of the last inequality converges to zero if the sequence
1I7A]] HI(©Q) is bounded from above. Invoking (2.13) and the monotonicity of £, we
observe

ﬁ(/ln)”un”i]é(g) < {(A,) < a(ﬂn)llwllf,é(g),

where ¢ is the normalized eigenfunction corresponding to the principal eigen-
value of Laplacian with Dirichlet’s boundary condition. Recall that a(.) is a
non-increasing continuous function. Hence, the sequence ||u,|| HY(©Q) cannot be un-
bounded, and ¢ is also a right continuous function.

In summary, ¢ is a non-increasing continuous function with positive values
which yields that £ has a positive fixed point A where

Y _ 3N _ s g _ . g 2
A=L) = gclg,u(/l, D) = DCS%;H|£|=A LG(/I, x)|Vul|“dx (2.14)
IDI=A ueH}(Q); ull 20, =1

__ Step 4. The infimum in the last equality is attained by a radially symmetric set
D. Moreover,

—div((a( x5 + By 5)Vi) = A in Q, =0 ondQ,

in the weak sense using (2.13).

Now, we claim that D is a minimizer of problem (1.2). Consider an eigenvalue
of (1.1), A(D), where A(D) < A(D), then one can observe using (2.10) and (2.14)
that

|

~~
=l

N
I

fg (@D + B ) IVELdx > fg (@ + B IViildx

\%

fg (@5 + By \Vildx = A(D).
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which is a contradiction. Therefor, A is the minimum value of the optimization
problem (1.2) associated to the radially symmetric set D. [

Remark 2.2. From the physics point of view it is important to know the configu-
ration of the optimal set D. However, from the above proof we only get that the
optimal set is radially symmetric, and for instance it could be a wild set including
infinitely many annuli centered at the origin.

We would like to clarify what kind of radially symmetric shape is a minimizer.
In the one dimensional case, Krein has proved for the linear case, [8], that the
unique minimizer is obtained by putting the material with the highest phase in
one piece in the center of the domain. Switching to the nonlinear case, one can
discover that the infimum is attained in formula (2.14) by a ball centered at the
origin and in fact the minimizer set D is a ball centered at the origin when N =
1. For higher dimensions, the exact shape of the optimizer is an open problem
even for the linear case. This motivates a numerical approach to approximate an
optimal set.

3. A descent approach

In this section we describe an algorithm which starts from a given initial set
D, and determines a new set D; such that the principal eigenvalue is diminished,
ie.

A(Dy) < A(Dy).

The algorithm relies strongly on the Rayleigh functional #. It includes the ideas
which have been applied successfully to minimize an eigenvalue in [11, 24, 25, 26,
27]. It relies on the variational formulation of the eigenvalues and uses level sets
of the eigenfunctions or gradients of them. In contrast to the method proposed
in [11], for our problem we do not have an explicit expression of the Rayleigh
functional and this raises some technical problems. Employing the level sets of the
eigenfunction or its gradient, we need some modification of the bathtub principle
with an eye on our problem.

Lemma 3.1. Let f € L'(Q) be a nonnegative function and
M={nelL”Q) : B<nkx)<aae inQ, fn(x)dx = aA + B(|Q| — A)}.
Q
Then the minimization problem

inf f f(x)n(x)dx, 3.1)
M Jo
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is solvable by some 7(x) = ax5(x) + By p. ().
With
t=inf{s e R:|{x: f(x)<s}| > A} (3.2)
it holds that

Dl=A and {x: f(x)<t}CDC{x: f(x)<th. (3.3)

Proof. We recall that M is a convex subset of L*(€2), that is compact for the weak-
* convergence and its extremal points are exactly of the type ayp + By p- for some
measurable subset D of Q [28, 29]. For this extremal points, we have |D| =
regarding the integral constraint in the definition of M. Due to the continuity of
integration in (3.1) and the compactness of the set M, the minimization problem
(3.1) has a minimum among the extremal points of the convex set M. Hence, we
have a solution of the form a)(ﬁ + Bxp. for a measurable subset DcQ, |5| =

In view of (3.1), D C{x: f(x) < s} for some s > 0, and we choose
t=inf{seR: [{x: f(x)<s}|>A}

To gain more insight into the optimal set D we consider two different cases.
Firstly, assume that |[{x : f(x) < t}] = A’ for some A" > A. Invoking (3.2), we
have for any € > 0

{x: f(x)<rt—-€}|<A<A.

Setting 6 = A’ — A, we observe that

0<d<A —|{x: f(x) < t—€l|l=A"—-|{x: fW < +{x: t—e< f(x) <t}
=[{x: t—e<f(x) <l

which, passing to the limit € — 0, leads us to
x: f(x)=t}| 26>0.
Then, [{x: f(x) <t} =A"-|{x: f(x)=t}] <A"—06 = A. Since |5| = A, we have
D) <HCDC{x: flx) <),

and D contains a subset of {x : f(x) = t}. In particular, the minimizer D is not
unique since there is no unlque subset of{x: f(x)=tlasa part of D.
Secondly, suppose that |[{x : f(x) < t}] = A. Since D C{x: f(x) <t}and

ID| = A, then D can be determmed uniquely by
D={x: f(x) <.
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Lemma 3.1 is the basis for constructing a sequence of domains D, such that
|D,| = A for every n and
A(Dy11) < ADy). (3.4)

Denote by u,, a normalized eigenfunction of problem (1.1) with D = D,, let
f(x) := |Vu,(x)]? and fix A > 0. By Lemma 3.1 there exists D,,; C Q with
|D,+1| = A such that

f (@D, + B, VuLdx > f (@, +BDx,.) ViPdx. (3.5)
Q Q

According to (2.2) and (2.10) both sides of the above inequality are non-
increasing continuous functions of 4, and due to

= f (@), + B0, [Vualdx,
Q

A, = A(D,) is a fixed point of the left hand side of (3.5).

In accordance with (2.12) a fixed point of the right hand side of (3.5) is
Pp,,, (u,), where Pp,_, denotes the Rayleigh functional of (1.1) corresponding to
D = D, ;. Recall that both sides of (3.5) are non-increasing continuous functions
of A. Then it is obvious that the fixed point of the left hand side of (3.5) is greater
than or equal to the fixed point of its right hand side. Hence,

A(Dn) > f(a'(/ln)/\/D,H] +ﬁ(/ln)XD,,+1”) |Vun|2dx > PD,Hl(un) > /l(DnH)-
Q

Remark 3.1. Employing part (iv) of Lemma 2.3, level sets of the function f(x) =
|Vu,(x)| have measure zero. Therefore, the set D, is determined uniquely as
D, 1 = {x: |Vu,(x)| <t} where  is calculated by (3.2).

Thanks to (3.3)-(3.5), we have

f \Vu,|>dx > f [Vu,|*dx, (3.6)
D, Dy

and equality holds in (3.6) if and only if D, = D,,;. On the other hand, equality
holds in (3.6) if and only if equality holds in (3.4). In summary, we can say that
A(D,) is equal to A(D,) if and only if D,.,; = D,,. One can be sure that A evolves
into a lower value when D, # D,,.

11



4. Implementation of the descent method

This section provides the details of an implementation for the descent ap-
proach introduced in section 3 and some examples chosen to illustrate its effi-
ciency.

At iteration step n, there is a guess for an optimal configuration which is de-
noted by D,. We use the finite element method with the piecewise linear basis
functions to discretize equation (1.1) with D = D,,.

We determine the eigenfunction u,, and eigenvalue A, = A(D,,) of the generated
discrete system, which is a nonlinear matrix eigenvalue problem:

F (v =0, 4.1

where 7 (1) is a family of symmetric matrices depending nonlinearly on the para-
meter A.

F (-) satisfies the conditions of Theorem 2.1, and therefore its principle eigen-
value can be characterized as the minimum value of the Rayleigh functional cor-
responding to problem (4.1).

There is a close relation between the nonlinear problem (4.1) and the symmet-
ric linear eigenproblem

F (v = pv. 4.2)

In particular, A > 0is the principle eigenvalue of (4.1) if and only if © = 0 is
the maximal eigenvalue of problem (4.2) with 1 = . The so called safeguarded
iteration in algorithm 1 converges globally to the first eigenvalue of (4.1) and
the convergence is quadratic, [20, 30, 31]. The tolerance TOL which is used in
algorithm 1 is in the order of the machine precision.

Combining the finite element method and the safeguarded iteration, we derive
A, = A(D,) and a corresponding eigenfunction u,. Employing (3.3) and (3.2)
based on the level sets of f(x) = |Vu,|?, we construct a new set D,,,; with |D,,| =
A and

/l(DrH—l) < /l(Dn)

We repeat the above procedure until no furthermore improvement of the eigen-
value can be obtained. The algorithm stops when |A(D,.1) — A(D,)| is less than a
prescribed tolerance TOL.

The resulting algorithm 2, is shown in table 2.

Let us explain more precisely the implementation of step 3 in algorithm 2.
As stated in [11], a difficulty when one solves the discrete problem is the volume
constraint |D,;| = A. Indeed, from a numerical point of view it is not possible to

12



Table 1

Algorithm 1. Safeguarded iteration

Data: Nonlinear eigenproblem (4.1) and A" an approximation of its first eigenvalue
Result: A, the first eigenvalue of (4.1) and u an associated eigenvector
1. Determine an eigenvector v corresponding to u, the largest eigenvalue of the matrix
F);
2. If |u| < TOL then
Setu=vand A = ;
Stop;
else
Evaluate new A’ by solving v/ # (1" )v = 0 for A’;
Go to step 1;

satisfy the volume constraint exactly because of the discretization. We describe
here how this difficulty can be overcome.

Let us for simplicity now assume Q = B(0, 1) in R? or R?. Thus, one can em-
ploy polar coordinates in R? or spherical coordinates in R? and then (1.1) reduces
to the following differential equation

—di(rN-‘G(A, N () = u(r) 0<r<1, N=2,3.
p

We suppose that the proportion d = A/|Q]| is a rational number. A specific
mesh in each iteration is used: Node points x;, 0 < ... < x; < xjy < .. <1, j=

0.., are chosen such that
2

2
n(:2,, - %) = 1,

for the two-dimensional problem and

(4n/3)(x},, = X)) = (47/3)q,

for the three-dimensional problem. The number ¢ is a rational number less than
one where d/q = k and k is an integer. Recall from Remark 3.1 and Lemma 3.1
that

Dy ={x: Vu,(0l <1}, Dyl = A.

We do not have to calculate the parameter 7, but since we are using piecewise
linear basis functions in the finite element method, |Vu,| has a constant value in

13



Table 2

Algorithm 2. Eigenvalue minimization

Data: An initial set Dy
Result: A sequence of decreasing eigenvalues A(D,,)
1. Setn = 0;
2. Compute u, and A(D,) applying the finite element method and safeguarded iteration;
3. Compute D,,; applying relations (3.2) and (3.3);
4, Compute u,,; and A(D,,) applying the finite element method and safeguarded iteration;
5. If |A(Dy,41) — A(D,)| < TOL then stop;
else
Setn=n+1;
Go to step 3;

each element. The value of [Vu,(x)| in an element T; = [x;_, x;] is denoted by
&, j = 1,..,1. We renumber the elements 7'; (still denoted by T;) such that the
quantities &;, j = 1, .., are in ascending order

L6 LLLLE

Recalling kg = A, a subset D,,,; with measure A of B(0, 1) in R? is constructed as
follows. Consider elements T; = [x;_1, x;], j = 1, ..,/ in their new order. Starting
with D,,; = 0, for j = 1,2,...,k, we add the annulus with outer radius x; and
inner radius x;_; one by one to the set D,.;. Each of the annuli have same measure
gr and so we exactly add k annuli to each other regarding the constraint |D,,,| = A.
In other words, we do not need to add a part of an annulus as a subset of D,,,; or
to refine the mesh. Hence, the concluded set satisfies the size condition with the
smallest error.

The derivation of D,,; in R? is the same as that of the two-dimensional case
and is omitted.

Let us close this section with some numerical examples. We consider simu-
lations in two and three dimensions for Q = $(0, 1), unit circle or unit sphere.
In these examples, we derive the optimal set by starting algorithm 2 from three
different initial sets

D} = B(0,R)), D = B(0, R)\B(0, R3), D = B0, HD\B(0,Ry),

where these initializers have the same measure A and 0 < R; < 1,1 = 1..4.
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(@) Amin = 1.95,6 =0.01  (b) Apin =0.71,6 = 10

Figure 1: The black region corresponds to the minimizer set

Invoking these sets, our numerical tests typically converge to the global optimal
set of the respective problem, although this has not been established theoretically.

In the following examples, the grid is made of / = 10° points and in Algorithm
2 we set TOL = 5 x 1073, Algorithm 2 converges in less than 5 iterations for all
examples. Using a tolerance in the order of the machine precision, the safeguarded
method in the second step of Algorithm 2, with a suitable initial approximation
A’, does not exceed 50 iterations.

Example 4.1. In this example, we verify our problem in the unit circle. Functions
a(A) and B(A) are assumed to be rational functions

a)=1/1+2), pA=1/1+6+1), 6>0.

Thus, equation (1.1) can be considered as the Schrodinger equation governing
a quantum dot with effective mass where we have mostly set relevant physical
constants to unity [3, 4]. For A/|Q| = 0.5 the minimizing set and the ground state
energy corresponding to two different values of 6 are shown in figure 1.

Example 4.2. In the second example, we check algorithm 2 where Q is the unit
sphere and we use the same rational functions a(1) and S(1) as in example 4.1.
Again equation (1.1) can be interpreted as the Schrodinger equation governing the
electronic behavior of a quantum dot with effective mass. With A/|Q| = 0.4 the
minimizing sets and the minimum value of the principal eigenvalue corresponding
to two different values of 8 are shown in figure 2 .

Utilizing the terminology from [9, 11], the minimizer sets in figures la and
2a of the above examples are in low contrast regime and the minimizer sets in
figure 1b and 2b are in high contrast regime. These numerical examples show that
the optimal set of the nonlinear problem inherit a disconnectivity from the linear
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(@) Amin = 2.67,6 = 0.01 (b) Amin = 1.16,0 =

Figure 2: The red region corresponds to the optimal set

problem in low contrast regime. Indeed, the optimal set contains a ball centered
at the origin and a neighborhood of the boundary of Q.

OXC

(@) Amin = 1.20 (b) Amin = 1.22

Figure 3: The dark region corresponds to the minimizer set

Example 4.3. The functions a(1) and B(A1) are not restricted to rational functions.
In this example we consider

a) =e?, B = M,

cos(A)
which have a more complicated nonlinearity. Figure 3a shows the optimal set for
the two dimensional with the parameter A/|Q2] = 0.7, and figure 3b displays the
minimizer in the three dimensional case with the parameter A/|Q)| =
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